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Additive noise in noise-induced nonequilibrium transitions
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We study different nonlinear systems which possess noise-induced nonequlibrium transitions and
shed light on the role of additive noise in these effects. We find that the influence of additive noise
can be very nontrivial: it can induce first- and second-order phase transitions, can change properties
of on-—off intermittency, or stabilize oscillations. For the Swift—Hohenberg coupling, that is a
paradigm in the study of pattern formation, we show that additive noise can cause the formation of
ordered spatial patterns in distributed systems. We show also the effect of doubly stochastic
resonance, which differs from stochastic resonance, because the influence of noise is twofold:
multiplicative noise and coupling induce a bistability of a system, and additive noise changes a
response of this noise-induced structure to the periodic driving. Despite the close similarity, we
point out several important distinctions between conventional stochastic resonance and doubly
stochastic resonance. Finally, we discuss open questions and possible experimental
implementations. €2001 American Institute of Physic§DOI: 10.1063/1.1380369

In the majority of investigations, devoted to the study of phenomena, namely noise-induced transitiOk$r). In its
noise-induced processes, a supplement of additive noise turn, NIT can be classified into three main grouf$:NIT
leads only to smoothing of transition diagrams. Contrary  which lead to the appearance of additional maxima in the
to this situation, in this contribution we show that addi-  system’s probability distributiof i) NIT which lead to the
tive noise can play a much more crucial role. In oscilla-  excitation of oscillations>**and (iii) NIT in extended sys-
tory systems, additive noise is able to excite oscillations, tems which lead to breaking of symmetry and the creation of
to influence on-off intermittency, and to stabilize sto-  a mean fiel®:**~1"1%n the majority of the papers on these
chastic oscillations. In spatially extended systems, which topics only multiplicative noise is perceived to be respon-
consist of coupled overdamped oscillators, additive noise sible for the transitions. However, it was recently
can induce first- and second-order phase transitions, shown®'#2°=??that under certain conditions additive noise
which in particular cases manifest themselves in the ap- can also be very important and nontrivial in NIT. The aim of
pearance of spatially ordered patterns. Another interest-  the present paper is to discuss several aspects and recent
ing behavior occurs if a system works as a signal proces- results of this investigation and also to point out open ques-
sor. Then additive noise is able to optimize the response tjons and unsolved problems connected with the influence of
of a system to an external periodic signal, if this system  a(dditive noise on transitions in nonlinear systems.
possesses a property of multiplicative noise induced bista- First we analyzevscillatory systems under the action of

bility. noise. In Sec. Il we start by considering a transition induced
by multiplicative noise in a pendulum with randomly vi-
| INTRODUCTION brated suspension axis. We investigate the role of additive

noise in this effect and show that additive noise influences a

Intensive investigations in nonlinear physics in the lasttransition as well as on-off intermittency, observed in the
two decades have shown that there are many nonequilibriugxcited oscillations. In contrast to this situation in which ad-
systems which demonstrate phenomena manifesting noisgitive noise only smoothes the transition, in the next inves-
induced ordering. Among these phenomena we emphasiigated oscillatory model, a standard epidemiological model
several basic ones, such as stochastic reson@Reé? (for  with random excitation, the transition can be induced both by
SR in natural systems see Rej, Boise-induced transitions multiplicative and additive noiséSec. Ill). Moreover, addi-
(NIT),*~8 noise-induced transport in ratchétsy coherence tive noise is able to stabilize stochastic oscillations, which
resonancé.This classification does not pretend to be com-are unstable if only multiplicative noise is present. Another
plete, because there are various modifications and extensionkss of models under consideration are spatially extended
of these basic phenomena.g., resonance activatibror ~ systems, which consist of couplexverdampedoscillators.
noise-induced pattern formatiii. On the another hand, We show that in such systems second- and first-order transi-
there are phenomena which possess properties of differetibns induced by additive noise are possibBec. V). If a
groups from this classification. Two interesting examplesnonlinear distributed system is under the action of additional
may illustrate this point: a synthesis of a ratchet mechanisnexternal force, then doubly stochastic resonafiz®R) can
and noise-induced phase transittdrand a synthesis of sto- be observedSec. V). In DSR the influence of noise is two-
chastic resonance and noise-induced transtfion. fold: multiplicative noise induces a bistability of a mean

In the present review we focus on one of these basidield, and additive noise helps the system to respond coher-
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ently to an external signal. Finally, we summarize the results  Solving the Fokker—Planck equation associated with Eq.
and discuss open questions of the problem under consideft), a probability density for the amplitude(A) and ampli-
ation in order to show that there are a lot of unsolved probtude squaredv(A?)= (1/2A) w(A) can be found? Using
lems in this particular field, which is rapidly developing and the functionw(A?) we obtain
attracting constantly growing attention in the modern nonlin-
ear physics.

o for =0
(A?)=1 3awg ’ @
Il. TRANSITIONS IN THE PRESENCE OF ADDITIVE 0 for »<0,
NOISE: ON-OFF INTERMITTENCY

. . _ ~ where
A pendulum with randomly vibrated suspension axis is a

typical example of oscillatory system, in which parametric 2
action of noise can lead to the excitation of oscillations via a n= ﬂ( Kk (2wg) — 8_6)
second-order phase transitidf**8In this case the intensity 8B wg
of multiplicative noise plays the role of temperature and the
average amplitude is the order parameter. Here we diSCuss proportional to the difference between the noise intensity
the_ guestion “what happens if additionally a<_jd|t|ve noise isat the frequency @, and the critical noise intensity.
acting upon the system?” Therefore we consider a pendulum |t is clear from this that for;=0 the parametric excita-
whose suspension axis is vibrating in the direction makingion of the pendulum's oscillations occur under the effect of
the angley with respect to the vertical. As shown in Ref. 6, noise via a noise-induced transition. This manifests itself in
for mpderately .smaII V|brat|o.ns of a suspension axis, thne fact that the mean value of the amplitude squared be-
equation of motion can be written as follows: comes different from zero. The corresponding dependence of

.. o the order parametgfA?) on the parametew is plotted in

2 2 _ 2

¢+2B(1+ ap?) o+ w1+ £,1(1) o= wpéa(l), @ Fig. 1(a). Numerical simulation of the original E¢1) shows

where is the pendulum angular deviation from the equilib- that if the noise intensity is slightly over a threshold, then

rium position,w? is the natural frequency of small free pen- ©"~0f" inte‘rlmitt_ency can be observed in the form of
dulum oscillations 8 is a damping factor with the nonlinear oscillations®* This means that for the same external action

coefficienta, &(t) = &(t)cosy is the multiplicative compo- (e System is sometimes in the state “o(rnrje ?mplitude is
nent of the suspension vibration, agg(t)=— &(t)siny is Iarge_, which is intermittent with the state “offthe ampli-
its additive component(t) is a comparatively wide-band tude is rather small

random proces&r white noisg, responsible for the shift of Now let us discuss which changes happen in the pres-
the suspension axis in the direction of vibration. ence of additive noise. The analytical consideration for this

In the absence of additive nois&,=0, y=0, i.e., a Casecan be found in Ref. 22; here we present the results of
vibration is performed strictly in the vertical directipthe ~ NUMerical simulations. The results are shown in Fig).1
system can be analyzed analytically. Looking for the solution! "€ Presence of additive noise leads to the fact that the prob-
in the form o(t) = A(t)cos@gt+¢) and using the Krylov— ability distribution below the threshold is no longer a
Bogolyubov method for stochastic equatiGisve obtain the ~&-function, and the transition is now smoothed and not so
following truncated equations for the amplitudeand the well-defined, as in the case without additive noise. It is in-

phased of the pendulum’s oscillations: ter_esting to n(_)t_e that in both cases, with or Withou_t_ add_itiv_e
noise, no additional extrema in the system probability distri-

1, 3 X wé bution w(A?) are observed in the course of the transition.
U= g wor(2wo) = B| 1+ 7 Bawy exp | + - (b, The additive noise also influences the effect of on-off

intermittency[see Fig. 1b)]. For supercritical values of the

b= wols() multiplicative noise intensity on—off intermittency is now
052150 hidden and not observable in the form of oscillations, but can

whereu=InA, {,(t), and{,(t) are white noise with inten- be detected for subcritical values, below a threshold. Hence

)

sities in the presence of additive noise on—off intermittency, a sign
of noise-induced transition, can be observed even before this
Ki=3k(2wo), Ky=2%(k(0)+ 3k(2wy)). 3 transition occurs with respect to the increase of the control
parameter.
Here k()= 7 (&(t)&(t+ 7))cosr)dr is the power It is necessary to note that in the same system chaotic

spectrum density of the proces@) at the frequency, and  oscillations can be observed, if the external parametric action
the angular brackets signify averaging over statistical enis periodic. A comparison with this case is discussed in Ref.
semble. It is important that in the equation for the amplitudel3. Chaotic pendulum’s oscillations are very similar in its
u=In A, we have a constant terméx(Zwo)/S, which ap-  form to noise-induced oscillations. However, a calculation of
peared due to the parametric action of noise. Namely, thithe probability distribution of the average amplitude squared
fact is responsible for the excitation of noise-induced oscil-allows to distinguish between both cases of the external ac-
lations. tion by means of the Rytov—Dimentberg criterith.
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FIG. 1. (a) A noise-induced phase transition in a pendulum with randomly vibrated suspensidiEgxi4)]. The dependence of the averaged amplitude
squared multiplied by the paramete+ 3aw§/4 on 7, where is an extent on which multiplicative noise intensity exceeds the threshold value. The curve 1
corresponds to the case without additive noise, curves 2 and 3 to the cases with additive noise irk&resitid?, wherek2>k1 (for details and analytical
expressions see Ref).@®nalytical and numerical results are shown by solid and symbol curves, respedfiyedn—off intermittency for subcritical values

of multiplicative noise intensity. In contrast to this situation, if additive noise is absent, on—off intermittency is observed near a threfhraddiercritical
values of the multiplicative noise intensity.

As is shown by further examples in this contribution, (Sy,Eg,l). Hence, one can easily rewrite the equations for
this effect of transition smoothing and influence on on—offthe new variablesx=S/S;—1, y=E/Ey—1, and z=1/1,
intermittency is not a single effect of additive noise in oscil- —1 which are deviations from the equilibrium point:
latory systems.

X+ex=—bglo(1+bi&(1))(X+z+x2) —bgblo&(t),

ll. TRANSITIONS INDUCED BOTH BY _
MULTIPLICATIVE AND ADDITIVE NOISE: y+(et+hy=(e+1)(1+b&(1))(x+z+x2)
STABILIZATION OF NOISE-INDUCED OSCILLATIONS

+(e+1)b&(t), (6)

In this section we study a system under the action of
noise, which has both additive and multiplicative compo-  z+(e+g)z=(e+Q)y.
nents. We show that these both multiplicative and additive
components of noise, considered separately, can induce Tais form of equations clearly shows that the action of noise
transition, and, what is especially interesting, the combinais multiplicative as well as additive.
tion of their actions stabilizes noise-induced oscillations. To  An increase of the noise intensity causes noise-induced
demonstrate these effects, we use a standard epidemiologidgcillations of the variableS, |, E [Fig. 2@]. Their oscil-
model for the dynamics of children diseag@3wo variants latory behavior closely resembles observed epidemiological
of excitation are possible, either by periodic foft& or by ~ data[compare Fig. @) with figures in Ref. 2& These os-
noise* In both cases this system exhibits chaotic or noisecillations are excited after a noise-induced transitjsee
induced oscillations which closely resemble oscillations obFig. 2b)]. There the variance of oscillations together with an

served in experimental data. approximating straight line is shown. The point where the
We analyze the influence of additive component of noisestraight line crosses the abscissa axis can be taken as a criti-
in the following model systent’ cal point of the transition. To prove this, we remove artifi-
) ) cially the multiplicative component of noise from E@6). In
S=e(1-5)—bSI, E=bSI-(e+l)E, this case the variance of oscillations is equal to zerb,if

5 <bs., and goes to infinity shortly after the noise intensity
exceeds its critical value. So, additive noise indeed is able to
whereS, E, andl denote the number of susceptible, exposednduce a phase transition. The same situation happens if the
but not yet infected, and invective children, respectively. Theadditive component of noise is absent but the multiplicative
parameters & 1/, 1/g are the average expectancy, latencyone is present.
and infection periods of time. The contact rdtes the pa- To conclude, this transition can be induced by noise
rameter of excitation and equal bo=by(1+b;£(t)) where  which contains both multiplicative and additive components.
&(t) is a harmonic noise with the peak of spectral density atAs shown by its separate consideration, both components
the circle frequency 2 (seasonal noisy oscillations with a play an important role in this transition. What is even more
period equal to one yenand the parametdr; is the ampli- interesting, if the additive and multiplicative components of
tude of noise. The excited oscillations are executed in th@oise act together, as in the model, a stabilization of noise-
vicinity of the stable singular point with the coordinates induced oscillations occurs: in this case the dependence of

I=1E—(e+Q)l,

Downloaded 11 Feb 2002 to 141.89.176.100. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/chaos/chocr.jsp



Chaos, Vol. 11, No. 3, 2001 Additive noise 573

0 50 100 0 ‘
t bcr bl

FIG. 2. (a) Noise-induced oscillation@pidemic$ in the epidemiological model Eqé5). (b) The dependence of oscillation variance for the variabte the
parameteb,, which is responsible for the noisy variation of a contact fate the text

the variance on the noise intensity does not increase to infiniplicative noise: strong correlatioid, =0 and paramete is
ity, that is not a case if multiplicative component of noisevaried, and no correlatiofa=0 and the intensity of, is
acts separately. varied.
Using the generalized Weiss mean field thetvfFT),®
the conditions of phase transition can be found. Substituting
the value of the scalar variable: at the sites coupled te,
Now we extend our study to spatially extended system®y its special average:
and show that additive noise is able to induce second- and _ /
first-order phase transitions. Due to a special form of cou- (xer) = (xjeogk-(r=r1, (19
pling these transition can also lead to the formation of spa¥ve obtain forx=x,

IV. TRANSITIONS INDUCED BY ADDITIVE NOISE

tially ordered patterns. k= 1(x) +g(X) £(t) + D (K)X— Degl(x— (X)) + £(1),
A. Second-order phase transitions: Noise-induced (11
pattern formation where
We investigate a nonlinear lattice of overdamped 2d 2
coupled stochastic oscillatdf<? under the action of noise. Def= (P—qg + 32+ 0(k)|D (12

In this system a transition manifests itself in the formation of

spatially ordered patterns, as a consequence of a special formmd a dispersion relatiom(k)=0 for the most unstable

of couplinga la Swift—Hohenberg. The system is describedmode, which is only of interest het&.

by a scalar fielck,, defined on a spatial lattice with points Now the valug(x) plays the role of the amplitude of the
o spatial patterns with an effective diffusion coefficidDgs.
=100+ 90 &+ Lx+ 4 ™ The steady state solution of the Fokker—Planck equation cor-

with f and g taken in the form(for the discussion, which responding to Eq(10) is written then as follows:

functions can be chosen to observe a transition see Rgf. 29

C((x)) xf(y)—Den(y —(x))
f(X)Z—X(l—I—XZ)z, g(x)=a2+X2 (8) Wst(X)ZWGX{(ZJ0 Uﬁ]gz(y)‘f‘O'i dy|,
and¢,, ¢, are independent zero-mean-value Gaussian white (13
noises: . N
andC((x)) is the normalization constant.
(& & (1)) =058, 8(t—t"), For the mean field valuéx) we obtairt*
N\ — 2 Y (9)

Note that for these functionf(x) and g(x) the transi-
tions described arpure noise-induced phase transitions, in Solving Eg.(14) with parameterd, afn, and ai, we
the sense that they do not exist in the system without noisabtain a boundary between two phases: a disordered
The coupling operatorl is a discretized version of the (|(x)|=0)and an ordered oné{k)|+0). The ordered phase
Swift—Hohenberg coupling termt D(q§+ v?)2.2 corresponds to the appearance of spatially ordered patterns,
To study the influence of the additive noise, we considelbecause its average amplitude becomes nonzero. This hap-
two limiting cases of correlation between additive and mul-pens due to the special form of coupling which includes
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FIG. 3. Additive noise induced phase transition in a nonlinear latticg Bgpredictions of the mean field theortg) The boundaries of the transition on the
plane erzn ,D) for different values of Egs.(8). It is clearly seen that by variation afa point from the dashed region is a point of the transition induced by
additive noise(b) Dependence of order parametéx)| if the additive noise intensity is variedc) The transition lines for the case when additive and
multiplicative noise are independeraztg: 1 (label 1), 0.5 (label 2, and 0.3(label 3. (d) Large scaled region from the plot i).

wave length of these pattermg. It is known that in the is varied. It is evident that again dashed region corresponds
considered system multiplicative noise induces a phasto the phase transition. If we take parameters from this
transition’® We focus our attention to the influence of addi- dashed regiottin both cases of correlatiopnand change the
tive noise. The boundary of the phase transition on the planmtensity of additive noisévarying the parametea or ag),
(O'Zm,D) is shown in Fig. 8), which demonstrates that we observe a formation of patterns and further their destruc-
variation of the intensity of correlated additive noigae  tion (see results of numerical simulations in Fig. 4
parameten in Eq. (8)] causes a shift of the transition bound- To understand the mechanism behind this transition, it is
ary. The most interesting situation occurs in the dashed reaecessary to note that there is no bistability either in the
gion. Here, the increase of the additive noise intensity causeé®isual” potential or in the so-called “stochastic” potential.
the re-entrant(disorder—order—disorderphase transition. Nevertheless, using some approximations it can be
The corresponding dependence of the order parameter on tisaowrt’-?!that the short-time evolution of the mean field can
parametem is shown in Fig. &). be described by the “effective” potential, which becomes

For the case of uncorrelated additive noise=(Q), the bistable after a transition. ID, and ag vanish, the time
observed behavior is qualitatively the safifégs. 3c) and  evolution of the first moment of a single element is simply
3(d)]. Here the transition lines are plotted on the planegiven by the drift part in the corresponding Fokker—Planck
(aﬁ],D) and the intensityrgl of uncorrelated additive noise equation(Stratonovich cage

FIG. 4. Aformation of spatial patterns
induced by additive noise. From left to
right the intensity of additive noise is
increased4=0): ¢2=0.001, 0.7, and
10 (from left to righd. The field in the
nonlinear lattice of 128 128 elements
is coded from white(minimum) to
black (maximum colors.
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FIG. 5. The nonlinear lattice Eq$18): (a) Transition lines on the planea(D) for o,=0 and two different intensities of the multiplicative noigmirve 1:
aﬁ; 1.6; curve 2:0’%1:3.0). The dashed regiofstarting with the dotcorresponds to the coexistence of disordered and ordered gghp$ae corresponding
dependence of the order parametersn, on a for D =20, 02m=3.0, anda§= 0.0 are plotted by solid line@VFT predictiong and by diamond$énumerical
simulation$. The dotted line delimits the coexistence region exhibited by NeFfiegion of the hysteresis effécThe unstable state is plotted by the dashed
line.

o2 further studied in Refs. 20, 21, 17, and 32. The time evolu-

()= (f())+ 5(9(x)g"(x))- (15 tion of the system is described by the following set of Lange-

vin equations:

As it was argued in Ref. 17, the mechanism of the noise-
induced transition in coupled systems can be explained by
means of a short-time evolution approximatiSnit means
that we start with an initial Dira@ function, follow it only
for a short time, such that fluctuations are small and thavherex;(t) represents the state of tih oscillator, and the
probability density is well approximated by a Gaussian. Asum runs over all nearest neighbors of ¢elThe strength of
suppression of fluctuations, performed by coupling, makeghe coupling is measured Y, andd is the dimension of the
this approximation appropriate in our cas€The equation lattice, which has\=L? elements. The noise tern§gt) and
for the maximum of the probability, which is also the aver- ¢i(t) are the same as defined in E¢8): mutually uncorre-
age value in this approximatiox=(x), takes the following lated, Gaussian distributed, with zero mean and white in both

_ D
=100+ 55 2 (5=x)+ LD, (18

form: space and time. The functiori$¢x) andg(x) are defined in
2 Egs.(8). . '
%= f(X)+ _mg(;)gr(@, (16) We study the behavior of_ this system by means of a
2 standard MFT procedure. Solving the corresponding(E4).

which is valid if f ((x))>( 5x2)f"({x)). For this dynamic, an with respect to the variablm=(x), andwy, defined by Eq.

“effective” potential U.x(x) can be derived, which has the (13) with D.z=D, one can set the transition boundaries. In
form this way obtained order—disorder transition lines are shown

in Fig. 5@). Here we consider only the case WhEi‘FO and
U%QZ(X) the parametea is varied. Curve 1 separates regions of dis-

Uert(X) =Uo(X) +Unoise= — f fedx————, 17 order(below the curviand orderabove the curvefor small

multiplicative noise intensity. In this case, the ordered region

is characterized by three self-consistent solutions of(E4),

one of them unstablen{=0) and the other two stable and

aFymmetrical. These new solutions appear continuously from
m=0 in the course of the transition. Hence, if we fix the
coupling strength, e.gD =20, and increase the intensity of
additive noise(the parametea) a second-ordeiphase tran-
sition from disorder to order occurs, followed by a re-entrant
transition back to disorder, also of second order.

In Ref. 33 a first-order phase transition has been re- Thefirst-ordertransition can be observed when the mul-
ported, which is induced by multiplicative noise. Now we tiplicative noise intensity increases. In that céserve 2 in
show thatfirst-order nonequilibrium transitions in spatially Fig. 5a)], a region appears where E@.4) has five roots,
extended systems can also be induced by additive noise. It taree of which(m=0 and two symmetrical pointsare
important, that in contrast to second-order transitions, in &table. This region is marked dashed in the figure. Thus, for
first-order transition very tiny fluctuation of the control pa- large enough values @, a region of coexistence appears in
rameter can lead to a drastic change of the order parametehe transition between order and disorder. This region is lim-
The study is performed on a nonlinear lattice of coupledited by discontinuous transition lines betweerr=0 and a
stochastic overdamped oscillators introduced in Ref. 16 andonzero, finite value oi. Hence, additive noise is seen to

whereUy(x) is a monostable potential andl,,s. represents
the influence of the multiplicative noise. In the ordered re-
gion, this “effective” potential has additionat=0 minima
that explain the nonzero solutions for the amplitude of spati
patterns:

B. First-order phase transitions
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induce afirst-order phase transition in this system for large 0.00 -
enough values of the coupling strength and multiplicative N
noise intensity. The re-entrant transition is again of second Bl e — /—2\/
order. When the first-order phase transition appears, hyster-
esis can be expected to occur in the coexistence redgfian X o0} 3
certain algorithm is appli€d). The dependence of the order >
parametem on the control parameteras predicted by MFT 015 |
is shown in Fig. Bb) with a solid line. The region of possible
hysteresis is bounded by dotted lines. -0.20 : . .
In order to contrast the analytical results, we have per- -1.0 -05 0.0 05 1.0

formed simulations of the complete mod@l8) using the X

numerical methods described in Refs. 5 and 17. The orde¥iG. 6. An “effective” potential for the short-time evolution ah in the

parametem, is computed as lattice Eqs.(18), for a2=:0.25(curve 1), 0.28(curve 2, and 0.34(curve 3.
Other parameters are?=3.0 ando2=0.0. A coexistence of ordered and
1 N disordered phases is observed for the curve 2.
my= _22 Xj )
L i=1

. for short-time evolution, and should not be confused with the
where () denotes time average. Results for a two-, - . : . .
stochastic” potential’ which for this system remains al-

dimensional lattice with lateral size=32 are shown with ways monostable. For the other case of correlation between
diamonds in Fig. &). Analyzing this figure one can observe ys mon ' - N . o
multiplicative and additive noise, in the region of additive

that MFT overestimates the size of the coexistence regionrioise induced transition, the “effective” potential always has
This effect, analogous to what was observed for ' P Y

multiplicative-noise induced transition®,can be explained E:herr?terz am;ngﬁtf%esn{{n E?tré(ca[;?, I\?elzn;ath?;esr:grc\j/ec:f :nzr][r:rf
in terms of an “effective potential” derived for the system at yiarg

: X i . : sition) additive noise causes an escape from zero state and
short times(see discussion belgwFor instance, ag in-

. eads to the transition. The value of a critical additive noise

creases the system leaves the disordered phase not when thi . . . . .
. Infensity for this transition can be estimated by the “effec-
state becomes unstable but earlier, when the potentm{iI

- . Ive” potential approach, only by MFT. Here we have con-
minima corresponding to the ordered states become muc . .
sidered only a case of strong correlation between multiplica-

lower than the minimum corresponding to the state O. It : o . . : . "
should also be mentioned that the numerical simulations di(ti\/(.a aqd gddmve NoIse- As descnbgd n Ref..35, If additive
noise is independent, it can also induce a first-order phase

not show hysteresis, because in the coexistence region the

system occupied any of the three possible states, indepebr_ansnmn. The level of correlation between additive and mul-

dently of the initial conditions. It can be explained by the _|p||cat|ve noise can be considered as an additional parameter

: . ) . in this system, what we leave as an open question here.
small size of the simulated system, which permits jumps be- . " .
In conclusion, we have reported that additive noise can

tween steqdy states when the system is sufficiently perturbelgduce a first-order phase transition in a spatially extended
(e.g., by slightly changing the parameter

We have thus seen so far that numerical simulation system. This transition leads to breaking of symmetry and

qualitatively confirm the existence of a first-order phase tran?he creation of a mean field. It should also be mentioned that

sition induced by additive noise in this system, as predicte for another fo”.“ of couplinga la Swift—Hohenberg as n
by MFT. We note that the transition occurs in the two limit- ec. IVA, spatial .p.atterns can appear as a result of a first-
ing cases of correlation between multiplicative and additiveOrder phase transition.
noise. We also emphasize that variation of both the multipli-
cative noise |n.tenS|ty la}nd the coupling strength can chang@_ ADDITIVE NOISE IN DOUBLY STOCHASTIC
the order of this transition. RESONANCE

Let us now discuss a possible mechanism behind this
effect. As pointed out above, the collective behavior of this  Doubly stochastic resonand®SR)'? is a synthesis of
system can be described by the “effective” potenfs#e Eq. two basic phenomena: noise-induced phase transition and
(17)]. We can trace the behavior of this potential in the presstochastic resonandSR).
ence of multiplicative noise, for the casé=0 anda+0. Its In the conventional situation SR manifests itself as fol-
evolution for increasin@ is shown in Fig. 6. This approach lows: additive noise optimizes the response of a bistable sys-
can be clearly seen to successfully explain the mechanism ¢ém to an external periodic force. In addition to this situation,
the first-order transition: first, only the zero state is stableSR has also been found and investigated in a large variety of
(curve 1), then there is a region where three stable stateslifferent class systems: monostable syst&frs;stems with
coexist(curve 2, and finally, the disordered state becomesexcitable dynamicg’ noisy non-dynamical system$,sys-
unstable(curve 3. This approach also explains why a varia- tems with sensitive frequency SR dependeticeystems
tion of the multiplicative noise intensity influences the orderwithout an external forc&2® and systems without any ex-
of the transition: for anotheflowen o2, there is no region plicit threshold*! In all these works SR has been observed in
where ordered and disordered phases simultaneously exishe structure, given by the system, and not in the noise-
We emphasize that the “effective” potential is derived only induced structure. In contrast to it, here we address the prob-
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20

10

FIG. 7. Transition lines between orderédside the curvesand disordered
(outside phase in the lattice Eq$19) on the plane &2 ;D) for different

intensities of the additive noise§=0 (1), 1(2), and 5(3). The black dot
corresponds td® =20, ¢2=3.

—4
lem whether SR can be observed in the bistable structureﬁ< 10
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Obtained by a standard MFT procedusee Sec. IV B
transition boundaries between different phases are shown in
Fig. 7. In addition to Ref. 16, we show that the influence of
additive noise resulted in the shift of transition lines. For
02=0 an increase of the multiplicative noise causes a
disorder—order phase transition, which is followed by the
re-entrant transition to disord&t.In the ordered phase the
system occupies one of two symmetric possible states with
the mean fieldan;= —m,#0, depending on initial condi-
tions (for a visualization of this transition see Fig). 8

Now let us consider the problem, how the systé€ifl)
responds to periodic forcing. We have taken a set of param-
eters b'zm;D) within the region of two coexisting ordered
states with a nonzero mean field. In particular, we choose
values given by the dot in Fig. 7. For numerical simulations
we take a two-dimensional lattice bf=18x 18 oscillators,
which is simulated numericaff§ with a time stepAt=2.5
under the action of the harmonic external force. The

which in its own turn is induced by multiplicative noise via @MPplitude of the forceA has to be set sufficiently small to

phase transition.

avoid hops in the absence of additive noise during the simu-

We study DSR in the nonlinear lattice of coupled over-lation time of a single run which is much larger than the

damped oscillators Eq18), but now under the action of an

period of the harmonic forc& Jumps betweem; < m, oc-

additional periodic force. Hence, the following set of Lange-Cur only if additive noise is additionally switched on. Runs

vin equations describes the considered system:
. D
X =100 T Q&M+ 55 2 (4=x)+ (D)

+Acogwt+ o), (19

where all notations and functiori$¢x) andg(x) are taken as
above. The last term ifl9) stands for an external periodic
force with amplitudeA, frequencyw, and initial phasep.

increase
of

noise

are averaged over different initial phases.

Time series of the mean field along the corresponding
periodic input signal are plotted in Fig. 9 for three different
values ofog. The current mean field is calculated m$t)
= (1/L2)EiN:1xi(t). For a small intensity of the additive
noise, hops between the two symmetric statgsandm, are
rather seldom and not synchronized to the external force. If
we increase the intensity?, we achieve a situation when
hops occur with the same periodicity as the external force

FIG. 8. A symbolic visualization of a
phase transition in the model Egs.
(19), which leads to the formation of a
mean field. In the disordered phase the
mean field is zero due to the random
deviation of different elements around
zero (up). In the ordered phase, in-
duced by noise, the symmetry is bro-
ken and the mean field is either posi-
tive (right) or negative (left). The
elements in the lattice 128128 are
coded in accordance to its sign: if
positive or zero, white; if negative,
black.
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FIG. 10. The dependence of SNR vs the additive noise intensity in the
lattice (19). The full output and its two-states approximation are plotted by
filled and opaque points, respectively. The solid line shows the analytical
estimation SNR (22), performed on the base of derivation of the “effec-
tive” potential and linear response theory. The parameters are the same as
for Fig. 9 and the processing ga®=0.7.

-1.0

1.0 ¢

05 f

gion, inside the transition lined-ig. 1), the potentialJ o#(X)
RN EN RN is of the double-well form, e.g.U(X)ef=—x°—0.25*
0 500 1000 +x5/6, for givenf(x), g(x), ando?=3.

From the analytical form of the system’s bistable poten-
FIG. 9. Doubly stochastic resonance in the lat(i£8): a coherent response  tial, we can solve a conventional SR problem in this potential
to periodic driving induced by additive noise. The time evolution of the with an external periodic force of the amplitudeand the
current mean fieldoutpuy and the periodic external forde(t) (input) for frequencyw. Using the well-known approach of a linear re-

different intensities of additive noisgrom top to bottom a§:0.01, 1.05, 44 : ; .
and 5.0. For the optimal value of the additive noise intengitiddle row, sponse theo&’ we get the following expression for SNR:

hops occur mostly with the period of the external force. The remaining 477A2
parameters ard=0.1, 0=0.1, D=20, ands?=3. SNR, = s (20)
‘Ta

and, hence, the mean field follows with high probability theWhererk is the corresponding Kramers réte

periodic input force. An increase of additive noise provides \/lugﬁ(x)|x:x JUZ(X) | xex p( 2AUeﬁ)
min max
= exp —

an optimization of the output of the system which is stochas-  r 5

tic resonance. lir2 is increased further, the order is again 2m Ta 21

destroyed, and hops occur much more frequently than the @D

period of the external force. Note also that for lagethe  for surmounting the potential barri&rU . Using Eqs(17),

value of the mean field which corresponds to the stable stat€20), and (21) we get analytical estimates for a single ele-

is becoming smaller. It is caused by the fact that additivement inside the lattice. Further on, rescaling this value by the

noise also influences transition lindsAn increase Ofo'ezl numberN of oscillators in the lattic® and taking into ac-

results in the reduction of the ordered regi®ig. 7, curves count the processing gaiG and the bandwidthd in the

2 and 3 and decreasing the valug;= —m,. power spectral densif{f,the SNR, of the mean field of the
Figure 9 illustrates that additive noise is able to optimizenetwork ofN elements can be obtained

the signal processing in the systéf®). In order to charac-

NG
terize this SR effect quantitatively, we have calculated SNRN=SNR1T+1. (22
signal-to-noise ratigSNR) by extracting the relevant phase-
averaged power spectral densBfw) and taking the ratio This dependence is shown in Fig. 10 by the solid line

between its signal part with respect to the noise backgréundand demonstrates despite the rough approximation a good
The dependence of SNR on the intensity of the additiveagreement with the results of the numerical simulations.
noise is shown in the Fig. 10 for the mean fiéiled point9 Nearly exact agreement is found in the location of the maxi-
and the mean field in a two-state approximati@pague mum as well as for the quantitative values of the SNR
point). In this two-states approximation we have replaced“scalloping loss”** has been avoided in simulations by set-
m(t) by its sign and put approximatelp(t)=+1 or m(t) ting the frequencyw to be centered on one of the bins in the
= —1, respectively. Both curves exhibit the well known bell spectrun.
shaped dependence orj typically for SR. In conclusion, we have reported the existence of doubly
Next we estimate the SNR analytically, in order to com-stochastic resonance, which is resulted from the twofold in-
pare it with numerical simulations. K, D, anda‘f1 are equal fluence of noise on a nonlinear system. DSR is a combined
to zero, the dynamics of the system is described by the “efeffect which consists of a noise-induced phase transition and
fective” potential U«(X) [see Eq.(17)]. In the ordered re- conventional SR. It is important to add, that there are clear
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distinctions between SR and DSR behavior, because, in coitems(see also a case considered in Ref), D8 systems with
trast to SR, in DSR additive noise does not only help ara bistable “stochastic” potentidf

input/output synchronization, but also changes the properties (2) Experimental confirmation of noise-induced transi-
of the system in the absence of the external fgsee Fig. 7.  tions predicted by theoretical studies. For the pendulum,
As a consequence, in DSR amplitude of hops is decreasadodelling a real mechanical obje@ec. 1), and the epide-
(bistability disappeajsfor large noise intensitieeg, that is  miological model, describing a real experimental d@ec.

not the case for standard SBompare Fig. 9 and Fig. 4 from IIl), the connection to the experiment is clear. Concerning
Ref. 2. It means also that a decrease of SNR with the inspatially extended systems with noise, described in Secs. IV
crease of the additive noise intensity can be explained nadnd V, we suggest the following potential experimental
only by disordered hops induced by large additive noise, buimplementations. As proposed in Ref. 17, it is worth to re-
also by the fact that the system loses its bistability. Anotheevaluate experiments in physical systems for which noise-
distinction is that DSR can be controlled by multiplicative induced shift§*®or purely noise-induced transitions may be
noise, and this control is not possible in a conventional SR. Itelevant. Some examples of noise-induced shifts can be men-
happens because change of multiplicative noise results in thgoned here, such as processes in photosensitive chemical
change of the “effective” potentidlEq. (17)], which governs  reactions under the influence of fluctuating light

the behavior of the system. intensity>>®! in liquid crystals;?>=>° or in the Rayleigh—
Benard instability with a fluctuating temperature at the
plates>®

VI. SUMMARY AND OPEN QUESTIONS We expect also that our theoretical findings will stimu-

We have reported here recent results concerning the idate experimental works to verify DSR in real physical sys-
fluence of additive noise on noise-induced nonequlibriuntems(for the first experimental observation of noise-induced
phase transitions. We have shown that the role of additivéistability see Ref. 517 Appropriate situations can be found
noise can be crucial in various aspedtsin oscillatory sys-  in analog® or electronic circuits; as well as in systems,
tems, represented by a single oscillator, additive noise is abehich demonstrate noise-induced shifts of the phase transi-
to induce such NIT, it strongly influences this transition andtion (see the discussion abgvet can be crucial for such
stabilizes oscillations occurred as a result of this transitionexperiments, that, in contrast to conventional SR, in DSR the
(i) In spatially extended systems, which are lattices ofenergy of noise is used in a more efficient way: not only for
coupled overdamped oscillators, additive noise can inducthe optimization of the signal processing, but also for the
first- as well as second-order phase transitions, cause tisipport of the potential barrier to provide this optimization.
formation of spatial patterns, and optimize the response ofhis can be of a large importance in the communication.
such a system to periodic driving. In the latter case, it is  (3) Modelling transitions and irregular oscillations ob-
important that the bistability of the collective behavior is served in experimental data by stochastic models. As shown
supported by multiplicative noise. in Ref. 14, already known phenomena which have been ex-

Despite these findings there are several open questiorained in the frames of a deterministic theory, could also be
and promising directions of future research. Note that thesuccessfully described by stochastic models. Note that deter-
topic of nonequilibrium phase transitions induced by additiveministic and noise-induced processes are very difficult to be
noise is rather new. We see three main directions in the studgistinguished in many situations. Moreover, sometimes a
of these transitions. noisy excitation looks more justified. It is worth to mention a

(1) Theory of noise-induced phase transitions. The pherecently outlined hypothesis that turbulence in nonclosed
nomena described here are demonstrated by a large varigipws is a result of noise-induced phase transitiRef. 60
of models, and the question naturally arises whether thesend the experiment in Ref. B1Also we expect that noise-
transitions belong to any of the existing universality classesinduced processes may be very important for understanding
A discussion about it can be found in Ref. 17 for the transi-of complex natural systems studied in neurosciefeg.,
tions which leads to the breaking of symmetry and creatiorRef. 62 or such as microseismic oscillatiofisor phase
of the mean field. In general, however, this is still an opentransitions observed in physiological systems, especially in
question as well as a question whether dependencies in themanual movemenf¥:%° Despite the fact that up to now
presented models are universal for other models demonstrahese tempo-induced transitions in the production of poly-
ing these transitions. Another interesting problem is a searcthythm are explained by deterministic mechanisms in the
of combined effects, as, e.g., a synthesis of white nois@resence of noise, we expect that models with noise-induced
driven ratchets and noise-induced nonequilibrium phasescillations will also be relevant in this case.
transitionst! globally synchronized oscillations in subexcit- Another open question, closely associated with model-
able medi&’ or DSR. One should investigate the translationling is the identification of the excitation mechanism by the
of the transitions discussed into other phenomena, probablgnalysis of irregular time series. This problem is of high
systems of coupled excitable elements. It is interesting alsomportance, because to model a system one should know the
to find hidden transitions induced by additive noise in oscil-physical mechanism of an excitation. At the same time, time
latory systems in the absence of multiplicative ndfS&n-  series are often the single source of the information about a
other group of open questions is connected to DSR. We exaonlinear system: “black box.” At this point, it is essential to
pect that DSR or its modifications can be found not only innote that classical methods of analysis, such as a spectral
the system, described here, but probably in oscillatory sysanalysis or a calculation of a correlation dimension are some-
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