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Abstract

The reputation literature, following Fudenberg and Levine (1989)’s seminal pa-
per, often considers a perturbation of a repeated game in which player one may,
with small probability, be a “commitment” type that always plays a “commitment”
strategy. Reputation results, in which player one obtains the same payoz as if she
could commit publicly to that strategy, typically assume that player one is in..nitely
more patient than her opponent. Schmidt (1993) obtained a reputation result when
player one is much more (but not in..nitely more) patient for perturbed repeated
games of conficting interests, i.e., games in which an opponents’ best reply to the
best commitment strategy of player one yields the opponent the worst, i.e., min-
max, payo=. We obtain a reputation result with equal discounting for perturbed
repeated games of strictly conzicting interest, which require, in addition to the con-
Fficting interest assumption, that player one obtain the best possible payo= from
the best reply to the commitment strategy.

“We are grateful to the NSF and the Hammer Fund for ..nancial support.

fOlin School of Business, Washington University, St. Louis, MO.

tEconomics Department, Northwestern University, Evanston, IL and Tel Aviv University, Tel Aviv,
Israel.

$Economics Department, Princeton University, Princeton, NJ.



1. Introduction

To date, with few exceptions, reputation ecects have been shown to exist only in games
where the player desiring a reputation is signi..cantly more patient than her opponent.
We show that full reputation exects exist in a class of games de...ned below (which include,
for instance, the strategic-form representation of the chain-store game) even when the
players are equally patient, so long as we restrict attention to the equilibria of the repeated

game.

Fudenberg and Levine (1989, 1992) consider repeated games where one long-run player
faces a sequence of short-run players who play the game only once. They show that if
there is positive prior probability that the long-run agent is a “commitment type” (who
always plays a particular “ commitment action™) and if the long-run agent is su@ciently
patient, then her payo= at any Nash equilibrium is bounded below by what she could get
by publicly committing to the commitment action. This bound on equilibrium payors
has come to be called the reputation ecect. Schmidt (1993) showed that the reputation
exect exists in games of conficting interests with no short-run players, provided the
player who may be the commitment type (a.k.a., the reputation, or informed, player)
faces an opponent who is su€ciently less patient than herself. (A game has conticting
interests if the best reply to a commitment action gives the replier his minmax payo=.)
Following examples of Cripps and Thomas (1997) and Celentani et. al. (1996), Chan
(2000) obtained a folk theorem in perfect-equilibrium strategies for players with equal
discount factors for all games except those where the commitment action is a dominant
action in the stage game or those with strictly conticting interests, which are conficting-
interest games where the best reply to the commitment action yields the reputation
player’s best feasible and individually rational payoo in the game. In this paper we
strengthen Schmidt’s and Chan’s results by obtaining a reputation result for all Nash

equilibria in games of strictly conZicting interest with equal discount factors.



We know of only three other reputation results with equal discounting. For the
case where the commitment strategy is dominant Chan obtained a perfect-equilibrium
reputation result with equal discount factors. Cripps and Thomas (1996) derived a
partial reputation result for Nash equilibria and with no discounting.! Schmidt (1993a)
presents a sequential-equilibrium reputation result for ..nitely repeated bargaining games

which holds for a wide range of discount factors (including equal discounting).

Earlier reputation results (with asymmetric discounting) apply to games of two-sided
uncertainty, while ours does not: to obtain a one-sided reputation result with equal
discounting it is necessary that we allow only one-sided uncertainty. That is, we re-
place the asymmetry in discount factors used in earlier reputation results with one-sided
asymmetric information. We conjecture that a model with two-sided uncertainty, equal
discounting and repetition of a game with two-sided strictly conficting interests will have
a unique equilibrium—similar to Abreu and Gul (2000)—in which a war-of-attrition is
played prior to one player revealing herself to be normal, and once this has occurred an
equilibrium of the game of one-sided incomplete information, as characterized below, is
played.?

1\We say partial because the reputation player does not necessarily obtain the payo= he would receive
if committing to a strategy, but there is a lower bound on his payoas that is in general greater than the
minmax payos of the folk theorem

2Abreu and Gul consider a bargaining game in which the one-sided asymmetric information game
has a unique solution, and show that the two-sided game has a unique war-of-attrition-like equilibrium.
Abreu and Pearce (2000) derive a similar result for general repeated games where they assume that a
unique equilibrium must be played after all histories in which both players are revealed not to be the
commitment type, which they show implies a unique equilibrium in the one-sided asymmetric information
case. Using this they argue that the only robust equilibrium have a Nash-bargaining-with-endogenous-
threats payoa. Our result essentially derives uniqueness in the one-sided case, and so suggests that for
games with two-sided strictly conticting interest Abreu and Pearce’s assumption of a unique equilibrium
in the repeated symmetric-information game is not needed.



2. The Model

We will begin by giving the notation that describes the stage game and the unperturbed
repeated game. Then, we will describe our equilibrium concept and de..ne games of
strictly conficting interests. There are two players, called “one” (she) and “two” (he).
They move simultaneously. Player i, i € {1,2}, chooses an action a; from the ..nite set
A;. (We will let A; denote the set of mixed stage-game strategies, «;, for player i.) Player
i’s payoa when the players use the actions (aq, az2) in the unperturbed stage-game are
denoted g; (v, an). We will use T to denote this stage game. The stage-game minmax
payoa for player i is denoted g;, that is, §; := min,, , max,, gi(a1, a2); we normalize

§2:0.

We denote the set of the feasible payoss in I" by F'; that is, F' is the convex hull of
{(g1(a1, a2), g2(a1,a2)) | (a1,a2) € A1x Az}. We will use G to denote the set of feasible and
individually rational payoss; G := F N {(g1,92) | 91 > §1,92 > g2} The largest feasible
and individually rational payo= for player 1 is denoted g1; g1 := max{ ¢1 | (¢1,92) € G }.
Finally, we will let M be an upper bound on the magnitude of the players’ payoss;

M > |gi(a1,az2)| for i =1,2 and all a4, as.

We focus on games with strictly conficting interests, wherein player 1 is able to
commit to an action which is the best for her and the worst for her opponent. More
precisely, a game has strictly conficting interests if player 1 has an action to which 2’s
best replies yield the payoss (g;, go,)—the maximum feasible and individually rational
payoa to 1 and the minmax to 2. We will denote such an action (which, by de..nition, is
pure) a;. Furthermore, we make the genericity assumption (which is implied, for instance,
by assuming the game comes from a generic extensive-form game) that if (g,,¢,) € G
then g2 = G2.> We will use [ to denote the minimum loss player 2 can sustain from
not playing the best response to af. The chain-store game and the repeated-bargaining

3We do not assume that the best response is unique.



game (Schmidt (1993) pp. 341-343) both have strictly conticting interests. Note that in
generic, ..nite games with strictly conficting interests there is a linear upper bound on
the feasible payoss to player 2 that passes through the point (g, §»). That is, there exists
a .nite p > 0 such that g2 < g + p(G1 — 91), Y(91,92) € F. Given our normalization,
go = 0, this reduces to

g2 < p(91 — g1). 1)

The stage game above is played in each of the periods t = 0,1,2... . The players
have perfect recall and can observe the past pure actions chosen by their opponents.
Let H' := (A; x As)" denote the set of all partial histories, i?, that can be observed by
players before the start of period t.* A behavior strategy for player i in the game is a map
o U2 H" — A;. A history h>° € H* will occasionally be denoted as a partial history
h' and its continuation A%, that is, h> = (h', h™*). The players’ continuation payo= in
the repeated game given the partial history h' are given by the normalized discounted
sum of the continuation stage-game payoos

oo

gl(hooa t) = (1 - 6) Z 6s_tgi(a’ia Ué),

s=t

where § < 1 is the players’ common discount factor. We will use I'(6) to denote the

discounted repeated game of complete information.

Now we will perturb the game I'(6). We will suppose that player 1 may be one of
many dizgerent types. One of these is the “normal” type with the payoos and actions
described above, and a second is a “commitment” type that always plays the stage-game
action a}.> (We denote this strategy in the repeated game by o%.) We will not be precise

“De..ne H to be an arbitrary singleton set.

SFor our purposes, it will not matter whether the commitment type is an automaton who is “pro-
grammed” to play a3, or comes with stage-game preferences that give her a payoa (independent of player
2’s actions) from a3 strictly greater than her payoa from all other actions. The folk-theorem result of
Cripps and Thomas (2003) does not apply here because the existence of feasible and strictly individ-
ually rational payors for such a commitment type is violated. This is true, however, of all types with
conticting interests (not just those with strict conficting interests).



about the remaining types—they may have dicerent stage-game payoss or just play given
repeated-game strategies. The type of player 1 is chosen at time t = —1 by Nature; with
probability ;. Nature selects the commitment type, with probability 1 — u — ¢ Nature
selects the normal type and with probability ¢ Nature selects another type (possibly
according to a distribution over other types). Player 1 observes the outcome of Nature’s
choice but player 2 does not. We will study the Nash equilibria of this repeated game
of incomplete information. To do this it is convenient to specify player 2’s priors after
certain histories. Let p(h') denote player 2’s prior that player 1 is a commitment type
at the start of period ¢ when the partial history of play is h! ¢ H*. (Given x > 0 and
a repeated-game strategy of the normal type o, u(h') can be determined from Bayes’
theorem for any history where player 1 has always used the action aj.)

3. The Result

This section begins with some intuitions and then presents our result. We show that if
there is positive probability of the commitment type, x> 0, then player 1’s equilibrium
payoa is bounded below by a factor (depending on p and ¢) which tends to g; as the
players’ common discount factor tends to unity and ¢ tends to zero. Thus, as both
players become very patient, at every equilibrium player 1 gets arbitrarily close to what
she could receive if she publicly committed to playing aj forever when there is a small
amount of incomplete information.

Roughly speaking, the result we seek fails in general, so that in general there can exist
equilibria without reputation exects when the players are equally patient, because it can
take the informed player so long to acquire a reputation that the costs of deviating from
the equilibrium and thereby acquiring a reputation are not worth the bene..ts. Acquiring
a reputation is costly in such equilibria because there are many periods in which the

uninformed player does not play a best response to the commitment action. He does



this because he is patient, believes he is most likely not facing the commitment type,
and believes the non-commitment opponent is playing an equilibrium strategy that will
ultimately reward him for the short-run costs of not playing a best response (or, equiva-
lently, punish him for playing a best response). Provided these rewards (or punishments)
are large enough and occur with a su€ciently high probability, the uninformed player is

willing to not play a short-run best response for a very long time.

We show that reputations can be built in repeated games with strictly conticting
interests. The reason is that the above rewards must be given with a very high proba-
bility in such games. Hence player 2 is never willing to play more than a ..nite number
(which only depends on p, ¢ and the stage-game payo=s) of non-best responses to the
commitment action. As the players become very patient the ..nite number of periods
become insigni..cant in player 1’s payoss, so her payoa from mimicking the commitment
type at any equilibrium approaches her full reputation payo=.

It might appear counter-intuitive that reputation results obtain when the uninformed
player receives the worst possible payo= in the reputation equilibrium. To gain some
intuition for the role of the conticting-interest assumption consider the following games;
Cripps and Thomas have shown that there are many (perfect) equilibrium payoss in the
common-interest game on the left.

L R O I
Ul1,1]0,0 Fl20[0 -1
D|{00]0,0 Al20| 1,1

Common Interests Strictly Conticting Interests
No reputation Yes reputation
Figure 1

It is easy to see that in any reputation game there are no equilibria in which 1 plays a

pure strategy and does not get the commitment payoa.® So, to obtain other payoss 1

® As explained in Cripps and Thomas (1997), if in the ..rst period where player 1 is not playing U she
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must play a mixed strategy. Each time this mixed strategy is played and the realization
is U, then 2’s conditional probability that 1 is the commitment type increases. Moreover,
at some threshold belief 2 will always play the best reply to U, so it must be that this
increase in probabilities occurs slowly relative to 6. (Otherwise player 1’s discounted
payoas would be close to the commitment payox if 1 played U in each period.) Consider
a belief for 2 such that if one more realization of U occurred, then 2 would play L
forever. Assume that in this period 2 plays R (since player 1's payors are farthest from
the commitment payoz of 1 if player 2 plays R in response to the mixed strategy). But
for player 1 to mix and hence to be indicerent this implies that the payoss to (U, R)
and (D, R) are identical and equal to 6(1,1). (By assumption 2’s beliefs are such that
after U player 1’s continuation payoss are 1, so payoss are (1 —6) 0 + 61.) With what
probability does player 1 have to play D to give player 2 an incentive to play R? If (U, L)
is played the continuation payo® is also (1, 1), but after (D, L) player 2 can be punished
by receiving the lowest equilibrium payo= in the complete information game, namely
(0,0). Thus there is a dicerence in player 2’s long-run payoss if he deviates from R in
this period. Hence it is enough that player 1 plays D with a small probability, relative to
6, and thus the number of periods in which player 1 can randomize grows quickly relative

to 6, and reputation erects vanish.

Let us contrast this with the game of (strictly) conzicting interests (the chain-store
game) on the right of Figure 1. Again consider an equilibrium where player 1 is using a
mixed strategy to give player 2 the incentives not to play the best response O(ut) but
I(n) for one last period and a belief for 2 such that one more realization of F' would lead
player 2 to play O forever. When player 2 plays I(n) and player 1 randomizes she is
again indicerent so her total payoas to (F,I) and (A, I) are 26. The fact that player 1
must receive 26 and the assumption of strictly conficting interests forces player 2’s total
payor to (A, 1) to be very close to zero (less than 3(1 — 6)). (To see this, note that we
have (1 — 8) (1,1)+6 (z,y) = (26,2), S0z = 2=l =2 _1=b 50, < 1§42 = =20
would deviate to U then she would be known to be the commitment type guaranteeing the payo= of 1.




The continuation payoss player 2 receives from (F,O) and (A, O) are also at least zero
because this is his minmax payo=. Player 2’s long-term payogs cannot, therefore, be used
to provide an incentive for player 2 to play I. The incentive to play I can only result
from the probability with which player 1 plays A and this is independent of 6. We will
show that a similar argument applies to earlier randomizations and that they too are
independent of 6. Hence, the number of periods in which player 1 can randomize remains
..Xed, and reputation ecects are fully restored.

Our main result is that if the uncertainty about all types is su€ciently small and
there is strictly positive prior probability of the commitment type, then the normal
type’s payoa at any equilibrium becomes arbitrarily close to his full reputation payo=a
as both of the players become patient. The rate of convergence here only depends on
the parameters of the stage game. The proof is long and has been divided into several
steps. Wk consider a pure strategy for player 2 that fails to play a best response to
the commitment action in the most periods among all pure strategies that have positive
probability in the equilibrium mixed strategy. Given the commitment action has been
played until ¢ — 1, player 2 must expect to receive at least 0 (his minmax) from future
play of this strategy. This future payo= is made up of continued play of the commitment
action and, with some probability in period s > ¢, a deviation from the commitment
action. At this point he only faces the normal type or the other types. Against the other
types he can get at most M from period s on, however, in games of strictly conZicting
interests there is a much tighter bound on what he receives from the normal types from s
on. This is because the normal type must be indicerent between playing the commitment
action with, say, n future periods in which player 2 does not play a best response and
deviating from the commitment action. (This is a generalization of the 1% bound in
the above example.) Writing the individual rationality condition for each such ¢ gives
a family of linear inequalities in the probabilities of deviations from the commitment
action. In the ..rst lemma we show that we only need pay attention to a ..nite number of

such inequalities (for a given discount factor). The second lemma is uses duality theory



to write down a succient condition for the family of inequalities to have no solution.
The ..nal lemma shows this su€cient condition will always apply when there are many
periods in which player 2 does not play a best response to the commitment type.

The reason our result holds only for small amounts of uncertainty about other types is
because it may be that there are types present who will provide an incentive for player 2
to ..ght player 1’s attempt to build a reputation. If such types are very likely, they make
the costs to acquiring a reputation signi..cant. For example, consider the case where
player 2 attaches high probability to a type that rewards him greatly for not playing
a best response to the commitment type in the .rst K = —In2/In 6 periods. Player
2 would attach high probability to receiving a reward discounted by ; = 6%, and this
would give him a non-vanishing incentive to make player 1 wait at least K periods to gain
a full reputation. Thus the normal type could expect at most g; — -%c where ¢ was the
payor cost from player 2’s actions in the early periods of play. However, this argument
relies on player 2 being convinced that it is very likely that there are such reward types
present. If the amount of the overall incomplete information is small, i.e., there is a small

perturbation of the incomplete information game, this cannot be the case.

To state our result, given a game of strictly conticting interests I' let f : u +—
exp <£%el> and b : p — %’%ﬁ} (Recall that M, p and [ are parameters determined
by T; they are de..ned in the second and third paragraphs of Section 2.)

Proposition 1 LetI', a game of strictly conficting interests, be given. Then the normal
type of player 1’s payoa at any Nash equilibrium of the repeated of incomplete information
is bounded below by

9 —2M (1 _ (5f(u)€—%b(u)) _

Before proving our result (which will take the rest of the paper) we will state a trivial
two-part corollary to the proposition. (1) With only two types, as both players become
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very patient the normal type must get the full-reputation payo= at any equilibrium. (2)
Given any prior p on the commitment type the normal type’s payoz at any equilibrium
can be made arbitrarily close to her full-reputation payoz as the players become patient

and the probability of other types is made small.

Corollary 1 Let I', a game of strictly conficting interests, ¢ > 0, a probability of the
commitment type, and £ > 0, be given: (1) If ¢ = 0, then the normal type’s payo= at any
Nash equilibrium approaches g; as 6 — 1. (2) There exists § < 1 and ¢ > 0 such that
at any Nash equilibrium of the game with 6 > 4 and ¢ < ¢ the normal type’s payo= is
bounded below by g, — €.

Proof Proposition 1: Let 4 > 0, 6 <1, ¢ and any equilibrium of the repeated game
be given. The proof of this result will proceed in several steps. (Steps 1-2) Using the
fact that player 2’s payowss in all subgames are at least the minmax we ..nd a family of
inequalities, (4), that the normal type’s mixed strategy will satisfy in any equilibrium.
(Step 3) We then combine this with the linear bound, (1), to obtain bounds based on
player 1's payoss that yield inequalities, (5), that the normal type’s mixed strategy
satisfy in equilibrium. (Step 4) We re..ne these inequalities by arguing in Lemma 1
that when player 1 plays a} repeatedly then on all equilibrium paths there is a ..nite last
period after which payors are (g1,0) in every period, and in the period preceding the
maximal such period player 2 does not play a best reply. (Step 5) We then restate the
inequalities in Lemma 2 using Farkas’ lemma to ..nd inequalities that must be violated
in any equilibrium. (Step 6) Finally, in Lemma 3 we show that if player 2 fails to play a
best reply to the commitment strategy too often, there is a solution to the inequalities

of Lemma 2, implying that this cannot happen in equilibrium.
Step 1. Player 2’s equilibrium payogs are at least the minmax payox.

To ..nd the main inequalities, (4), we decompose an upper bound on player 2’s payoas
from any pure strategy, say o,, in the support of his equilibrium strategy and from

11



any period ¢ onward, into the per-period payoss obtained so long as player 1 plays the
commitment strategy and the continuation payozs once 1 departs from the commitment
strategy and plays anything else. These per-period payoss against a, which are less than
or equal to the minmax since the game has conficting interests, are denoted ¢5_. The
continuation payoss to 2 conditional on facing the normal type and starting from a ..rst
departure by 1 from the commitment strategy in period 7 are denoted ¢, (these include
the payowrs to 2 in period 7). Player 2’s continuation payoa from the other potential
types may depend on the type faced but are bounded by M. The joint probability of
facing the normal type and the normal type playing the commitment action up to but
not including period 7 along the path generated by o, and 1’s equilibrium strategy is
denoted by 7. The probability of facing any other type and all such other types playing
the commitment action up to but not including period 7 along the path generated by
o2 and 1’s equilibrium strategy is denoted ¢_. The total payoa must be greater than 2’s
minmax payo= (of zero), which gives us the following inequalities for all ¢ < T', where
T (which at this point may be oc) denotes the ..rst period after which the payoos to
the normal type are g; along the path generated by (o},02).” Thus after T' periods
of observing the commitment action player 2 receives the payoa zero if he faces the

commitment type and at most M from the other types.

T—1 s—1 T—1 s—1
0 < > [(1—6>Zér‘t<g§r)+68‘tcs +) &, [(1—6)26T‘t(gsr)+6s‘tM]

r=t r=t

+ (1 - Z_:(m + £S)> (1—6) i: 85 (g5,) + 6" M <¢ -y £5> @)

s=0 r=t

Along this path after time 7" player 2 can get at most zero against the normal or com-
mitment type, but may be able to get at most M against the other types. The above
assumes player 2 receives the upper bound on payoas when any other type is present
after time 7.

Step 2: Simplifying (2); some algebra.

"We adopt the convention 3!~} 8" = 0.
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Now we will ..nd a necessary condition for there to be a solution to the inequalities
(2). The sum of the coe@cients of £&7_; in (2) are all positive (i.e., the RHS increases in
¢r_1) and there is a constraint Zf;ol ¢, < ¢. Thus given any solution (7, and ) to (2)
there is another solution with 57" ¢, = ¢ and no fourth term. Moreover the third term
is not positive (g5, < 0) and 7 (m + &,) < 1 — pu so, after dividing by (1 —6)¢7", a
necessary condition for the existence of a solution to the above inequalities is for there
to exist a solution to

T—1 T-1 s—1 5%
Y 6(g5) < Y ms [Z O (95) + T
r=t s=t r=t

T-1 -1 M
+ ;fs [;6’"(9&) + Té] , Vt<T.
(3)
The LHS of (3) decreases in g5, and the RHS increases in g5.. Thus replacing ¢5. in (3)
with a larger number cannot violate the inequalities (3). Let ¢+ be an indicator function,
such that ¢, =1 i@ a short-run best reply is not played (g5, < 0) and ¢, = 0 ia a best
response is played (¢4, = 0). Let —I < 0 be the upper bound on the non-zero values of
g5, (as discussed in the paragraph preceding (1) such a bound exists as the stage game
is ..nite), 0 g5, < —¢,l for all s. Finally let w, = 3. "7 so that —lw, > S 6" g5,
and —l(w; — ws) > S°; 67g%.. Thus, if k = M/1, a necessary condition for (3) is

T-1 55 T-1 5%
pw, < ;ﬂ's [ws_wt—i_l(l—é)} "‘;55 {ws—wt—l— 1—6] , Vt<T. 4)

Step 3: Using (4) and (1) to obtain inequalities on player 1’s payoa by considering
paths with the maximal number of periods in which player 2 does not play a best reply to

*
Q.

The above applies to any pure strategy in the support of player 2’s equilibrium strat-
egy. Now we ..nd a lower bound on player 1’s payo=s in any period in which 7, > 0. To
do this we choose a pure strategy o, of player 2 in the support of 2’s equilibrium strategy
that has the most periods in which 2 does not play a best reply to 1’'s commitment action.
Let n (¢) denote the number of times player 2 does not play a best response to a} until

13



period ¢ (when 2 plays ¢4, and 1 plays a} in each period). If the history generated by
these two strategies occurred until period s, then player 1 expects there to be at most
n(T) — n(s) periods in the future in which player 2 does not play a best response to
aj. (If it were possible for player 2 to not play a best response more than n(7') — n(s)
periods, then there must exist a strategy o4 played in equilibrium that agrees with o/,
until s and has more periods of not playing a best response to the commitment type,
contradicting the de..nition of ¢4.) By continuing to play a} forever after player 1 can
expect to get a payom of at least (1 — §"M 7)) (—a1) + 67D ™5, (This assumes the
n(T)—n(s) periods of not playing a best response occur immediately (the worst possible
case) and that the loss from this is maximized.) This lower bound is weakly greater than
g1 — [1 — 6" D201 When 7, > 0, this is also a lower bound on what player 1 can
expect to get from her equilibrium action of not playing a} after the s period history

generated by (o5, 07).

The pro..le of normal-type and player 2 payoas when the normal type of player 1
does not play af must lie in the feasible set /. Equation (1) and the lower bound on
the normal type’s payoms from not playing a] therefore imply an upper bound on player
2's payos ¢, whenever 7, > 0: ¢, < 2Mp [1 — 6"(T)—"(8)]. (Recall the normalization
g2 = 0.) If these upper bounds are included in the inequalities (4), we get the following

necessary condition (2) for all ¢t < T~

T-1 _
1 — §MD)—n(s)
pwy < Zﬂ's [ws — wy + hé® (?

s=t

— k6
. — — 1, T.
+sz_;£slw wt—i—l_é} Vit <
®)

Here h = 2M p/1 and we can include the upper bound on ¢, even for periods when 7, =0

because (4) is independent of ¢, in such periods.

Step 4: Inour ..rst lemma we will show that for &%, and any given ¢ that 7 is ..nite,?

8This says that eventually play will involve the commitment action forever; this feature is stronger
than, say, the Fudenberg and Levine (1989) reputation result because of the special structure of our
game.
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and that o7, does not play a best response to the commitment action in period 7' — 1.

Lemma 1 For a given 6 <1 and o}, (i) T is ..nite, and

(i) tr_1 = 1.

Proof of (i): Intuitively, if T = oo, then 1 is eventually mixing with such small
probability that along the path where a7} is played 2 becomes so convinced that 1 is the
commitment type rationality that 2 must play a best reply. More completely, suppose
not, and 7" is in..nite or (5) holds for all t > 0. Ast — oo the sums 30w, SO0, €,
converge to zero, because S ¢ ST, < 1. Further, the ..rst term in braces on the
RHS of (5) is bounded above by §'h/(1 — 6) and the second by &'k /(1 — 6), so as t — oo
the RHS of (5) is strictly less than 6". The LHS bounded below by pu:6°. If T is in..nite
there are in..nitely many ¢’s such that (, = 1, and there continue to be values ¢ for which
the LHS of (4) is greater than u6*, which yields a contradiction.

Proof of (ii): Suppose that .71 = 0. If o5 and the commitment action has been
played until 7" — 1, then in period 7" — 1 player 2’s equilibrium behavior strategy after
this partial history is a best reply. (If he didn’t best reply with probability one, there
would exist a pure strategy for player 2 that plays more non-best responses than of, —
play of, and do not play a best response in period 7'—1.) If player 2 plays a best response
with probability one, then the normal type’s continuation payo= at the start of period
T—1 (after this partial history) is also g;. (By playing a] after the partial history player 1
gets ¢ in the stage game (because vr—1 = 0 and all best replies give her the commitment
payor) and as a continuation payoe (by de..nition of 7). Any equilibrium action, a} # aj,
played with positive probability after the partial history will also give her the payora g;
(by indimerence among actions played with positive probability in equilibrium). This
is a contradiction because 7T is de..ned as the ..rst time when the normal type has the
continuation payoe g;.
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Step 5: Using the ..niteness of 7" we use Farkas Lemma to determine when the system
(5) of linear inequalities in the variables 7 = (g, ..., 7r—1) and & = (&, ...,&r_1) has
no solution.®

Lemma 2 The inequalities (5) do not have a solution 7 € R1, ¢ € RY satisfying

S me<1—p—¢and Y1 ¢, = o, if there exists (zo, ..., zp_,) € RT such that:

K Ts B o
26 [An(T) —nie) + ] ~ 2w, T Ot (6)

where "7 2y =1and A= (1—p—¢)(1+h) + ¢.

Proof: See the appendix for the algebra.

Step 6: The ..nal step is a technical argument which shows that (13) must have a

solution if n(7") is succiently large.

Lemma 3 The inequalities (6) have a non-negative solution satisfying ZtT:‘Ol x, = 1if

5T < 7 =5 Km), @)

Proof: See appendix for the algebra.
Step 7: Combining the arguments.

To complete the proof of Proposition 1 notice that if (7) holds then by Lemmas 2
and 3 there can be no solution to (5). Thus there cannot exist an equilibrium where (7)
holds. This implies a lower bound on §™?) at every equilibrium. As the normal type can
ensure a payor of at least (1 — ™) (— M) +6"g, at every equilibrium this implies the
normal type’s payo= at every equilibrium is bounded below by

G —2M (1 _ 5f<u>€—f§b(u>) '

®We use primes to denote transposes.
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1 Appendix

Proof of Lemma 2: Equation (5) can be written as the matrix inequality b < X7+ Y¢
where X is an upper-triangular matrix with 1—1565 (1 — W(T)_”(S)> + ws — wy in the
(t+1,s+1)

(t+1,5+1)" entry, and b = (pw!5').  (Notice that the indices s and ¢ run from

entry, Y is an upper-triangular matrix with 2=6° + w, — w, in the

zero while as usual the rows and columns of matrices run from one.) If (5)has a non-
negative solution, then the equations b = X7+ Y'¢ —w hawe a solution (7';¢';w') € R3T.
The constraints e < 1 — u — ¢ and ¢ = ¢, where ¢ = (1,1,...,1) € RT, can be
written as e.m+2 = 1 —pu— ¢ and e.§ = ¢ for some z > 0. Therefore, (5) has a solution

satisfying the conditions in Lemma 2 if and only if (8) below has a solution.

b XY —Ir 0 g Z
l—p—9¢ | =|e¢ 0 o 1 MR o | € RITH, (8)
/ / /
) 0 e 0 0 s \ s /
(Here Iy denotes the 7" dimensional identity matrix, and 0 a column vector of zeroes.)

T is ..nite so, by Farkas’ Lemma, there is no solution to (8) if and only if there exists
v = (Yo, 91, ..., yr+1) € RT T2 such that

b [X Y —Ir OW
v 1—-p—9¢ | >0, y1e 0 0 1}<0. 9
¢ [0/ & 0 oJ

The ..rst inequality in (9) gives (10) below and the second decomposes into (11), (12)
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and (yo, ...,yT_1) >0 and yr < 0.

12 Z yws > —(1—p—@)yr — dyria (10)
s=0
t i _
1 — §UT)—n(t)
—yr =2 Zys h5t(? +wy — ws |, t=0,...,7—1 (11)
s=0 L
! %
—Yr+1 2 Zys 1_6+wt_ws:|a t:()a?T_]- (12)
s=0 L

Let §* = (y§,....y5y_,) € R denote a solution to (13) for t =0,...,7 — 1.

4 (1= gm0
Zysws (1—p— ¢Zys ho\ =75 | tw

We aim to show that y* = (gj*, Y y:’FH) for suitably chosen y7, y7.,, is a solution to (9),

t

63 v, [1’“—55 ¥ wt] 13)

s=0

so that (8) or (5) have no solution. Choose —y7-_,to equal the maximum (over t) of the

expressions on the RHS of (12) evaluated at y*. As g*satis..es (13) the maximum (over

t) of the RHS of (13) (evaluated at y*) is less than %M ZST 01 yaws. Hence, ¢ times the

maximum of the RHS of (12) is also less than 1437 Fyrw,, that is, 1p > yrw, >

o(—y7). Similarly, choosing —; to equal zero or the maximum (over t) of the expressions

on the RHS of (11) evaluated at g*implies that 2,51~ yrws > (1 — g — @) (—ypp1)-
T-1 «

Combining these two gives 1> yiws > —oy7 — (1 — p — ¢)y7,,. Thus, if (13) has a
solution y* > Othere is also a solution to (9).

As (yg, ...,y ) # 0 at any solution to (13) and w; > 0 (as ¢y, = 1 from Lemma
1) we can de.ne z; = y;w/ (ZS 0 y8w3> which has the property that Z Vg = 1.
Dividing (13) now gives
t _ sn(T)—n(t)
IS S PN B et i
5> (1—n ¢);w8 [hé < - >+wt

t
+¢§z—i katé +wt] Ct<T
(14)
Asz,>0and w, = S &0, < 6°(1 — 6" /(1 - 8) < &(n(T) — n(t)) (this puts
the n(T") — n(t)times when ¢+, = 1 as early as possible), we can substitute these upper
bounds and derive a su€cient condition for (14). This is (6).
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Proof of Lemma 3: De..ne (z, 21, ..., z7—1) > 0 to be the solution to the equations

M = — J—
T AR —n) s ] " T (15)

This solution is non-negative because the ratio on the LHS of (15) is increasing in ¢ and
for t = 0 the LHS of (15) is positive. Notice that z} = z,w, (for s =0,..., 77— 1) isa
solution to the inequalities (6). However,

N
-

T—

H
!
!
-

I Zs
t=0 T

t
5ty E Zs,

t s=0

Il
=}

s t

I
o

where the last equality holds by reversing the order of the summations. A substitution
from (15) into the above implies

T T—1
S -
t - )
= = 4A(T) —n(t)] + 1%
n(T)
1
— 5
p—t 4An + s
p An(T)
> —In|l14+————|.

The second line above follows from deleting elements when ¢, = 0. The third line uses
the fact that lnm = ["dz/z < 3.7 '1/z. A succient condition for 3, 'z > 1
is, therefore, An(T) > [A+ ¢k/(1 — )] exp(4A/p). However 1 — 6 > —§lné, so it is
succient for n(7T)Iné < [Iné — (pk/ (Ad))] exp(4A/p). Notice that 1 — p < A <1+ h,
this implies a su€cient condition for (14) to have a solution that satis...es ZtT:_Ol e > 1
is (7). However, the existence of a solution to (14) with Zt o T > 1 obviously implies
the existence of a solution with tho xy = 1.
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