The Nature of Firm Growth
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About half of all startups fail within five years, and those that
survive grow at vastly different speeds. Using Census microdata,
we estimate that most of these differences are determined by ex-
ante heterogeneity rather than persistent ex-post shocks. Embed-
ding such heterogeneity in a firm dynamics model shows that the
presence of ex-ante heterogeneity (i) is a key determinant of the
firm size distribution and firm dynamics, (ii) can strongly affect
the macroeconomic effects of firm-level frictions, and (iii) helps
understand the recently documented decline in business dynamism
by showing a disappearance of high-growth startups (“gazelles”)
since the mid-1980s.
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There are enormous differences across firms. On the one hand, many startups
fail within the first year and most of those that survive do not grow. On the
other hand, a small fraction of high-growth startups, so called “gazelles”, makes
lasting contributions to aggregate job creation and productivity growth (see e.g.
John Haltiwanger, Ron Jarmin, Robert Kulick and Javier Miranda, 2016). While
firm dynamics have long been recognized as a key determinant of macroeconomic
outcomes, little is known about why firm performance is so different or how the
nature of firm growth affects macroeconomic outcomes.

One view in the literature is that, following entry, firms are hit by ex-post shocks
to productivity or demand: some startups are lucky and grow into large firms.
An alternative view is that there are ex-ante differences across firms: some types
of startups are poised for growth, for example due to a highly scalable technology
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or business idea.’

In this paper, we provide empirical evidence on the relative importance of ex-
ante and ex-post heterogeneity in shaping firms’ growth paths. We then bring
this evidence to a structural firm dynamics model and show that the precise
nature of firm growth has strong implications for the macroeconomy and the
way in which it is affected by firm-level frictions. Since Hugo Hopenhayn and
Richard Rogerson (1993), a growing literature uses quantitative heterogeneous-
firms models to evaluate the micro- and macro-economic effects of policies and/or
frictions. Our results demonstrate the importance of accounting carefully not only
for the amount of heterogeneity across firms, but also for its transience and for
the moment of its inception, i.e. before or after startup.

To establish these results, we make use of the Longitudinal Business Database
(LBD), an administrative panel covering nearly all private employers in the United
States from 1976 to 2012. Our central piece of empirical evidence is the cross-
sectional autocovariance function of business-level employment by age. We thereby
take inspiration from the earnings dynamics literature, which has long recognized
that autocovariances help to distinguish shocks from deterministic profiles (see
e.g. Thomas MaCurdy, 1982; John Abowd and David Card, 1989; Fatih Guve-
nen, 2009; Fatih Guvenen and Anthony Smith, 2014). To the best of our knowl-
edge, even the basic autocovariance structure of employment by age has not been
systematically documented in the firm dynamics literature which, instead, has
focused on the age profiles of average size and exit.?

We begin the analysis using a reduced-form statistical model of firm-level em-
ployment, which allows for the possibility that differences across businesses are a
result of both ex-ante heterogeneous growth profiles and ex-post shocks. A ma-
jor benefit of the statistical model is its simplicity, yielding analytical formulas
which help to understand the identification of the key parameters. In particular,
it makes clear that crucial information about the extent of ex-ante heterogeneity
across firms is contained in the long-horizon autocovariances of firm-level employ-
ment.

Estimation of the statistical model on the autocovariance matrix reveals a key
finding of our study: ex-ante heterogeneity accounts for a large share of the
cross-sectional dispersion in employment. In the first year after entry, ex-ante
heterogeneity accounts for more than ninety percent of the cross-sectional disper-
sion in employment. More importantly, even after twenty years, ex-ante factors
still explain about forty percent of the cohort’s employment dispersion. This find-
ing is consistent with empirical evidence that certain observable characteristics at
the time of startup can partly predict firm growth, see Jorge Guzman and Scott

L Another important dimension of heterogeneity, on which we do not focus in this paper, relates to
the role of supply versus demand factors. For evidence on this, see e.g. Colin Hottman, Stephen Redding
and David Weinstein (2016) and Lucia Foster, John Haltiwanger and Chad Syverson (2016).

2See e.g. John Haltiwanger, Ron Jarmin and Javier Miranda (2013), Chiang-Tai Hsieh and Peter J.
Klenow (2014) and Ufuk Akcigit, Harun Alp and Michael Peters (2017). Lufs Cabral and José Mata
(2003) also document the evolution of the skewness of the size distribution with age.
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Stern (2015), Sharon Belenzon, Aaron Chatterji and Brendan Daley (2017), Jorge
Guzman and Scott Stern (2019), and Jorge Guzman and Scott Stern (forthcom-
ing). Beyond its value summarizing the importance of ex-ante heterogeneity for
observed employment dynamics, our statistical model is easily adapted to the
driving process of a structural model.

Next, we take the data to a full-blown structural macroeconomic model with
firm dynamics in order to answer other important questions which the statis-
tical model cannot address. The structural model follows the tradition of Hugo
Hopenhayn (1992), Marc J. Melitz (2003), and Erzo Luttmer (2007), and features
endogenous entry, exit and general equilibrium forces. Following the statistical
model, we introduce a multi-dimensional idiosyncratic process into this frame-
work, which allows not only for persistent and transitory ex-post shocks, but also
for heterogeneity in ex-ante growth and survival profiles. We demonstrate that a
combination of ex-ante heterogeneity and ex-post shocks is in fact necessary to
obtain a good fit with the empirical autocovariance structure.

While our baseline model contains no explicit frictions, we also consider a ver-
sion with imperfect information, in the spirit of Boyan Jovanovic (1982), in which
ex-ante heterogeneity is disentangled from ex-post shocks only gradually. In ad-
dition, we consider a version in which firms endogenously invest into demand
accumulation subject to adjustment costs. Although these extensions could in
principle offer a different perspective on the empirical patterns, this turns out not
to be the case. In particular, ex-ante differences still emerge as the key source of
heterogeneity.

We estimate the model by matching not only the autocovariance function of em-
ployment at the firm level, but also the average size and exit profiles, conditional
on age. We then use the structural model for three purposes: (i) to revisit the
results from the reduced-form model while accounting for endogenous selection,
and to extend these results to other outcomes such as exit rates and the average
firm growth profile, (i) to understand how the presence of rich ex-ante hetero-
geneity can change the macroeconomic effects of micro-level frictions, and (iii) to
understand how the nature of firm growth has changed during recent decades and
what have been the macroeconomic implications.

First, the model suggests that ex-ante heterogeneity is not only an important
determinant of the dispersion in firm-level employment, but also of firm exit
and growth. That is, the fact that many young firms shut down while surviving
businesses grow quickly is in large part driven by ex-ante heterogeneity. Moreover,
we find that “gazelles”, a small fraction of startups with exceptional ex-ante
growth potential, account for a large share of average firm growth.

Second, we present model exercises to explore how the presence of ex-ante
heterogeneity can affect the impact of micro-level distortions on the aggregate
economy. We do so by introducing micro-level frictions into the baseline economy
and contrasting it with the same exercise conducted in a model with a restricted
shock process. In particular, this restricted model features no permanent ex-ante
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heterogeneity, but is conventional in the literature, see for instance Hopenhayn
and Rogerson (1993).

In the main text, we consider two examples of micro-level distortions: non-
convex adjustment costs on demand accumulation and financial frictions forcing
firms to shut down if they fail to meet a borrowing limit. We find that these
frictions have quantitatively very different effects in the two versions of the model.
This is primarily due to the fact that, while the two economies have almost
identical firm size distributions, the baseline economy has a wider dispersion of
firm values owing to the presence of permanent ex-ante differences across firms.

As a result, the adjustment costs have a much smaller effect in the baseline
model than in the restricted version. Intuitively, the higher dispersion of firm val-
ues implies that there are fewer “marginal” firms which are indifferent between
adjusting or not. By contrast, the effects of financial frictions, which indiscrim-
inately force firms to exit whenever they cannot meet the borrowing limit, are
larger in the baseline model. The friction is particularly damaging in the base-
line model as it eliminates young firms with low current profitability but high
long-run potential. In the restricted model, on the other hand, all firms have the
same long-run potential and therefore indiscriminate exit is less harmful. These
examples highlight that while the presence of ex-ante heterogeneity does not al-
ways change the impact of micro-level distortions on aggregate outcomes in the
same direction, the precise nature of firm growth may be crucially important for
quantitative analysis.?

Third and finally, we use the model to understand how the nature of firm
growth has changed over time and whether any such changes can shed light on
the observed decline in business dynamism in the U.S. economy. Specifically, we
re-estimate the model on two subsamples, splitting our data in half. The results
suggest that the prevalence of ex-ante high-growth firms, gazelles, has substan-
tially declined among the population of startups in the late sample compared to
earlier years. In addition, we find that gazelles that do start up in the late sample
do not grow as rapidly as their counterparts in the early sample. These findings
provide a new angle to discussions on declining “dynamism” of U.S. businesses,
see e.g. Ryan Decker, John Haltiwanger, Ron Jarmin and Javier Miranda (2016).
They also relate to Petr Sedldcek and Vincent Sterk (2017), who document strong
cohort effects in firm-level employment. The latter focus on cyclical variations in
entry conditions, whereas the change considered here appears permanent.

A major advantage of the Census data used in this paper is that it spans
the population of employers and therefore speaks simultaneously to the micro-
and the macro-level. An important next step is to investigate empirically what
determines the ex-ante and ex-post differences documented in this paper and use
this information to further endogenize firm dynamics in structural models. This,
however, will require very different data sources with richer micro information
relating to e.g. entrepreneurial skills, business plans, financial characteristics or

3Similar results for several other firm-level distortions are presented in the Appendix.
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the organizational structures of firms. Existing studies along these lines include,
in addition to references above, Jaap Abbring and Jeffrey Campbell (2005) who
study bars in Texas, and Jeffrey Campbell and Mariacristina De Nardi (2009)
and Erik Hurst and Benjamin Pugsley (2011) who present survey evidence that
many nascent entrepreneurs do not expect their business to grow large.* Our
results show that the heterogeneity documented in these studies has important
implications at the macro level.

The remainder of this paper is organized as follows. Section I presents the
data, the reduced-form statistical model, and initial estimates of the importance
of ex-ante heterogeneity for size dispersion. Section II describes the structural firm
dynamics model and revisits the importance of ex-ante heterogeneity. Sections 111
and IV presents results on, respectively, macroeconomic implications and changes
in the nature of firm growth over time. Finally, Section V concludes.

I. Evidence from a statistical model

This section takes the first step in analyzing the importance of ex-ante het-
erogeneity in driving observed differences in employment across firms.? Using
a statistical model, we estimate the extent to which cross-sectional variation in
employment is driven by ex-ante heterogeneity and to what extent it results from
ex-post shocks. We begin by describing our data set and the central piece of
empirical evidence used in the estimation: the autocovariance function of log em-
ployment at the firm-level. The simplicity of the statistical model allows us to
show analytically how all the relevant model parameters map into the autoco-
variance function, shedding light on the identification of ex-ante versus ex-post
heterogeneity. Moreover, the statistical model is a special case of the structural
model, which we discuss further in Section II.

A. Data

The analysis is based on administrative microdata on employment in the United
States, taken from the Census Longitudinal Business Database (LBD). These an-
nual data cover almost the entire population of employers over the period between
1979 and 2012. We construct a panel of log employment at the firm-level in the
year of startup (age zero) up to age nineteen.® Prior to the analysis, we take out
a fixed effect for the birth year of the establishment (or firm) and for its industry
classification at the 6-digit level.” Throughout, unless stated otherwise, all results

4 Antoinette Schoar (2010) makes a distinction between “subsistence” and “transformational” en-
trepreneurship in this regard.

5See Jason DeBacker, Vasia Panousi and Shanthi Ramnath (2018) for an analysis of household income
risk from owning non-corporate private businesses using tax data and Francois Gourio (2008) for an
analysis of income risk for publicly-held firms using investment data in Compustat.

SEmployment is measured annually at the establishment level for the pay period including March 12.
Establishments are physical locations, and a firm can consist of one or more establishments. The age of
an establishment is measured from the year it first reports employment. Firm age is initialized as the
age of its oldest establishment and the firm ages naturally thereafter.

7See Appendix A for details on the panel construction and autocovariance estimation.
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Figure 1. : Standard deviations and autocorrelations of log employment by age

Note: The left panel shows cross-sectional standard deviations of log employment by age (a). The right
panel shows cross-sectional correlations of log employment between ages a and age h < a. “Balanced”
refers to a panel of firms which survived at least up to age 19, while “unbalanced” refers to a panel of
all firms.

use data from the LBD.

The main text reports results only for firms and using data from the LBD,
unless explicitly stated otherwise. Appendix G shows that our results also hold
for establishments, for which ex-ante heterogeneity is even slightly more important
than for firms.%?

B. The autocovariance structure of employment

Figure 1 presents our main piece of empirical evidence: the cross-sectional
autocovariance structure of log employment, conditional on age a. In order to
understand this structure more easily, we present the autocovariances in terms of
standard deviations (left panel) and autocorrelations (right panel). Since firms
may exit at any age, we display patterns for a balanced panel (solid line) that
includes only firms that survive for at least 20 years and for an unbalanced panel
(dashed line) that includes all firms in our data set. Interestingly, firm exit affects
essentially only the cross-sectional employment dispersion by age; the autocorre-
lations are remarkably similar across the balanced and unbalanced panels.

8Pedro Bento and Diego Restuccia (2019) have recently drawn attention to non-employer firms, in
the context of the discussion on business dynamism. While our data does not include non-employers,
one might expect that the importance of ex-ante heterogeneity would be even larger if such firms were
included in our sample, to the extent that they have zero employees throughout their lives.

9In unreported results, we have also examined firm sales, which are available for a subset of firms
starting in 1996. For these overlapping years and a shorter horizon, we find results for sales to be similar
to those for employment. We also find that our main results are not sensitive to excluding large entrants,
nor using an industry X cohort interacted fixed effect when residualizing log employment in place of
separate fixed effects.
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Let us first focus on the cross-sectional standard deviations by age, shown in
the left panel. Standard deviations are between 0.9 and 1.3, indicating large
size differences even at young ages. Also, the cross-sectional dispersion generally
increases with age and this is true for both the balanced and unbalanced panel.
The latter indicates that the observed increase in size dispersion with age is not
purely driven by selective exit of certain firms.

The right panels of Figure 1 depict the cross-sectional correlations of logged
employment between age a and an earlier age h < a. Keeping h fixed, the auto-
correlations decline with age a. For instance, while the autocorrelation between
logged employment at ages zero and ten is 0.50, the autocorrelation between ages
zero and nineteen is 0.41. Importantly, the long-horizon autocorrelations appear
to stabilize at relatively high levels.

On the other hand, for a fixed lag length a — h, the autocorrelations are in-
creasing in age. For instance, the correlation of log employment between age zero
and age nine is 0.52, whereas the corresponding correlation between age ten and
nineteen is 0.73. These empirical patterns contain key information on the relative
importance of ex-ante heterogeneity and ex-post shocks, as we will discuss below
in detail.

C.  Employment process

To understand what we can learn from the autocovariances about the impor-
tance of ex-ante versus ex-post heterogeneity, we now consider a statistical model
of employment which allows for both sources of heterogeneity. The statistical
model abstracts from endogenous exit, but the model in Section IT will explicitly
incorporate these aspects. The process nests as special cases the shock processes
considered in several prominent structural firm dynamics models, such as those
of Hopenhayn and Rogerson (1993) and Melitz (2003), while at the same time it
is flexible enough to fit the observed autocovariance structure well. Appendix B
estimates several alternative model specifications (including conventional panel
data models) showing that our specification strikes a balance between model fit
and parsimony.

Our baseline employment process features deterministic “ex-ante” profile het-
erogeneity and “ex-post” shocks. Let n; , be the employment level of an individual
firm 7 at age a and consider the following process for this variable:

(1) In Njaq = Ujg +Via + Wigt+Zia ,
——— ——
ex-ante component  ex-post component
where
_ .o 2 .o 2
ui,a — puui,a—l + 02'7 ui,—l ~ “d(uﬂv Uﬁ)? 91 ~ ’”d(lu'l% 00)7 ’pu‘ S 17
_ y )
Via = Polia—1, vi,—1 ~ tid(pg, 03), lpw| <1,
— _ .. 2
Wiq = PuwWia—1+Eia, Wi—1 =0, €iq ~ 11d(0,0%), lpw| < 1,

Zia ~ #d(0,02).
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Here, all shocks are drawn from distributions which are i.i.d. across time and
across firms, and we let ;1 denote a mean and o2 a variance.

In the above process, In niELf{A = U;q + Vi q captures the ez-ante component of
employment, where u; , is a permanent part which converges to a certain level
as the firm ages, and v;, is a transitory part which converges to zero. Note that
both parts come with their own persistence parameter, p, and p,, respectively,
which are common across firms.

The ex-ante component is governed by three firm-specific constants, which are
random and drawn independently just prior to startup, i.e. at age a = —1. The
constant 0; determines the firm-specific long-run level of the ex-ante component.
The second and third constant, u; —1 and v; _1, represent two firm-specific initial
conditions, corresponding to, respectively, the permanent and the transitory part
of the ex-ante component.

Note that this relatively parsimonious specification allows for rich heterogeneity
in ex-ante profiles. In particular, if |p,| < 1 then the ex-ante component converges

to a long-run “steady state” level of InnPX4 = 0,/(1 — p,). Since this level

4,00
differs across firms, the process admits heterogeneity in long-run steady-state
employment. Moreover, since initial conditions differ across firms, we allow for
heterogeneity in the paths from initial employment towards the steady states.
Finally, since the process includes two separate initial conditions, each with its
own degree of persistence, the process allows firms to gravitate towards their
steady-state levels at different speeds.!”

The ex-post shocks enter the model via a second component, In nf;(f( P Wi q +
2;.a- The process for the ex-post component is constructed such that its expected
profile is flat and zero so that it does not capture any of the heterogeneity in ex-
ante profiles. Specifically, w; , captures persistent ex-post shocks, and is modeled
as an autoregressive process of order one, with i.i.d. innovations given by ¢; , and
a persistence parameter denoted by |p,| < 1. Notice that this formulation allows
wjq to follow a random walk, in which case each €;, may be interpreted as a
growth rate shock. Because the u and v terms are meant to capture the entire
ex-ante profile, we normalize the initial condition of the persistent ex-post shocks
to Wi —1 = 0.

As described earlier, the process above nests various specifications commonly
used in the firm dynamics literature to model firm-level shocks. For example,
Hopenhayn and Rogerson (1993) assume an AR(1) for firm-level productivity,
with a common constant across firms and heterogeneous initial draws. In their
baseline model without distortions, the firm-level shocks map one-for-one into
employment. We obtain their specification by setting p, = p, = p and fixing
0; = pp and u; 1 = 2,4 = 0, so 09 = 03 = 0, = 0. By contrast, Melitz (2003)
allows, like us, for heterogeneity in steady-state levels, but abstracts from ex-post

10By not restricting p,, and p, to lay strictly inside the unit circle, we allow in principle for unit roots
in the u and v terms. In this case, rather than an ex-ante profile towards some expected long-run size,
the ex-ante terms would instead characterize heterogeneous growth rates from some initial size.
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shocks and assumes that steady states are immediately reached. We obtain his
process by setting p, = 0 and u; —1 = v; —1 = %4 = i, = 0, which implies that
Inn;, = 0; at any age. Similarly, we obtain the dynamics in Eric Bartelsman,
John Haltiwanger and Stefano Scarpetta (2013) under the same restrictions, but
allowing for z; , # 0 with o, > 0.1 Our baseline process also aligns with models
with richer heterogeneity in ex-ante profiles and/or ex-post shocks, as proposed
by for example Erzo Luttmer (2011) and Costas Arkolakis (2016) and Costas
Arkolakis, Theodore Papageorgiou and Olga Timoshenko (2018).12

D. Estimation strategy and results

In what follows we first discuss several key properties of the model-implied au-
tocovariance function. Next, we present the estimation results and show how our
baseline model fits the data. Finally, we provide intuition about the identification
of the model parameters and how each of the model components maps into the
empirical patterns.

PROPERTIES OF THE AUTOCOVARIANCE FUNCTION.

To explain our empirical strategy, we first demonstrate the usefulness of the
autocovariance matrix in quantifying the role of ex-ante versus ex-post hetero-
geneity. All key parameters of the statistical model can be identified from the
autocovariance matrix. For any pair of ages, the model-implied cross-sectional
covariance of employment can be written as closed-form expression of the model
parameters. The covariance of employment of a firm at age a and at age h = a— 7,
where 0 < j < qa is the lag length, can be expressed as:

a a—j
(2) Cov [ln Ni,a, In ni,a—j] = Z pZ Z pﬁ O-g + pi((%i’l)*]o-% + p?](a+1)7j0'g
k=0 k=0

ex-ante components

a—j
+oZp Y pa 4 0ll=0.
k=0

ex-post components

HQur process also nests specifications commonly assumed in the econometrics literature on dynamic
panel data models, see for example Manuel Arellano and Stephen Bond (1991). This literature typically
assumes an autoregressive process, like Hopenhayn and Rogerson (1993), but allows for heterogeneity
in the constant 6; and thus in steady-state levels. Commonly, however, 6; is differenced out and hence
no estimate is provided for oy, a key parameter in our analysis. Moreover, the panel data econometrics
literature commonly assumes that p, = py = pw. In our application, it turns out that this assumption is
too restrictive to provide a good fit of the observed autocovariance matrix (see Appendix B). Our results
thus caution against the use of standard panel data estimators when applied to employment dynamics
of young firms.

12For further discussion, please refer to Appendix B where we consider a number of alternative statis-
tical models both as special cases and further generalizations of Equation (1).
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Table 1—: Parameter estimates from reduced-form model

Pu Po Pw g9 0% 0% Oe Oz
0.218 0.832 0.963 0.555 1.743 0.695 0.255 0.272
(0.002) (0.001) (0.001) (0.002) (0.015) (0.002) (0.001) (0.001)

Note: Equally-weighted minimum distance estimates of Equation (2) for firms, using the balanced panel.
See Appendix B for estimates using the unbalanced panel and Appendix G for results on establishments.

This result is derived in Appendix B. The autocovariance function is a nonlinear
function of the persistence and variance parameters of the components of the
underlying process.'® We can estimate the parameters of this process by matching
the model’s autocovariance structure to its empirical counterpart.

To understand the identification, it is useful to consider the case where p,, p,
and p,, are strictly inside the unit circle so that the process is covariance sta-
tionary in the long run. Then, at an infinite lag length, i.e. letting the age a

approach infinity keeping the initial age h = a — j fixed, the autocovariance is:
h+1
limg 00 Cov [Inn; g, Inn; 5] = (11__”7“)203. When oy equals zero, i.e. when there is
no heterogeneity in steady-state levels, the autocovariance is zero. Thus, long-
horizon autocovariances contain valuable information on the presence of ex-ante
heterogeneity in steady-state levels. In Figure 1, autocorrelations appear to sta-
bilize at long lag lengths, i.e. at high levels of a given h = a — j, suggesting
that such heterogeneity is indeed a feature of the data. More intuition on the

identification of model parameters is presented below.
PARAMETER ESTIMATES AND MODEL FIT.

We formally estimate the 8 parameters of the process using a minimum distance
procedure, as proposed by Gary Chamberlain (1984). Specifically, we minimize
the sum of squared deviations of the 210 covariance moments from the upper
triangular parts of the autocovariance matrix implied by the process, from its
counterpart in the data. Because the size of the LBD ensures that each element
of the empirical autocovariance matrix is precisely estimated, we use an identity
weighting matrix in the estimation procedure. Throughout, our results apply
to the balanced panel data set, although they are similar using the unbalanced
panel.'4

Figure 2 shows the autocovariance structure in the data and in the estimated
model. The figure has the same structure as the right panel of Figure 1, but plots
autocovariances rather than autocorrelations (thus combining the information

13Note that the mean parameters pg, py and py are not identified by the autocovariance function.
These parameters, however, are also not needed to quantify the relative importance of ex-ante versus
ex-post heterogeneity.

MFor brevity, we defer a detailed discussion of the estimation procedure to Appendix B. There, we
also include the estimated parameters using the unbalanced panel.
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Figure 2. : Autocovariance matrices: statistical models versus data

Note: Cross-sectional covariance of log employment between age a = h + j and age h < a in the data,
and in the baseline model. Results are shown for firms, using the balanced panel.

of the two panels in Figure 1). For instance, the bottom solid line shows the
autocovariance of employment at a certain age a with employment at age 0.
Figure 2 shows that model fit is very good, correctly capturing the convexly
declining pattern of the autocovariances in the lag length, given the initial age h,
and the concavely increasing pattern in age given the lag length j > 0.

The corresponding parameter estimates are shown in Table 1. A key feature
of our baseline process is the presence of dispersion in long-run steady states,
governed by oy and p,. The point estimates imply a standard deviation of long-
run steady-state employment levels of 0.71 log points. This value is substantial
when considering that the overall cross-sectional dispersion of twenty year old
firms is about 1.3 log points (see Figure 1). Note also that the data reject the
presence of a unit root process, in our sample. Such violations of Gibrat’s law
have been documented in the literature, in particular among younger firms, see
e.g. Haltiwanger, Jarmin and Miranda (2013).

MAPPING MODEL COMPONENTS TO THE DATA.

We now discuss in more detail the role of each of the model’s components
in generating the shape of the autocovariance function necessary to match the
data. This will also provide further intuition about how the model parameters
are identified by the information contained in the autocovariance matrix. We do
so by estimating four restricted versions of our baseline model and considering
their empirical fit, depicted in Figure 3 (see the figure’s note for the specific
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Figure 3. : Autocovariance matrices: restricted models

Note: Cross-sectional covariance of log employment between age a = h+ j and age h < a in the baseline
and in the four restricted models (for the balanced firm panel estimates). In Model I py, oc and oy
are estimated, while imposing p, = py = pw and o9 = oz = 0, = 0. In Model II p,, oy and oy are
estimated, while imposing p = py = 0e = 05 = 0> = 0. Model III is the baseline with the restriction
that py, = o5 = 0. Model IV is the baseline with the restriction that o, = 0. The figure also shows
RMSE values for each of the restricted models, that of the baseline is RMSE = 0.012.

restrictions imposed).

Restricted models I and II (top row) illustrate, respectively, why a combina-
tion of permanent ex-ante heterogeneity and ex-post shocks is needed to match
the data. Model I is a popular specification in the firm dynamics literature,
which essentially amounts to an AR(1) process with heterogeneous initial draws,
but without heterogeneity in long-run steady states.'®> With this restriction, the
model-implied autocovariances are almost linear in age, which conflicts with the
non-linear patterns in the data. The presence of ex-ante heterogeneity thus relaxes
the need for persistence coefficients which are very close to one.'6 In restricted
model II, we shut down all ex-post shocks, allowing only for heterogeneous ex-
ante profiles (with only one initial condition). This version fails to match the
monotone increase in dispersion with firm age seen in the data.

Restricted model III illustrates why both parts of the ex-ante component, u

15For example, Hopenhayn and Rogerson (1993) consider this process for productivity.

16Recent work by Xavier Gabaix (2009) and Luttmer (2011) suggests that in order to generate a
power-law ergodic firm size distribution that is close to the data, a combination of permanent and
persistent shocks may be necessary. This points to a potential trade-off between matching early life-cycle
dynamics, as summarized by our autocovariance function, and long-run patterns such as the ergodic
firm-size distribution. See Appendix B for estimation results from a variant of our model with a unit
root.
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and v, are required to match the data. This version is the same as our baseline
except that we shut down the transitory part v, and we re-estimate the remain-
ing parameters. The presence of v enables the model to match the curvature of
the autocovariance function, as it allows for different speeds of convergence to
the long-run steady state employment levels. Finally, restricted model IV shuts
down the iid ex-post shock z. It becomes clear that the presence of this shock
somewhat improves the fit, by giving an extra kick to the dispersion of employ-
ment across firms, in line with the data, but without distorting the higher-order
autocovariances.

While our baseline model provides a very good fit to the data, we estimate
several extensions and alternatives in Appendix B. These include e.g. a general-
ized AR(1) process with a unit root similar to specifications in Gabaix (2009) or
Luttmer (2011), an AR process with age-dependent dispersion of ex-post shocks,
and several dynamic panel data models akin to models in Arellano and Bond
(1991), including a panel AR(2) model similar to the specification in Yoonsoo Lee
and Toshihiko Mukoyama (2015). Importantly, none of the alternatives improves
on model fit without introducing more parameters, and our conclusions about the
importance of ex-ante heterogeneity remain unchanged across specifications.

E.  The importance of ex-ante and ex-post heterogeneity

With the estimated model in hand, we can quantify the relative importance of
ex-ante profiles and ex-post shocks for the cross-sectional dispersion in employ-
ment. This is done based on Equation (2). With the lag length j set to zero, this
equation provides a decomposition of the variance of size (log employment), at
any given age a, into the contributions of the ex-ante and ex-post components.
Figure 4 plots the fraction of the total variance that is accounted for by the ex-
ante component. Thick lines denote the age groups used in the estimation, i.e.
age zero to nineteen, whereas thin lines represent an extrapolation for firms at
age 20 or above using the point estimates.!”

The left panel of Figure 4 shows that for firms in the year of startup (age zero)
the ex-ante component accounts for about 85 percent of the cross-sectional vari-
ance in firm size. The remainder is due to ex-post shocks that materialized in the
first year. Considering older age groups, the contribution of ex-ante heterogeneity
declines, but remains high. At age twenty, ex-ante factors account for around 40
percent of the size variance among firms. In the data, more than seventy percent
of the firms are twenty years old or younger. Our results show that, among these
firms, ex-ante factors are a key determinant of size. Increasing age towards in-
finity, the contribution of ex-ante heterogeneity stabilizes at around 40 percent.
Therefore, even among very old firms ex-ante factors contribute to a large chunk
of the dispersion in size.

17We have also computed confidence bands for this decomposition, but these are extremely narrow
due to the very large number of data points used in the estimation and the resulting high precision of
our point estimates.
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Figure 4. : Contribution of ex-anteheterogeneity to cross-sectional employment
dispersion

Note: Contribution of the ex-ante component, In nZEfA, to the cross-sectional variance of log employment,
by age. Thin lines denote age groups not directly used in the estimation. The decomposition is based
on Equation (2) with j = 0. Left panel: economy wide. Right panel: within sectors.

F.  Results by sector

While our primary analysis controls for industry fixed effects to examine an av-
erage industry, in this subsection we present results for a selected group of sectors.
We find that our results hold also within sectors.!® Specifically, we re-estimate
the employment process based on the empirical autocovariance structure by sec-
tor and compute again the contribution of ex-ante factors to the cross-sectional
size dispersion by age. It turns out that the specified employment process fits the
data well also at the sectoral level, with the Root Mean Squared Error (RMSE)
varying between 0.01 (e.g. retail trade) and 0.02 (e.g. high-tech). For comparison
the RMSE for the economy-wide analysis is 0.012.

The right panel of Figure 4 shows the employment variance decomposition, for
a number of sectors. While there is some variation across sectors, ex-ante hetero-
geneity broadly emerges as a dominant source of heterogeneity also within sectors.
In Appendix C, we report results for additional sectors and obtain the same find-
ings. These results suggest that ex-ante heterogeneity is not only relevant for
macroeconomic studies of firm dynamics, but also for industry-specific analysis.
In the remainder of this paper, however, we will focus on the economy-wide data.

18The results reported here are for balanced panels of firms. Results for unbalanced panels and for
establishments can be found in Appendix C. We also estimate the model for the high-tech sector that
spans multiple NAICS sectors.
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II. Structural model

To learn about the implications of our findings for the aggregate economy, in
this section we estimate a structural macroeconomic model with firm dynamics.
This framework has several advantages relative to the statistical model in Section
I. First, the structural model accounts for selective entry and exit. Second, the
structural model allows us to compute aggregates. Third, micro-founding firm
decisions allows us to analyze how various frictions (e.g. imperfect information,
adjustment costs, or financial frictions) affect the observed patterns in the data.

In the remainder of the paper, we use the estimated structural model for three
distinct purposes. First, we revisit and extend our previous results regarding
the importance of ex-ante heterogeneity for firm-level performance (this section).
Second, we show that the presence of ex-ante heterogeneity in growth profiles
can dramatically change the impact of distortions at the firm level on the macro
economy (Section III). Third, we use our framework to provide new insights on
the timing and sources of the decline in business dynamism observed over the
past decades (Section IV).

A.  The model

We consider a closed general equilibrium economy with heterogeneous firms
and endogenous entry and exit, as in Hopenhayn and Rogerson (1993). Following
Melitz (2003) and others, each firm is monopolistically competitive and faces a
demand schedule which is downward-sloping in its price. To model heterogeneity
across firms, we embed an idiosyncratic process with the same structure as in
Section I, thereby allowing for differences in both ex-ante profiles and ex-post
shocks.

HouseHOLDS.

The economy is populated by an infinitely-lived representative household who
owns the firms and supplies a fixed amount of labor in each period, denoted by
N. Household preferences are given by Z BLC:, where 3 € (0,1) is the discount
factor. C} is a Dixit-Stiglitz basket of dlfferentlated goods given by:

n
1 n—=1 ﬁ
Cy = / gpztc” di ,
ey

where ) is the measure of goods available in period ¢, ¢; ; denotes consumption
of good i, n is the elasticity of substitution between goods, and ¢;+ € [0,00)
is a stochastic and time-varying demand fundamental specific to good i. We

9Throughout the analysis we report results for firms. Estimates for establishments are shown in
Appendix G.
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consider a stationary economy from now on and simplify notation by dropping
time subscripts. Note, however, that variables with an ¢ subscript will still vary
over time because of shocks to the good-specific demand fundamental.

The household’s budget constraint is given by L cqDicidi = WN + 11, where p;
denotes the price of good i, W denotes the nominal wage and II denotes firm prof-
its. Utility maximization implies a demand schedule given by ¢; = ¢; (p;/P)™" C,

T
where P is a price index given P = ( L ca goipil*"di) 17", so that total expenditure
satisfies PC' = [, _q, picidi.

INCUMBENT FIRMS.

There is an endogenous measure, €2, of incumbent firms, each of which pro-
duces a unique good. Firms are labeled by the goods they produce i € 2. The
production technology of firm ¢ is given by y; + f = n;, where y; is the output
of the firm, n; is the amount of labor input (employment) and f is a fixed cost
of operation common to all firms, denominated in units of labor. It follows that
firms face the following profit function: m; = p;y; — Wn,;. Additionally, given the
market structure, each firm faces a demand constraint given by

(3) yi = i (pi/ P)" C,

which is the demand schedule of the household combined with anticipated clearing
of goods markets, which implies ¢; = ;.

At the beginning of each period, a firm may be forced to exit exogenously with
probability 6 € (0,1). If this does not occur, the firm has the opportunity to exit
endogenously and avoid paying the fixed cost. If the firm chooses to remain in
operation, it must pay the fixed cost and in turn it learns its demand fundamental
;. Given its production technology and demand function, the firm sets its price
p; (and implicitly y;, n; and 7;) to maximize the net present value of profits. The
price-setting problem is static and the firm sets prices as a constant markup over
marginal costs W, i.e. p; = %W

We let labor be the numeraire so that W = 1, and define the real wage w = W/P
as the price of labor in terms of the Dixit-Stiglitz consumption basket C. Usirig
(n=1)""

this result, we can express profits as m; = p;w™1Cx — f, where x = o

n
and labor demand as n; = @; (#) w~TC' 4+ f. Note that fluctuations in the

demand fundamental directly map into the firms’ employment levels.

The demand fundamental @; is a function of an underlying exogenous Markov
state vector, denoted s;. The value of a firm at the moment the exit decision is
taken, denoted V', can now be expressed as:

V (s;) =max {E [ (s]) + B(1 —0)V (s})]si] , 0} .

In the above equation s, denotes the value of the state realized after the contin-



VOL. VOL NO. ISSUE THE NATURE OF FIRM GROWTH 17

uation decision. Accordingly, we can express the profit, output, employment and
exit policies as m; = 7 (s}), yi = y (s}), n; = n(s]), and x; = = (s;), respectively.

FIRM ENTRY.

Firm entry is endogenous and requires paying an entry cost f¢, denominated
in units of labor. After paying the entry cost at the beginning of a period, the
firm observes its initial level of s;, at which point it becomes an incumbent. Note
that this means that the firm will choose to exit immediately, and therefore never
produce, if V' (s;) = 0. Free entry implies the following condition:

wPf¢ = /V(S)G(ds),
where G is the distribution from which the initial levels of s; are drawn.
ACGGREGATION AND MARKET CLEARING.

Let 1 (S) be the measure of producing firms in S. Given the exit policy, u (S)
satisfies:

u(s') = / [1—a(s)] F (S|s) [(1 = 6)p (ds) + MG (ds)],

where M€ denotes the measure of entrants and F (S'|s) is consistent with the
transition law for s;. The total measure of active firms is given by Q = [ p (ds).
Labor market clearing implies that total labor supply equals total labor used for
production, for the fixed cost, and for the entry cost:

N [y n(as) + [ 11— @) n(ds) + 206 @)+ M
STOCHASTIC DRIVING PROCESS.

In line with the reduced-form analysis we allow for the following exogenous
idiosyncratic process for the demand fundamental ; 4:

In Pia = Ujg+ Vig+ Wig+ Zia,

Uj g = Pylig—1*+ 0;, Ui —1 ~ iid(ug, 0121), 0; ~ i’id(,ug, Ug),
Vi,a = PvYia-1, Vi, —1 ™~ Zld(ug, 0’%)7

Wia = pPwWig—1 T+ Eia, w; —1 = 0, Eia ™ ZZd(O, 052)7
Zia  ~ iid(0,02),

where we momentarily (re-)introduce the age subscript “a”, for clarity. In addi-
tion to its permanent type 6;, the firm-level state s;, is composed of the com-
ponents of the demand fundamental, u; q, Vi q, Wiq, and z; .. The above process

lpo| <1,
lpw| <1,
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implies that the level of demand faced by a firm is determined by both an id-
iosyncratic ex-ante profile, captured by wu;, and v;,, as well as ex-post shocks,
which enter via w; o and z; 4.

In the model, the ex-ante component reflects the profile for product demand
expected immediately after entry, but prior to observing any ex-post shocks. In
the baseline specification, we assume that the ex-ante components are observable
immediately after paying the entry cost, f.. By contrast, each period’s ex-post
demand shocks are observable only after paying the operational cost, f, in that
period. Therefore, in this frictionless model employment is based on the current
level of demand, while the decision to exit takes into account the entire future
demand path, which depends on both ex-ante and ex-post factors. Later on,
we will consider extensions to the model that relax the assumptions of perfect
information about ex-ante components as well as those of frictionless adjustment.

RELATION TO STATISTICAL MODEL.

As briefly noted in Section I, the statistical model is a special case of our
structural baseline. The two coincide when the fixed cost of operation is zero (f =
0). In this case, the log of firm level employment in the structural model is given
by Inn; = Inp; + In &, where ¢ has the same structure as in the statistical model

-
and & = (L) w~C'" is a constant. Moreover, without operational costs the

n—1
structural model features no endogenous firm exit as is imposed in the statistical
model. It follows that the two are observationally equivalent. Accordingly, the
conceptual distinction between ex-ante and ex-post heterogeneity in the statistical
model can be understood not only from a purely statistical perspective, but also

from the perspective of the firms in the structural model with f = 0.
B. Parametrization and model fit

We now match the model to our data for firms. Before doing so, we set three
parameters a priori, assuming a model period of one year, which corresponds to
the frequency of our data. First, the discount factor is set to 8 = 0.96, which
implies an annual real interest rate of about four percent. Second, we set the
elasticity of substitution between goods to n = 6, which is in the range of values
common in the literature. Third, we set the entry cost f. such that the ratio of
the entry cost to the operational fixed cost is fe/f = 0.82, following estimates of
Levon Barseghyan and Riccardo Dicecio (2011).

The remaining parameters are set by matching moments in the data. Details
of the numerical solution and simulation procedure are provided in Appendix
D.1. Again, we target the 210 covariance moments from the upper triangle of
the autocovariance matrix of logged employment, by age, for a balanced panel
of firms surviving up to at least age nineteen. Now, however, we also target the
age profiles of the exit rate and average size (in an unbalanced panel), amounting
to an additional 39 moments. In doing so, we assume that all shock innovations
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Figure 5. : Targeted moments: data and structural model

Note: Top panel: autocovariances of log employment between age a = h + j and age h < a in the data
and the model, for a balanced panel of firms surviving up to at least age a = 19. Bottom left panel:
average employment by age a (unbalanced panel). Bottom right panel: exit rate by age a.

are drawn from normal distributions and we normalize the level parameters ug
and uy to zero. In contrast to the reduced-form setup, we further assume that
Pv = Pw, which eases the computational burden substantially because it reduces
the number of state variables as firms no longer need to keep track of w;; and v;
separately.?”

Figure 5 illustrates how the model fits the data. The upper panel shows the
autocovariance matrix, while the lower left and right panels show the size and
exit profiles by age, respectively. Overall, the model provides a good fit of the
three sets of empirical moments (249 altogether), considering that the model
consists of only 10 parameters. Additionally, we consider how the model fits the
employment distribution by age and size, which is not directly targeted. Figure 6
shows employment shares of different age/size bins, in the model and in the data.
Overall, the model fits this distribution well.?!

The associated parameter values for our benchmark model are shown in Table

20Table 1 shows that the reduced-form estimates of these persistence parameters are close to each
other. Imposing this restriction has only a small cost in model fit, increasing the RMSE from 0.0120 to
0.0171.

21The only exception is the employment share of very large old firms which is somewhat understated
in the model compared to the data. However, Appendix E.2 shows that re-calibrating the model and
explicitly targeting the firm size distribution does not change our results.
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Table 2—: Parameter values

parameter value
set a priori

B discount factor 0.96
n  elasticity of substitution 6.00
f¢ entry cost 0.44
used to target moments

f  fixed cost of operation 0.539
0  exogenous exit rate 0.041
g permanent component 6, mean —1.762
oy permanent component 6, st. dev. 1.304
oy initial condition u_q, st. dev. 1.572
oy initial condition v_q, st. dev. 1.208
oe transitory shock e, st. dev. 0.307
o, noise shock z, st. dev. 0.203
pu  Permanent component, persistence 0.393
pv  transitory component, persistence 0.988

Note: Top three parameters are calibrated as discussed in the main text. The remaining parameters
are set such that the model matches the empirical autocovariance of employment and the age profiles of
average size and exit rates from age 0 to 19.

2. The fixed cost is estimated to be 0.54, which is about half the wage of a single
employee. The exogenous exit rate is estimated to be about 4.1 percent. Thus,
a substantial fraction of firms exits for reasons unrelated to their fundamentals.
However, Figure 5 makes clear that there is also a substantial amount of endoge-
nous exit, as the overall exit rate in the model varies between 15.5 percent at age
zero to 5.8 percent at age nineteen.

The remaining parameters are somewhat difficult to interpret individually, espe-
cially since the parameter values are for the unconditional distributions, whereas
the equilibrium distributions are truncated by selection. However, Appendix D.4
provides an analysis of the sources of identification of the parameters of the pro-
cess. Importantly, similar to the results in the statistical model, also in the more
complex structural model important identifying information about the dispersion
of ex-ante differences across firms is obtained from the long-horizon autocovari-
ances.

C. The importance of ex-ante heterogeneity revisited

Before moving to the main results on aggregate implications, we briefly revisit
and extend the conclusions drawn from the statistical model. An advantage of the
structural model is that it allows us to study the sources of employment dispersion
while accounting for endogenous selection of firms. Related to this, the structural
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Figure 6. : Employment shares of different age/size bins: model versus data

Note: Employment shares by firm age and size (employment). Values are expressed as percentages of
total employment in firms between 0 to 19 year old firms, both in the data and the model. Data are
obtained from the Business Dynamics Statistics, an aggregated and publicly available version of the LBD
over the corresponding time period.

model enables us to consider the importance of ex-ante heterogeneity not only
for dispersion of firm size, but also for exit rates. Finally, the structural model
allows us to study explicitly the importance of firms with ex-ante high growth
potential for average firm size (as opposed to size dispersion). We study these
three outcomes in turn.

EMPLOYMENT DISPERSION.

In the structural model, firm-level employment is given by n; = chfjx AgofXP ,

where QOZ-EXA = YT ig the ex-ante component of demand, LprP = eWit? ig
the ex-post component and xy = ((n — 1) /n)"w™"Y". In contrast to the statistical
model, however, the ex-ante and ex-post component are no longer orthogonal
to each other, due to a correlation induced by endogenous firm selection. This
occurs because firms with relatively poor ex-ante conditions can survive only if

they were exposed to favorable ex-post shocks and vice versa.?? Accounting for

22In the statistical model, shocks are assumed to be distributed independently and therefore

Cov [In gprA,lncpiEXP] =0.
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Figure 7. : Contribution of ex-ante heterogeneity to cross-sectional employment
dispersion

Note: Contributions of ex-ante heterogeneity to the total cross-sectional variance of log employment
by age. “Reduced-form” refers to the estimates from Figure 4 (left panel), “model: covariance decom-
position” is the decomposition based on the second line in Equation (4). The shaded areas (“model:

selection band”) is constructed based on the first equality in Equation (4) by attributing, in turn, the

term 2Cov(In cprA, In gofXP) fully to the ex-ante component and to the ex-post component.

this correlation, we instead decompose the variance of logged employment as:

Varlnm] = Var [IngF¥4] + Var [In ¢F7] + 2Cov [In 54, In o7

3 3

(4) = Cov[In LpZEXA,lnni} + Cov [In gprP,lnni} ,

where the second line evenly splits the covariance term in the first line between
the ex-ante and ex-post components.

Figure 7 depicts the contribution of ex-ante heterogeneity in the structural
model (solid line), i.e. Cov [In PX4 Inn;] /Var [Inn;], together with the reduced-
form decomposition (dashed line).?* The figure also plots a “selection band”
based on attributing, in turn, the covariance term in the first line of the equality
in Equation (4) either fully to the ex-ante component or fully to the ex-post
component. While the structural model re-establishes our earlier conclusion that
ex-ante heterogeneity is a key source of size dispersion, it also highlights the
importance of firm selection. The widening selection band indicates that selection
has an increasingly important impact on the cross-sectional dispersion of firm size
as firms age.

23The slight difference reflects the fact that the structural model fits more moments, compared to the
statistical one, and therefore provides a somewhat different fit to the autocovariance matrix.
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EXIT RATES.

The previous paragraphs show that firm selection is important in our analysis.
In what follows, we document that also firm selection is to a large extent driven by
heterogeneity in ex-ante components. Towards this end, we run a counterfactual
simulation in which we use the firms’ baseline decision rules but we completely
shut down ex-post shocks to demand, i.e. we set 0. = o, = 0.2 We do, however,
preserve exogenous exit shocks. The resulting average exit rate profile is therefore
informative about the extent to which firms’ exit is driven by ex-ante character-
istics. For example, firms may have declining ex-ante demand profiles because of
favorable initial condition coupled with a poor long-run growth potential. Such
firms will find it economically viable to operate in the initial years, but not later
on.

The results of this counterfactual simulation are presented in the left panel
of Figure 8. The difference between the baseline exit profile and the constant
exogenous exit rate is the endogenous component of the exit rate. With no
ex-post shocks, the exit rate is lower but it retains its declining pattern with
age. Interpreting the difference between the baseline exit rate and that in the
counterfactual simulation without ex-post shocks as the amount of endogenous
exit driven by selection on ex-ante profiles, the figure suggests a quantitatively
important role of ex-ante characteristics for firm selection. Specifically, between
30 and 45 percent of overall endogenous exit is driven by selection on ex-ante
profiles. Even among older firms there is still selection on exit-ante profiles, as
some ex-ante profiles decline very gradually.

HIGH-GROWTH FIRMS.

Finally, we document that ex-ante heterogeneity is not only important for firm
selection, but also for firm growth among continuing firms. In what follows we
specifically focus on high-growth firms, labeled as “gazelles”, which have obtained
much attention in the recent literature.?> We start by defining gazelles as those
startups with an ex-ante projected growth rate of at least 20 percent annually,
over the first five years, and an expected employment level of at least 10 workers
at some point during their lifetimes.?6:27

24This is equivalent to allowing exit to depend only on the ex-ante profile, rather than the ex-ante
profile and the moving average of ex-post shocks. These counterfactuals are also partial equilibrium
simulations in the sense that we do not recompute the equilibrium and we keep aggregate demand fixed.

25See Guzman and Stern (2015) for a study of the predictability of high-growth outcomes in firms and
Haltiwanger et al. (2016) for an analysis of the importance of high-growth firms for aggregate outcomes.

26Defining gazelles using not only growth rates but also size excludes firms which grow quickly in
percentage terms but nevertheless always stay small in terms of employed workers.

2TWhile our definition of gazelles is in line with the literature, we classify firms according to their
ex-ante profiles at startup. By contrast, the existing literature has classified firms based on ex-post
realizations, since ex-ante profiles are not directly observable. Using ex-post realizations, however, it
then follows almost by construction that gazelles contribute disproportionately to aggregate job creation
because they are the firms that grew a lot. Appendix E.4 shows how our classification maps into that
based on an ex-post definition of gazelles. Moreover, while our classification is based on employment,
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Figure 8. : Exit rates and average firm size by age

Note: Left panel: exit rates by age in the baseline model, in the counterfactual economy with selection
only on ex-ante profiles, and in the counterfactual economy with only exogenous exit, i.e. exogenous rate
6. Right panel: average size by age in the baseline model among all firms, and among all firms except
for gazelles.

The results of our classification show that gazelles account for only 5.4 percent
of all startups. To gauge their impact on average firm growth, we conduct a
similar counterfactual exercise as with firm selection. Specifically, we recompute
the growth profile but this time excluding gazelles. The right panel of Figure 8
shows that without gazelles average size is considerably lower and the difference
remains large up to at least age 19. At that age, average size is more than 25
percent lower than in the baseline.

Therefore, ex-ante factors are important not only for firm selection, but also for
firm growth among continuing businesses. While our baseline model deliberately
abstracts from many interesting features of a more realistic economic environment,
we show our main conclusions extend to more complex environments.

D. FExtensions
We examine the robustness of the model results with respect to information
frictions and flexible labor supply. In Section III, we will consider versions of the
model with adjustment costs and financial frictions.

INFORMATION FRICTIONS.

Information frictions play an important role in some prominent firm dynamics
model, such as the seminal work by Jovanovic (1982). In our baseline model,

Appendix E.4 also offers results for definitions based on firm value which relate more closely to some
papers in the literature (see e.g. Guzman and Stern, 2015).
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however, firms have perfect information about the components of the shock pro-
cess. One may wonder to what extent relaxing this assumption would affect the
results and the interpretation of the documented empirical patterns.

To investigate these issues, we conduct two exercises (see Appendix E.1). First,
we consider the equilibrium generated from the model with perfect information,
but we take the perspective of an outside observer who can never perfectly see
the states, but rather learns about them in an optimal Bayesian way. The results
suggest that one can learn about ex-ante profiles extremely quickly, with most of
the uncertainty being resolved in the first year upon entry.

Second, we solve a version of the model in which firms themselves have imperfect
information and can only observe the fully underlying states one year after entry.?
The conclusions from this model turn out to be very similar to those from the
baseline with perfect information.?’

FLEXIBLE LABOR SUPPLY.

Our baseline model assumes fixed labor supply. In Appendix E.3, we analyze a
version of the model with flexible labor supply. For most of our baseline results,
the introduction of flexible labor supply has no consequences, owing to our cali-
bration strategy which targets the life-cycle profile of firm size. While aggregate
outcomes do depend on labor supply, we also find that these implications are
limited.

ITI. Macroeconomic implications

A natural question is: what is missed by ignoring the sources of firm hetero-
geneity? In this section, we explore the extent to which the presence of ex-ante
heterogeneity across firms matters for our understanding of the macroeconomy.
In the literature, firm dynamics models are often used as laboratories to quantita-
tively study the impact of firm-level frictions on the macro economy. Hopenhayn
and Rogerson (1993), who examine the aggregate effects of a firing tax, may be the
most famous early example. We provide examples which show that the outcome
of such exercises can depend crucially on the nature of firm growth.

To this end, we contrast our baseline model with rich ex-ante heterogeneity to
a restricted version, often used in existing studies, in which the underlying shock
process has an AR(1) structure. When comparing these economies, we ensure
that both have near equivalent observable heterogeneity in terms of firm size and
serial correlation of employment.

28 Allowing firms to observe the state after one year eases the computational burden. Note however
that the first exercise suggests that the bulk of the information friction is resolved after one year.

29 Another interesting possibility is that agents might receive advance information on ex-post shocks,
as in the literature on news shocks in macroeconomics, see Paul Beaudry and Franck Portier (2004). If
some of the information is already known upon entry, the importance of ex-ante heterogeneity would be
even larger than we estimate.
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We then introduce two distinct micro-level frictions in each economy and study
how the frictions’ aggregate effects differ. In particular, we consider the effects of
non-convex adjustment costs and the effects of financial constraints on operation.
These types of frictions have a long tradition in the firm dynamics literature with
similar versions being used, for instance, to analyze how firing taxes affect the
misallocation of resources or how financial frictions impact firm entry and exit
decisions.

Our aim is to provide intuitive examples of how the richness of the micro-
level shock process can matter for aggregate outcomes. Therefore, we choose
the formulation of the frictions in a relatively simple way. We defer a range of
robustness and extensions, as well as a consideration of other frictions, to the
Appendix.

THE RESTRICTED MODEL.

Our restricted model is a widely-used AR(1) process with noise, which we ob-
tain by setting p, = p» = pw = p and fixing 6; = pp and u; 1 = 0 in the
baseline. These restrictions imply that the underlying process for firm-level de-
mand, Iny; o = U;q + Vigq + Wiq + 2iq, €volves as:

Uiq + Via + Wia = fo + pP(Uia—1 + Via—1 + Wia—1) + Eia,

where ;4 ~ N(0,02), vi—1 ~ N(0,02), and z, ~ N(0,02).3° Given these
restrictions, it is necessary to reparametrize the model. We do so by matching the
same targets as in the baseline with the exception of the autocovariance matrix.
Instead, we follow the literature (see e.g. Hopenhayn and Rogerson, 1993) and
target p, and o, from the following regression

In Njaq =N+ Pn In Nia—1 + Mias

where 7; , is a residual with mean zero and standard deviation o,,. That is, we
in effect match the unconditional serial correlation of employment, ignoring the
strong age dependence of this correlation revealed by the autocovariance struc-
ture. Appendix D.2 shows that the model fit, including the implied (untargeted)
autocovariance matrix, turns out to be very similar to the corresponding statis-
tical model in Section I.D.3!

COMPARISON OF THE TWO ECONOMIES.

Before moving on to our two exercises, let us first discuss more broadly how
the baseline model differs from the restricted version. The left panel of Figure

30Note that with the exception of now allowing for o, > 0, these restrictions are the same as those of
model I in Section I.D.

31 Appendix D.2.1. shows that similar results are obtained when parametrizing the restricted model
using exactly the same targets as the baseline framework, i.e. including the autocovariance matrix in
place of the parameters of an AR(1) in log employment.
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9 shows that the two models have essentially the same (untargeted) firm size
distribution. However, the right panel of Figure 9 shows that the two models
differ substantially when it comes to the distribution of firm values. In particular,
the baseline economy is characterized by a highly dispersed distribution of firm
values, driven by ex-ante heterogeneity in growth profiles. This is not true for
the restricted model, especially among older firms.

Intuitively, firms in the restricted model are moving to the same long-run size
and thus their firm values, the net present values of future profits, are much
more similar to each other. Firm values, however, are critical to firms’ forward-
looking decisions such as entry, growth and exit. A wider dispersion of firm
values generally implies that there are fewer “marginal” firms which are indifferent
between, for example, exiting and continuing or between adjusting to a shock or
not. Therefore, even though the two economies have a very similar firm size
distribution (a typical parametrization target in existing firm dynamics studies),
they display very different aggregate properties. This is precisely what the two
exercises below aim to highlight.

employment shares log of firm values
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Figure 9. : Model comparison: baseline and restricted version

Note: left panel shows employment shares by firm size and the right panel shows standard deviations of
log firm values by firm age in the “baseline” and “restricted” models.

A.  Application 1: Adjustment costs

In the first exercise, we introduce a non-convex adjustment cost to demand
growth into both versions of the model, related to e.g. Francois Gourio and Leena
Rudanko (2014) or Foster, Haltiwanger and Syverson (2016). In this setting,
demand becomes endogenous.>?

32Gee also Arkolakis (2016); Luttmer (2011); Lukasz Drozd and Jaromir Nosal (2012); Jesse Perla
(2015). Similarly, there is a vast literature in which productivity is endogenous through innovation
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Specifically, we assume that whenever ¢’ > ¢ the incumbent firm has two
options: retaining its current level of demand, ¢, or paying a cost x and obtaining
the new higher level of demand ¢’. The adjustment cost may thus prevent firms
from growing their demand and reaching their full potential. One can think this as
a cost a firm needs to pay in order to seize a demand growth opportunity, related
to for example marketing costs or organizational restructuring.®® In both the
baseline and the restricted model, the adjustment cost is calibrated such that the
average cost paid by adjusting firms is one percent of their output, see Appendix
F.1 for details.

Panel 1 of Table 3 shows the long-run impact relative to the case when ad-
justment costs are absent, k = 0. Let us begin with the restricted version of
the model, which predicts substantial aggregate losses induced by the adjustment
costs. Firms considerably decrease their demand accumulation which results in
a strong decline in average firm size and an increase in firm exit. Given the as-
sumption of a fixed labor supply, this leads to an increase in the number of firms.
All these effects result in a decline in the wage and a drop in aggregate output
of more than 3 percent. Similar results have been found by e.g. Hopenhayn and
Rogerson (1993).

By contrast, in the baseline model the macroeconomy is largely insensitive to
the introduction of adjustment costs. There is a slight reduction in firm values,
which puts downward pressure on the real wage. In equilibrium, because of fixed
labor supply, firms are larger but fewer.3? Intuitively, the presence of ex-ante
heterogeneity in the baseline model results in aggregates being heavily influenced
by a small number of high-value firms with high growth potential. These firms, in
turn, tend not to be discouraged by adjustment costs as they seize any opportunity
to grow towards their long-run potential.

B. Application 2: Financial frictions

Our second exercise considers a financial constraint on the operation of firms.
This exercise relates to a growing literature on financial frictions, see for instance
Francisco Buera, Joe Koboski and Yongseok Shin (2011), Pablo N D’Erasmo and
Hernan J Moscoso Boedo (2012) and Virgiliu Midrigan and Daniel Xu (2014),
although the precise specification of the friction differs across studies. Specifically,
we assume that firms can hold a risk-free asset, denoted b;, which pays a net real

decisions.

33This formulation has the practical advantage that it does not introduce any additional state variables
to the model. Intuitively, the firm chooses between staying at the current demand state and moving to
the state dictated by the new draw. This decision to adjust does not depend on lagged employment.

34The compositional shift towards larger businesses that are less likely to exit reduces the average
exit rate, even as endogenous exit conditional on type is virtually unchanged. See also Fatih Karahan,
Benjamin Pugsley and Aysegiil Sahin (2019) who show the importance of compositional change for the
aggregate exit rate.
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Table 3—: Aggregate impact of micro-level frictions (percent change)

output wage size  exit  firms
1: Adjustment costs
restricted model -30 -06 -—-23.8 +7.2 +28.0
baseline model +0.1 -0.0 +4.6 —-0.9 —4.3
2: Financial frictions
restricted model -1.3 —-0.8 +31.8 +3.8 —-24.6
baseline model -34 0.7 +82.3 +3.1 -46.6

Note: Long-run impact of introducing adjustment costs and financial frictions in the baseline economy
and in the restricted version of the model. In both economies adjustment costs (k) amount to 1 percent
of output among adjusting firms and the financial constraint (¢) is set to zero. Reported values are
relative to the baseline without frictions. Output refers to aggregate production, wage is the real wage
rate, size is average firm size, exit is the average exit rate and firms refers to the number of incumbent
firms.

1

interest rate r = 5 — 1. However, the firm is subject to a borrowing limit:

ks

b; > ¢,

where ¢ < 0, and b} denotes end-of-period assets in the firm. If a firm cannot
meet this limit, it is forced to exit. Upon entry, a firm receives an initial equity
injection b, but subsequently no additional equity injections are possible. When
a firm exits with positive assets, then these assets are returned to the owners (i.e.
the representative household). If a firm exits with debt (b, < 0) then the owners
must settle the remaining debt. In both the baseline and the restricted model, the
financial friction is calibrated such that ¢ = 0, i.e. firms cannot borrow. Finally,
we assume that firms enter without any initial equity, b = 0. Further details can
be found in Appendix F.1.

The financial friction creates inefficient exit without distorting other margins.
Inefficient exit happens either when a firm hits the constraint despite having a
positive economic value, or when an unconstrained firm chooses to exit because
the possibility of the financial friction binding in the future depresses the firm’s
value below zero.3?

Panel 2 of Table 3 shows the long-run impact of financial frictions relative to
the frictionless baseline. In this case, the baseline economy exhibits a stronger
output fall compared to the restricted version of the model. The main reason for
this is that the number of firms affected by the friction is much larger (almost
half compared to about a quarter in the restricted version). This is again because
of the wider dispersion of profits (and hence firm values) in the baseline model.

35In Appendix F.1 we show that hiring decisions remain static and are unaffected, and that firms’
saving does not depend on their assets. The possibility of hitting the constraint ensures that the shadow
value of firm assets is always greater than the real interest rate, so firms optimally retain all earnings
until exit.
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In the baseline economy there are many more firms with poor profit performance
early on in their lives, which nevertheless would be viable in the frictionless world
because of their long-run potential. Specifically these high-growth-potential firms
are being strongly affected by the friction. The above results show two exam-
ples in which the presence of ex-ante heterogeneity in growth profiles significantly
alters our understanding of the macroeconomic impact of micro-level frictions.
Appendix F.1 considers other micro-level frictions. Again, the baseline and re-
stricted models display very different aggregate properties.

IV. Changes in the nature of firm growth

Finally, we study how the nature of firm growth might have changed over the
last few decades. This is especially relevant in light of the observed decline in the
“dynamism” of U.S. businesses, see e.g. Decker et al. (2016). Using our model we
can study underlying drivers of changes in firm dynamics. In particular, we are
able to assess changes in firm dynamics resulting from changes in the distribution
of ex-post shocks and ex-ante growth profiles. We can also study the aggregate
implications of such changes.

To analyze the changes in firm dynamics, we split our data into two subsamples.
The “early sample” includes firms born between 1979 and 1985, while the “late
sample” includes firms born between 1986 and 1993. Again, we follow all firms
up to age 19. In what follows, we first document changes in the three sets of
key moments, the autocovariance function, the average size profile, and the exit
profile. Next, we re-estimate our model on the two subsamples and interpret the
changes in the data through the lens of our model with a particular focus on
gazelles.

A. Changes in the data

Figure 10 plots the three sets of key moments in the two samples. The top panel
shows that the autocovariance function of logged employment of firms (balanced
panel) has remained remarkably stable over time. This suggests that the relative
importance of ex-ante and ex-post heterogeneity has not changed much. The
bottom right panel shows that exit rates have also remained stable, see also
Benjamin Wild Pugsley and Aysegiil Sahin (2018).

What has changed, however, is the profile of average size by age, which is shown
in the bottom left panel of Figure 10. Over time, this profile has flattened. At
startup, average size is about 7 employees in both the early and the late sample.
However, by age nineteen, average employment has declined by almost 25 percent
from an average 22 workers in the early sample to 17 employees in the late sample.
In addition, this divergence in size profiles sets in gradually with age.
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Figure 10. : Split-sample data moments

Note: Top panel: autocovariances of log employment between age a = h 4+ j and age h < a in the early
and the late sample, for the balanced panel of firms surviving up to at least age a = 19. Bottom left:
average employment by age a (unbalanced panel). Bottom right: exit rate by age a.

B. Estimating changes in firm dynamics

To investigate the observed changes in firm dynamics and their aggregate con-
sequences, we first re-estimate the model on the two subsamples. The estimated
parameter values and model fit are shown in Appendix D.3. The difference in the
distribution of ex-ante profiles is most apparent when examining gazelles, which
we have defined entirely by their ex-ante characteristics.

ARE GAZELLES DYING OUT?

In what follows, we focus on (ex-ante identified) gazelles and examine the dif-
ferences in their number and quality between samples. Towards this end, we
compute the fraction of gazelles in the population of firms in both subsamples.
This is shown in the left panel of Figure 11. Among startups, the fraction of
gazelles has declined from 6.4 percent in the early sample to 5.3 percent in the
late sample. As firms age, the fraction of gazelles increases because gazelles are
relatively unlikely to shut down compared to other firms with lower growth po-
tential. Therefore, the gap in the share of gazelles widens with age between the
two samples.

The right panel shows the average size profile of gazelles. In both subsamples,
gazelles start with around 7 employees, but grow quickly to reach on average
about 46 employees by age five. Around age 10, however, the two subsamples
diverge, and a reduction in the average size between the two subsamples becomes
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Figure 11. : Characteristics of gazelles in the early and late sample (firms)

Note: Share of gazelles in the total number of firms (left panel) and the average size, by age, among
gazelles (right panel).Gazelles are classified on an ex-ante basis, as those startups with an ex-ante growth
rate of at least 20 percent annually, over the first five years, and an associated employment level that
exceeds 10 at some point during this period.

apparent. Thus, in the late sample gazelles on average do not grow as large as in
the early sample.?6

AGGREGATE IMPLICATIONS.

What are the aggregate implications of the decline in the presence of gazelles
and in their growth profiles? Figure 12 plots the average size profile, which has
flattened between the two subsamples. To assess the contribution of disappearing
gazelles to this shift, we use the fact that at any age the average size among all
firms is the sum of the average size of gazelles and non-gazelles, weighted by their
respective firm share. We then construct a partial equilibrium counterfactual in
which we recompute the average size in the early sample, but with the average
size and firm share profiles of the gazelles in the late sample. The dashed line
shows this counterfactual and suggests that changes associated with gazelles alone
can account for roughly half of the decline in the average size profile. This is
remarkable, since gazelles account for only about five percent of the startups.

Finally, we evaluate the implications for aggregate output by comparing equi-
librium output between the early and late periods. This calculation, which ac-
counts for general equilibrium effects, shows that aggregate output declines by
4.85 percent. Thus, seemingly small changes in the distribution of firms, such
as the decline in the (already low) share of high-potential startups, as well as

36 Consistent with this finding, Appendix D.3 also shows that the model generates a substantial decline
in skewness of firm growth rates across the two subsamples. Moreover, these results hold also for survivors
only and are therefore not primarily driven by selection.
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Figure 12. : The impact of disappearing gazelles

Note: The figure plots the average size profile among all firms in the early sample and the late sample.
It also plots a counterfactual average size profile for the early sample, computed by replacing firm share
and average size profile of gazelles by their counterparts from the late sample.

a reduction in their growth potential, emerge as important drivers of aggregate
changes.3"-38

DISCUSSION.

Our results offer some new insights into an ongoing discussion of changes in
US business dynamism (see e.g. Ryan Decker, John Haltiwanger, Ron Jarmin
and Javier Miranda (2018), Guzman and Stern (forthcoming). In particular,
they speak to the declining importance of high-growth firms first documented by
Decker et al. (2016). We find that the disappearance of such firms is related to ex-
ante factors, i.e. fewer “gazelles” are entering the U.S. economy and diminished
growth potential (relative to the early period) for those who do. Importantly, our
results suggest that the seeds of the decline in dynamism might have already been
sown in the mid to late 1980s.3? Finally, we find that the aggregate repercussions
of the observed changes is quantitatively substantial.

37TWithin the model, this decline is entirely driven by a change in output per worker, i.e. labor
productivity, since we keep labor supply fixed. Appendix E.3 shows results for the case of flexible labor
supply.

38Shifts in the number of startups may also have macroeconomic effects (Petr Sedlacek (forthcoming)).

39Tt is very well possible that the effects of such changes only become noticeable in the aggregates
after more than a decade. Recall the flatting of the growth profile is particularly pronounced after age
ten. Moreover, aggregate effects due to incoming cohorts of startup accumulate over time. Note also
that our results do not exclude the possibility that a decline in dynamism is also accompanied by further
change in the responsiveness of firms to (ex-post) shocks. In fact, they complement Decker et al. (2018)
who find evidence for declining responsiveness in among recent cohorts
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V. Conclusions

We have used data on the population of U.S. firms over several decades to bet-
ter understand why some startups grow rapidly whereas others remain stagnant
or exit quickly. To this end, we documented the autocovariance structure of em-
ployment and exploited this structure to estimate firm dynamics models, which
allowed us to disentangle heterogeneous ex-ante profiles from ex-post shocks.

We found a dominant role for heterogeneous ex-ante profiles, which capture
future potential present at the moment of startup. Much of the firm size distri-
bution, firm dynamics and the prevalence of high-growth startups, “gazelles”, is
determined by ex-ante heterogeneity in growth profiles. Moreover, the presence
of such heterogeneity shapes the behavior of the macroeconomy. Indeed, not ac-
counting for the precise nature of firm growth has the potential to dramatically
change the macroeconomic predictions of firm dynamics models. Finally, having
in mind recent concerns about the disappearance of gazelles, we have investi-
gated potential changes in the nature of firm growth over time. Re-estimating
our model using this information, we found a decline in the presence and growth
potential of “gazelles” in the population of startups, with important repercussions
for aggregate output.

An intriguing question left for future research is whether there is a connection
between the demise of gazelle startups and the decline in the aggregate labor
share of income, which also started in the late 1980’s. For example, David Autor,
David Dorn, Lawrence F. Katz, Christina Patterson and John Van Reenen (2017)
suggest that the decline in the labor share was due to an increase in product mar-
ket concentration, giving rise to “superstar firms”. Alternatively, the late 1980’s
were also times of large fiscal reforms which may have affected firm dynamics, see
e.g. Petr Sedlacek and Vincent Sterk (2019). Finally, our results also highlight
the need to further study the role of startup conditions, and the individuals who
become entrepreneurs and their decisions taken before or at the time of start up.
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