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Abstract
This paper analyzes a spatial Probit model for cross sectional dependent data in a binary
choice context. Observations are divided by pairwise groups and bivariate normal distributions
are specified within each group. Partial maximum likelihood estimators are introduced and
they are shown to be consistent and asymptotically normal under some regularity conditions.
Consistent covariance matrix estimators are also provided. Finally, a simulation study shows
the advantages of our new estimation procedure in this setting. Our proposed partial maximum

likelihood estimators are shown to be more efficient than the generalized method of moments

counterparts.
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1 Introduction

Most econometrics techniques on cross-section data are based on the assumption of independence of

observations. However, economic activities become more and more correlated over space with modern
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communication and transportation improvements. On the other hand, technological advances in
communications and the geographic information system (GIS) make spatial data more available
than before. Spatial correlations among observations received more and more attentions in regional,
real estate, agricultural, environmental and industrial organizations economics (Lee, 2004).

Econometricians began to pay more attention on spatial dependence problems in the last two
decades and some important advances have been done in both theoretical and empirical studies!.
Spatial dependence not only means lack of independence between observations, but also a spatial
structure underlying these spatial correlations (Anselin and Florax, 1995). There are two ways to
capture spatial dependence by imposing structures on a model: one is in the domain of geostatistics
where the spatial index is continuous (Conley, 1999), the other is that spatial sites form a countable
lattice (Lee, 2004). Among the lattice models, there are also two types of spatial dependence models
according to spatial correlation between variables or error terms: the spatial autoregressive dependent
variable model (SAR) and the spatial autoregressive error model (SAE). In most applications of
spatial models, the dependent variables are continuous (Conley, 1999; Lee, 2004; Kelejian and Prucha;
1999, 2001; among others), and only few applications address the spatial dependence with discrete
choice dependent variables (exceptions include: Case, 1991; McMillen 1995; Pinkse and Slade, 1998;
Lesage 2000; Beron and Vijerberg 2003). This paper is designed to address this gap and we are
concerned about the SAE model with discrete choice dependent variables.

As the name indicates, there are two aspects in the discrete choice model with spatial dependence.
First, the dependent variable is discrete and the leading cases occur where the choice is binary. Probit
and Logit are the two most popular non-linear models for binary choice problems. For the sake of
brevity, in this study we focus on Probit model, but the approach developed here generalizes to other
discrete choice models.

In discrete choice models, if the observations are independent, we use maximum likelihood estima-
tion to get efficient estimators given the correct conditional distribution of dependent variables. The
nice part of the maximum likelihood estimator (MLE) is that we can still get consistency, asymptotic
normality but inefficient estimators in many situations (panel data or clustering) by pseudo MLE
even when we ignore certain dependence among observations (Poirier and Rudd,1988). However, the
non-linear property causes computation difficulties in estimation, and this computational difficulty
becomes much worse when dependence occurs, which results in solving n-dimensional integration.

Dependence is the other aspect of this problem. General forms of dependence are rarely allowed for
in cross-sectional data, although routinely allowed for in time-series data (Conley, 1999). For example,
some scholars discussed discrete choice models with dependence in time-series data: Robinson (1982)
relaxed Amemiya (1973) assumptions of independence in Tobit model, and proved that the MLE
with dependent observations is strongly consistent and asymptotically normal under some regularity

conditions. Poirier and Rudd (1988) discussed the Probit model with dependence in time-series

! Anselin, Florax and Rey (2004) wrote a comprehensive review about econometrics for spatial models.



data, and developed generalized conditional moment (GCM) estimators which are computational
attractive and relatively more efficient.

However, dependence in space is more complicated than in the time setting because of four
reasons: first, time is one dimensional whereas space has at least two dimensions; second, time has
natural order (direction) whereas space has no natural direction; third, time is regularly divided
because of regular astronomical phenomena whereas spatial observations are attached to geographic
properties of the surface of the earth; fourth, time-series observations are draws from a continuous
process whereas, with spatial data, it is common for the sample and the population to be the same
(Pinkse et al., 2007).

Therefore, how to deal with dependence in space in estimation is the key to spatial econome-
tricians. Inspired by works about dependence in time-series data, Conley (1999) uses metrics of
economic distance to characterize dependence among agents, and shows that the GMM estimator is
consistent and asymptotically normal under some assumptions similar to time-series data. He also
provides how to get consistent covariance matrix estimator by an approach similar to Newey-West
(1987). Pinkse and Slade (1998) use GMM in the discrete choice setting with the SAE model, and
show that the GMM estimator remains consistent and asymptotically normal under some regularity
conditions. Although Pinkse and Slade (1998) generated generalized residuals from the MLE as the
basis of the GMM estimators, they do not take advantage of information from spatial correlations
among observations, and hence the GMM estimator is much less efficient than full ML estimators.
Lee (2004) examines carefully the asymptotic properties of MLE and quasi-MLE for the linear spatial
autoregressive model (SAR), and he shows that the rate of convergence of those estimators may de-
pend on some general features of the spatial weights matrix of the model. If each units are influenced
by only a few neighboring units, the estimators may have y/n-rate of convergence and asymptotic
normality; otherwise, it may have lower rate of convergence and estimators could be inconsistent.

In this study, we choose to capture spatial dependence by considering spatial sites to form a
countable lattice, and explore a middle-ground approach which trades off efficiency and computation
burdensome. The idea is to divide spatial dependent observations into many small groups (clusters)
in which adjacent observations belong to one group. The implicit rationale behind this is adjacent
observations usually account for the most important spatial correlations between observations. If
we can correctly specify the conditional joint distribution within groups, which allows us to utilize
relatively more information of spatial correlations, estimating the model by partial MLE will give
us consistent and more efficient estimators, which should be generally better than GMM estimators.
However, this approach is subject to biased variance-covariance matrix estimators because of spatial
correlations among groups. To deal with this problem, we follow the methods proposed by Newey-
West (1987) and Conley (1999) to get consistent variance-covariance matrix estimators. Of course,
this middle ground approach will not get the most efficient estimator. However, since information
from adjacent observations usually capture important spatial correlations in the whole sample, we

get a consistent and a relatively efficient estimators, and we avoid some tedious computations at



expense of a loss of a relatively small part of efficiency.

This paper is organized as follows. First, we review econometric techniques on discrete choice
models. Second, the SAE model with discrete choice dependent variable is presented and regularity
conditions are specified. Section 3 presents the bivariate spatial Probit model. In Section 4, we prove
consistency and asymptotic normality of partial ML estimators under regularity assumptions, and
discuss how to get consistent covariance matrix estimators. Section 5 presents a simulation study
showing the advantages of our new estimation procedure in this setting. Finally, Section 6 concludes.
The proofs are collected in Appendix 1, while the results for the simulation study are provided in
Appendix 2.

2 Discrete Choice Models with Spatial Dependence

2.1 Probit Model without Dependence

We first review the standard Probit model without dependence and the underlying linear latent

variable model is

where Y;* is the latent dependent variable and a scalar, X; is a 1 x K vector of regressors, Jis a K x 1
parameter vector to be estimated, and ¢; is a continuous random variable, independent of X;, and
it follows a standard normal distribution. However, we cannot observe Y;*, and we can only observe

the indicator Y;, which is related to Y;* as follows
1 ify* >0
Yi = o (- &)
0 ifyr<o.
Therefore, we can get the conditional distribution of Y; given X, as

P(Y; =11X;) = P(Y;" > 0|X;) = P(e; > —X,5|X;) = ©(X;0), (3)

where ® denotes the standard normal cumulative distribution function (cdf). It is easy to see we can
get
P(Y; = 01X;) =1 - ©(X;5). (4)

Since Y; is a Bernoulli random variable, we can write the conditional density function of Y;

conditional on X; as
FYi X)) = [@(XGB)] 1 - (X)), Yi=0,1, (5)

Also, given the independence assumption of random variables, the log likelihood function can be

written as

Log(L) = Z{Yi log[®(X;3)] + (1 — Y;) log[1 — ®(X;0)]}, (6)
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and the sufficient condition for uniqueness of the global maximum of Log(L) is that the function is

strictly concave (Gourieroux, 2000). We can solve then 3 from the first order condition

an; 55 Y; — ®(X,53)
d(

s AX =0 (7

where ¢ is the probability density function (pdf) of the standard normal distribution. However,
the simple closed-form expressions for the MLE are not available because the cdf of the normal
distribution has no close-form solution. So the MLE must be solved by using numerical algorithms?.
In general, we can prove that the conditional MLE is consistent and the most efficient estimator
given some regularity conditions® such as correctly specifying a parametric model, an identified 3

and a log-likelihood function that is continuous in f.

2.2 A Probit Model with Spatial Error Correlation

Consider the Probit model with spatial error correlation (SAE), where the underlying linear latent

variable model is

g, = )\ZWZ']‘EJ‘ + u;. (9)
j=1

where W;; is an element in the spatial weights matrix W which can be defined by different spatial
distances such as the Euclidean distance. A is the spatial autoregressive error coefficient and we have

a random variable u; ~ i.i.d N(0,1). We can write equations (8) and (9) in matrix form as follows

Y* = XfB+¢ (10)
e = (I=XW)"u, (11)

so that the variance-covariance matrix for the model is
Q=Var(e|X) =[(I = \W)' (I = W) (12)

If Y* is observable, equation (10) becomes a linear function, and we can use the Jacobian trans-

formation of u into Y* and write the log likelihood function as
1
L(B,\) = —g In(2r) — 5(Y* = XBY AA(Y" = XB) +1n 4] (13)

where A = I — AW, and then the estimate of 5 can be solved as B = (X'AAX) X' A'AY™.

2Commonly used numerical solutions are all derived from Newton’s method. (see Gourieroux, 2000 for details).
3See details in Wooldridge (2001, page 391).



However, in practice we cannot observe Y*, and we can only observe Y;, and it implies a non-linear
Probit model because of the normal distributional assumption. Moreover the errors are correlated,

and the full likelihood function becomes

L = P(leyl,nzym“'yn:yn):/---/¢(u)du, (14)

Glu) = (2m) F|Q ez WY, (15)

Although theoretically, if we take the first derivatives subject to 5 and the spatial coefficient A,
we obtain
ay an
o [+ [ am 31T = WY (L = AW e300
oL o

—00

% - 33 =0, (16)
o / / (27)3[(1 = AWY(I — AW)|e- Sl -2y (G=amwyi gy )

oL —00 —00

n D\ = 0. (17)

The expression of the first derivatives are quite complicated, but if we have sufficient computa-
tional ability and § and X are identifiable, we can get consistent and efficient estimates of 5 and A by
using numerical methods. However, in practice, it would be a formidable computational task even

for a moderate size sample. We now propose a more attractive procedure in the next sections.

2.3 Probit Models with Other Forms of Spatial Correlation

Generally, there is no reason to think that spatial correlation is properly modeled by (9). Other
forms are possible. For example, one might assume that, outside of a certain geographic radius from
a given observation i, ¢; is uncorrelated with shocks to the outlying regions. So, for example, we
might assume a constant correlation with any unit within a given radius — similar to a random effects
structure for unbalanced panel data.

Alternatively, we may prefer more of a moving average structure, such as

g = U + A (Z VV@Wh) , (18)

heti

where the u; are i.i.d. with unit variance. This formulation is attractive because it is relatively easy
to find variances and pairwise correlations, which we will use in the partial MLEs described in the

next section. For example,

Var(g|W) =14 A\? (Z th> : (19)

heti
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Clearly, methods that use only the variance in estimation can only identify A? (but we almost

always think A > 0, anyway). Pairwise covariances can also be obtained from

Cov(ei, &;|W) = A\Wij + AWj; 4+ N2 < > mhmh> : (20)
h#i,htj
Expressions like this for the covariance between different errors are important for applying grouped
partial MLE methods.

3 Using Partial MLEs to Estimate (General Spatial Probit
Models

Estimating a probit spatial autocorrelation model by full MLE is a prodigious task, although several
approaches have been applied. The EM algorithm can be used (McMillen, 1992), the RIS simulator
(Beron and Vijverberg, 2003), and the Bayesian Gibbs sampler (Lesage, 2000). But each of these
approaches is still computationally burdensome. To combine such approaches with simulation studies,
or to be able to quickly estimate a range of models, is outside the abilities of even current computation
capabilities for even moderate sample sizes.

To get an estimator that is computationally feasible, Pinkse and Slade (1998) proposed using gen-
eralized method of moments (GMM) using information on the marginal distributions of the binary
responses. In particular, the generalized residuals from the marginal probit log likelihood are used to
construct moment conditions for the GMM method. Pinske and Slade show that, under conditions
very similar to those in this paper, the GMM estimator is consistent and asymptotically normal.
The consistent variance-covariance matrix can also be obtained theoretically without a covariance
stationary assumption, although Pinske and Slade do not discuss estimation of the asymptotic vari-
ance. Therefore, the GMM estimator is almost practically useful, but it is fundamentally based on
the marginal probit models. Thus, while a GMM estimator can be obtained that is efficient given
the information on the marginal likelihood, the method throws out much useful information. We
describe a simplified version of this approach in Section 3.1, which, in effect, uses a heteroskedastic
probit model to estimate the 3; along with any spatial autocorrelation parameter.

Using only the marginal distribution of Y;, conditional on the covariates and weights, likely results
in serious loss of information for estimating both S and the spatial autocorrelation parameters.
Our key contribution in this paper is to explore the use of partial maximum likelihood where we
group small numbers of nearby observations and obtain the joint distribution of those observations.
Naturally, these distributions are determined by the fully specified spatial autocorrelation model —
just as we must obtain the implied variance to apply marginal probit methods. Once the covariances
between observations are found as a function of the weights and A, we can use that information in

multivariate probit estimation. Section 3.2 covers the case of where we describe a bivariate probit



approach, with heteroskedasticity and covariance implied by the particular spatial autocorrelation
model. Using a single covariance in addition to the variance seems likely to improve efficiency of

estimation.

3.1 Univariate Probit Partial MLE

One way to estimate the coefficients [ along with spatial correlation parameters is to derive the
marginal distributions, P(Y; = 1/X,W) as a function of all of the weights (and the parameters,
and A, of course). Under the joint normality assumption, the model will be a form of probit with
heteroskedasticity. In particular, given any spatial probit model such that the variances are well

defined, we can find
P(Y; = 11X, W) = &(X;B/0:(N), (21)

where 02(\) = Var(g;| X, W) = Var(e;|W) is a function of all weights, 1V, and the spatial correlation
parameters, A. As is well-known in time series contexts — see, for example, Poirier and Ruud (1988)
or Robinson (1982) — using probit while ignoring the time series correlation leads to consistent
estimation under standard regularity conditions, provided the data are weakly dependent. Thus, it is
not surprising that pooled probit that accounts for the heteroskedasticity in the marginal distribution
is generally consistent for spatially correlated data, too — provided, of course, we limit the amount
of spatial correlation.

The log likelihood can be written generically as
Log(L) = {Y:log[®(X8/0s(\)] + (1 = Yi) log[1 — ®(X;8/0:(N))]}, (22)
i=1

Assuming that [ and \ are identified, and that the conditions in Section 4 hold, the pooled het-
eroskedastic probit is generally consistent and y/n-asymptotically normal. But, for reasons we dis-
cussed above, it is likely to be very inefficient relative to the full MLE. Further, estimators that use
some information on the spatial correlation across observations seem more promising in terms of

increasing precision.

3.2 Bivariate Probit Partial MLE

We now turn to using information on pairs of “nearby” observations to identify S and A. There is
nothing special about using pairs; we could use, say, triplets, or even larger groups. But the bivariate
case is easy to illustrate and is computationally quite feasible.

For illustration, assume a sample includes 2n observations, and we divide the 2n observations
into n pairwise groups according to the spatial Euclidean distance between them (see Graph 1). In
other words, each group includes two observations, with the idea being that the internal correlation

between the two observations is more important than external correlations with observations in other



groups. Within a group, the two observations follow a conditional bivariate normal distribution be-

cause error terms are assumed to have a joint normal distribution.

Graph 1: (2n observations = n groups)

In group g, we have

Yi = BiXgu+ B Xg2+ ..+ B Xguk + €1 (23)
}/;2 = Bngﬂl+62Xg22+~--+5k;Xg2k+5g27 g = ]_,271 (24)

Rewrite the above equations in matrix form as

Yg*l = Xab+eq (25)
Y;Q = ngﬁ—f-fjgz, g = 1,2....71, (26)

where X; and Xy are 1 x K vectors of regressors and 3 is a K x 1 vector. ¢, and €4 are scalars. In
group ¢, observation A and observation B are not only correlated with each other, but also correlated
with other observations over space. Therefore, the variances and covariance between €4, and €49 not
only depend on the weight within group, but also weights with other observations out of the group,
and the parameters, A as well. See, for example equation (20).

It is easy to see that E(cy1| X1, W) = E(eg2|Xg2, W) = 0, and the covariance-variance matrix for

group g is defined as Q, = Var(e,|X,, W) where

lel leZ

Var(eg| Xy, W) = Qg(W, A) = Qo Voo
9 9

: (27)




where we suppress the dependence on W and X in what follows for notational simplicity.

Note here that elements in €2, depend not only on the weight between two observations in group
g, but also weights for every observation in the whole sample, because two observations in group ¢
not only correlated with each other, but also correlated with other observations over space. Since we
define two nearby observations as one group, we pick up the corresponding part (£2,) from the whole
covariance-variance matrix (see equation (20)).

Since we cannot observe Y} and Y5, as we discussed in the univariate Probit model, we define

92>
1 ifY*>0
Y, = IR (28)
0 if Yg* <0
Therefore the conditional bivariate normal distribution of Y,; and Yy, given X, is given as
P(Y;;l = 1, ngg = 1|Xg) = P(Xglﬁ + €g1 > 0, ngﬁ + Eg2 > O|Xg) (29)
Xglﬂ Xg25

= Pleg < Xgf,eg < XgB|X,) = O ), (30)

) 7p
\ lel \ Qg22 7
Cov(ggr,€g2) Qg2

VVar(egp)/Var(eg) N V11022

where @, is the standard bivariate normal distribution, ¢, is the standard density function of the

Py = (31)

bivariate normal distribution and p, is the standardized covariance between two error terms.

Given that (g41,¢,42) has a joint normal distribution, we can write
Eg1 = (591892 + €g1 (32)

where

5. — COU(591,592)
gl VCLT(ggg)

and e, is independent of X, and €.

Because of the joint normality of (€41, 42), €41 is also normally distributed with E(eg;) = 0, and
Var(en) = Var(eg) — 531‘/(17“(692). (34)
Thus, we can write the conditional distribution of ey as
(eg1]Xg, €92) ~ N(0,Var(eg)). (35)
Substitute equation (32) back to Y} = X138 + €41, and we can get
= X8+ dgem +eg. (36)
Therefore

Xglﬁ + 691592

P(Yy =1|X,,e0) =
(91 | g 92) ( Var(egl)

10



The reason we want to find (37) is to retrieve P(Y,; =1,Y,s = 1/.X,). Since
P(Ygr =1,Yg = 1[Xy) = P(Yp = 1[Yge = 1, Xg) X P(Yg2 = 11Xy) (38)
it is easy to see that P(Y,, = 1|X,) = &(—=222__) and thus it remains to get P(Yp =1Y,e =1, X,).

v/ Var(eg2)

First, since Yy = 1 if and only if 50 > —X 53, and ¢, follows a normal distribution and it is

independent of X, then the density of €, given ggo > —X o3 is

Hps) o)

Var(eg2) Var(eg2)

= . 39
Plegs > —X50) @(%) (39)
ar(eg2)
Therefore,
P(Yg = 1Yp=1X,) = E[P(Yy =1]X,e0)[Yp =1,X) (40)
+ 041642
_ pioed o0 Yo =1, X 41
[ ( \/W )| g2 g] ( )
B+ 6,16 5
- e [ ey (2)
m X2 ar(eg1) ar(eg2)
and it is easy to see that P(Y,; = 0|Y,e = 1, X)) = 1 — P(Y,; = 1|Y,2 = 1, X,) because Yy is the
binary variable.
Similarly, we can get
1 Xg28 Xlﬁ—i‘élgz €42
PY1=1Y.=0,X,) = / d(—~ Rt g de 43
( gl ’ g2 g) 1_(1)( ‘i(jf(i 2)) o ( \/W )¢<\/W) 92 ( )
and P(Y;1 =0Y,2 =0,X,) =1—P(Y1 =1Y,2 =0,X,).
Now we are ready to get P(Y,; = 1,Y,s = 1|X,) as follows
1 & X1B + 041642 €g2
PYy = 1,Yp=1X,)) = ————+— d(—~ Rt g de
( gl g2 ’ g) (I)( ‘i(;:(i -~ / X, ( \/W )¢<\/W) g2
(a2l (44)
Var(eg)
> Xg18+ 041802 €g2
= o(—~L A - de 42, 45
/Xg25 ( VVar(egn) >¢(\/Va7"(692)) 92 (45)
and similarly we can obtain finally
& X, B‘I’(; 1€42
P(Yy, = 0,Y,=1X _ Kb L 9292 )dego (46)
( gl 92 | 9) m Xy ( \/W ) (m 92
P(Yy = 1,Y,=0X,) = /Xg26q>( X1+ 0g1842 Cg2 )de 4o (47)
—oo VVar(en) VVar(eg)
PYp = 0,Ygp =0[X)
Xg28 X
Y L 010 F 991502 2 Ve, (48)

\/Var 592 oo ( VVar(egm) VVar(eg)

11



4 Partial Maximum Likelihood Estimation

As we discussed in the introduction, if the observations are independent, we can simplify the mul-
tivariate distribution into the product of univariate distributions, and then the ML estimator can
be obtained easily. However, spatial correlations among observations do not allow the simplification
any more. Under spatial correlation, the situation is kind of similar to the panel data case. In panel
data, we cannot assume independence among observations over different periods for the same person
(or firm), which means we are not likely to specify the full conditional density of Y given X correctly.
Therefore, we need to relax the assumption in the panel data case. The way we deal with the problem
is that if we have a correctly specified model for the density of Y; given X;, we can define the partial
log likelihood function as
N T

z\g%xz_jzzj log (| X, 0), (49)
where f;(yit|Xit,0) is the density for y;; given x;; for each ¢. The partial log likelihood function works
because 6y (the true value) maximizes the expected value of the above equation provided we have
the densities f;(y;| Xit, 0) correctly specified (Wooldridge, 2002).

We can apply a similar idea to the spatial Probit model: if we have the bivariate normal densities
Poy(Yg1,Yy2| Xy, 0) correctly specified for each group, we could get a consistent estimator by partial
ML. However, there are several differences between panel data and spatial dependent data: first, the
panel data model assumes that the cross section dimension (V) is sufficiently large relative to the
time dimension (7°), but in spatial data we do not have this assumption. Second, in the panel data
model, we view the cross section observations as independent, while in the spatial data model, even
though we divided the sample into n groups, however, we are definitely not assuming independence
among groups. Observations in different groups are still correlated, but the correlations are assumed
to decay as distances become further away. Third, as we discussed before, dependence in space is
more complicated than dependence in time, and we need to assume that the correlations between
groups die out quickly enough as distance goes further away. In short, we need to examine carefully
how the weak law of large numbers (WLLN) and central limit theorem (CLT') can be applied in the
spatial dependent case. We will discuss these issues and provide proofs in the following sections.

First, we can write the partial log likelihood function as
L= {YpYyplog By(Yy = 1, Yy = 11X,) + Yyu(1 — Yyo) log Py (Y1 = 1, Yo = 0/ X,)
g=1

+(1 = Yg1)Ygolog Py(Yyr = 0, Yo = 1|1 X)) + (1 = Y1 )(1 = Yyo)log Py (Y1 = 0, Vg2 = 0[X)}, g=1,2...

(50)
and for the sake of brevity, we define
Py(1,1) = log Py(Yyn = 1, Yo = 1|1Xy); Py(1,0) =log Fy(Yy1 = 1, Yy = 0] X,); (51)

,(0,1) = log Py(Y;1 =0,Y,0 =1|X,) and P,(0,0) =log P)(Y;1 =0,Y,. =0|X,). (52)

12



Therefore, we can rewrite the partial log likelihood function as

L= E}ﬁibP11%Hhﬂ—nﬁ%ﬂm+ﬂ—nﬁ%ﬂﬂaU+O—%ﬁ@—%ﬁ%@ﬂﬂ(%)

4.1 Consistency of Bivariate Probit Estimation

Consistent estimators 0 = (B,X)’ are the ones that converge in probability to the true value 6y =
(Bos Xo)', i.e. 0 -2 0o, as the sample size goes to infinity for all possible true values. In this section,
to make the asymptotic arguments formal, we distinguish between the true value, 6y, and a generic
parameter value 6.

In the bivariate probit estimation, the estimator 0 is defined as: # maximizes Q. (0) subject to

0 € O, where O is the parameters set. The objective function @, (6) is defined as

@Qn(0) = —Z{ 1Yg2Pg(1,1) + Y5 (1 = Yg2) Py (1,0)
+(1 = Yg1)Yg2 Py (0,1) + (1 = Y51) (1 — Y2) P4 (0, 0) }, (54)
i.e, in other words,
6 = arg maxQ, (6) . (55)
0co

Remember that this objective function represents a partial log likelihood, not a fully log likelihood:
we are only using information on the conditional distribution D(Yy, Y,2|X, W) across the groups g.
We are not using D(Y1,Ys, ..., Y,| X, W) as in a full maximum likelihood setting.

The identification condition is that @ (6) is uniquely maximized at the true value 0y, where @ (6)

is defined as
Q(0) = lim E[Q, (0)) (56)
This condition typically holds for well-specified models when there is not perfect collinearity among

the regressors. Further, one needs to be a little careful in parameterizing the spatial autocorrelation,

but standard models of spatial autocorrelation cause no problems.

The following Theorem 1 states the main consistency result. We define S(f) = 88%" (0) and
lim E[S, (#)] = S (0).

THEOREM 1. If (i) 0y is the interior of a compact set O, which is the closure of a concave set,
(i1) @ attains a unique mazimum over the compact set © at 0y, (iii) Q is continuous on © , (iv)
the density of observations in any region whose area exceeds a fized minimum is bounded, (v) as

1 1 1 1 .
Pr =LY%, | Pryi=lV,e=0lX,) | Pra=0y,e=1%X,) | Pr(v;i=0,Y,2=01%Xy) H) < 00, (vi)
as 1 — 00, sup, (| Xy | 4 1V])) = O(1), (vid) 51D,y |Cov(Vs, V)| < {dyy), 1 — 1,2 where dyy denotes

the distance between group g and j, and a(d) — 0 as d — oo, and (viii) lim E[Q,, (0)] exists, (ix)
sup, ||Wy|| < oo, then 60— 0 = 0p(1).

n — 00, sup,(
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Proof: Given in Appendix 1.

Condition (i) is a standard assumption from set theory. Condition (ii) is the identification condi-
tion for MLE. Condition (iii) assumes that the function () is continuous in the metric space, which
is a reasonable assumption and necessary for the proof that @), () is stochastically equicontinuous.
Condition (iv) simply excludes that an infinite number of observations crowd in one bounded area.
The minimum area restriction is imposed because an infinitesimal area around a single observation
has infinite density. Condition (v) makes sure any one of these four situations will be present in a
sufficiently large sample. Condition (vi) makes sure the regressors are deterministic and uniformly
bounded, which is not a strong assumption in this literature. Condition (vii) is the key assumption
for this theorem, and it requires that the dependence among groups decays sufficiently quick when
the distance between groups become further apart. This assumption employs the concept from -
mixing to define the rate of dependence decreasing as distance increases. Condition (viii) assumes
the limit of E[S,, (§)] exists as n — oo, which is not a strong assumption. Condition (ix) is actually
implied by the rule of dividing groups, which just excludes that the two groups are exactly in the
same location.

4.2 Asymptotic Normality

As we discussed in the introduction, the spatial dependence is more complicated than time-series
dependence at least in four perspectives. These differences cause that central limit theorems (CLT)
need stronger conditions for the spatial dependence case. To deal with general dependence problems,
the common way in the literature is to use the so called "Bernstein Sums", which break up S,, into
blocks (partial sums), and we consider the sequence of blocks. Each block must be so large, relative
to the rate at which the memory of the sequence decays, that the degree to which the next block
can be predicted from current information is negligible. But at the same time, the number of blocks
must increase with n so that the CLT argument can be applied to this derived sequence (Davidson,
1994).

In this section, we show under what assumptions we are able to apply McLeish’s central limit the-
orem (1974) to spatial dependence cases to get asymptotic normality for the spatial Probit estimator.

This is presented in the following Theorem. A” denotes the transpose of matrix A.

THEOREM 2: If the assumptions of Theorem 1 hold, and in addition: (i) as d — oo, dQC(j(ﬁcé*) = o(1)

for all fized d* > 0, (i1) the sampling area grows uniformly at a rate of \/n in two non-opposing
directions, (iii) B(0p) = lim, .o E[nS,(00)SL(00)] and A(Oy) = lim, ... —E[H(0y)] are uniformly

~

positive definite matrices; then \/n(6 — 6y) — N[0, A(6) " B(0) A(0) Y], where S,(0) = %22 (6y)

%)
and H(Qo) = 595297% (90)

Proof: Given in Appendix 1.
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Condition (i) is stronger than condition (vii) in Theorem 1, and it is also stronger than the usual
condition in time series data because spatial dependent data has more dimension correlations than
time series data. It shows that how dependence decays when distance between groups gets further
away, and the dependence decays at the rate fast enough. Condition (ii) just repeats the assumption
in the Bernstein’s blocking method, the two non-opposing directions just exclude sampling area grows
at two parallel directions, which does not make much sense in spatial dependent case. Conditions in
(iii) are natural conditions about matrices, which are implied by the previous assumptions. Matrices
are semidefinite if some extreme situations happen such as Pr(Y,; = 1,Y,s = 1|X,) = 0, which are

assumed to be excluded in the previous assumptions.

4.3 Estimation of Variance-covariance Matrices

Consistent estimation of the asymptotic covariance matrix is important for the construction of as-
ymptotic confidence intervals and hypothesis tests (Newey and West, 1987). The estimations of A
(ie. A= A(@\)) are relatively easy, usually just obtaining sample analogues of #y with 0: but the
estimation of B (i.e. B = B(/H\)) is more difficult and more important because of the correlations
among groups. Newey-West (1987) proposed a method to estimate the variance-covariance matrix in
settings of dependence of infinite order under a covariance stationary condition, and they suggested
modified Bartlett weights to make sure the estimated variance and test statistics were positive.
Andrews (1991) established the consistency of kernel HAC (Heteroskedasticity and Autocorrelation
Consistent) estimators under more general conditions. Pinkse and Slade (1998) also showed that we
can obtain B, (f) —B(f,) = 0,(1) under regularity assumptions, where B,,(0) = nE[S,(0)SL(0)] (see
Lemma 9 in Appendix 1). This approach is feasible in practice only if we can get closed form expres-
sions for F[S,,(0)ST(6)], which should be a function of §, and then plug in 6 for 6, in the function to
get consistent covariance estimators. However, it is difficult to get closed form expressions for B, (5)
in practice, and hence we follow an alternative approach proposed by Conley (1999).

A feasible way to obtain a consistent estimate of a variance-covariance matrix that allows for a
wider range of dependence is to apply the approach of Conley (1999) along the lines of Newey-West
(1987). We follow this procedure in the following Theorem 3.

Let Z5 be the o—algebra generated by a given random field v, s, € A with A compact, and
let |A| be the number of s, € A. Let T (A1, A2) denote the minimum Euclidean distance from an
element of A; to an element of Ay. There exists also a regular lattice index random field W7 that
is equal to one if location s € Z? is sampled and zero otherwise. W7 is assumed to be independent
of the underlying random field and to have a finite expectation and to be stationary. The mixing

coefficient is defined as

ag (n) sup{|P(ANB)—P(A)P(B)|}, A€ Z,,,B €=y, and
|A1| S ka |A2| S l7 T<A17A2) Z n.
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We also define a new process R; (6) such as

R.(6) = S(0) f Wr =1,
T 0 ifW*=0.

Then

THEOREM 3. If (i) A, grows uniformly in two non-opposing directions as T — 00, (ii)
B(6y) = lim,, .o E[S,(00)SE(00)] and A(0y) = lim, ... —E[H(0y)] are uniformly positive definite
matrices, (111) Yy,Y;; as defined in Theorem 1, i = 1,2 and W} are mizing where oy, (n) con-
verges to zero as n — oo; S () is Borel measurable for all § € O, and continuous on © and
first moment continuous on ©, (i) Y o mag; (m) < oo for k+1<4, (v) 010 (m) =0(m™2),
(vi) for some & > 0, E(||S(0)])*"° < oo and S maggs (m)" ) < oo, (vii) H(0) is Borel
measurable for all 0 € O, continuous on © and second moment continuous, A(fy) exists and is
full rank, (viii) Y 2 cov (Ry (0o) , Rs (0p)) is a non-singular matriz, (ix) the Kyp (j, k) are uni-
formly bounded and Kyp (j,k) — 1, n, — o0 as 7 — oo (M, P — o), Ly = o (M*/?) and
Lp = o(PY?3), (x) for some 6 > 0, E(||S (00)|)*" < 00 and Y;,Yj; as defined in Theorem 1,
i = 1,2 and W} are mizing where Qoo oo (m) ) = o(m™*), (i) Esupg | Ry (0)|I° < 00 and
Esupg [|(9/98) (R (O)]|° < oo, then

B. — B(by) = 0p(1) as 7 — o0,

where we split s = [m,p|, A, is a rectangle so that m € {1,2,.... M} and p € {1,2,..., P} and

O N : Fomp @) Hom - @)T y
B - nt jz:; kz:% m;ﬂ p;l Kup (5, k) R it </9\) Ry (§>T
M P . N\ T
1t 303 By (0) B (9)
m=1 p=1

To ensure positive semi-definite covariance matrix estimates, we need to choose an appropriate

two-dimensional weights function that is a Bartlett window in each dimension

(=#D0 =1 forljl < Las |kl < Lp
0 else |

Kure () = {

Proof: It follows from Conley (1999), Proposition 3.

5 Simulation Study

In the previous section, we have proved that the partial maximum likelihood estimator (PMLE)

based on the bivariate normal distribution is consistent and asymptotically normal. Moreover, one
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of the most attractive properties of our new PMLE is that we can get a more efficient estimator
compared to the GMM estimator, and the approach is much less computational demanding when
compared to full information methods. In order to learn about the gains in efficiency that we obtain
in the context of a Bivariate Spatial Probit model when using PML versus GMM, we conduct in this

Section a simulation study to show the efficiency gains of PML.

5.1 Simulation Design and Results

Instead of comparing our PMLE to the GMM estimator of Pinkse and Slade (1998) directly, we
choose to compare the PMLE to the heteroskedastic Probit estimator (HPE) because of two reasons:
First, the HPE uses similar information with the GMM estimator because both methods use gener-
alized residuals from the Probit estimation to construct the moment conditions, which means that
both methods use the information from the heterogeneities of the diagonal terms of the variance-
covariance matrix, while our PMLE uses both diagonal and off-diagonal correlations information
between two closest neighbors. Second, the STATA* source codes for bivariate probit estimation and
heteroskedastic Probit estimation are available online, and we can easily add the spatial parts into
these existing source codes to compare PML estimators with Heteroskedastic Probit Estimators.
According to the theoretical framework given in previous sections, we could generate a dataset
which allows a general correlation structure across groups as equations (8) and (9), and it requires
to specify the exact formula (as functions of A and W) for the elements of €2,. However, it is quite
difficult to derive the pairwise covariances for a bivariate probit because the exact formula for 24,
(and of €211, Qy92) is very complicated, which is an element of the inverse matrix with 2n spatially

correlated observations as follows

Qlll

lel le2
Qg21 Qg22

g

] — [(I - )\W),([ - )\W)];l - lel leg . (57)
Qng 9922
Qn22 i

Therefore, it seems reasonable to generate dataset according to equations (8) with K = 3 and
(18). As we discussed before, this formulation is attractive because it is relatively easy to find
variances and pairwise correlations (equations (19) and (20)) to apply the HP and the bivariate
probit estimators. In this way, we still allow general correlation across groups, and we are able to
compare the efficiency gains from only using the diagonal information (the HP approach) to using
both diagonal and off-diagonal information (bivariate probit).

Therefore, we generate the dataset according to equations (8) and (18), which allows spatial

correlation between any two observations, and we set the true parameter values for 3;, 5, and

4See http://www.stata.com/
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B equal to 1, 1 and 1 respectively. Since our main focus in this study is on the estimation of the
spatial parameter \, we also set different \ true values for each simulated sample: A = 0.2;0.4;0.6
and 0.8, to test for the performance of the two estimation methods (PML and HP). These values for
A are in the range of the estimated value in the empirical application of Pinkse and Slade (1998). In
this setting and with 1000 replications, we consider a sample size of N = 1000 observations (where
the sample size is divided into 500 pairwise groups). Finally, we also simulate samples of sizes 500 and
1500 (with 250 and 750 pairwise groups respectively) to check the performance of the two methods
in different samples sizes. The simulation results are reported in Tables 1 (for the spatial parameter
A) and 2 (for the 5, B, and (5) in Appendix 2.

From Table 2, we can observe that both the HPE and the PMLE of 3,, 3, and 35 converge to true
parameter values across the different parameter values as sample size increasing. Also the the PML
estimator has less bias than the HPE. Moreover, as expected, PML provides smaller standard errors
than the HP estimation method and bias and standard errors decrease when sample size increases.

Furthermore, it is in Table 1 where we can observe the largest advantages of using PML versus HP.
We can see that the PMLE is much better than the HPE in terms of estimating the spatial parameter
A. The PMLE is always much closer to the true parameter values and with small standard errors
across different sample sizes and parameter values (as expected from our theoretical results), while
the HPE is much further away from true parameter values and it is has a much larger standard
deviation over the different sample sizes, even though HPE also shows the trend to converge to the
true values in general as the sample increases. The HPE has always much larger standard deviation
than the PMLE, showing clearly the gains in efficiency of PML versus HPE/GMM as predicted
by our theory. Since both the HPE and the GMM estimator use generalized residuals from Probit
estimation to construct the moment conditions, we conjecture that the GMM estimator is subject to
similar inefficiency problems in estimating the spatial coefficient. Also, as it is expected, the bias of
the PMLE decreases when N increases.

In summary, from the simulation results of Tables 1 and 2, we see how the PMLE outperforms
clearly the HPE (i.e., the GMM estimator of Pinkse and Slade (1998)), specially when estimating the
spatial parameter A\, which implies that the PMLE is much more robust and efficient in the context
of the spatial probit model. The simulation results provide clear evidence of the gains in efficiency
that can be obtained by PML versus GMM, as predicted by our theoretical results in the previous

section.

6 Conclusions

The idea of this paper is simple and intuitive: instead of just using information in moment conditions
(GMM), we divide observations into pairwise groups. Provided we correctly specify the conditional

joint distribution within these pairwise groups, we show that the spatial bivariate Probit model allows
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us to use the most important information of spatial correlations among adjacent observations and to
get more efficient estimators. We also prove that partial MLE is consistent and asymptotically normal
under some regularity conditions. We also discuss how to get consistent covariance matrix estimators
under general spatial dependence by following the approach of Conley (1999) and Newey-West (1987),
which is more usable in practice compared to the proposal of Pinkse and Slade (1998). The attractive
part of this study is that we can get a more efficient partial ML estimator without introducing stronger
assumptions (in some sense, we need weaker assumptions than the GMM method), and the approach
is much less computational demanding compared to full information methods. In order to learn about
the gains in efficiency that we obtain in the bivariate Probit model with PMLE versus the GMM
estimator, we provide a simulation study in Section 5. The advantages in terms of bias and efficiency
of our new estimation procedure proposed in this paper are clearly demonstrated. Moreover, if we
extend this method to the trivariate or higher dimensional multivariate Probit models, we can obtain

even more efficient estimators, but it comes at the expense of more computational demands.

7 Appendix 1

7.1 Proofs to Theorems

Proof of Theorem 1. If we can prove that Q, (6) 2 @ () uniformly, by the information inequality,

@ (0) has a unique maximum at the true parameter when 6 is identified. Then under technical
conditions for the limit of the maximum to be the maximum of the limit, 9 should converge in
probability to 8y. Sufficient conditions for the maximum of the limit to be the limit of maximum are
that the convergence in probability is uniform and the parameter set is compact (Newey, 1994).

To prove consistency, the proof includes three parts:

(i) @ has a unique maximum at 6.

(i) @n () —Q(A) = 0,(1) at all § € ©.

(iil) @, (0) is stochastically equicontinuous and @ is continuous on ©.

Condition (i) and @ to be continuous on © are assumed. The proof of condition (ii) is provided
in Lemma 1, and the proof that @, (6) is stochastically equicontinuous can be found in Lemma 2.
Q.E.D.1

Proof of Theorem 2. To find out the asymptotic normality of the Partial MLE for spatial

bivariate Probit model, we start the proof from mean value theorem. Since a(%l (5) = 0, and by using

the mean value theorem

2*Qy,

IQn 7 _ _ 0Qy, N
) _ 62Qn * —18Qn
= (B 00) =~ SO S ), (59)
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where 0* lies between 0 and 0.

First, let us discuss the term gozéQoT% (6%) to find out the asymptotic properties of geé%% (60%). Recall
that

Qu(0) = LS VP01 4Vl = V) Ry (1.0)

(1= Y)Yy Py (0, 1) + (1 = Y ) (1 = ¥5) P4 (0, 0)}, (60)

where Py(1,1) =log P,(Y,1 = 1,Y,s = 1/X,) etc. Also

9%Q ,1) 9?P,(1,0)
20 = = Y, +Y (1 =Y, —L 1~
20067 D) Z{ gt 92 aeaeT T Ya(l = Yo) =5, 007
9P (0,1) 9?’P (0,0)
1 =Y, ) (V) —L "1~ 1-Y, )(1=Y,,)—L~—2~ 61
+( 91)( 92) 8989T + ( gl)( 92) 8989T ) ( )
where
82Pg(1, 1) _ -1 [aPI'(ngl == 1,%2 == 1‘Xg)]2
90007 TPtV = LYy = 1%, 90
1 FPr(Yy = 1.Y;0 = 1|X,)]
TPV = 1Yy = 1[X,) 0000" ’ (62

and all other terms behave similar.
As before, we only discuss one of these terms, and the same logic applies to the other terms. We
know that

_Z gl 92 6989T )(6*)]

_ —1 OPr(Yp =1, Yoo = 1[Xy) 2
B ZYQIYW{ Y = 1.V = 1%, )F 09 (¢)
1 O*[Pr(Yys = 1,Y,2 = 11X,)]
+ 6*)}. 63
PV, = 1,Y,, = 1]X,) 2600 () (63)

Look at the first term of the above equation given by

—2Mﬂ( R e, (64)

1
Pr(Yy1=1,Ygo=1]X,)]2

Since H [

g=1

o —1
where Kgll = }/91}/92 [Pr(Yy1=1,Yy2=1|X,)]2"
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In order to prove

OPr(Y, =1,Y, =1X,) . 1o OPr(Y, =1,Y, = 1|X,)
S e A ()

g=1 g=1

we need to show that it holds for all ||@|| = 1. Set K13 = w’ K, and then

1< OPr(Yy =1,Y, =1X,) ~
WT{—ZKgn[ 1"( gl 92 ‘ g)(e)]Q

p 0
-2y ae P =t = 1)y )
ni~ 06
= lZm{[aP“Ygl =L Yp = 1) g (2P0 =LY = 11%) 2y (g5)
6 90
. 8Pr gl_]- Y;JQ—”X) % aZPI'(qulzl,Y;ﬂ:”Xg) *
= (60— 6, Z = (6%) x T (0%).  (69)

OPr(Yy1=1,Yy2=1|X,)
90

From the proof of Theorem 1, we know that sup, < 0. From Lemma 3,

92 Pr(Yy1=1,Yyo=1|X,)

007" < 0. From Theorem 1, we also know that 6 — 6 = 0p(1) and hence

sup,

(?PI' 91—173/92—1’)() 82Pr(}@1:1,n2:1\Xg) N

n

aPr =1,Y, = 11Xy) (’9Pr =1,Y,,=1X
= @' {~ Z - 90 2 | Z = 90 2 ) (o)1} = 0,(1)

(71)
- 5P1‘ (Yo = 1, Y = 1]X,) op 2 L 5P1‘(Y91:17%2:1|Xg) 2

g 1

By definition,

- aPr =1,Y,=1|X OPr(Y, =1,Y,,=1|X
R e R R PN

and therefore,

—1 OPr(Yyn =1, Y5 =1|1Xg) oioy »
Z}/gl}/ﬁ{ gl =1, 2 = 1|X )] [ o0 (9 )] } (74)
-1 OPr(Vy = 1Yy = 11X,) .
B Yo by =1 v = TR 9 (oI )
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Similarly, we can prove in relation to the second term that

1 82[Pr(}{ql = 17}/_(]2 — 1|X9)] *
ZYngz —1,Y,; = 1|X,) 0000" @) (76)
) 1 D?[Pr(Yy = 1,Yp = 1|1X,)]
E {YleQQPr(Ygl =1,Y, = 1|X,) 000" (00))- (77)

As usual, we apply repeatedly the above arguments to the other terms. Finally, we can get that

82Qn p 62Qn
| 0* El———(6y)]. 78
i Hgaer ) T Elpgper ) (7®)
If we define
9%P,(1,1) 9%P,(1,0)
Y VeI 17 1YV (1-Y,)—L 2~
{ gllg2 8080T 91( 92) aeaeT

1= V)0 B (1 - v - v A, (79)

where H denotes the Hessian, equation (79) can be rewritten as

lim %iﬂ(&*) 2 lim E[H(6,)]. (80)

n—oo

d(%" (0o). For the sake

of brevity, redefine the score as: S, (6y) = 222 (). Then

— 00
Sulbh) = —Z{ B 00) 1 v, (1 - v, 28 )
(1 mna%wo) T A A L 7 N C1)

We need to show that B~2(0,)S,(00) — N(0, Ix), where B(f) = hm nE[S (0)ST(0)]. Note that
the information matrix equality does not hold here, i.e. —E[H(6y)] 7é E[ +(0)ST(0)], because the
score terms are correlated with each other over space. In this part, we follow Pinkse and Slade
(1998) and we use Bernstein’s blocking methods and the McLeish’s (1974) central limit theorem for
dependent processes. First, define T, =112, (1 +ivD,, ;), where i? =—1,and D, ;(j = 1,2...a,) is
an array of random variables on the probability triple (€2, F, P).7v is a real number. McLeish’s (1974)
central limit theorem for dependent processes requires the following four conditions

(1) {Tha, Hs uniformly integrable,

(il) ETha, — 1,

(iii) Za” D2 2,

() Maz|D, | %0
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Now we need to define D,, ; in our case. Let Yy, = @’{ M} — 3 Yoy Ay for implicitly

NE
define A,;. In order to prove Y, 4N (0,1), we need to establish that the property holds for all
||| = 1 using the Cramer-Wold device. As in the proof of Theorem 1, we split the region in which
observations are located up to an a,, area of size \/b,, x \/b,,. We also know that a,, increases faster
than y/n and b, slower, where a,, and b,, are integers such that a,,b, = n. Let a,, and b,, be constructed
such that a(v/b,)a, — 0. Let n"i x b, < 1, uniformly in n, for some fixed 0 < 7 < % Let A,
denote the set of indices corresponding to the observations in area j. By assumption a number
C > 0 exists such that Maz;(#A,;) < Cb,. Define D, ; = n~ 3 D ote Anj A,:, and hence we can write

=D
Now we are ready to discuss the four conditions for Mcleish’s (1974) central limit theorem. First,

look at condition (iv), which requires that ]\{ azx|D, j| = o0,(1)
J=xan

Max]Dn]| = Max|n“ Z Aptl- (82)
teh,;
Since by assumption
Max;(#A,;) < Cb, = Maac|n 2 Z Ap| < Cby x n72 sup || A (83)
teN,;

where # denotes the number of objects, by definition we have that

ST kS Y A = = b P00 + i v 25D
- nlmz%%) 0=V - v 20 ) (54

Since B(f) is positive definite, B(fy) %is bounded for sufficiently large n, and we have that
an(11 H < o0

sup, ||Ygn|| < oo by assumption (vi) in Theorem 1. We have also proved that sup,
in Lemma 2. Therefore, we are able to prove that sup ||A,| < co. Then Cb, x n=3% sup || A =
0,(Cb, x n~2) = 0,(1) by construction of b,. Hence we can get that Max\Dnj| op(1).

Second, let us discuss condition (i): {7}, } is uniformly 1ntegrable Follovvlng Davidson (1994),
if a random variable is integrable, the contribution to the integer of extreme random variable values
must be negligible. In other words, if E|T,,,| < 0o, E(|Tha, |11, 5x) — 0, as K — oo, it is

equivalent to say P[sup,-y |Tha,| > K] =0, for some K > 0 as n — oo. Here we follow the proof of
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Lemma 10 in Pinkse and Slade (1998). We have that

Plsup |Tha,| > K] = P[sup 1152, (1 +iyD, ;)| > K] (85)
n>N n>N
< Plsup 1L, (/1 +°D2,)| > K (56)
n>N
= {P[sup 1132, (1/1+ 2D} ;)| > K|(sup n"|Dy;| < C)] x Plsupn’|Dy;| < C]
n>N n>N,j
+P[sup |H?gl( 1+ 72Di’j)| > K|( sup n”|D,;| > C)] x Plsupn”|D,;| > C|} (87)
n>N n>N,j
< {Plsup [T, (\/1 1 2D )| > K|(sup 7| Duy| < C)) + Plsupr|Doyl > €] (88)
n>N n>N,j

where C' is a uniform upper bound to ), Any A,;. Therefore,

Plsupn’|D,;| > C]= P[supn’|n 3 Z Aptl > C| (89)
tEAn]'
= Plsupn 2 Z |Ae| > C] < Plsupn™2b, Z |Ape| > C] =0 (90)
tGAnj tGAn]’

since n"~2b, < 1 and by construction of b,.Then,

Plsup [T, (/1 + 72D} ;)| > K|(sup 7| Dyl < O)] < Plsup [(1+9*07*7C*) [ > K] =0 (91)
n>N ’ n>N.,j n>N
provided we set K sufficiently large. Therefore, we proved that P[sup,y [Tha,| > K] =0 = {T,}
is uniformly integrable.
Third, condition (ii) requires that ET,,, — 1, which is equivalent to say that ET,,, —1 = o(1);
see proof in Lemma 4.
Fourth, in order to prove (iii): %", D7 ; 21, by Lemma 8, YD —1=3%"" E(D} ;) —
1+ 0,(1) and

SUED2) 14 0p(1) = BOZ) — 1 - 3" B(DyuDuy) + 0y(1) = 0y(1), (92)
=1 i%]

by construction of Yp,, since E(Yy,) = 1. It remains to show that ) % F(Dy;iDy;) = o(1). This
condition is proved in Lemmas 5-7°. Q.E.D. R

7.2 Technical Lemmas

The proofs of Theorems 1-2 require the use of the following Lemmas 1-8.

’Lemmas 5-8 are along the lines of those in Pinkse and Slade (1998), which are a simplified version of the proofs
in Davidson (1994).
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LEMMA 1: Under the assumptions in Theorem 1, Q, (0) — Q (8) = 0,(1) for all § € ©.

Proof: we can rewrite @, (0) as

Qn(0) = %En:{yglygﬂpg(l? 1) — Pg(L 0) — Pg(07 1)+ Pg<07 0)]
+§/;1[Pg(1a0) — Py(0,0)] + Y[ Py (0, 1) = F4(0,0)] + P, (0,0)}- (93)

Since we assume that lim E[Q,, (0)] exists, and by definition @ (#) = lim E[Q,, (0)], this implies
that: Q(0) — E[Q, (0)] :n—:(ol) In order to prove @, (6) — Q (0) = op(nl_))fowe only need to show
that @, (0) — E[Qx (0)] = 0,(1). That is equivalent to prove that the distance between @, (f) and
E[Q, (0)] is infinitely small as n — oo. That is: E||Q, (/) — E[Q. (0)]||> — 0 as n — oo, and by
definition, it is equivalent to Var[@, (#)] — 0 as n — oc.

It is easy to see that

Varngj [Qn (9)] =

1 n n
EZZ{anl’YnjlcOU(Yleg% Yi1Yje) 4 27501 Vnjacov(Ya1Yge, Y1) + 275,01 Vnjzcov(Ya Yoo, Vo)

g=1j=1

F Y9226V (Yg1, Y1) + 27,,09Yni3¢00 (Y1, Yia) + VigaVnjzcov(Yye, Yja), (94)

where fyngl = [Pg(l’ 1) - Pg(l,O) - Pg(()? 1) + Pg(O’O)L/}/ngQ = [P9(170) - Pg(()?O)]’ and 7ng3 =
[P,(0,1) — P,(0,0)]. The same definition applies to 7,,;;, V,;2and 7,3-

Note that here
R =log{ [ a(Eouiny
7Xg25

S92 de 2
vVar(en) \/Var(592)> o}

which is not a function of Y, or Y;. Hence +,,,; is not a function of Y, or Y;.The same logic applies

(95)

to the other terms (7,2, Vngas Vnj1> Ynj2 a0d 7,;3). Since 0 < Fy(1,1) < 1, the same applies to
P,(1,0), P,(0,1) and P,(0,0). Therefore, it is easy to see that |7, | < 2, and the same |v,, |, and
hence |7ng17nﬂ| S 4> L= 1a 2.

Therefore, we can write

Supng;|Var(Qn (0)]] =

1 n n
522{400’0(3@13@27 Yi1Yja) 4+ 8cov(Yy1Yya, Y1) + 8cov(Yg1 Yy, Yio)

g=1j=1
+4cov(Yy1, Yi1) + 8cov(Yy, Yje) + 4cov(Yye, Yja). (96)
In the previous equation, firstly, let us look at the term # > 2> 4cov(Yp, Yi)
g=1j=1
2224@@ Yo, Yin) < ZZ4SUP|COU Yor, V)| < QZZQ y5) (97)
g=1j=1 g=1j=1 g=1j=1

25



by assumption (vii). Therefore, we need to prove that

%ZZa(dgj) =o0(1) as n — oo. (98)
g=1j=1

Following Pinkse and Slade (1998), we also use the Bernstein’s (1927) blocking method to prove
this as follows. We split the region in which observations are located up to an a, area of size
c1v/b, X c3v/b,,. We also know that a,, increases faster than y/n and b, slower, where a,, and b, are
integers such that a,b, = n. Without loss of generality, we assume ¢; = ¢o = 1, and let a,, and b, be
constructed such that a(v/b,)a, — 0. Let N x b, <1, uniformly in n, for some fixed 0 < 7 < %
By construction of b, Op(n_%bn) = 0,(1). Then we are able to apply the same idea to our case. In
our case, the groups g and j take the role of a, and b,,where one grows faster and the other grows
slower than \/n. We also know the d,; is the distance between |g — j|. So we can find an upper bound
for |g — j| as the maximum between group g and j. Let us suppose that j is the one that grows faster
than /n and g is the one that grows slower than y/n. Then we can cancel one of the summations

corresponding to g with n~!. Moreover, since j grows faster than \/n but slower than n~!, one way

Jn
is to define Y ja(j) as the one that grows faster than y/n but slower than n in such a way that
j=1

N

>3 a(dy) - 0% jali) (99)

g=1j=1 Jj=

vn Vvn
Finally, >~ ja(j) grows slower than n and therefore, O(2 3" ja(j)) = o(1). So, we can get
j=1 j=1

LSS e300 < 33t =t (100

g=1j=1

We can apply the same logic to 25 > > 8cov(Yy1,Y)2) and % 224601}( 42, Yj2). Let us consider
g=1j=1

g=1j=1
# Z Z dcov(Yy1Yye, Yi1Yje). If we define Y, = Y,1Yys and Y; = Y;1Y)s, we can apply the same logic
to prove that = Z 240011( 5 Y;) < 2550 S aldy;) = o(1). Therefore, we are able to show that
g=1j= g=1j=1
E[[Qn (8) = E[Qu (O)]I” < Supng;|Var(Qu (9)]] < —Zza 07) = ol (101)

Hence, Q (0) — E[Q, (0)] =0(1) = Q, (0) —Q (0) =0,(1) at all 0 € 6.Q.E.D. A

LEMMA 2 Under the assumptions in Theorem 1, @, (6) — Q (0) is stochastically equicontinuous.
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Proof: The proof requires only to show that @, () is stochastically equicontinuous because

@ () is continuous by assumption (iii). We have that

Qu(0) = Qu(7) = —Z{Ylegz (1.1.0) = P,(1.1.0)]

+Ygl(1 Y;2)[Py(1,0,6) — Py(1,0,0)]
+(1 - Y;ﬂ)Y;ﬂ{Pg(O? L, 9) - P901(07 L, ‘9)]
+(1 = Yy)(1 = Y2)[P,(0,0,6) — P, (0,0,6)]}. (102)

By the mean value theorem

Q. (0) - Q. (7) = Z{Yglng OB (640 - B) + Y1 - ¥ P )0 - D)
- anm%w*)(e =0+ -V - e e - (o)

where 0* lies between 6 and 6. In order to prove @, (0) is stochastically equicontinuous, it is sufficient
to show that

Sup| le;ﬂZ 89T = 0,(1), (104)

and the same requirement applies to other terms. For simplicity issues we just prove one of them

and the rest follow the same argument. Recall that

P,(1,1) = log P,(Yy = 1, Y, = 1|X,), (105)

and note that Py(Y,; = 1,Y = 1|X,) = @g(\)/(gzl—[fl \/% Pyl Xy), where @, is the bivariate normal
g9 g

distribution function. Also

OF,(1,1) _ Q11 \/9922’p ‘ (106)

o0t 00"
and since 0 = (5, \
o OP,(1,1) LA ()
T (0) = 0P, (1,1) : (107)
99 55— (M)
We focus first on 8%6(151) (B), where
log & XgB  Xg2B8 591X g1 5g2Xg2
8Pg(1,1) [ & 2(\/ gll g22 >] \/lel \/9922 (108)
op" op" I e )
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with

( ngﬁ _ Xglﬁ )
X V922 \/an
Sg1 = m) ( ﬂ )a (109)

(=
sy — QQﬁ V0 \/Qg” . 110

By assumption (v)

< 00. (111)

1
sup
g || P Xq1B  _Xg2B pg>

Q11 A/ Qg2

sup

Pr(Yy =1, Y, = 1|1X,)

oy . 5q1Xg1 542X g2 .
and it is easy to see that o + Ny < oo provided that sup, (|| X,||) < co. Therefore,
0P,(1,1
sup 'LT’)(@H < 00. (112)
g ap

. OPy (Y1 =1,Y,2=1|X,
We now discuss the second term 2F2(at L X9) ()), where

ng 925
P, (1,1) . Illog (I>2(v Q117 /g2 /) (113)
O\ N O\
€g1 €g2 a €g1 €g2
_ ¢ ( /Q 11 /Q 22 pg) y ¢2( /Q 11 /Q 922 pg) (114)
Dy (Sl XaB  XgpB ) O\
\/ gll \/ g22

_Esﬂ__sﬂ_

m v H < oo provided that sup, Wl <

and after some algebra, we can prove that sup,

.
OPy(1,1)
oA

aP,(1,1)
o957

Therefore, it easy to see when sup, < oo and sup, < 00, we can get

sup (115)

g

0P,(1,1

E
00

We apply the same logic to the other terms, and we can prove that sup,

0T 0T

9F,(1,0) ((9)”, sup,

0P,(0,1) (9) ‘ ‘
dP,(0,0)
06T

Therefore, finally sup| Y1 Yee Y0, dPga;l (0)] = O,(1) given sup,(||Yy][) = O(1), and hence we
9e®

and sup, 0) H are also bounded.

can prove that @, (0) — @ (0) is stochastically equicontinuous. Q.E.D. R

92 Pr(Yy1=1,Yy2=1|X,)
00007

LEMMA 3: Under the assumptions in Theorem 2, sup, < 00.

28



Proof: From Lemma 2, we know that

OPr(Yy1 = 1,V = 1|X,)

opT
(s A=) (= —r )
X108 Q422 Q411 Xg28 Qg11 Q422
_ ¢( \/le1 )(I)( \/1pr )Xgl + ¢( \/Qg22 >(I)< \/1*P§ )XQZ (116)

XgQB _ Xglﬁ Xg2ﬁ Xgl/B Xg2

( L) (S —pTl) (e —p—i)
X108 Xg18 /Qg22 Qg11 V222 /11771 /g2 T /11
X91¢(\/qu){Xgl \/quq)[ \/17[% ]+¢[ \/17[)5 ] \/1pr }

(BB, Xg20 ) (B Xepb ) Xg X
X 2¢( Xg28 ){X ) Xg28 (I)[ V11 Q922 ]+¢[ Vg ] NN }
i e i N A

+

and even though the above expression is complicated, it is easy to see that all the terms are bounded

provided the assumptions in Theorem 2 hold. This is equivalent to

PPr(Y,=1,Y,=1X
sup i = 1, 1{72 1Xy) < 00, (118)
g dBoB
OPr(Yy = 1Y, = 11X,)
o\
¢2( =z ) o P ) a¢2( L 7L7p )
Q11 A/ Qg2 Y Qg11 Qgoo’ 9
= X : (119)
b ( Xg18 Xg2B p ) o\
2 Q11 A/ Qg2 Y
L PP =LY =1IX,)
ON°
0
(D)2 Dy ON
It is easy to see that the first term of the above equation is bounded from previous results (i.e.
sup,, % < o0) and the second term can be also proved bounded since ég;\bf can be proved to
be bounded given that sup, ||[W,|| < oo after some algebra. Hence sup, a Pr(Ygg;’;;?F”Xg) < 00.

Q.E.D.®

LEMMA 4. Under the assumptions in Theorem 2, E'T,,,, —1 = o(1), where T,,,, = 113~ (1+iv Dy, ;).
Proof: By definition, Ty, = 1132, (1 + ivDy ;) = Tya,—-1 + 7T n.a,—1Dnn- By repeatedly multi-
plying out, we finally get T,,,, = 1+ iy Z?ll T5.j—1Dy;. Hence,

ETye, —1=E(iyY_ Tnj-1Dn;). (121)

J=1
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In order to prove ET,,, — 1 = o(1), we just need to show that: E(iy > 5", T, ;-1Dn;) = o(1).
This is equivalent to prove that E(T), ;-1D,;) = o(a,'). We can rewrite T}, ;1 as T, j_1 = H{C 11(1 +
ivD,, ). We know there are j — 1 groups of D,, ; in T}, ;_;. We split these j — 1 groups into two parts:
groups adjacent to group j, and groups that are not adjacent to group j. We then define the area
Enj—1 as the area which is adjacent to group j. Therefore, T, ;1 = Ilyez,,_, (1 +ivDypp) gz, (1+
iyDn ) = Hyez,,_, (1 + YDy i) Tryj where Try; = gz, (1 + ivD, ), which includes the groups
which are not adjacent to group j.

Since T, ;-1 = Hgez,,_, (1 + ¥y Dy i) Trnj,We just need to prove
E[Dyj(Mkez,,,_, (1 4 ivDn i) Trng)] = ElDniTrnj(Mkez,;_, (1 +iyDn )] = ola, ). (122)

We know that

E[DyjTrnj(Mkez,, ,(1+#yDui))] = E[DniTanj(1+iv > Tok-1Dui)] (123)
kGEnjfl
= E[DyjTpnj] + E[DyjTani(iv Y Tog1Dug)]. (124)
k‘EEnjfl

First, we look at the term E[D,;Try;]. Since Try; = Ilpgz,, (1 + iyDyy), that means the
group is not adjacent to group j. By Bernstein’s method, we split the region in such a way that
the distance between group j and non-adjacent group is at least bé. Hence, Maz|E[Dy;Try || =
Mazx|cov(Dy;, Try;) = a(v/b,) provided E(D,;) = 0 and by assumption (vi) in Theorem 1. By
construction of a,, and b, a(v/b,)a, = o(1), and hence we obtain Maz|E[D,;Try;]| = o(a, ).

Second, we look at the term E[D,;Trp;(iy ZkeEm,l T k—1Dnk)]. We have that

E[DnjTani(iy Y TosaDu)l =iy > E[DniTanTkez,,_, Dur)]. (125)
kE€Sn; 1
Consider E[D,;Trn;jDni)] first. We know that E[D,,;Tgy;Dnr)] = cov(Dyj, TryjDni) provided
E(D,;) = 0. Since cov(Dy,j, TrnjDni) — cov(Dypj, Trn;) as n — 00, because Tg,; gets more and more
terms (all groups not adjacent to group j), while D, keeps the same amount. In the first step, we
have proved that cov(D,,;, Try;) = o(a;,'), and by the same argument cov(Dyj, TrnjDnx) = 0(a,*).
Therefore, we can prove that E(T), ;j_1D,;) = o(a,') = ETp., —1=0(1). Q.E.D. &

LEMMA 5. Under the assumptions in Theorem 2, 3 0% E(DpiDyj) = o(1).

Proof: We know that > 5. E(Dp;Dyj) = > 20" 335" E(DyiDyg) = 3700 E(DyiDyj) = o(1) if we
can show that Max > 7", ]E(DmDn])] = o(a,"). This is equivalent to prove . E(Dp;Dp;) = o(1)
because the summation over j contains a,, — 1 terms.

Define =,,; as the set of indices corresponding to blocks that have [ blocks removed from every

direction from block [. In other words, we assume there are no more than 8/ blocks within distance
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[. Hence,

an Van
Maz Y "|E(DniDyj)| < Maz» > |E(DniDyy)| (126)
i=1 =1 jEE i
Van
< Maz Y |E(DniDyj)| + Maz Y Y |E(DwiDyy)l.  (127)
JEELi =2 jEE 4

The first term is proved to be o(n~'b,) = o(a,') in Lemma 6. The second term can be also
proved to be o(a,') in Lemma 7. Q.E.D. B

LEMMA 6: Under the assumptions in Theorem 2, Maz
Proof: Since D,, ; = n-% Y ote Anj A, by definition

| E(DniDnj)| = o(n™"bn) = o(az").

i#]

Maz Y |E(DyDyj)| = Mazigiln™ > E(AnAw)| (128)
1#£] s€AniteAnj
S Maxigngln*l Z a(dts) (129)

s€AniteAng

because E(A,sAn) = Cov(Ans, Ant) = Craldys), where Cy > 0.

To compute the upper bound of the correlation between i and j, we just need to consider the
strongest case, e.g. the ¢ and j are adjacent each other. By Bernsteins’ blocking method, the number
of (t,s) combinations that are within distance d is bounded by Csv/b,d?, where Cy > 0. Hence we
can get

Cav/by
Mazig;Cin™" Y alds) < CsMazign"/b, Y d’a(d), (130)
s€Anite Anj d=0

where C3 = C1C5, Cy > 0.

By assumption (ii) in Theorem 2, d?a(d) — 0, as d — oco. Therefore,

Cav/br
CgMaxigjn’I\/a Z d*a(d) = o(n'by,). (131)
d=0

Since a,b, = n by construction, o(n"'b,) = o(a;'). Q.E.D. W

LEMMA 7: Under the assumptions in Theorem 2, Max Zl“:‘;_" > ez, [E(DniDyj)| = ofa, ).

Proof: Because Mazjcz,, X Maxsean X Mazicpni|E(AnsAn) = O(ay/b,(l — 1)), we have that

Maz» " Y |E(DyDyj)l < CsMaz ) #Z,un" x #An x #An0(yv/ba(l— 1)) (132)
=2 jEE i =2
< Con 'Y " a(v/bal) = o(n'b,1 Y " a(l) = o(n"'b,) (133)
=1 =1
= of(a}). (134)
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where # denotes the number of objects, and o(n~1b,l Zz " a(l) = o(n~tb,) follows from assumption

(i): as d — oo, L2 — o(1). Q.E.D. m

LEMMA 8: Under the assumptions in Theorem 2, » 5", Dy ;= 30" E(D} ) + 0p(1),
Proof: In order to prove Y 1", D; ; = > E(Dj ;) + op(l), it suffices to show that

Gn  Qan

ZZCOU 2o D2 ) =o(1). (135)

=1 j=1

We have that

an

izcm’ Dy D ) - ZZ{ )][Dij_E(Dflj)]} (136)

=1 j=1 =1 j=1
Cs+/an

< C7 Y (14 Da(y/bal) MazE(D}), (137)

=0

where C7, Cg > 0 are large enough. Also

MazE(D)) < nMax > |E[Aw, Ania, Ants, Anta] (138)
t1,t2,t3,t4€A
< Con*Maz; Y {aldue) + - + aldisu)} (139)
11,62,t3,t4€ Ay
S Cl()’l’L_2MCLIj Z {a(dt17t2)} (140)
tl,tQEAnj
c12vbn
< Cun~ QbQMaxJ Z Z la(l) = O(n™?b?), (141)
tleN,; I=
where Cy, Cho, C11, C12 > 0, Sup| > 2, la(l)| < co. Therefore finally
Cs/an
C7 Y (1+ Da(y/bul) MazE(Dy,) = O(n"*b3a,) = o(1), (142)
=0

because a,b, =n and n7'02 — 0asn — oo. Q.E.D. W

Finally, the following Lemma 9 generalizes Pinkse and Slade (1998) results as a way to obtain
consistent estimates of the variance covariance matrix.

LEMMA 9: If assumptions in Theorem 2 hold, and sup, |5t + %22 < oo, then A, (9) A(y) =
0p(1) and Bn(ﬁ) —B(6y) = 0,(1); where B, (0) = nE[S,.(0)SI(0)] and A (9) = —E[H(Q)]

Proof: First, we prove that An(g) — A(0o) = 0p(1). We know that A, (0 ) Zg L H, ( ), and
by definition, lim A,(fy) = A(6y). So we just need prove that wT{An( ) — lim A, ()} = 0,(1) for
all ||| = 1. From the proof of Theorem 2, we have already proved that

e AOEES A (143)
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as n — oo, provided that 0 — 6o = 0,(1) which is proved in Theorem 1. Therefore, we can get
A(0) = A(Bo) = 0,(1).

Second, we consider how to show Bn(Q) B(6y) = o
B, (0) - B,,(6p) = 0,(1) as n — oo. We know that B,,(6,)
Sn(6o) = 0. Recall from the proof of Theorem 2 that

»(1). As before, it is sufficient to show that
= nE[S,(00)SE(0y)] = nVar(S,(6y)) given

5,(00) = —Z{ 2L (00) +¥,u00 — v, A )
1 mna%wo) + 0=y -1 0D gy
and we can rewrite it as
Sulb) —Z{ WL D ) - 0 gy - a0 L) ) 1 OTB0) g
+Ym[%<ee> - 000 ) 4y, 20 L) ) T80
00 ) (145)
For the sake of brevity, we redefine
v = (M ) - 010 ) OBO L) ) OO0 gy (1ae)
T R L] (147)
by = (220D gy - 200 g (149
bt = 0D g (149
Therefore,

Var(S,(6y)) = n 'B,(6)

- ”7222{%91%'100”%%27 Yi1Yja) + 29,,19,50C00(Y1 Yo, Y1)

g=15=1

+2¢ng11/’nj3COU(Y91Yg2, Y}Q) + ¢n92¢nj200’11(3/;;1, }/}1)
+2wn92wnj3cov(}/tqla 3/32) + wng3¢nj300'l}<}/;]27 }/}2)7 (150)

where ©,,:1, 9,9, 1,5 are defined similarly as ,,,1, 9,0, ¥, 43-

As before, we just need to provide the proof for one of these terms, and the same logic applies to
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other terms. We consider the most complicated term and the rest follow the same argument

nilzz anﬂ/}nﬂCOU(Yglyg% }/}1}/;2)]

g=1j=1
= Y U [EVa YV Yie) — E(VpYye) E(VinYye)l.  (151)
g=1j=1
E(YqYpYinYjps) = Pr(Yp=1Yp=1Y)=17Y)=1[X,) (152)
D4 (Yg1, Yg2s i1, Yj2s Pr2s P135 P145 P23 P2as P34) (153)
where ®, is the cdf for the quadvariate standard normal distribution, y,1 = %etc. Similarly,
ar(Yg1
E(YnYyp) = Pr(Yy =1,Y =11X,) = P2(ye1, Yg2, P12), (154)
E(YnYj) = Pr(Yy =1,Yj = 1X,) = Pa(ys1, Yj2, P34, (155)
and therefore,
E(YYp)E(YnYje) = Pa(ygr: Ye2: p12) X L2(Yj1, Yj2: P34) (156)
= CI)4c(y91>yg27yj17yj27p1270>070a07p34)> (157)
so we can write the first term as
Bu(Bo) = 1Y Y b [E(VnYyaYnYie) — (Y Yoo E(Yin Vi) (158)
g=1j5=1
= ”_1221%917%]‘1 [a(Yg1: Yg2, Yj1: Yjz: P12(00), p13(00), p14(00), p23(00), p24(60), p34(00))
g=1j=1
_q)4(ygla Yg2,Yj1, Y52, p12(60)7 0> 07 Oa 07 p34(00))] (159)

~

Similarly, we can write the first term of B, () as

-~ -~ -~ -~ -~

nflzzwnmwnﬂ [P4(Yg1, Yg2, Y1 Ys2s p12(0): p13(0) p14(0), p23(0), p24(0), P34(§))

A~ -~

—@4(3/91, 3/927 yj17 Z/j27 p12<9)7 07 07 07 07 p34( ))] (160)
By the mean value theorem, the first term of B, (5) —B,(0p) is given as

-~ ~ -~ -~ -~

nilzzwnglwnjl{[qa(ygl; Y2 Yjts Yszs Pr2(0), p13(0), p14(0), pas(6), p24(0), p3a (5))

g=1 j=1
—@4(%1, Yg2,Yj1, Yj2, ;012(90)7 ;013(90)7 014(90)7 023(90)7 P24<90)v P34<90))]
_[(1)4(y917 34927 yjla Z/j2> p12<9)7 07 07 07 07 p34(9))

_®4(yglay927yj17yj2apl2(€0)’0709070ap34(€0))]} (161)
o o 0P ) y Y515 952, " ) " ) " ) 0" ) g ) o
_ n—1(9_90)22¢ng1¢nj1{ 4(Yg1: Yg2, Yj1: Yj2, p12(07) P13(89) P14(07), Pa3(07), pos(07), pss(07)
g=1j=1
8q)4(yglay927yj17yj27p12(0*)>070a070>p34(0*))
— . 162
& ) (162)
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Since sup, Hi/}wl H < oo by the proof in Theorem 2, we just need to assume

3(54(%717 Yg2, Y515 Yj2, P12(9*)7 P13(9*)7 P14(9*)7 Pz3<9*)> Pz4<9*)> 1034(9*)

sup < 00, (163)
| 5 |
and the same argument applies to
0P 1, Y 6*),0,0,0,0 0*
Sup 4(3/9179927%1,%271012( )7 5 Uy Uy 7p34( )) < 00 (164)
g 00

so that

-1/0 o (9@ Yg15,Yg2, Yj1,Yj2, 0*7 0*7 0*7 0*7 0*7 8*
n 1(9_90)22¢ng1¢nj1{ 4( 915 Yg2, Y51, Yj2 P1a( )013(30) 014( >1023( >1024( )P34( ))

_aq)4<y917 y927 yjlu yj?: p12(9*>7 07 07 07 07 p34(9*))}
00

g=1j=1

0, (165)

because (5 — ) — 0 and the other terms are bounded.

Repeat the proofs to the other terms, plus the new assumption about sup, H % H < 00, and then

-~

we can prove B, () —B(6y) = 0,(1). Q. E.D. R
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8 Appendix 2

TABLE 1*: SIMULATION RESULTS OF DIFFERENT ESTIMATORS OF X\ IN THE

CONTEXT OF THE BIVARIATE SPATIAL PROBIT MODEL.

A=0.2 A=04 A=0.6 A=0.8
HPE | PMLE | HPE | PMLE | HPE | PMLE | HPE | PMLE
N =500 | mean | 2.151 | 0.381 | 2.575 | 0.667 | 2.491 | 0.970 | 2.876 | 1.202
bias | 1.951 | 0.181 | 1.175 | 0.267 | 1.891 | 0.370 | 2.076 | 0.402
(s.d.) | (4.630) | (0.844) | (5.073) | (0.923) | (4.996) | (0.913) | (6.213) | (0.966)
N =1000 | mean | 1.013 | 0.356 | 1.089 | 0.606 | 1.307 | 0.863 | 1.660 | 1.160
bias | 0.813 | 0.156 | 0.689 | 0.206 | 0.707 | 0.263 | 0.860 | 0.360
(s.d) | (2.131) | (0.606) | (2.241) | (0.622) | (2.424) | (0.671) | (2.675) | (0.813)
N =1500 | mean | 0.684 | 0.324 | 0.792 | 0.592 | 0.906 | 0.860 | 1.305 | 1.156
bias | 0.484 | 0.124 | 0.392 | 0.192 | 0.306 | 0.260 | 0.505 | 0.356
(s.d.) | (1.508) | (0.484) | (1.566) | (0.515) | (1.611) | (0.601) | (1.910) | (0.706)

*Results are presented for our new Partial Maximum Likelihood Estimator (PMLE) and the
Heteroskedastic Probit Estimator (HPE) of A. Numbers in brackets show standard deviations (s.d.).
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TABLE 2*: SIMULATION RESULTS OF DIFFERENT ESTIMATORS OF g,, 5, AND S, IN
THE CONTEXT OF THE BIVARIATE SPATTAL PROBIT MODEL.

pi=1 Bo=1 fs=1
HPE | PMLE | HPE | PMLE | HPE | PMLE
A=02| N=500 | mean | 1.043 | 1.021 | 1.042 | 1.020 | 1.042 | 1.020
(s.d.) | (0.120) | (0.109) | (0.114) | (0.104) | (0.122) | (0.108)
N =1000 | mean | 1.017 | 1.006 | 1.022 | 1.011 | 1.016 | 1.005
(s.d) | (0.079) | (0.071) | (0.078) | (0.071) | (0.079) | (0.070)
N =1500 | mean | 1.012 | 1.004 | 1.013 | 1.005 | 1.010 | 1.002
(s.d.) | (0.065) | (0.059) | (0.063) | (0.058) | (0.064) | (0.057)
A=04| N=500 | mean | 1.043 | 1.017 | 1.042 | 1.018 | 1.043 | 1.019
(s.d.) | (0.125) | (0.112) | (0.112) | (0.105) | (0.119) | (0.110)
N =1000 | mean | 1.017 | 1.005 | 1.020 | 1.008 | 1.014 | 1.002
(s.d.) | (0.079) | (0.072) | (0.080) | (0.072) | (0.077) | (0.069)
N =1500 | mean | 1.014 | 1.005 | 1.013 | 1.004 | 1.009 | 1.000
(s.d.) | (0.065) | (0.058) | (0.061) | (0.056) | (0.062) | (0.056)
A=06| N=500 | mean | 1.046 | 1.022 | 1.045 | 1.022 | 1.043 | 1.020
(s.d.) | (0.123) | (0.107) | (0.126) | (0.111) | (0.126) | (0.108)
N =1000 | mean | 1.019 | 1.006 | 1.020 | 1.007 | 1.015 | 1.003
(s.d.) | (0.083) | (0.075) | (0.084) | (0.075) | (0.079) | (0.071)
N =1500 | mean | 1.010 | 1.002 | 1.012 | 1.004 | 1.010 | 1.002
(s.d.) | (0.066) | (0.060) | (0.065) | (0.060) | (0.063) | (0.059)
A=08| N=500 | mean | 1.035 | 1.013 | 1.036 | 1.014 | 1.037 | 1.015
(s.d.) | (0.125) | (0.115) | (0.125) | (0.111) | (0.125) | (0.115)
N =1000 | mean | 1.016 | 1.003 | 1.017 | 1.005 | 1.016 | 1.004
(s.d.) | (0.083) | (0.086) | (0.082) | (0.090) | (0.084) | (0.088)
N =1500 | mean | 1.011 1.000 | 1.012 | 1.001 1.012 | 1.001

(s.d.) | (0.065) | (0.058) | (0.064) | (0.057) | (0.064) | (0.056)
*Results are presented for our new Partial Maximum Likelihood Estimator (PMLE) and the

Heteroskedastic Probit Estimator (HPE) of (3,, 8, and 5. Numbers in brackets show standard

deviations (s.d.).
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