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Previously, we chose an antiderivative which is correct for the given integrand 1/22. How-

d 1 1
L2 ) 2= ifz=o.
dw(:v)#:ﬁ =0

That is F'(z) = f(z) doesn’t hold for —1 < z < 1. We have to be sure the function is
well defined over the entire interval over which we integrate.

ever, recall

Example 4.8. Consider the function f(z) = 3.

[—1,1] is
1 1 ! 1 1
3 4
de = |- =-—-=0.
/133 v {433}1 4 4 0

Then the integral over the interval

Figure 4.8: Integrating to find the shaded area under the curve y = x* on the interval

[—1,1]. Have two shaded regions bounded by the curve and the x-azxis.

In this case, the area cancels out. The shaded area is actually given by
1 0 1 1 1 0
/ 3 dr + ‘/ 23 dx| = [:c4] + [x4]
0 5 VR PR | P

4.3 Indefinite integrals

So far we know

[ f@ydo =P+ 0. Fla) = f).
What function F' can we differentiate to get f7
Powers of x:

/xn dz = ——a" 4 C, (n# —1),

n—+1
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d xn+1 "
dm<n+1> -

1
/dx:1n|:z]+0,
x

since

For n = —1,

since for z > 0

d
a1 = o
and for x < 0,
d d -1 1
%(hl!wl) = %(ln(—x)) Tz

Special rule:
Let us consider the derivative of the logarithm of some general function f(x), i.e.

d 1 d f'(x)

g U@ = 705 g )] =

This implies that

@)
[ ar =@y

where C' is some arbitrary constant of integration. Hence, if we can calculate integrals by
inspection if the integrand takes the form f’(x)/f(x) by the above formula.

Example 4.9. Consider the the following integral:

2
1=/$+5m.
2 +5x +3
Now, if we choose f(x) = 22+ 5x+ 3, then f/(x) = 22 +5. So, if we differentiate In(f(x)),
in this case we have

d 21 +5
— [In(@? +52+3)] =
x[n(m—i— z+3)] 22 +5x + 3’

by the chain rule. Thus, we know the integral must be
I=In(z®+5z+3)+C,
where C' is some arbitrary constant of integration.

Example 4.10. Consider the following integral:

3
1= .
/2x+2dm

Now, if we choose f(x) = 2z + 2 then f’(z) = 2. However, the numerator of the integrand
is 3. Not to worry, as we can simply re-write or manipulate the initial integral as follows:

3 1 2 3 P
I: = — — — .
/2x—|—2d$ 3/22x—|—2d$ 2/2x—|—2d$

Since 3/2 is a constant, which we are able to take out of the integral sign, we need not
worry about this and can proceed with the integration using what we have learnt above,
giving

I:gln(2x+2)+C’.
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To check, we differentiate the above expression, so

dI d [3 31
Y S 42 _ 2.
G dr |22 0 =g o

.2’

which is correct!

This “special case” is an example of a method called substitution, and is not limited
to integrals which give you logarithms. Nevertheless, it is a good sighter for what’s to
follow. Together with inspection, it can be extended for other function by choosing suitable
substitutions (i.e. f(x)).

Trigonometric functions:

d
/cosz dx =sinz 4+ C, since d—(sm x) = coszx,
x

/sinxdm = —cosz + C, since d—(— cosx) = sin .
x

Exponential function:

/exdm ="+ C, since —(e) =e”.
x

As with differentiation, we also have a sum rule for integration, that is

/(f(a:) +g(z)) de = /(fx) dx + /g(a:) dx. (4.4)

In other words, the antiderivative of a sum is the sum of the antiderivatives.

Also,
/Kﬂmm:K/ﬂ@w, (4.5)

where K is a constant, i.e. a constant can be taken outside of the integration sign.

Example 4.11.

/(3w4+2x+5)dx = /3x4dx+/2xdm+/5dx
= 3/m4dx+2/xd:v+5/dm

3 2
- Z555+§:c‘°’+5/>:c+c.

NOTE: Do not forget the constant C' when the integral is indefinite!
Example 4.12.

/(z2—1)($4+2)d95 = /azﬁ—x4+2x2—2d:p

= /xﬁdm—/x4dm+2/x2dx—/2d:c

1 1 2
= ?1'7—51554-5333—2334-0
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Example 4.13.

4.3.1 Substitution

We can use substitution to convert a complicated integral into a simple one.

Example 4.14. Consider the indefinite integral with integrand (2x + 3)'%°. We make the

substitution
du -

1
u=2x+3 — — =2 ie. dx = —=du.
dx 2

So we calculate the integral as follows:
1
/(230 +3)100¢qr = /uloo 5 du

1
= /uloodu
2

1
— (9 101 '
202( r+3)" +C
We can check the result by performing the following differentiation:
d |1 101
— | —(2 101 = (2 100'2:2 100
T 202(x+3) —i—C’] 202(az+3) (2x +3)",

which is correct.

Example 4.15. Suppose we have the integrand z(z + 1)°°. Let us try the substitution

d
u=x+1, sor=u—1 — —uzl ie. dx = du.
dx
So we have
/x(x+1)50dx = /(u—l)u50du
= /u51du/u50du
L5 1oy
) sie ¢
_ b 52 L 51
= 52( +1) 51(ac+1) +C
Check:
AL 2 Ly @) - @+ )P = @+ 1) 2
dx |52 51 ’

which is correct.
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Example 4.16. Consider the integrand 1/(xInz). Let us try

d 1
u=Ilnr = M _ 2 e dr=azdu
de x
Thus, we calculate the integral as

1 1
/ dr = — -xdu
rlnzx U

= Inlu|/+C
= In|lnz|+ C.

Check:

9

d 1 1

= (nl1 - - .z

da:(n’ nz)) Inz =x
which is correct.

Example 4.17. Consider the integrand 1/(1 + /z). Let us try the substitution
u=1++vz = Vr=u-—1.
Differentiating we have
du 1
2= =
de 2
Therefore, we calculate the integral as

1 1

= —2(u-—1
/1+ﬁdm /u (u—1)du

= 2/(1—1> du

u

1
2/du2/du

u
2u—2In|ul+C
= 2(1++vz)—2In[l+Vz|+C.

—  do=2z?du= 2(u —1)du.

N|=

Check:

i[2(1+\/JE)—21n|1+\/Ey+C]— ! ! _dtves1l ]

dx TV Vr(l+ vz Vz(l+yz) 1+
Example 4.18. Consider the integrand sin(3z + 1). Let us try the substitution
d 1
u=3r+1 — —u:3 ile. dxr = -du.
dzx 3
So integrate as follows:
1
/sinSx—i—ldaz = 3/sinudu
L +C
= ——cosu
3

1
= 3 cos(3z + 1)+ C.

Check: J ) 1
. {—3 cos(3x + 1) + C] = —|—§ -3+ sin(3z + 1) = sin(3x + 1).
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Example 4.19. Consider the integrand sin (%) /x2%. Let us try the substitution

1 d 1
U= — — w2 ie. dr=—2%du.
z dx x2

So we calculate the integral as follows:

sin(i) sin u 9
/ 2 dr = /$2 (—z%) du

= —/sinudu

= cosu—+C

- () e
£ (2)+e] () rn- 22

How do we find a suitable substitution? Usually by observation and using our knowledge
of differentiation. Or we put

Check:

which is correct.

u= f(x), then S—Z =fl(z) = du= f'(x)dx.
If we have d
1) = ),

then we can write

For instance, in the case

we know that

So we write the integral as

1 1 1
/ﬁlnmdx—/xlnx-xd(lnx)—/md(lna:).

Therefore we know © = In x will work!

Similarly we know

1

dx x2’ x

so the integral from example 4.19 can be written as

o fu)of2) o
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Also, from example 4.14, we have

1
/(2x + 3)100 gy = 3 /(235 + 3)190 422 + 3),

since

d(2z + 3)
dzx

which is the same as what we tried earlier.?

1
=2 = dr=gd2c+3)

3End Lecture 17.

—

let u = 22 + 3,
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