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If y1(z) and y2(x) are independent and they are the solutions to (5.10) then the general
solution to (5.10) can be written in the form

y(x) = Cry1(z) + Caya(z), (5.11)

where C and Cs are constants. In other words, if you have two independent solutions,
then you can represent any other solution in terms of these two solutions.

Now, we verify that (5.11) is the solution to (5.10):

y' +ry +sy = Cryf + Crryy + Cisyr + Cayy + Carys + Casys
C1 (v + i + sy1) +Co (v + ryh + sya)

Therefore we need to find two independent solutions to (5.10). But how do we find them?
Let us assume that the solutions are of the form

y=e

Then
y/ _ )\e)\x’ y// _ )\26)@7

and so substituting into (5.10) we have
Yy sy = N+ rae’ 4 se? = M (N rA 4 5) =0,
which tells us that if A is a root of the equation
M4 rA+s=0, (5.12)

then y = ¢ will be a solution to (5.10). Equation (5.12) is called the auziliary equation
or characteristic equation and is quadratic, so we expect two solutions for A and thus two
independent solutions to (5.10).

Example 5.17. Consider the second-order differential equation
Y+ 3y +2y=0.
If we put y = e*®, we see that the auxiliary equation is
M43A+2=0 <= A+1)(A+2)=0.

This has two roots:
Al=-—-1, X =-2

Therefore we have two solutions e~® and e~2%, and they are independent. So the general
solution is
y(r) = Cre™* + Che 22,

In general, we know that the roots of (5.12) are given by
—r+vVA
2 )

There are three cases, depending on the value of A.

A= A =r? —4s.
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(a) A > 0: two distinct real roots (see Fig. 5.1(a)),

—r+VA —r—+vA
M= em

We have two independent solutions to the differential equation (5.10),

Az Aox

e and e"?%,

SO
g(z) = C1eM? 4 Cyet2®,

is the general solution to (5.10), i.e. the C.F. of (5.9).

L NS N

A1 e A

(a) Two roots. (b) One roots. (¢) No roots (complex).

Figure 5.1: Different options for the curve y = A2 +r\ + s when solving the equation
A +rX+s5=0.

(b) A =0, (5.12) has one root which is real (see Fig. 5.1(b)), given by

So €M7 is one solution to (5.10). We need to find another solution, which is inde-

pendent of eM?. So we try

A1
y = ze™,

then
y = eMT 4 \zeM®  and y' = A eMT 4 A eMT 4 )\%xe)‘” = )\%me/\lx + 2\ M,
Hence

Y 4y +sy = MNareMT 420N 4 reMT 4o ) zeM® 4 szet?
= A 47X+ 8)zeM (20 1) eM?
—_—— —_——
=0 =0
= 0.

That is, ze*® is a solution to (5.10). Also, e** and xe*'® are independent. There-
fore, in this case the general solution of (5.10) is

g(x) = C1eM* + CozeM®.
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Example 5.18. Consider the differential equation
y'+2y +y=0.
The auxiliary equation is
MA224+1=0 <= A+1)2=0 = N\ =1,

where A1 is the only root. But e*® and ze*® are two independent solutions. So the
general solution is

y(x) = Cre™® + Coxe™* = e *(C + Cax).

A < 0, there is no real solution to (5.12) (see Fig. 5.1(c)). But it is still possible to
find two independent solutions, these will be complex roots given by

_ —r+ /(-1 (=A
- rj;\/Z: r (2 I ):_;i;\/?l\/j:aﬂﬂ,
where —A > 0 and

1 1
i=v-1, a= —g, B = 5\/—A: 5\/43—7’2.

In this case, the solutions are e(@t#)% and e(@=F)* g5 we have the general solution
g(z) = CrelotiB)z 4 Ghela—if)r — gow (é’leiﬁm + @26—1'69:) .
But recall Euler’s formula e? = cos  + sin @, which means we can write the general
solution as
g(x) = e ((C’l + C) cos Bz + (C — Cy) sin Baj) = e (C1 cos Bz + Cy sin fx) ,

where e¢** cos Sz and e“* sin Sx are two independent solutions.

Let us verify
y = e** cos Bx

is a solution of (5.10). We have
y = ae®® cos Bx — Be™” sin Bz,
Y = a%e® cos fr — afe®® sin fr — afe™ sin fx — B2 cos fx
= (a® — B%)e* cos fz — 204 sin fz.
Plugging these into equation (5.10), we have

Y +ry + sy = (a? — 5%)e?® cos B — 206" sin S+

+ rae®® cos Bax — rPBe*" sin fx + se** cos B,
which can be written as

Y 41y + sy = (a® = B2+ ar+ s) e cos B — (20 + 1) feT sin fz = 0.
~——

2 2 =
22 _1(4s—r2)— T2 45=0 0

Similarly we can show y = e“* sin Sz also satisfies (5.10), thus g(z) above is a general
solution to (5.10).
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Example 5.19. Consider the differential equation
y" — 6y + 13y = 0.

The auxiliary equation is
N —6A+13=0,

which has
r=-6, s=13, A=7r>—4s=36—-52=—16 <0,

i.e. it has complex roots. So we have

O[:_KZS) 5:1\/_(_16):27

2 2

3

therefore e3% cos 2z and e3% sin 2z are two independent solutions, so

y = *(C} cos 2z + Cysin 22),

is the general solution.’

5End Lecture 25.



