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Abstract

We consider a model of team production with moral hazaadAlchian-
Demsetz-Holmstrom. To credibly implement the collective punishments re-
guired to achieve the first best, an owner (residual claimant) is required. This
owner brings about coordination through incentives which are embedded in
contracts. We observe that, under borrowing or minimum wage constraints,
even the existence of an owner may not guarantee the implementability of
the first best. Under such conditions, we show that a welfare improving so-
lution can be achieved if an external agent coordinates the activities of the
workers by directing them to certain actions and thereby implementing a
correlated equilibrium. In doing so, we are able to extend the theory of the
firm by formalizing the notion that coordinating through communication en-
hances the welfare of the firm over and above what can be achieved through
contracts.
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1 Introduction.

In a classic contribution to management thed@yrnard(1939 asserted that to
understand the theory of the firm two crucial factors have to be recognized. First,
the activities of various workers in the firm need to be “coordinated”. Second, this
coordination has to be brought about by an agent whom Barnard called the “exec-
utive”. A rationale behind these assertions was proposeddiyan and Demsetz
(1972. In the presence of moral hazard (imperfect observability of other people’s
actions), the authors argued, a group of workers jointly producing a commodity
would free ride on each othér.As a result, the market mechanism of relative
wages would not always lead to efficiency. In such situations, a supervisor could
coordinate the activities of the workers to bring forth a Pareto improvement. The
rewards and punishments associated with the action of supervision were explicitly
formalized byHolmstrom(1982. A fundamental insight of Holmstrom’s paper

is that workers by themselves cannot credibly provide these incentives. To ensure
credibility, an outside agent in the form of a residual claimant (owner) is needed.
Thus the Alchian-Demsetz-Holmstrom model of “moral hazard in teams” pro-
vides a reason for the existence of a firm comprising owners and workers. We
intend to complement this model by providing a rationale for the existence of
a separate“coordinator” when the firm faces financial constraifitdVe model
financial constraints in terms of minimum wage and borrowing constraints.

We takeHolmstrom (1982 as our point of departure. At times, Holmstrom’s
contracts may have to impose severe wage cuts or very high bonuses. Large wage
cuts, which induce starvation for example, may not be credible in modern soci-
eties. Similarly, an owner without “deep pockets” may have to borrow to provide
the high bonuses. Papers dealing with the problems generated by these issues
are surveyed iMllen and Winton(1995. For example, large borrowings might
imply a large number of lendersgnsen and Mecklind.976 Woodward 1985
or a large number of ownersSlileifer and Vishny1986 Huddart 1993 Admaiti,
Pfleiderer and Zechngt994). In either case monitoring of the firm may be in-
volved. Such group monitoring may then again lead to the problem of moral
hazard in teams. We shall abstract from these recursive problems, not because
they are not important but because they are not of immediate concern. Instead

1The problem of moral hazard was also recognized by Barnard. But he believed that “morality”
(in the ethical, rather than behavioral, sense) should greatly alleviate the problems associated with
hidden action.

2We use the word “coordinator” instead of “manager” due to the fact that a real world manager
may do more than coordinate workers.



we shall directly impose minimum wage and borrowing constraints. Under these
assumptions we will show that workers may choose to work undemererwho
enforces contractgnd a coordinatorwho simply communicates to the workers
the actions they should take. We shall use the well known solution concept of
correlated equilibrium to model such communication.

The Alchian-Demsetz-Holmstrom rationalization of Barnard’s assumptions is
illuminating. However, in their world, once incentives are declared (say through
contracts) there is no reason for any agentdordinatethe actions of workers.

Yet such coordination forms the very essence of Barnarld&s Functions of the
ExecutiveBarnard’s coordination is brought about by communication. The coor-
dinator emanates authority in the sense that her orders are obeyed. This authority
is not bought through “material inducements” and is not backed by threats of pun-
ishments. He writes, and we quote:

“Yet it seems to me to be a matter of common experience that
material rewards are ineffective beyond the subsistence level except-
ing to a very limited proportion of men; that most men neither work
harder for more material things, nor can be induced thereby to de-
vote more than a fraction of their contribution to organized effort. It
is likewise a matter of both present experience and past history that
many of the most effective and powerful organizations are built on
incentives in which the materialistic elements, above subsistence, are
either relatively lacking or absolutely absent. Military organizations
have been relatively lacking in material incentives. The greater part
of the work of political organizations is without material incentive.
Religious organizations are characterized on the whole by material
sacrifice. It seems to me to be definitely a general fact that even in
purely commercial organizations material incentives are so weak as
to be almost negligible except when reinforced by other incentives,
and then only because of wholesale general persuasion in the form of
salesmanship and advertisingBgrnard 1938 page 144)

Though we do not fully subscribe to Barnard’s views, we do take them se-
riously. However, a large part of the present literature in economics ignores the
fact that coordination may be brought about through communication which is not
directly contingent on material incentives. At least from the Alchian-Demsetz-
Holmstrom perspective, incentives are provided only through “material induce-
ments”. An objective of this paper is to show that Barnard’s assertions can be
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partially, but formally, incorporated in the Alchian-Demsetz-Holmstrom model
by invoking the concept of correlated equilibrium.

Correlated equilibria imply a certain notion of explicit communication. We
show that, given the optimal incentivasa Holmstrom, such communication may
indeed lead to Pareto improvements. More importantly, we show that the co-
ordinator’s activitycannotbe performed by either the owner of the firm or by
the employed workers. Hence, we complement the Alchian-Demsetz-Holmstrom
model by placing a coordinator in their theory of the firm.

Actually, there is a difference between the vision of Alchian and Demsetz,
and Holmstrom’s implementation of the idea. Alchian and Demsetz were trying
to find an economic justification for the structure and workings of (different types
of) actual firms. Therefore, they emphasized that under the reomtoringthey
actually wanted to include a wide variety of tasks:

“We use the term monitor to connote several activities in addition
to its disciplinary connotation. It connotes measuring output perfor-
mance, apportioning rewards, observing the input behavior of inputs
as means of detecting or estimating their marginal productivity and
giving assignments or instructions in what to do and how to do it.
(It also includes [...] authority to terminate contracts.) Perhaps the
contrast between a football coach and a team captain is helpful. The
coach selects strategies and tactics and sends in instructions about
what plays to utilize. The captain is essentially an observer and re-
porter of the performance at close hand of the membersiZh{an
and Demsetz1972 page 782)

Holmstrom partially accomplished the task that Alchian and Demsetz set out
to do, in the sense that Holmstrom’s owner performs the role of the football cap-
tain. We complete the task by bringing in the coach who coordinates actions. In
particular, we use Holmstrom’s approach to illuminate the fact that, as in the foot-
ball team, the tasks of monitoring (in a narrow sense) and coordinating must be
performed by different people.

To our knowledge, the importance of coordination has been emphasized but
not formally modeled. Amongst othe@handlei(1977) talks of the importance of
managerial coordination in the evolution of firms in the W&grom and Roberts
(1992 list several examples to highlight the role of coordinatiGegal(2001)
is an exception. He explicitly models language as a coordinating device. The
concern there is with the cost and complexity of language used for communicating
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instructions. We abstract from this important issue of complexity. Language, for
us, is a set of costless and universally understood instructions. Our objective is to
highlight the importance of such instructions over and above contracts in a world
where the only friction arises due to moral hazard.

The rest of the paper is organized as follows. In Seciwe provide a formal
but very simple model. We then formalize the notion of implementing actions by
means of both Nash and correlated equilibria. In Secliare fully characterize
all correlated equilibria that result from a symmetric wage profile. Seetitn
devoted to study the implementation problem. We begin by considering Holm-
strom’s case, and then show that the first best can no longer be implemented as a
Nash equilibrium whenever minimum wages or borrowing constraints are present.
We then show that, if those constraints prevent the implementation of the first best,
but the second best can still be implemented as a Nash equilibrium, then one can
do better by resorting to correlated equilibria. We then show that the task of im-
plementing the correlated equilibrium cannot be carried out by either the owner,
or the workers. A separate agent is required. In Seé&jgiven the multiplicity of
implementable correlated equilibria, we compute the optimal correlated equilib-
rium from the welfare viewpoint. Finally, in Sectidwe present the conclusions.
Most of the proofs have been transferred to the appendix.

2 The Basic Model

We bring forth the role of the coordinator in the simplest possible model. We
do so for two reasons. First, extending a simple model to richer environments
is easier. Second, by economizing on the number of parameters we are able to
completely characterize the set of possible results in a compact manner. In setting
up the model and interpreting the results, we will follblwImstrom(1982) rather
thanAlchian and Demset¢l972. We ignore the subtle differences between the
two approaches. These differences are highlightedlankherjee(1984). Our
discrete model is a simplification ddookherjeg(1984).

There are 2 agents (workers), indexedkby {1, 2}. The choice (action) sets
of the agents aréd; = Ay, = {a1, ap}. Let A = A; x Ay be the set of action
profiles, witha as an element. Actions are simultaneously chosen by the agents,
and their joint actions result in a random output (reveniieg {qi1, oo} = Q,
where O< g1 < Op. The idea is that given an action profde= A, the output level
depends also on a random variabl@\Ve can interpref as the vagaries induced by
Nature, or the unmodeled larger economy. Accordingly, the production function is



f(a, &) € Q. For any action profilea € A, f and the distribution of determine

the distribution ofj over Q. Let 0 < 7jj < 1 be the probability of output leveh

being obtained, whenever actio@s, a;) are taken by the two players. Thus, the
expressiomrij g + (1 —mijj )02 is the expected output given action profigg, a;).
Actions are costly for the agents. If agéngxecutes actioax € Ay, her disutility

from working is denoted b (ax); note thatG has no subscripts, because we are
assuming for simplicity that the disutility is the same for both agents. We assume
that 0 < G(a;) < G(ap). The net surplus (welfare function) generated by the
agents, when action profil@;, aj) is chosen, is

S(aj, aj) = mij o1 + (1 — mij) o — [G(&) + G(a))]
We assume that production is symmetric with respect to the agents.
Assumption 2.1 S(ap, a2) > S(a1, a2) = S(ag, a1) > S(ag,a1) >0

Together with our initial assumption about interior probabilities, this assump-
tion on net surplus implies that:

Fact2.11> w11 > w2 =721 > 722> 0

Given Assumptior?.1, it is desirable that each agent choose actionio un-
derstand how each agent chooses an action, we need to write down their payoffs.
The agents are paid wages as a compensation for their actionsk ketw¥, w¥)
denote a profile of monetary payments for agenit/herew," is the payment ok
when the output ig|. The agents are assumed to be risk neutral (not a necessary
assumption for our model) with separable utilitywage profilefor the firm (for
short, a wage profile without any qualifiers) is a veatoe= (w?, w?), wherewX
is a wage profile for aget Given a wage profilew and an action profilés;, a;),
the agents’ payoffs (utilities) are given by

ui@, aj, w) =mjwi+ (1—mj) ws — G@&) (1)
Ux(@,aj, w) =mj wi+ (1—mj)ws — G(@;))

Thus, a wage profilew induces a normal form ganie,, among the agents, with
the payoffs given by equatioris



2.1 Implementing Actions inT,,.

A solution of I', implies a choice of actions by both agents. The most often
used solution concept is that of a Nash equilibrium. Under this solution concept,
agents independently choose strategies that are best responses to one another’s
choice. Note that, as we change the wage prafijeve change the game and
hence possibly the Nash equilibrium outcomes. Therefore, it may be possible to
influence the agents’ equilibrium choice of actions by appropriately choosing the
wage profile. As mentioned earlier, one is interested in designing a wage profile

w that implements the action profiley, az) as an equilibrium outcome. This, in

fact, is Holmstrom’s exercise. More generallycan be chosen to implement any
action profile(a;, aj). Formally:

Definition 2.2 We say that the wage profile Nash implementsa;, a;) € A if,
and only if, the following conditions hold:

(i) (a,a;) is a Nash Equilibrium of the ganie, .
(i) The firm’s surplus is nonnegative:

iy (1 — wi — w?) + (1 — 7ij) (G2 — w3 — w3) >0

(i) The wage profile is individually rational for the players:

uk(a,aj,w) >0, k=12

Condition (i) requires(a;, aj) to be a Nash equilibrium of the ganig,.
Given w, we say that(a;, aj) is a (pure-strategy) Nash equilibrium if agent 1
cannot become strictly better off by unilaterally deviating fremand agent 2
cannot become strictly better off by unilaterally deviating framn Condition (ii)
restricts the allowable wage profiles to those for which the expected wages do not
exceed the expected output, that is, the firm does not operate at a loss. Condi-
tion (iii) requires that the workers’ expected utility from the project be at least as
large as their reservation utility, which is normalized to zero. This constraint im-
poses no bounds on the state contingent wages. For example, if starvation wages
were to be denoted by some numidr then for anyw'{ < M one could still
satisfy Condition (iii) by makingu‘g sufficiently large. Also notice that here we
are only considering pure-strategy Nash implementation; we will see later on that,
in this context, there is no gain in considering mixed strategies.
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While it is true that the concept of Nash equilibrium is popular amongst eco-
nomists, it is perhaps too strong a solution concept to be applied to many types
of social interaction. Nash equilibrium requires players to independently choose
their strategies. If we think about our model as but one process embedded in a
much larger economic context where players interact in other processes also, then
correlation of choice is a consideration that one should perhaps not ignore. A
solution concept which captures this idea is Aumann’s notion of correlated equi-
librium. The case in favor of correlated equilibrium has been made by many
authors (among them seéeimann 1974 1987 Myerson 1991), and we do not
want to repeat their arguments. But one rationale stands out and deserves mention.
An appealing feature of correlated equilibria is that boundedly rational players,
with simple and intuitive behavioral rules, converge to such equilibria in strate-
gic form gameskKoster and Vohral997 Fudenberg and Levind999 Hart and
Mas-Colell 2000.

Correlated equilibria form a superset of Nash equilibria. A simple explanation
of correlated equilibria is provided byart and Mas-Colel{2000. Suppose that,
before playing the game, players receive private signals that do not affect payoffs.
Playeranaythen choose their actions based on these signals. A correlated equilib-
rium of the original game is then a Nash equilibrium of the game with signals. If
the signals are independent across players then the equilibrium strategies coincide
in the two cases. Otherwise, correlated equilibria form a larget ¥€hile it is
true that convex combinations of Nash equilibria are always correlated equilibria,
Aumann(1974) observes that there may be correlated equilibrium payoffs that are
outside of the convex hull of the Nash equilibrium payoffs; as an example, Au-
mann shows this to be the case in the game of chicken. Therefore, one might think
that there are situations in which correlated equilibria allow the implementation
of better outcomes than Nash equilibtia.

More formally, letd denote a probability distribution over pure strategy pro-
filesa € A. Given any actiorg;, letf(a;, -) denote the marginal probability that
player 1 chooses, i.e.

f(ai, ) :=0(a,a1) +0(a, ap),

3There is a one-to-one correspondence between two independently chosen mixed strategies
and the correlated distribution which is the product of these two mixed strategies. In this sense,
we can compare both sets of equilibria and affirm that correlated equilibria form a larger set.

4Not much is known about the nature of the set of correlated equilibria which induce payoffs
outside the convex hull of Nash equilibrium payoffaiflenberg and TiroJel991, page 58). Our
setting provides a motivation to pursue this exercise in a natural setting. We carry out this exercise
in Sectionst and5.




and let9 (-, g ) denote the marginal probability that player 2 choages

0(,a) :=0(ar,a)+ 0@, q),

Given any two actions; andaj, define also the following completed condi-
tional probabilities

0(a, aj) . . _

Plajla) =1 b, @0
0(aj, &) : _ _

b2ajla) ={ 6(.a o o0A=0
0, if 0(-,a) =0.

Suppose both players are playing according to the correlated distrilsytiount

each player only knows the action she is supposed to play (we will later discuss
how this could be implemented). Théh(aj |gj) is the (conditional) probability

that playeik attaches to actioa; being chosen by the other player, whendves
playing actiong;. It is convenient to complete the definition of these conditional
probabilities by setting them to zero whenever pldyeever plays; according to

the distributiorp. It is clear that this completion does not affect our interpretation
of the conditional probabilities.

Definition 2.3 A correlated equilibrium is a probability distributiof over pure
strategy profiles such that, for each two pure strategiesal g,

6 (asla) us(ai, a, w) + Ol(azlay) ui(ay, ap, w) >

0t(arla) ui(aj, a1, w) + 01(azla) ui(aj, ag, w)
0%(ag)aj) Ux(ag, a;, w) + 60%(aplay) Ux(ag, &, w) >

0%(a1la) Uz(aq, aj, w) + 02(a2la) Uz(ay, aj, w)

Suppose that both players are playing according to the distrib@tibut that,
whenever a player is called to choose an action, she does not know exactly which
action the other player is going to choose. If plakés called to choose actics,
her estimate is that the other player has probatifig |a;) of choosing a certain
actiong. In this case, the definition tells us thatgiis a correlated equilibrium,
playerk should prefem; to another choice of actioay .

Notice also that, whenevéna, -) is positive, we can multiply through by it
in the definition of correlated equilibrium to get

0(a,a1) ur(a, a1, w) +6(a, ag) ur(a, ag, w) > 2
0(q, 1) u1(aj, a1, w) + 0(a, az) u1(a;, az, w)
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Similarly, if 6(-, &) is positive, we multiply through by it to get

O(aq, &) Uz(ag, @i, w) +60(ag, @) Uz(ag, g, w) > 3)
0(a1, &) uz(a1, aj, w) + 0(az, &) uz(az, aj, w)

Notice also that the two previous inequalities hold trivially whenever the marginal
probabilities are zero. Therefore, we can equivalently express the inequalities
defining a correlated equilibrium without conditional probabilities. Actually, this
way is more convenient and will be used in the sequel.

Implementing by means of correlated equilibria is similar to doing it with Nash
equilibria.

Definition 2.4 We say that the wage profileimplements the correlated distribu-
tion 6 if, and only if, the following conditions hold:

(i) 6 is a correlated equilibrium of the ganig,.

(i) The firm’'s surplus is nonnegative:

> 0@ ay) |7 G- wi—wd + @ - @ —wi—wd]| =0
(@.a))eA

(i) The wage profile is individually rational for the players:

> 6@.a)u@.aj,w) =0, k=12
(a,aj)eA

We shall see that implementing correlated equilibria in the sense defined above
represents no improvement with respect to Nash equilibrium implementation.
However, when additional feasibility constraints are imposed, correlated equi-
librium implementation will, in general, improve welfare with respect to Nash
equilibrium implementation.

A few words about implementing correlated equilibria are in order. As we
commented before, correlated equilibria can be viewed as Nash equilibria in a
game where players receive signals before choosing their actions, and where the
distribution generating those signals is common knowledge. When we consider
the problem of implementation, the natural way of generating those signals is by
means of drusted mediatowho runs a randomizing device accordinggt@and
then tells each player which action she is supposed to playseeson 1997,
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chapter 6). The requirements for the distribution to be a correlated equilibrium
can then be interpreted as incentive compatibility constraints, in the sense that
each player should prefer in each case to choose the action she has been told to
play, given the information she has about the overall distribution. We can see that
it is essential that both players believe that the mediator will act as prescribed. We
will later deal about this key point, but for the moment let us accept it is so.

2.2 Additional Notation and Definitions.

We establish some new notation to simplify our exposition. dieb-, 63, andb,
denote the respective probabilities that that the correlated strategies place on the
pure strategy combinationias, a1), (a1, a2), (az, a1), and(ag, az).

Since the set up we are considering is perfectly symmetric with respect to the
players, there will be no loss of generality in assuming that the total wages paid to
the workers are equally split between them. The only problem might arise when-
ever one tries to implement asymmetric outcomes, as are the action combinations
(a1, a2) and(ap, a1), because then symmetric wages might cause the individual
rationality constraint to fail for the player with the high effort level. However,
since we are in the world of correlated equilibria, we can easily overcome this
difficulty: if both action combinations are Nash equilibria, then the correlated
strategy which places equal weight on each Nash equilibrium outcome is a corre-
lated equilibrium which is symmetric for the players. This justifies our claim that
restricting our consideration to symmetric wages will represent no loss of gener-
ality. As a matter of fact, we may consider only correlated equilibria in which
02 = 63, though we will not do so when we describe the set of all equilibria. We
formalize the previous discussion in the following definitions.

Definition 2.5 (a) By w1 andw, we denote théotal wagegaid to the workers
in each state, that igy; = wil + wiz, fori =1, 2. Lets := wy — wy be the
difference in total wages in the two states.

(b) We say that a wage profile = (w!, w?) is symmetricif total wages are
equally split between the agents, thatdr%, = wi2 =wj/2,fori =1, 2.

(c) Given a symmetric wage profile, we say that a correlated distributiah
is symmetricif 6, = 63. If the distribution is an equilibrium, we will refer
to it as asymmetric correlated equilibrium
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Notice that any symmetric correlated distribution results in the same (ex-
pected) payoffs for both players. We will see that the relevant decision parameter
that determines the different kinds of equilibria in the symmetric case tise
difference between total wages in the two states.

We will also use the following notation:

= 11— 712

21 — 722

= G(a) - G@)
= 22—

QAR ™™RK

We will see that equilibria depend on those differences, rather than on the absolute
levels. Notice that, except fér which is a choice variable for implementation, our
assumptions imply that the parameters we have just defined are strictly positive.
Also, Assumptior2.limplies the following, which we keep for further reference.

Fact 2.2 The following inequalities hold:
(i) (r11—m12) (2 — 1) > G(a) — G(ay), i.e.ao > y.

(i) (21— m22) (2 — 1) > G(a) — G(a), i.e.fo > y.

3 A Characterization of Correlated Equilibria.

Before discussing issues related to feasibility, we would like to characterize the set
of correlated equilibria for a given symmetric wage profile and the set of parame-
tersa, B, ¥, ando. Using the simplification we justified in obtaining equatiéhs
and3, we can express the inequalities defining correlated equilibria using the ab-
solute probabilities instead of the conditionals and, after a little algebra, regroup
terms in the inequalities and simplify them using the parameter differences we
defined before. All the correlated equilibria that correspond to a symmetric wage
profile w are given by:

(@d—=2y)0h+(BS—2y)02<0

(@8 —=2y)03+(B5—2y)04>0

4 (@é—=2y)01+(BS—2y)03<0 4)
(@8 —2y)02+ (B8 —2y)04=0

01,62,03,04 >0

01+02+03+604=1

12



The set of correlated equilibria is a convex and closed set, because it is defined
by a system of linear inequalities. The Nash equilibria are correlated equilibria
where the probability distribution is a product probability, i.e., corresponds to
mixed strategies chosen independently by the players. In this sense, by analyzing
the correlated equilibria we are also able to characterize Nash equilibria.

In Table 17 we give a full characterization of all correlated equilibria that
correspond to different signs of the coefficients, given a symmetric wage profile

b<O0 b=0 b>0
max{0z, 03} <
a<0 01 =1 0o =03=0 _[1a b
mln{‘—’ 61, |— 94}
b
a=2>0 6,=0 No restrictions 6p=03=0
min {62, 63} >
a>0 a b 0p=0 04=1
max“—‘ 01, |— 94}
b a

Table 1: All correlated equilibria, given a symmetric wage profile.

It is clear from Table 1 that not all distributions are correlated equilibria. For
example, ifx < g then no distribution wher@, = 1 can be a correlated equilib-
rium. The argument in support is simple. Since: 8, we have to be in either the
first row or the third column of Table 1. Note that none of the required restrictions
can be satisfied witby, = 1.

Similarly, we can look at the sets of parameter values that are compatible with
different pure-strategy Nash equilibria. THhest bestis the Nash equilibrium
that maximizes net surplus. Because of Assumpfidn this equilibrium is the
one where both agents choose act@gnthat is, corresponds to the (symmetric)
correlated distributio®s = 1. In tablel we see that such a Nash equilibrium
exists if, and only if§ > (2y)/8.

SWhere, in order to simplify the notation, we have useg= « § — 2y andb := 6 — 2.
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On the other hand, Assumptiéhl implies that the worst (from the net sur-
plus viewpoint) Nash equilibrium occurs whenever both players choose agtion
that is, it corresponds to the (symmetric) correlated distribufior= 1. This
equilibrium will exist if, and only if,§ < (2y)/«.

Finally, there may be pure-strategy Nash equilibria where both players choose
different actions. These equilibria either have the distribudips 1, or the distri-
butionf, = 1. In either case, the equilibrium exists if, and only#y)/8 > § >
(2y)/«. Note, in particular, that such an equilibrium will exist onlyift> 8. The
conditions for existence of these equilibria are exactly the same that guarantee
the existence of any convex combination of them, in particular ofsirmamet-
ric correlated equilibrium that places probability 1/2 on each of the two action
combinationsp, = 63 = 1/2.

So far we have simply considered the existence of equilibrium for a given set
of parameters andl. To implement a certain correlated equilibrium we have to
choose & such that the equilibrium exists and the constraints are satisfied. We
now turn to this task.

4 Implementing Correlated Equilibria

Let us define and express a few concepts which will be of use.

Definition 4.1 Letw be a wage profile ané a correlated distribution of the game
I',. Then:

(a) Thefirm’s surplusis defined as:

FSO.w)= > 0@, &) [mj (G —w1) + (1 —mj) (G2 — w2)]
(&,a))€A

(b) Thetotal utility of the agents is defined as:

TU@G. w)= Y 0@ a)[ui@,aj, w)+ U@, aj, w)]
(a,a))€A

(c) Thewelfare functionis defined as:

WO, w) =FS@.,w) +TUO. w) = Y 0(a.a) S@&.a))
(&,a))eA
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Simplifying the above expressions, and taking into account our assumption
thatr12 = w21, we obtain the expressions that follow.

Fact 4.1 The following expressions are equivalent to the given definitions:

(@) FSO, w) =m2(1 — w1) + (1 —712) (2 — w2) + (BOs — 0 01) (0 — 9).

(b) TUO, w) = mpow1 + (1 — 1) wo — G(ag) — G(ag) — (@ — y) 01 +
(B3 —y)bs.

(€) WO, w) = S(ar,a2) —(@o —y)01+ (Bo — y)ba.

We remind the reader that in F&tP we have shown that the coefficients that
multiply 61 and 6, in the expression for the welfare function are both positive,
which shows tha#, affects the welfare negatively afg positively.

Notice also that, since we concentrate on symmetric wage profiles, the indi-
vidual rationality requirements of Definitioh.3 are equivalent to requiring that
TU(@®, w) > 0, as long as we restrict our consideration to symmetric correlated
equilibria @2 = 65).

Using Fact4.1, the nonnegativity of the firm’s surplus and total utility can be
expressed, respectively, as:

201+ (1—7m12) Qo+ (BOs —ab1) (0 — ) > mpwi + (1 — m12) w2 (5)
mrpw1+ (1—m) w2 > G@a) + G@) + (@¢d—y)01— (B8 —y)ba

If we were to combine both inequalities then the resulting inequality would
simply state that welfare is nonnegative. But since our primary concern is with
implementation, we choose to work with these two inequalities.

The algebraic representation of correlated equilibrium implementation, through
4 and5 then imply:

Proposition 4.2 Let«, 8, y, ando be given. A symmetric wage profike im-
plements a symmetric distributighas a correlated equilibrium if and only ib
ando satisfy4 and5.

Propositior4.2identifies the symmetric wage profilesneeded to implement
a given set of action profiles as a support of some symmetric correlated equilib-
rium 6. We shall use this general characterization to focus on some specific issues.
We start with Holmstrom’s implementation of the first best as a Nash equilibrium.
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4.1 Holmstrom’s case.

Holmstrom’s main concern is whether the two workers can design a wage pro-
file w to implement(ay, ap) as a Nash equilibrium. Recall that the total surplus
associated withap, ag) is S(ap, a2). Since S(ag, ap) is the maximum possible
welfare (net surplus) we shall refer tap, ap) as thefirst best As noted above,

the first best is a Nash equilibrium if, and onlydf> (2y)/8. In other words, to
ensure existence we need to construetsuch thas := wo — w is large enough.

For Nash implementation, however, we need to satisfgivenx > 0, let

1—
w2=0+x and wi=01— 722

722
Notice that, if both workers were to choose the action prafie ay), then all
output would be distributed as wages in expected térass,

mow1 + (1 —m2) wp =

22
2201 + (1 — m22) Qo — 722 X+ (1—mop)X=

2201 + (1 — m22) Q2

22

The wage difference that corresponds to this wage profile is:

1—mp X
X=0+—
22 22

Sd=wp—wi1=0—01+X+

Therefore, we can take large enough so that > (2y)/8. We now claim that,

for anyx > 0, both the feasibility constraints given by nonnegativity of the firm’s
surplus and of the total utility are satisfied. Actually, since all the production is
distributed as wages, it follows that the firm’s surplus is zero. On the other hand, it
is just an algebraic exercise to verify that the total utility inequality can be reduced
to S(az, ap) > 0, which we know is satisfied because of Assumpfioch Thus,

one of Holmstrom’s results is:

Proposition 4.3 Let«, B, v, ando be given. Then there exists a wage profile
that implements the first best as a Nash equilibrium.

Under Holmstrom’s requirements, the first best can always be Nash imple-
mented. To understand the fundamental contribution of Holmstrom, we need

6This is different from Holmstrom’s requirement of budget—balancing, which means that all
output is distributed as wagé@seach state.
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to look more closely at the structure of wage profiles which implement the first
best. Two (exhaustive) cases are worth noting:(Z3))/8 > q2 — gi1; and (ii)

J2 — g1 > (2y)/B. Under (i), a wage profile where, = g2 andw; = g1 can

never implement the first best as thegn— g1 = § < (2y)/B. Furthermore, since

we need the firm’s surplus to be nonnegative, it cannot be the caseihatqg,
andwi > qp (with at least one strict inequality, as both holding with equality has
been ruled out). So it has to be the case that eithek g or w1 < g1. Since

total wages are less than the aggregate output in at least one state, such wage pro-
files cannot be credible if the firm were to have just workers. This is because,
ex post the workers will jointly agree to discard the original contract and divide
up the remaining surplus amongst themselves. As a result a third party to whom
the surplus is legally pledged is needed. This third party is interpreted by Holm-
strom as an owner. The owner can always designhere for example we have

w2 = Q2 + 1f31222q1 andwji = 0. It is easy to see that suchuaimplements the

first best. Here, wheq, occurs, workers get a “bonus” q%ql (which comes

from the owner’s pocket). Wheay results the owner gets to keep (the residual)
g1. However, such an owner is not always necessary. Under case (i), a wage
profile wherew, = g2 andw1 = g can always implement the first best, as then

02 — g1 = & > (2y)/B. Since no output is “wasted” in any state, workers can
always design such@a. We would like to add that this result is missing in Holm-
strom’s paper because of his assumption of a continuum of actions and a concave
net surplus functiori. We shall formally collect these results in Propositibd
below.

In the introduction we have argued that, at times, under Holmstrom’s incen-
tives large wage cuts or high bonuses have to be given. This in the above example
pertains to Case (i) wher@y)/B > g2 — 1 and a “bonus” ofx has to be given
when output ig); and a “wage cut” 011;—;’222x has to be given when outputag.

Under minimum wage and/or borrowing constraints such wage profiles may no
longer possible.

"With a continuum of actions and a concave surplus function, if the solution is interior (as
Holmstrom’s assumptions imply) it is easy to see that the free rider problem implies that there can
be no Nash equilibrium in which the first best is implemented with budget—balancing: if there are
n workers and one of them reduces the amount of effort with respect to the first best, his reduction
in reward is just In of the decrease in total production, which with an interior solution is inferior
to the worker’s reduction in disutility. But the free rider problem appears as well when the solution
is not interior, as in our case; the larger the number of workers the more important the free rider
problem becomes, and one can show that in this case the possibility of the workers jointly owning
the firm is reduced.
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4.2 Minimum wages and borrowing constraints.

Under minimum wage constraints, wages have to be higher than some predeter-
mined valueM in all states Under borrowing constraints the differential between
wages and output cannot exceed some predetermined amount

1. Minimum wagesIn each state, wages must be higher than a certain prede-
termined valueM: wk > M, fori = 1,2 andk = 1, 2.

2. Borrowing constraints In each state, the differential between wages and
output cannot exceed some predetermined amBum)ik — g < B, for
i =1 2andk =1, 2.

These conditions impose changes in our our individual rationality and firm’s
surplus constraints. However, minimum wage and borrowing constraints are re-
lated. GivenM, borrowing constraints imply a lower bound on the firm’s surplus.
Alternatively, givenB, minimum wages imply a lower bound on the individual
rationality constraint. So in our framework we need to impose only one of these
two constraints. We choose to only impose the minimum wage constraint and let
the firm’s surplus constraint as it is. Imposing a borrowing constraint and letting
the individual rationality constraint as it is would not change our results. To sim-
plify our derivations we will assume that the minimum wagecoincides with
the reservation utility, which we previously normalized at zero.

Assumption 4.2 The wage received by each worker in each possible state must
be nonnegativewX > 0, fori = 1,2and k= 1, 2.

With this new constraint in place, the first best is not always Nash imple-
mentable. As mentioned in the Introduction, this result is also known in the lit-
erature. The intuition is as follows. A Nash equilibrium exists if, and only if,
8 > (2y)/B. To find the maximum value thatcan take we can sai; = x > 0.
Then the firm’s surplus constraint tells us that the maximum valueainder the
first best isyp + 1722 > (@ —x). It is easy to see that, under such wages, individual

rationality is satisfied, because nonnegativity of the total utility is equivalent to
nonnegativity of the net surplus. The difference between total wages is

X

d=0+ (CI1—X)—X—Q2+

1- 1-
Thus, § can at most have a value gb + {7201 (Whenx 0). Sow can

implement the first best as a Nash equmbrlum if, and onlygif 4 1”';222 1 >

(2y)/B. This, coupled with the discussion in the previous subsection, implies:

q _1—71'22
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Proposition 4.4 Let«, B, y, ando be given, and assume the wage profile must
satisfy Assumptiod.2 (nonnegative minimum wages). Then there exists a wage
profile w which can implement the first best as a Nash equilibrium if, and only if,
g2 + 2221 > (2y)/B. This wage profile can always be chosen to be symmetric.

1-moo
Furthermore:

@) ¥Vhen g+ l’_’ffzqu > 02 — 01 > (2y)/B, workers can jointly own their
irm.

(b) When g+ 1’_’—51222ql > (2y)/B > Q2 —q1, workers need a third agent to own
the firm.

Let us recall again our remark of last subsection, to the effect that case (a) in
the previous proposition looses importance with regard to case (b) as the number
of workers increases, due to the increasing importance of the free rider effect.

We would now like to know what happens whgsn + l’_’—ffzqu < (2y)/B.

The first best is no longer implementable, so our next objective is to see whether
(a1, @) or (ap, a1) are implementable. In order to maintain symmetry, we will
consider the implementation of the correlated distribution that places probability
1/2 on each of those action combinations, thabtis= 63 = 1/2; we will des-
ignate this correlated distribution as teecond bestSubstituting thesé values

into the correlated equilibrium characterization (inequalitigswe find that the
distribution is an equilibrium if, and only if(2y)/8 > § > (2y)/a. Note, in
particular, that such an equilibrium will exist onlydf > 8; assume that this in-
equality holds. We now check whether the second best is implementable given
our minimum wage and firm’s surplus constraints. Using the same kind of rea-
soning as above, we find that for a symmetrito implement the second best we
needdz + 7201 > (2y)/a.8 Conversely, whemyp, + T > (2y)/a we

know that the maximum value dfis at leastas large a$2y)/«a. So, given that
(2y)/B = (2y)/a, there always exists@such thai2y)/8 > § > (2y)/«.

Proposition 4.5 Let«, B, y, ando be given, and assume the wage profile must
satisfy Assumptiofi.2 (nonnegative minimum wages). LQ%}{_’%22 g1 < (2y)/pB
(non feasibility of the first best) and > . There exists a wage profile which
can implement the second bést= 63 = 1/2 as a correlated equilibrium if, and
only if, o + 722-q1 > (2y)/«a. This wage profile can always be chosen to be

- 1-mq2
symmetric. Furthermore,

8Note that the feasibility of this condition is not ruled outdpy+ 222-q1 < (2y)/ asa > B

1-mo2
andmiz > oz impliesdz + -t > G2 + $722-01.
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(&) When g + 1f;212q1 > (2 — g1 > (2y)/a, workers can jointly own their
firm.
(b) When g+ -™2-q; > (2y)/a > g2 — g1, workers need a third agent to own

) 1-mq0
the firm. '

Finally, Assumption2.1 implies that the worst (from the net surplus view-
point) Nash equilibrium occurs whenever both players choose aafjdhat is, it
corresponds to the correlated distributiéan= 1. This equilibrium will exist if,
and only if,§ < (2y)/«a. So, given our earlier propositions, we have:

Proposition 4.6 Let«, 8, ¥, ando be given, andr be given, and assume the
wage profile must satisfy Assumptidr2 (nonnegative minimum wages). Assume
that oo + 13222 gL < (2y)/B. If either @ + l’_r—jflqu < 2y)/a ora < B,
then only(az, a;) might be implemented as a Nash equilibrium. The inequality

02 + 1f711111 01 < (2y)/a guarantees that this equilibrium is feasible.

Propositionst.4, 4.5 and4.6 characterize the implementation of (pure strat-
egy) Nash equilibria, with the restriction of symmetry with respect to the second
best. We now come to the main point of our paper and characterize conditions
under which non-Nash equilibria are implementable.

4.3 Non Nash Implementation with > «.

In this section we consider the optimal correlated equilibrium when «. We

will show that, in this case, the optimal correlated equilibrium involves a convex
combination between the first bgsk, ap) and the worst bedia;, a;). We will
assume that the first best is not feasiblegsp 1_‘]71122 < (2y)/B. We will also as-

sumeo + 1_‘:‘;11 > (2y)/B, otherwise there is no possibility of improving upon the

worst best. Without loss of generality, we set = 0, so the wage nonnegativity
constraint become$s = w, > 0. The set oBymmetric implementable correlated
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equilibriais given by
[(@—prs+@s—2p]or+@y—poro, <2y —po

@8 —=27)01+ (@ =B s+ 2y —BO)|0a=as—2y
—a(§—0) 01+ B —0)0s<h— (1—m12) (5 —0)

l (@6—y)01—(Bé—y)0a<(1—m2)é—G(a) — G(a) (6)
61 +64<1

01,04 >0

§>0

S, a2) — (o —y)oh+ (Bo —y) 04> S(ag, &)

A sufficient condition to guarantee that this set is nonempty is 1_“}111 <
(2y)/a; in this cased = (2y)/a andd, = 1 satisfy all the inequalities. However,
we will not need to impose this assumption.

Our next lemma shows the range of possible values.for

Lemma 4.7 Leta < B and let the first best not be feasible
0h 2y
< —
l-mn B
Then any that implements a correlated equilibrium which strictly improves upon
the worst best satisfies

o+

2_y<5<2_y
BT T«
Proof: If we had
2y
b < —
B

then, sincex < 8, we would haver § < B8 < 2y, so the incentive compatibility
constraints implyy; = 1. Hence, there can be no improvement upon the worst
best.

On the other hand, if we had

2
6 > td
o
then the incentive compatibility constraints imply = 1. But we know the first
best is not feasible, so this cannot give rise to an implementable correlated equi-

librium. O
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The previous lemma shows that the value8 tifat give rise to implementable
correlated equilibria belong to a compact interval. Since all the functions that
intervene are continuous and so the set of implementable equilibria is compact,
Weierstrass’s Theorem guarantees the existence of an optimal correlated equilib-
rium, provided that the feasible set is nonempty.

Corollary 4.8 If o < B, the first best is not feasible and the set of implementable
correlated equilibria is nonempty, then there exists an optimal correlated equilib-
rium.

Proposition 4.9 Leta < B and let the first best not be feasible

2
o+ L < td
l-mn B
Assume further that
2
Yo sa J1
B 1—m11
Then there exists an optimal correlated equilibrigsi, 6*), given by
2y 01
05=05=0, §"=—"—=0+ , Oy =1-07
23 p 1—mop— (T — 22 05 !

Proof:  The firm’'s surplus feasibility constraint féris

a1

>4
l-mio+B0s—aby

o+

The expression on the left increases witheand decreases withy. When6, = 1

we have
i1 i1 2y

o l-mio+B0Os—aby o 1— 7m0 = B
And we knows cannot satisfy this inequality. To make the inequality feasible we
have to decreas®y and/or to increase;. Since our objective function is strictly
increasing ir4 and strictly decreasing iy, we will be interested in the smallest
that allows the inequality to be satisfied. This happens when weltake&y)/S,
in which case the incentive constraints imply that= 63 = 0. We must show
that this solution satisfies individual rationality. When = 63 = 0, we have
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64 = 1 — 0;1. The firm’s surplus and individual rationality constraints can be
written in terms of; as

2G(a) — 2y 0
- 01 . (a2) y 01

l-mpo—(mu1—me)01 — — l—mio— (mu1—m22) 01

Consider the difference between the two bounds for

01— 2G(@) +2y 61
1—m10— (m11— 722 61

The derivative of this expression does not depenépgo the expression is either
strictly increasing, strictly decreasing or constant. The bounds are

S(az, a2) if 6, = 0.
g1 —2G(a2) +2y 61 1—m2’ ’
o+ =
1— 12— (11— m22) 61 S(ag, a1) .
— if 61 = 1.
1—m11

The first bound is strictly positive and the second weakly so. Hence, fér alll

the expression is strictly positive. We only have to show that the equality of the
firm’s surplus and(2y)/B takes place fop; < 1. But this follows from the
hypothesis that + 12— > (2y)/B.

Our previous argument shows that this equilibrium exists and is optimal pro-
vided thaté, = 63 = 0. We must show that no equilibrium in which those
variables are strictly positive improves upon the equilibrium we have described.
In order to make those variables positives, we should incrédsgher, so we
should either increasl or decreasé,, which in either case decreases the objec-
tive function. O

4.4 Non Nash Implementation witha > .

(From now on, the proofs of the statements will be found in the appendix. We
make no further mention of this in the text.)

We are particularly interested in the cases in which feasibility constraints pre-
vent the implementation afay, ap) as a Nash equilibrium. So let it be the case
thatgy + 1fffzq1 < (2y)/B. Ifitis also the case that, + 1’_’;21 g1 < (2y)/a or
a < B, then it follows from Propositiod.6 that the only correlated (Nash) equi-
librium is (a;, a1). Therefore, the interesting case to study is when the second
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best,6, = 63 = 1/2, is implementable. Under this case, from Propositibias
and4.6, we needy, + 1f711212q1 > (2y)/a anda > B. So, we would like to see
whether one can improve upon the second best, given the following parameter

restrictions

22 2y
gL < —
1—mo B
T12 2
qiL = i
1—m12 o

a>f

a2 +

a2 +

Without loss of generality, we will assume; = 0 (the minimum allowable
level), so thats = w», and the minimum wage constraint reducesstg- O.
Thus, the decision variable in the implementation problem iFo analyze the
implementation problem, it will be convenient to isolate our decision variable
in all the constraints. Before doing that, let us observe that our restriction to
symmetric correlated equilibria, whefle = 63, eliminates two of the correlated
equilibrium constraints. Furthermore, using the probability constfaint 202 +
04 = 1, we will be able to characterize all correlated equilibria by using just
01 and6s. The object in which we are interested is the setngplementable
correlated equilibriathat improve upon the second best, which are characterized
by the following set of inequalities:

[(@-prs+@s—2p]or+@y-pores <2y - po

@8 =29)01+ (@ = B3+ @y —BO)|0a=as—2y

(B —0) 01+ B —0)0s<h— (1—m12) (5 —0)

| @6—y)01—Bs—y)ba<1-m25-G@)-G@ ()
01+604<1

61,64 >0

§>0

Sy, a) — (o —y)or+ (Bo —y) s> S(ag, ap)

Note that this set of inequalities is well defined, because setiing 64 = 0
we get the second best, which we know from Propos#i@rtan be implemented.
However, we are concerned with implementable equilibria whtditly improve
upon the second best and, moreover, in finding whether there is an optimal equi-
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librium among this class. Propositign10below shows that this exercise is not
possible for all parameter values.

Proposition 4.10 Leta > S and

12 2y
Or=—.
1—m1o o

02 +

Then the maximum welfare attainable i@§ ay), the one that corresponds to the
second best.

The hypotheses of the last proposition hold for a non-generic case. There is
another non-generic case, favorable to our objectives, which we state next.

Proposition 4.11 Assume that the first best is not attainable

2y 22
— > 2t Q1.
B 1—m2
Leta = B, and
m12 2y
qLr> —.
1—m2 o
Then there exists a symmetric correlated equilibrium which strictly improves upon

the second best welfarg&y, ay).

a2 +

Given the two previous propositions, we will be interested from now on in the
cases that satisfy the following parameter restrictions:

Assumption 4.3 (a) The first best is not feasible:

722 2y
L < —-

1— 2 B

02 +

(b) The second best is feasible with genericity:

12 2y
qL > —
1—m12 o

a2 +

o> B
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The inequalities in Assumptiof. 3imply:

12 2 22
Q1} > max{—yq2+ Q1}
T12 o 1— 7o

min 2y +
B gz 1_

Proposition 4.12 Let Assumptiont.3 hold, i.e. the first best is not feasible and
the second best is feasible with genericity. Consider the set of implementable
correlated equilibria given by the system of inequaliffe$Vle have that:

1. For any (8, 0) that satisfy all the inequalities, the following is true:

2 2
min{—y, Qo+ — 22 ql}zaz Y ®)
B 1—m

2. The set of implementable correlated equilibria which improve upon the sec-
ond best is nonempty and compact, and there egi$ts *) in that set that
maximizes the welfare.

Remark:In the previous proposition we are not claiming that for amwithin the
given bounds there is a correlated equilibriasuch thais, 6) is implementable.
We just say that, if there is such an implementable pair, thewust satisfy the
condition.

In the previous proposition we show that there is an optimal correlated equi-
librium. Next we show that this optimal correlated equilibrium strictly improves
upon the second best.

Proposition 4.13 Let Assumptiod.3hold, i.e. the first best is not feasible and the
second best is feasible with genericity. Then there exist implementable correlated
equilibria which strictly improve upon the welfare associated with the second best.

Taken together, the last two propositions imply that the optimal implementable
correlated equilibrium strictly improves upon the second best.

The proof of the last proposition (found in the appendix) shows that, for al-
most all§ that belong to the specified range one can get (uncountably) many im-
plementable correlated equilibria with a welfare larger than the second best. The
darkly shaded area in the left panel of figureepresents this set. Asincreases
this set changes, as we see in the right panel of figjure
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Figure 1. Implementable correlated equilibria which improve upon the second
best. In the right, the effects of an increasé gre shown.

4.5 Who Implements?

Consider the set of implementable correlated equilibria which: (i) improve upon
the second best; (ii) assign strictly positive weight on aily= 63) andé,; and

(i) & satisfies the inequalitid We shall later see that, for optimality reasons,
this is the set of interest. Call this gt Sincef; = 0 in C, wages are symmet-
ric, andG(ap) > G(az), none of these equilibria are Nash. Furthermore, though
the distribution is common knowledge, signals to individual workers are private
knowledge. Otherwise, if signals were publicly observed then either all equilib-
rium strategies would ignore the signals (which is not tru€jror signals would
reveal strategies and players would best respond to each other and we would have
a Nash equilibrium (which does not belong@), or a convex combination of
Nash equilibria, as in the second best.

Given{w, 8}, 6 € C, we now ask how an equilibrium is implemented. Re-
call thaté is a distribution over the action profiles. Onggenerates an outcome
profile (g, aj), the resulting actions are communicated to the respective work-
ers by acoordinator (or Myerson’s mediator). Following on Alchian-Demsetz-
Holmstrom, our firm consists of two workers and an owner (residual claimant).

We ask whether any of these players can act as the coordinator. Since signals have
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to be privately communicated in all equilibria @, neither the workers nor the
owner can act as the coordinator.

If worker i were to be the coordinator, then she would know the signal that she
sends tgj (i.e. the action thaj takes). Credibility would then require thatest
responds to that signal. Playewould know this. But ther(az, a2) will never
result with positive probability as it is not a Nash equilibrium.

Now, consider the owner as the coordinator and let this owner maximize wel-
fare. Since no worker can be the coordinator and since signals cannot be public,
it must be the case that only the owner observes the outcome generatellry
thermore, sincé is a correlated equilibrium, all outcomés , a;) are such that,
when the respective actions are privately communicated to the worker, it is in the
best interest of the worker to carry it out. Sinee, az) results with positive prob-
ability, the owner would ignore the outcome profile generated land always
ask each worker to carry out actiap. Thus, the (credible) would haved, = 1
and this distribution would be common knowledge. But such a distribution does
not belong taC.

Suppose now that the coordinating owner (residual claimant) were to maxi-
mize her payoff. Since anythat satisfie$, we have in particulad > g — qs,
so the owner strictly prefers the state with the low outgut Thus, for similar
reasons as above, the credibleould haved; = 1. But such an equilibrium does
not belong taC.

Hence, we need a coordinator who is neither a worker nor the owner. For
example, in our framework, a third worker with the same reservation utility of
zero can be hired at a fixed wage of zero to act agtieedinator?”

5 Characterization of the Optimal Correlated Equi-
librium.

Under the continuing assumptidn3, that is, the first best is not feasible and the
second best is feasible with genericity, we now turn to the problem of finding the
optimal (from a welfare viewpoint) correlated equilibrium. As in subsectigh

we impose without loss of generality thay = 0. We have seen before that
the feasible set in this optimization program is nonempty, and that there exists
an optimal solution for which objective function is strictly larger than the second

9We would like to add that, like in Alchian-Demsetz-Holmstrom, we have to rule out side
contracts between players.
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best welfareS(a;, ap). For a fixed value 08, the optimization problem is linear.
However, in trying to characterize the global optimum things are not so simple
because critical problems appear when we consider the implementation variable
8. This problem is highlighted in Figur® where the lightly shaded parts indicate
correlated distributions that satisfy nonnegativity of the firm’s surplus; note that
in the left panel this area lies above the constraint whereas in the right one it lies
below. To deal with such problems and characterize the solution, we will use
a series of lemmas. In all the statements that follow, we will be assuming that
Assumption4.3 holds, that is, that the first best is not attainable, and that the
second best is feasible with genericity.

6, Level curve of the

objective function 0, ;e)j\'eecllic\:ler\;lemocfl lt(};:

Incentive compatibility 2 //

. - / ..
Incentive compatibility 2 ’ Nonnegativity
/

of firm’s surplus

Incentive compatibility 1

Nonnegativity
of firm’s surplus

Incentive compatibility 1

i

[

Figure 2: Feasibility of the firm’s surplus constraint for a small (left) and a large
(right) value ofs.

Lemma 5.1 Let Assumptiort.3 hold. In any optimal correlated equilibrium
{6*, 0%}, 6* satisfies:

Lemma 5.2 Let Assumptiont.3 hold. In any optimal correlated equilibrium
{6*,6%}, 05 = 0.

In spite of these lemmas, it is still difficult to verify whetewill fall. The next
lemma takes care of this problem. In it, the first statement implies that cases like
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the left panel of Figure are not relevant, and the second statement implies that
the right hand side is not relevant. In particular, the first statement is implied by
the second, but it has interest in its own, since the feasible set changes drastically
depending on whethégris smaller or larger thas. Additionally, proving the first
statement is a step toward the proof of the more general one.

Lemma 5.3 Let Assumptiont.3 hold. In any optimal correlated equilibrium
{6*, 6%}, §* satisfies the inequalities:

1. §* > o.

2y 12

22 Quy <8 <min{—, qo+ q
1 g Rty

1—mo

2
2. max {—y 0o +
o

We can finally characterize the optimal implementable correlated equilibrium.

Proposition 5.4 Let Assumptiod.3 hold. At the optimal correlated equilibrium
the only binding constraints are the firm’s surplus and one of the incentive con-
straints. This optimal equilibrium is unique and strictly improves upon the second
best.

The second statement in Lemma demarcates the relevant range fér The
domain of the optimization problem under this region is shown by the shaded area
in the left panel of Figur&. Note that optimization in this domain implies that the
dotted level curve of the objective function must shift to the left, and the optimum
occurs at the intercept of the firm’s surplus constraint. This does not mean that for
a givens no other correlated equilibria can be implemented: all of the equilibria
in the shaded region can be implemented. At the optidhathe firm’s surplus
and the incentive compatibility constraints meet precisely at the optiajuras
shown in the right panel of Figuie

6 Conclusions.

The importance of some agents coordinating the activities of others in organiza-
tions has been emphasized by classical authors in the theory of the firm. However,
it had not been formalized. In this paper, we find a natural framework in which
to carry out this formalization. In a team production setting, the introduction of
an external agent who implements a correlated equilibrium by coordinating the
productiveactivities of the team members improves the social welfare.
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Figure 3: The relevant optimization problem and its solution.

While correlated equilibrium is recognized as an important solution concept,
it seems that this importance has not been fully reflected in the literature, where
the Nash equilibrium solution concept prevails by a wide margin. Some authors
believe this is due to the necessity of using (in Myerson'’s terminologygdiator
or substituting it by some complicated procedures (see, Beg;Porath 1998
especially its introductory discussion). Our result highlights the importance of
the mediator in implementation problems which use correlated equilibrium as the
solution concept. In our model, the mediator has a natural interpretation as any
agent in the firm whose task is to direct the activities of others.

We would like to end by pointing out that in our model communication plays
a very important role. There are models in the literatdirerges 1990 where
people communicate and the outcome of this communication process is some (de-
pending on the beliefs of people about the communication process itself) corre-
lated equilibrium. But our communication here is very different, because it has a
very definite aim, a socially optimal equilibrium. This is the distinguishing feature
of using correlated equilibria in an implementation problem.
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Appendix

It will sometimes be convenient to isolaten some of the implementability con-
straints. Nonnegativity of the firm’s surplus becomes:

a1
+ >4 9
o l — w120+ B0 —abq ()

where the denominator is always positive.

In the same manner, individual rationality (nonnegative total utility) can be
expressed as:
L G@) +G@) +y (0a—0)
- l-mp2+B0s—ab:
where the denominator is exactly the same as in the previous constraint.

The following is an auxiliary result which will be useful to show that individ-
ual rationality is satisfied.

)

(10)

Lemma 6.1 The following inequalities are true:

2G(a1) - G(a1) + G(ap) - 2G(ap)
1—m11 1—m1o 1— 7o

Proof: By Assumption2.1, we know that:

T 2G(a
a2 + 22 ar — (82) >
1—mp 1—mo
G G
bt —2 g — (@) + G@)
1—m12 1—m
2G(a
o + 11 (a1) -0

1— >
1—m11 1—m11
Since 1> w11 > w12 > w2 > 0, we have

11 12
01 > g2 +
1—m1o

22
Oz + 01> 02 + 01
1—m11 1—m

This concludes the proof

32



Proof of Proposition 4.1Q
Assumed; < 1, then we can isolaté in the first incentive compatibility
constraint inequality irY, to obtain

2y (1 —61+64)

5>
a(l—601—64)+2B64

Differentiating the fraction, we can find that it is strictly increasinginand the
extremes are:

2y .
—, if 64 =0;
2y1-61+6) | @ ’
a(1—01—04)+2P04 2y if 0, = 1
B’ '

On the other hand, the fraction that appears in the firm’s surplus ineg@ality
is strictly decreasing ifi4, and attains its maximum value

12
02 + 01
1-—mp
whenéd, = 0.
Therefore, the following inequalities hold whenever< 1.:
12 Q1
+ >0+ >
42 l—nlqu_ 1—mi2+B6O04—ab1 —
5> 2y(1—61+64) 2y

T oa(l—01—-64)+2B6s «

Therefore, under the hypothesis of the proposition all inequalities hold as equali-
ties. In particular, it must be the case that= 0, and our claim follows from the
characterization of the welfare function given in FAct O

Proof of Proposition 4.11:

If we setd = (2y)/a = (2y)/B, then the incentive compatibility constraints
are void & = b), so we just need to check that there is a symmetric correlated
distribution that satisfies feasibility. Léi = 0. The feasibility constraints then
become:

o} 2y _ G(ap) +G(a2) + y 04

=

+ > =
1-mi2+B6s~ B 1—mo+ Bba

o
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Notice that the leftmost expression is strictly decreasing with respett @nd
moves between the following extremes:

12

02 + a1, if 04 =0;
o+ O1 _ 1-m2
1—m2+ B6s o + 7122 1, if 64 = 1.
1-mo
By hypothesis:
Gt 2 g g T2 g
1—mo B 1—m

Therefore, there is a unique such that O< 94 < 1 and

G _2r
1—7T12—|—,3é4 B

o+

We claim that the distribution thus induced satisfies individual rationality. To see
this, just consider the difference:

2y G@)+G@+yl _  G-G@)—C@) —yh
p 1— 12+ B 64 1— 12+ Bbs

View the expression on the right as a functio®af Then the sign of its derivative

does not depend ofy, so the function is either strictly increasing, or strictly
decreasing, or (non-generically) constant. In any case, in the extremes it takes the
values:

S(a1, ap)

if 64 =0;
o1 — G(a1) — G(a) — y 04 1— 12 !
o+ =
1—m1204+ B6s S(ap, ap) .
_— if 04 = 1.
1-mo

Both the extreme values are strictly positive by Assumptidn Therefore, it must
be the case that the expression is strictly positive for all@ < 1, i.e. individual
rationality is satisfied with strict inequality fats. Finally, sincets > 0 and

01 = 0, Fact4.1 implies that the welfare under this correlated equilibrium is
strictly larger than under the second best.
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Proof of Proposition 4.12
As we noticed in the main text, Assumptidr8implies

|2y 12
{ B 1-mp2

so the bounds fo¥ are consistent.
Non-emptiness of the set of implementable equilibria can be shown by taking:

2 b4
CI1} > max{_y’ 02 + 22 Q1}
o 1— 7o

. [ 2y 12
d=min § —,
{ﬁ Q2+1_n12<11}

601 =0,=0

This feasibly implements the second best.

Let (8, 0) be an implementable correlated equilibrium. Siace- 8, if we
had
2y 2y
— < —
o p
then the incentive compatibility constraints as their appear in taioigly (using
the notation in that table) that both< 0 andb < 0, so only#; = 1 is possible,
yielding a welfare strictly smaller than the second best.

Assume now that

6 <

2
8>—y

B

then we have > 0 andb > 0, so onlyd4 = 1 is possible. But we know the first
best is not implementable. This proves that

2_)/ << 2_)/
a T B
Suppose now that the optim&akatisfies

12
)
> g2+ 1

01
12

Then, using the firm’s surplus constraint, we will have

01 12
o+ >8>0+
l-mpo+B0s—abr & 1-m2

01

This implies, operating with the inequality between the leftmost and the rightmost
terms, that
ab1 > By
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The implementable equilibria improve upon the second best, i.e.

(Bo —y)04> (o —y)04

This implies
Yy (01 —604) = 0 (@61 — B Oa)

Combining this inequality with the strict inequality we just found, we get that
01 > 04. But this in turn implies that

(Bo—y)0s<(xo—y)o1

A contradiction.

Now, given part 1 in this proposition, in all implementable correlated equi-
libria the three variables belong to compact intervals. All the functions defining
the inequalities are continuous in those variables, so the set that satisfies those in-
equalities is closed. Therefore, the implementable equilibria form a compact set.
Since the welfare function is continuous in the variables, Weierstrass’s Theorem
implies that there exists a welfare-maximizing equilibrium.

Proof of Proposition 4.13
Givene > 0, consider

, . [2y 12 }
§(e) =min { —, + —¢
(e) { 5 Gt %

Assumes is small enough so that

2
8'(g) > max {_y 02 + m22 Ch}
o 1— 7o

In particular,§’(¢) > o = g2 — g1. Now letd; = 0, and defin@,(¢) to be such
that equality holds for the firm’s surplus constraint:
g1

o+ =48(¢e
1-—mio+Bbs (€)

By the same argument we use in the proof of proposiidi, we have that O<
6,(¢) < 1, since by construction

2

2 : 12
)
1 = (€) <G+ 7

02 +

di-
12
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We remark that’(¢) is strictly decreasing im, and thusg, is strictly increasing
ine.

We can show that individual rationalityl () is satisfied using an argument
similar to the one used in the proof of Propositibiil. That is, we show that the
difference

G@) +G@ +vb, _ L @ —C@)—G@) —y 04

8'(g) — —
R R 7 pe——Y

is strictly positive. We refer the reader to the aforementioned proof and do not
repeat the argument here.
Finally, we must show that, for somesmall enough, the distribution induced
by {&'(¢), 01, 0,(¢)} satisfies the incentive compatibility constraints. Sifice- 0,
the only incentive compatibility constraint that matters given our assumptions is

(o2 = 4(e)] +2864(e)) 8'(e) = 2y [1 + 6e)]

Therefore, to prove feasibility we must show that, for sansmall enough, the
following inequality holds

01 - 2y [146,(e)]
1=+ BOye) ~ all— 0,00 + 2B 040e)

8'(e) =0+

Consider the difference between both expressions as a functiéan of

th 2y (1+6)
1-—mi2+B60s a(l—04)+2B064

This difference is strictly decreasing with respecftoWhené, = 0 it equals

o+

12 2y

g2 + gu——>0
1—m12 o
And whenf, = 1 it equals
22 2y
+ - — <0
02 T a1 8

Therefore, there is a & 64 < 1 such that it equals 0, and for @&l < 6, it is
strictly greater. In particular, we can see that, whenewver0, then whethes’(0)
takes any of the two extremes in its definition the inequality is strict, because the
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maximum value that the coefficient of the incentive compatibility constraint can
take is(2y)/B. By continuity, there i$ > 0 such that feasibility is satisfied, and
soisitforall0< ¢ < &.

Finally, sinced; = 0 andf,(s) > 0, the expression of the welfare function
written in Fact4.1limplies that the welfare under this feasible correlated equilib-
rium is strictly larger than under the second best.

Proof of Lemma 5.1

Sincex > g, if we had

2y 2y
= —< —

o p
thena = 0 andb < 0, so6s = 0. In this case, there can be no improvement
over the second best welfare level,dscannot be optimal. This last claim is justi-
fied because we have shown in Propositioh3that there are feasible correlated
equilibria that improve upon the second best.

Assume now that

)

_ 2y

p
thena > 0 andb = 0, which impliesh; = 0 andé = (2y)/f. Let us consider, in
this last case, the firm’s surplus constraint:

)

1 26:2_)/

+
1—m12+ B 04 p

We know that the expression on the left is strictly decreasing with respégt to
Consider the following cases. Firstly, if

o

12 2y
0L < —
1-—m12

B

then the givens is not feasible. On the other hand, if there is equality, then the only
solution isf4 = 1, which we know is not feasible. Therefore, the only possibility
left is

0o +

b4 2
12 Q1>—y
B

In this case, there is some® 6, < 1 that satisfies the firm's surplus constraint
with equality. 1f64 > é4, thend, violates the constraint. But we claim that one
can improve welfare by slightly lowering, because this would render feasible
somed, > 6;. Notice that we do not have to deal with the individual rationality

QZ—i-l_an
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constraint because by the argument used in the proof of Proposifiawe know

that, whenever the firm’s surplus constraint is satisfied as an equality, the individ-
ual rationality constraint is automatically satisfied. This proves that the optimal
8* cannot satisfy* > (2y)/8. O

Proof of Lemma5.2

For fixeds, the optimization problem is linear with a compact feasible set and
therefore, if the feasible set is nonempty, it attains the optimal value at one of its
extreme points.

The objective function, which does not dependiphas gradient

(~@o =) (Bo =)

We know from Fac®.2 that the terms inside the parentheses are strictly positive,
i.e. the gradient points toward the Northwest in the 64) space.

We are assuming there iséd that gives rise to an optimal solution in the
optimization problem (let us drop the asterisk in what follows to make the notation
simpler). The incentive compatibility constraints in the optimization problem are

[(a—ﬁ)5+(a8—2y)]91+(2y—,88)94
@8 =2y) 01+ [(@—P)5+ @y —B5)]6a

A

2y — B§

ad—2y

A

By Lemmab.1, all the coefficients in the two constraints are strictly positive. In
particular, the gradients (with respect to thgariables) of both constraints have
strictly positive components. The feasible region in thg 64) space delimited

by the two constraints and the probability constraints is nonempty, compact and
convex. Since the gradient of the objective function points toward the Northwest
direction, if neither the firm’s surplus nor the individual rationality constraints
bind at the optimum, then the solution is at the corner where the variables are

61 =0
B ad—2y (11)
S (@—B s+ QRy—Bd

Consider now the firm’s surplus constraint:

04

—a(—0)01+BB—-0)0a<th— (1—m) (5 —0)
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We showed befored] that it can be written:

o+ i )
1-mpo+B60s—abs

Whenevers < o the inequality is trivially satisfied and can never be binding.
Therefore, in order for the constraint to bind at the optimum it must be the case
thats > o. In this case the gradient of the constraintisy, 8). This gradient
points toward the Northwest, as the one of the objective function, but it is easy
to see thatt lies to the rightof the latter. That is, if the constraint is binding at
the optimum, then eithet; = 0 of 67 = 0. The former option can be discarded,
as we know that there are feasible points which improve upon the second best,
and any of those must satisfy > 0. Hence, we can conclude that, if the firm’s
surplus constraint binds at the optimum, tltgn= 0.

Consider finally the individual rationality constraint. Because of what we have
just shown, in order to prove that if the constraint binds at the optirifimust
be zero, it is sufficient to consider the case in which neither the firm’s surplus nor
the incentive compatibility constraints bind.

(@é—y)01—(BS—y)bs=(1—-m2)é—G(a) — G(a)

Lemmab.limplies that the coefficient @ is strictly positive. Therefore, the gra-
dient of the constraint points either toward the Southeast or toward the Northeast.
Let us consider the different cases separately.

AssumeB § < y, so that the gradient points toward the Northeast. Since the
objective function improves toward the Northwest, if the constraint binds at the
optimum, but neither the firm’s surplus nor the incentive compatibility constraints
bind, then the highest welfare point occurs witgn= 0.

If 86 = y, thenif the constraint binds at the optimum it means that the feasible
set is a subset of the vertical axis, and hefiice= 0.

So suppose that § > y, so that the gradient points toward the Southeast,
and assume that this constraint binds at the optimum. Since welfare improves by
moving toward the Northwest, the only possibility is that either the firm’s surplus
or the incentive compatibility constraints bind also, and this meangfhat0. O

Proof of Lemma 5.3

We showed beforel() that the individual rationality constraint can be written
as:
. G@) +G@) +y (0a—00)

- 1-mp+B64—abs

)
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By Lemmab5.2we know that, if there exists an optimum, th&h= 0. Therefore,
this constraint becomes:

5> G(@) +G(a) + ¥ 04
- 1-mi2+B04

Let us consider the expression on the right. If we differentiate it with respect to
04, we find that the sign of the derivative does not depenésoand therefore it
is either strictly increasing, strictly decreasing or constant. We have that:

G(a1) + G(ap)

if 64 =0;

Gy +G@ +ybs _ | 1-mp !
1—m12+ B6s 2G(a) 0, — 1
1— 7m0 4 '

By Lemma6.1, we know that the first expression is strictly larger than the second,
and therefore the term on the right of the individual rationality constraint is strictly
decreasing with respect ta.

The firm’s surplus constraint can be writted):(

o+ e >4
1-mo+B6O0s—ab;

Suppose now that < o. Inthis case the inequality is trivially satisfied and can
never be binding. Since the individual rationality constraint is strictly decreasing
in 64, we can set this variable to a value as large as the incentive compatibility
constraints allow, which we saw in the proof of Lemfais:

_ ad—2y
T (@—B s+ Ry —Bd

By differentiation, we can see that the valuedafin this expression is strictly
increasing with respect t8, which means that by increasirdgslightly all the
constraints would still be satisfied and the welfare increased. Our last remark
depends on the fact thatdfis only slightly abover the firm’s surplus constraint
is still trivially satisfied.

This proves the first part of our lemmé=> o.

Suppose now that the optim&l satisfies

04

(12)

22
— 122

o <8 <g+

01
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Since we know); = 0, we have that the firm’s surplus constraint is again trivially
satisfied because whenevgr< 1 we have

01

o+ >
1-mio+B04

02 + g1 >4

1— 7
The same argument given above shows that individual rationality places no upper
bounds or9,, and therefore the welfare maximizing value is the one given by
the above equatioh2. Since this expression is strictly increasingsinve might
improve welfare by slightly raising,.

Finally, if we had
12
— 12
then we can see, using the firm’s surplus constraint, thabasy0 would satisfy

s>
_CI2-|-1 01

12 W o 01 > 5

8> 02+ >
R ——y

A contradiction. This completes the proaf.

Proof of Proposition 5.4

Given the previous lemmas, we can restrict our attention to the case in which
61 = 0 ands$ satisfies the bounds stated in Lemfa Then one of the incentive
compatibility constraints vanishes, and the optimization problem is equivalent to:

max 64
5,04
ad—2y
St. 642<
(@—=B)é+ 2y —B9d)
04 < (11 —(1-mp)
9 —(1—m12) 8§+ G(ag) + G(ap)
4 =
Bd—vy
2y 22 |2y T12
maxy—, 02 + a1 <d<minj—, g2 + 01
o 1—mo B 1—mp

O<Oos<1

Even though the feasible set is not closed,ime know it never pays to attain the
boundaries.
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Let us find the maximum, that satisfies

ad—2y ol
(@—p)8+Q2y—ps8) s—o

The first term is strictly increasing with respectdand the second is strictly
decreasing. Therefore, I1&t cause the two terms to equate:

04 < mMin { —(1- 7112)}

ad* =2y !
(@—PB)8*+ 2y —p&*) & —

We claim that there exists suchs aWe have that

—(1—-m12)
o

0, o=+ —"2 q
a1 1—mo
5 —(1—m2) = _ oo
9 B =0+ a1

— 722
On the other hand
. 2y
ws—2y | b M=
—B)8+ 2y —B8 2
(a—pB)s+ 2y — B9 0. if8=—y.
(04

Since both expressions are monotonic, the& iwhere both are equal, and this
value must be strictly between the bounds in both cases, that is

722
1-m

2 . 2
max{—y, g2 + ql} < 8% < min {_y g2 + 12 ql}
o B 1—m2

Soé* satisfies the conditions of Lemn3a3. Set nowd;” = 0. We claim that

0F — ads*—2y . di
T (@—B)r+ 2y — BT & —

satisfies the individual rationality constraint as a strict inequality. First of all, since

—(1—-m12)
o

oF ad*—2y
T @B s+ 2y — B8

ands* is strictly between2y)/g and(2y)/a, it follows that 0 < 6; < 1 (ac-
tually, 6; cannot exceed the upper bound of the firm’s surplus constraint, which
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is B). Now in the proof of Propositiod.11we have shown that, fat; = 0 and

6; > 0 as we have here, the individual rationality constraint is strictly satisfied
(i.e. it does not bind). This shows that th¥, 6*} we have constructed is feasi-
ble. Furthermore, we saw th@f is the maximum value that this variable (which
coincides with the objective function) can attain for anyand therefore we have
found the (unique) optimal solution. The fact that this solution improves upon the
second best follows frofy = 0 and6; > 0. O
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