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Abstract

We introduce a new model of aggregate information cascades where only
one of two possible actions is observable to others. Agents make a binary
decision in sequence. The order is random and agents are not aware of
their own position in the sequence. When called upon, they are only
informed about the total number of others who have chosen the observ-
able action before them. This informational structure arises naturally
in many applications. Our most important result is that only one type
of cascade arises in equilibrium, the aggregate cascade on the observable

action. A cascade on the unobservable action never arises.

1 Introduction

A hiring committee must make a decision on a job candidate who has just
been interviewed. The candidate mentions that three other companies have

already made him an offer, information that the committee can verify. On the
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other hand, the committee can only speculate on how many rival companies
have already rejected the candidate’s job application.

A manager of a venture capital firm discusses a project with an inventor
who needs capital to develop a new product. The inventor has already secured
funds from two other venture capital firms, information that the present man-
ager can verify. The manager will also have some private information about
the viability of the project but he can only speculate about how often the
inventor was turned down by other rival firms who thought that the project
was bad.!

A restaurant goer must decide whether or not he wants to dine at a par-
ticular restaurant he stands in front of. He has some private information on
how good the restaurant is, and he is able to peer through the window to
see how many others have already decided to dine there. But he can only
speculate about how many others stood before the same door and decided to
pass.

What these examples have in common is that agents who have to decide
between two options have only aggregate information about one of the two
options (offering a job, financing a project, dining in a restaurant), simply
because the choice of the other option is not observable. In this paper we
study the properties of social learning in this type of environment.

This informational environment arises naturally in many social interac-
tions. Like in the case of the restaurant goer or the venture capital firm, in
many circumstances, a decision maker can gather some aggregate informa-
tion (how many firms have already adopted a new technology, invested in a
specific project, etc.), but he can rarely observe all the individual decisions.
Clearly, if the decision is binary, knowing the number of agents who have
made a certain decision also helps to update on the number of agents who
have made the opposite decision. But this is not equivalent to knowing it.
And, as we will show in this paper, this makes an important difference for
social learning.

The social learning literature so far has focussed on situations where, in

1This example could also be extended to the market for syndicated loans where several
banks jointly offer funds to a borrowing firm. See for example Sufi (2007) for an empirical
analysis of the effect of information provision between several lenders and the borrower on

the syndicate structure of the contract.



principle, all available actions are observable. The seminal models of informa-
tional cascades (Banerjee, 1992, and Bikhchandani et al., 1992), for instance,
contemplates a sequence of binary decisions which are all observable. Agent ¢
knows whether each predecessor in the sequence, from agent 1 to agent ¢ — 1,
decided in favor of one option or the other. Several studies since have relaxed
these stringent assumptions, some of which we will discuss briefly below. The
question of what happens if some actions are not observable at all, however,
has not yet been addressed.

In the sequential models of Banerjee (1992) and Bikhchandani et al. (1992)
informational cascades arise: at a certain point in the sequence, agents ratio-
nally neglect their own private information, that is, they choose the same
action independently of the information they receive (and follow the decisions
of the predecessors). In particular, different types of cascades can arise. If the
decision is binary, say, between investing and not, there can be cascades in
which, from a certain point onwards, all decision makers decide to invest, as
well as cascades in which, from a certain point onwards, all decisions makers
decide not to invest.

At a first glance, one could think that this may be the case in our set up,
too. If a restaurant goer sees many people in a restaurant, he could disregard
his information and just join the crowd; and if he sees the restaurant empty,
he could decide to go somewhere else independently of his private signal.

We will show, on the contrary, that only the first cascade is possible. In
equilibrium, cascades on the unobservable action cannot arise and a restau-
rant about which some people have read good reviews will not remain empty
for ever. Intuitively, a cascade on the unobservable action cannot be an equi-
librium outcome since if all agents chose the unobservable action (not dining
at the restaurant) independently of their signal, then the observation that
no one has chosen the observable action (dining at the restaurant) would be
completely uninformative. Then it would be optimal for an agent with a sig-
nal in favor of the observable action to deviate, that is, to follow his signal
and choose that action.

After showing that cascades on the unobservable action cannot occur, we
will show that the equilibrium in our model predicts a very simple behavior,
with agents following their private signal until a threshold in the aggregate

number of the observable action has been reached: after that threshold a



cascade occurs, with all agents choosing the observable action independently
of their signal. We will illustrate the properties of these cascades, and compare
the welfare in our economy with that in the seminal model of Bikhchandani
et al. (1992). We will see that under some conditions welfare can even be
higher in our model, despite agents having access to less information.

Our work contributes to the study of social learning when there is imper-
fect observability of other agents’ actions. The paper most closely related to
ours is probably the recent work by Herrera and Horner (2009). This paper
shares the same motivation with ours, in that it focuses on social learning
when only one action is observable. While the motivation is the same, the
framework is very different. In their continuous time model, agents arrive
randomly over time, and only those who invest are observed. Therefore, the
lack of observed investments may reflect either the choice of predecessors not
to invest or the lack of investment opportunities. Time itself is informative.
In terms of results, exactly as it happens in the standard model (Smith and
Sorensen, 2000), in their model cascades can occur on both actions if and
only if beliefs are bounded while, with unbounded beliefs, learning is asymp-
totically complete.? The probability of an incorrect cascade is higher or lower
than in the standard model depending on some properties of the signal dis-
tributions.

Other papers in the social learning literature study what happens when
we remove the strong assumption that agents can observe the entire history
of individual decisions.? Celen and Kariv (2004) extend the standard model
of sequential social learning by allowing each agent to observe the decision
of his immediate predecessor only. The prediction of these authors is that
behavior does not settle on a single action. Long periods of herding can
be observed, but switches to the other action occur. As time passes, the
periods of herding become longer and longer, and the switches increasingly
rare. Larson (2008) analyzes a situation in which agents observe a weighted

average of past actions before making a choice in a continuous action space. In

Beliefs are (un)bounded when the support of the loglikelihood ratio—the logarithm
of the ratio between the probabilities of a signal conditional on one state relative to the

other—is (un)bounded.
3For comprehensive surveys of the literature see, among others, Gale (1996), Hirshleifer

and Theo (2003), Chamley (2004) and Vives (2007).



contrast to our work, the focus is not on whether a cascade occurs or not, but
on the speed of learning (since the continuous action space guarantees that
complete learning eventually occurs). An interesting observation of this study
is that the speed of learning depends on how effectively the noise coming from
early actions is purged. Collander and Horner (2009) present a model in which
an agent observes only the total number of choices of each type (in a binary
action setting), rather than the full sequence of actions. They characterize
conditions under which later agents optimally imitate the minority, rather
than the majority action.

Banerjee and Fudenberg (2004), Smith and Sgrensen (2008) and Acemoglu
et al. (2010) study social learning when agents can only observe a sample of
predecessors’ actions. Banerjee and Fudenberg (2004) present a model in
which, at every time, a continuum of agents choose a binary action after
observing a sample of previous decisions (and, possibly, of signals on the out-
comes). This can be interpreted as a model of word of mouth communication
in large populations. The authors find sufficient conditions (on the sampling
rule, etc.) for herding to arise, and conditions for all agents to settle on the cor-
rect choice. Smith and Sgrensen (2008) study a sequential decision model in
which agents can only observe unordered random samples from predecessors’
actions (e.g., because of word of mouth communication). They characterize
different conditions on the sampling procedure and on the beliefs to have
complete or incomplete learning. When the past is not over-sampled, that is,
not affect for ever by any one individual, and when beliefs are unbounded,
complete learning eventually obtains. Acemoglu et al. (2010) analyze a situ-
ation in which agents observes the past actions of a stochastically-generated
neighborhood of individuals. Differently from Smith and Sgrensen (2008),
who assume that “samples are unordered” (individuals do not know the iden-
tity of the agents they have observed), in Acemoglu et al. (2010) individuals
know the identity of the agents in their realized neighborhood. In this sense,
their work studies social learning in social networks. In this set up, when
beliefs are unbounded, there is asymptotic learning (defined as convergence
of the actions to the correct one) as long as there is some minimal amount of
“expansion in observations”. For many common deterministic and stochastic
networks, bounded private beliefs are, instead, incompatible with asymptotic

learning, as in the standard model. Nevertheless, the authors find conditions



under which asymptotic learning obtains even with bounded private beliefs
for a large class of stochastic network topologies.

Finally the issue of imperfect observability is also discussed in recent pa-
pers by Eyster and Rabin (2008) and Guarino and Jehiel (2009) in contexts in
which agents are not fully rational. The imperfect observability can actually
alleviate some biases that bounded rationality produces in a classical model
of learning with continuous action space similar to that of Lee (1992).

The remainder of the paper is organized as follows. In Section 2 we in-
troduce the formal model. We present its equilibrium analysis in Section 3.
Section 4 discusses when informational cascades arise in the sequence of de-
cisions. Section 5 studies the welfare properties of our equilibrium. Section
6 illustrates extensions of our model. Section 7 concludes with a discussion.

The Appendix contains some of the proofs.
2 The Model

In our economy there are n agents who have to decide in sequence whether or
not to take up a certain option. For convenience, we shall refer to this choice
as the decision about whether or not to invest. Time is discrete and indexed
by ¢ = 1,2,...,n. Each agent makes his choice only once in the sequence.
Agents are numbered according to their positions: agent ¢ chooses at time ¢
only. An agent’s action space is given by {0,1}, and his action is denoted
by I, € {0,1} (where 1 is interpreted as investment). An agent’s payoff ;
depends on his choice and on the true state of the world w € {0,1}. The prior
probability of w =1 is r > %.4 If w =1, an agent receives a payoff of 1 if he

chooses to invest, and a payoff of 0 otherwise; vice versa if w = 0, that is,
T, = wIi + (1 - w)(l - Iz)

The sequence in which agents make their choices is randomly determined.
All sequences are equally likely. The agents, however, are not informed about
which sequence has been chosen, and do not know their own position in the se-
quence. Aggregate investments are the only observable variable: when called
upon, agent 7 is informed about the total number of agents who have decided
to invest before him. While the aggregate number of investments is observ-

able, each individual decision to invest or not is not publicly known, nor is the

4Later we will also discuss the case r < %



total number of non-investments. We denote the total number of agents who
have invested before agent i by T;: agent i is informed about T; = Z;;ll I;.5
In addition to observing T;, each agent ¢ receives a symmetric binary signal

o; distributed as follows:
Prici=1|lw=1)=Pr(o; =0|w=0)=q.

Note that, conditional on the state of the world, the private signals are
i.i.d.. We shall refer to w = 1 as the “good state” and to w = 0 as the “bad
state.” A signal pointing in the direction of the good state (o; = 1) shall be
called a “good signal” and a signal pointing in the opposite direction (o; = 0)
a “bad signal.” We assume that 1 > ¢ > r. This condition ensures that, in
the one-agent case, an agent would not invest upon a bad signal while he
would invest upon a good signal, which renders the problem interesting. The
condition also implies that ¢ > %, that is, the signal respects the monotone
likelihood ratio property. Finally, the signal is not perfectly informative,
which makes social learning possible and relevant.

An agent’s information set is, therefore, {T;,0;}. An agent’s mixed strat-
egy induces a probability with which the agent invests for each {T;,0;}. We
denote such a probability by Z;(T;, 0;).6

To conclude the description of our model, it is useful to introduce the
notion of an aggregate information cascade. The definition is similar to the
standard definition of information cascade, with the characteristic that histo-

ries are summarized by the aggregate statistic 7;.

Definition 1 An aggregate information cascade occurs when there is a criti-
cal value of T; after which all agents choose the same action independently of
their signals. In particular:

In an aggregate up cascade (AUC) there is a critical value TYY such that
if Ty, = TYF all agents from k onwards choose to invest regardless of their
signals. Consequently, there is some k such that Ty ; = T}, + j for all j =
1,...n—k.

5 As we have already mentioned, and will write formally below, an agent does not know
his index i. The only thing agent i, the ith agent in the sequence, knows about his position

is that he is not among the first T; agents.
5We use the same symbol to indicate both a random variable and its realization, unless

it creates ambiguities.



In an aggregate down cascade (ADC) there is a critical value TPOWN
such that if T, = TPOVN qll agents from k onwards choose not to invest
regardless of their signals. Consequently, in an ADC there is some k such
that Ty j =Ty forall j =1,...,n — k.

We are now ready to start analyzing the equilibrium decisions in our

economy.
3 Equilibrium Analysis

The ultimate goal of our analysis is to understand the social learning process
that occurs in our economy. Each agent can learn about the true state of the
world from the aggregate information that he receives about his predecessors’
choices. This can lead to better decisions. On the other hand, it may be
that in our economy, as in the canonical models of social learning of Banerjee
(1992) and Bikhchandani et al. (1992), there is room for information cascades.
In such a case, the process of information aggregation will not be efficient. We
will show that, indeed, AUCs, that is, cascades of investments, are possible
even in our set up, just as in the canonical models. In contrast, ADCs,
that is, cascades of non-investments, never occur in equilibrium, unlike in the
canonical models.

We shall restrict the entire analysis to symmetric Perfect Bayesian equi-
libria (PBEs). For convenience, we shall drop the qualification and simply
speak of an “equilibrium.”” Since the equilibrium is symmetric, we will drop
the subscript and simply write Z(7T;, 0;).

To start our analysis, it is convenient to focus first on the case of T; = 0, in
which an agent observes that no one has invested before him. At first glance,
the decision problem in such a situation appears to be fairly complicated. If
the agent knew that T; = 0 simply because he is the first decision maker, then
he should certainly follow his private signal, since that is the only information
available. If, instead, he knew that he is not the first decision maker, then
he could decide not to invest independently of the signal, as other agents
have already chosen the non-investment option. Intuitively, one might think

of T; = 0 as bad information if there are many agents. Suppose that n is

"Our economy is represented by a symmetric game and there is nothing in the envi-
ronment that could help agents to coordinate on an asymmetric outcome. Therefore, the

restriction to symmetric equilibria is natural.



very large and you observe that nobody has invested before you. But at the
same time your own private signal is good. Would you trust your own signal?
Of course, the answer to this question would depend on the other agents’
strategies. While the problem is made hard due to the fact that the agent
does not know his position in the sequence, it is made easier due to the fact
that the only thing that matters about other agents’ strategies is what these
specify for the very same case of T; = 0.

We now prove that in equilibrium, after observing T; = 0, agents do not

play independently of their signal or against it.

Lemma 1 There exists no equilibrium in which an agent, after observing
T; = 0, always invests (i.e., for both signal realizations) or never invests, or

plays against his signal.

Proof We prove the lemma by contradiction. Suppose that for T; = 0
agents choose either to invest always or never (independently of their
private signals). Consider the latter possibility first, i.e., consider a
pure-strategy equilibrium with Z(0,0) = Z(0,1) = 0. Then, along the
equilibrium path, nobody ever invests and, for any agent i = 1,...,n,
T; = 0. Hence, T; = 0 does not reveal any information on the true
state of the world and agent i is better off by following his informative
signal o;. Now, consider the case of investment after T; = 0, i.e., an
equilibrium with Z(0,0) = Z(0,1) = 1. In this case, along the equilib-
rium path, only the first agent in the sequence observes that nobody
else has invested before, that is, T; = 0 if and only if ¢ = 1. Hence, after
observing T; = 0 agent ¢ knows that he is the first agent in the sequence
and follows his signal. Finally, suppose that for T; = 0 agents choose to
play against their private information, i.e., consider an equilibrium with
Z(0,0;) = 1 — 0. Then, along the equilibrium path, after observing
T; = 0, agent ¢ knows that he is either the first in the sequence or all
other agents before him have received good signals. In both cases, if the

agent receives a good signal, he follows it.H

According to the previous lemma, the only remaining possibilities are that
an agent observing T; = 0 either follows his own signal, that is, Z(0, 0;) = oy,

or mixes (for at least one signal realization). We will show that, in equilibrium,



agents do follow their signal. To this aim, we first state a lemma that trivially

follows from Bayesian updating.

Lemma 2 In equilibrium, Z(T;,1) > Z(T;,0) for all T;. In particular, if
0 <Z(T;,0) < 1 then Z(T;,1) =1, and if 0 < Z(T;,1) < 1 then Z(T;,0) = 0.

Proof In equilibrium, each agent will infer the same information from ob-
serving a particular value of T;. Whatever the posterior induced by just
observing T;, it follows immediately from Bayes’s rule that an agent
who has an additional good signal cannot be more pessimistic than an
agent with a bad signal. The first part of the lemma results from this
consideration and from expected payoff maximization. The second part
follows from the same argument and the additional observation that

mixing requires the agent being indifferent between the two actions.H
We are now ready to prove the following result:

Lemma 3 In equilibrium, after observing T; = 0, an agent follows his own

signal, that is, Z(0,0;) = 0;.

Proof We first prove that it is indeed optimal for an agent ¢ to follow his own
good signal after T; = 0 provided that everybody else does the same.
Assuming such behavior of others, an agent ¢ who observes T; = 0 and

o; = 1 attaches to the good state a posterior of

Prlw=1|T;=0,0,=1) =

rq 22:1(1 —q)’ !
S (R T R (R

He will follow his good signal if this posterior is greater than 1/2, that

is, if
qul—q (I1-r)(1—-9q) Zq] L

Solving for the sums and rearranging the terms, we obtain the condition
1_ n
2—(1-q)"—q
an agent ¢ who assumes that the others play according to their signals

r> —, which is always satisfied for r > % Now we show that

10



and observes T; = 0 and g; = 0 does not invest, that is, we need that

Prlw=1|T;=0,0,=0) =

r(l—q) X1 -
r(1—q)> 0 (1—qP =+ (1—r)gd ¢!

L
27

or
n

rl=g)) (1-q) "t <(1-r)g) o,

j=1
which can be written as
r q> 1—q"
T " Q-gf1-(-9"
Since r < g we also have 1 < 1—3—(1. Hence, the above inequality holds
if l%qﬁ > 1. This can be rewritten as 2¢ > 1+ ¢"*1 — (1 — ¢)"*!
which is true for ¢ > 1/2.

Finally, to complete the proof, we have to show that a mixed strategy
equilibrium does not exist. By the previous lemma we know that mixing
cannot occur for both signals. We now rule out the case in which 0 <
7(0,0) < 1 and Z(0,1) = 1. For an agent to be indifferent between
investing and not investing after observing T; = 0 and ¢; = 0 it must
be that Pr(w =1 | T; = 0,0; = 0) = 1/2. Using Bayes’s rule, this can

be re-written as
rPr(l;=0,0,=0|w=1)=(1—-7r)Pr(T; =0,0;, =0 | w=0),

TZ(l —q(1—pyt=(01-7) qu(l —p)’

where p denotes the probability with which all other agents who see
T; = 0 and o; = 0 invest. Rewriting this as

n

S (1 —a —(1—n)g) (1 —p) '] =0

j=1
makes it obvious that there is no p > 0 that solves the equation: since
q > r, the left-hand side is strictly negative for any positive p. To con-
clude, we rule out the case of mixing after observing the good signal.
Agent ¢’s indifference between investing and not investing after observ-
ing T; = 0 and 0; = 1 requires Pr(w =1 |7; = 0,0, = 1) = 1/2. If all

11



other agents j # i behave according to 1(0,0) = 0 and (0, 1) = p, after
applying Bayes’s rule and some algebraic manipulation, this equality

becomes

n

rg» (1—=pg/ '=(1-r)(1-q)) (1-p(l—q) "
j=1 j=1
For r > % the left-hand side of is strictly greater than the right-hand

side for any value of p, which ends the proof.l

Our analysis essentially shows that, when facing a situation with no pre-
vious investments, an agent follows his signal.® This clearly indicates that an
ADC in which all agents choose not to invest, never occurs in equilibrium.
In other words, to go back to one of our examples, a restaurant will not stay
empty forever only because it is empty when it opens.

While this puts already a lot of structure on the equilibrium solution of
our game, we still have to investigate what happens for different values of the
aggregate investment T;. Before we start this analysis, it is worth mentioning
that, as we will see, in some cases there are multiple equilibria in our model:
an equilibrium in which a cascade starts after 7" investments can coexist with
one without a cascade after T'. In these cases, agents who coordinate on the
AUC equilibrium at T' could revert to the other equilibrium at T+ 1. We rule

out this trivial issue, by making the following assumption:

Assumption Once agents have coordinated on an AUC at TUF, they will

remain coordinated on that cascade for any 7' > TV?.

We now start our analysis by establishing an intuitive monotonicity result:
a higher value of T; is always good news, that is, when an agent observes a
higher number of investments made before him, he cannot be less willing to
invest himself. Once this monotonicity lemma is established, we will be able

to show two fundamental results about aggregate cascades.

81t is worth pointing out that in the proof of the previous lemma we use the condition
r> % For r < %, the same results obtain under some conditions on the parameters r and
q. When these conditions are not satisfied, there can be a mixed strategy equilibrium in
which an agent does not invest upon receiving a bad signal and mixes upon receiving a good
signal. We refer the reader to the working paper version of the paper for all the details.
Apart from this aspect, the entire analysis for r < % is identical to that presented in the

main text.
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Lemma 4 In equilibrium, if T] < T then I(T},0;) < Z(T),0;) for both o; =
Oando;=1. If0 < Z(T;,0;) <1, thenZ(T;—1,0;) =0 and Z(T;+1,0;) = 1.

Proof See the Appendix.ll

While this lemma seems very intuitive (how could a fuller restaurant be
worse news than an emptier one?) it is actually not trivial to prove it. At
the core of the proof there is, however, a very simple logic. Essentially, it is
the earlier monotonicity result (Lemma 2) that drives this one. Agents with
good signals are more likely to invest than agents with bad signals. Good
signals are more likely to be generated in the good state than in the bad
state. Hence, T; grows, on average, “faster” in the good state than in the bad
state. Therefore, the higher T; the more confident can the agent be of being
in the good state.

Equipped with these lemmata, we are now ready to state a proposition
that characterizes which form of cascades will or will not arise. We will show
that ADCs never occur in equilibrium, while AUCs are always part of an

equilibrium.

Proposition 1 (i) An equilibrium in pure strategies exists. In any such equi-
librium, an agent with a good signal invests with probability independently of
T; (i.e., Z(T;,1) = 1 for all T;); an agent with a bad signal does not invest up to
a threshold TV, and invests with probability one after the threshold is reached
(i.e., Z(T;,0) = 0 for all Ty < TY?, and I(T;,0) = 1 for all T, > TUT). For
the threshold TUY that triggers an AUC it holds that 0 < TUF < 7+ 1L

(ii) There can exist an equilibrium in which, for a TMIX (0 < TMIX <
2 +1), an agent with a bad signal mizes (i.e., 0 < Z(TMX 0) < 1). In
this equilibrium, for T; < TMIX  an agent follows his bad signal and does
not invest and for all T; > TMIX | he invests with probability one. An agent
with a good signal invests with probability one for all T;. In this equilibrium
an AUC occurs for TVP = TMIX 1. If an equilibrium with such a TM!X
exists, then there exist also an equilibrium in which Z(TMX 0) = 0 and one
in which T(TM1X 0) =1.9

%In social learning models of sequential decision making, typically the equilibrium solu-
tion requires a tie-breaking rule for the cases of indifference, and there is no need to invoke
mixed strategies. In our case, mixed strategies are needed since the optimal decision of an

agent observing T; depends on what other agents do when facing the same situation.
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Proof We will first prove part (i) of the proposition in four steps.

(1) The part of the proposition concerning agents’ behavior upon ob-
serving good signals follows immediately from Lemma 3 and Lemma
4. According to Lemma 3, Z(0,1) = 1, and according to Lemma 4,
Z(T;,1) > Z(0,1) = 1.

(2) In regard to agents’ behavior upon observing bad signals, note that
from Lemma 3, Z(0,0) = 0, and from Lemma 4 Z(7;,0) > Z(T; — 1,0).

(3) To show that TV < £ +1, consider an agent ¢ who observes T} > 2
and suppose he knew that he were the last agent in the sequence. This
agent knows that there were T; good signals and n — T; — 1 bad signals.
Hence, even if this agent’s own signal is bad, he knows that there were
altogether more good signals than bad signals and he will decide to
invest. Now, agent ¢ cannot be sure that he is the last agent. But if
he is not the last agent, then there were fewer bad signals and still T;
good signals, which would be even better news. Hence, an agent who

observes T; > 4 will always invest and an AUC occurs, a contradiction.

(4) To prove the existence, in the Appendix, we show that the belief of
an agent receiving a bad signal and observing any 7; = t is higher if all
other agents invest after observing the same t than if they do not invest.
If in both cases the belief of the agent is lower than 3, then Z(7},0) =0
is part of the equilibrium. If in both cases the belief of the agent is
higher than %, then Z(T;,0) = 1 is part of the equilibrium. If one belief
is lower and the other is higher, then both pure strategy equilibria with
Z(T;,0) = 0 and Z(T;,0) = 1 exist.

As for part (i), we prove the possibility of such a (partially) mixed
strategy equilibrium by example. This is contained in the next section.
The same argument as in point (4) (and developed in the Appendix)
proves that when such an equilibrium exists, there exist also two pure

TMIX must be greater than

TMIX

strategy equilibria. Lemma 3 implies that
0. The same argument as in point (2) above establishes that must
be lower than § +1. Lemma 4 implies that, along the equilibrium path,

mixing can only occur for one value of the aggregate investments.ll

The proposition clearly implies that there are no cascades on the unob-
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servable action, since agents with good signals always invest. Incidentally, we
note that such a result just comes from an equilibrium argument. One could
imagine that, when facing a “low” value of T}, in order to make his decision,
agent ¢ should consider all possible sequences and attach a probability to the
event that he is the first in the sequence, or the second, etc. After all, a low
number of investments may merely come from the fact that only few agents
had the opportunity to invest so far, in which case the low value of T; should
be considered good news. Or it could arise from many agents having had the
option of investing but only few using it, in which case the low T; should be
viewed as bad news. This inference process could be quite complicated. Our
analysis solves the problems by just invoking some equilibrium arguments.

The proposition also shows that AUCs do arise—and are, in fact, part
of any equilibrium. The value § + 1 is, obviously, just an upper bound for
the critical value TUF that triggers an AUC. Depending on the parameters’
values, AUCs may well be triggered by a lower number of investments. But
AUCs are indeed part of all equilibria. Of course, this does not imply that
AUCs will necessarily occur in a population of finite size n, since there is
always the possibility of sufficiently many bad signals occurring such that
TUP is not reached. In the next section we will show how the threshold TV
varies with n and the other parameters of the model. We will also show that in
a large population (for n tending to infinity) this threshold is reached almost
surely, that is, an AUC occurs with probability one.

Before we move to this analysis, it is worth noticing that, despite the AUC
consists in agents investing independently of the signal, agents keep learning
even during a cascade. In particular, during an AUC the belief on the good

state of the world is increasing in the number of investments.

Proposition 2 During an AUC, agents revise their beliefs upwards, that is,
Prw=1|T, =T" +j+1,0)) > Pr(w =1 | T, = TV + j,0;) for
j=0,1,2,..n —TUP — 2, and for both o; =0 and o; = 1.

Proof See the Appendix.ll

To understand the proposition intuitively, consider the case in which T; =
n — 1. In this case agent ¢ learns that he is the last agent in the sequence

and that all predecessors have invested. In particular, this implies that the
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first TUP agents invested, which gives the highest posterior on w = 1. If,
instead, the agent observes T; = n — 2, with some probability he is the last
in the sequence and one of the first TUF agents did not invest, which means
he received a bad signal. This, of course, implies a lower posterior on w = 1.

TUP

Similarly for lower levels of T;. Put it differently, a T; higher than reveals

TUP  which is good

the information that other agents have already observed
news, since it increases the probability that the AUC started earlier in the

sequence and there were fewer bad signals.
4 Aggregate Up Cascades

We now illustrate our theory, focusing in particular on when an AUC occurs.
The case in which there are only three agents will provide a useful starting

point.
4.1 An Example with Three Agents

Consider the case in which n = 3. From Lemma 3 we know that Z(0,0;) = o;
and from Proposition 3 we know that Z(2, ;) = 1 and that Z(1,1) = 1. Thus,
these results alone immediately give us the equilibrium actions for five out of
the six possible contingencies agents can face. The only remaining question is
now what agents do after observing T; = 1 and o; = 0. This depends on the
values of parameters r and ¢. Let us first check under which conditions agent
1 rationally follows his bad signal. Recall that we are analyzing a symmetric
equilibrium, therefore suppose each other agent j chooses Z(1,0) = 0. Then
it is optimal for agent ¢ to do the same if his posterior for the good state is

not bigger than 1/2, that is, if

rlg(1—q) +2¢(1 — ¢)?]
r[q(1 = q) +2¢(1 — @)?] + (1 = )[g(1 — q) + 2¢*(1 — q)]

which is equivalent to

IN

1
2

q=2r—-=gq.

N | —

Similarly, Z(1,0) = 1 is optimal if
rlg1—q)+q(1— )% > 1 =r)[g(1 —q) + (1 —q)].

which is equivalent to

qg<3r—1=7
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Note that ¢ < g. Hence, in the case in which ¢ > 0.5 and q < 1, we
obtain three equilibrium regions. For ¢ < g there is a unique pure-strategy
equilibrium in which Z(1,0) = 1 and an AUC starts with 7; = 1. For ¢ >
g there is a unique pure-strategy equilibrium in which Z(1,0) = 0 and an
AUC starts only with 7; = 2. Finally, for ¢ < ¢ < g both the two pure-
strategy equilibria exist and there is a mixed-strategy equilibrium as well—
with Z(1,0) = %‘_’;—4" and and an AUC starts only with 7; = 2. Note that,
when the two states of the world are equally likely (r = 0.5), ¢ = g = 0.5 and,
in the unique pure-strategy equilibrium, Z(1,0) = 0 and an AUC starts with

T, = 2.
4.2 The General Case with n Agents

The logic of the previous example can easily be generalized to any finite
number of agents. We focus our attention to equilibria in pure strategies
only, since the possibility that agents mix for a particular value of T; does not
modify our analysis substantially.

The first pure strategy equilibrium threshold TUF illustrated in the ex-
ample can be computed by verifying, for each T; = 1,2,3,.., that an agent
has an incentive to follow his bad signal when facing T; assuming that for all
values up to (and including) 7; other agents do follow their bad signals. The
first T} for which this is not verified is the threshold TV". In other words, the
threshold TU? is the first T; for which the following equality is not satisfied:

n—T;—1 E + ’ n—T;—1 j”l + k ’
> i -gfr < Y A= ().
=0 T; =0 T;

The left (right) hand side represents the probability of observing 7T; in-
vestments and a bad signal when w = 1 (w = 0), multiplied by the prior
probability of the good (bad) state of the world. The agent observing T; in-
vestments could be in position T; + 1, T; 42, .., n. If he is in position T; +k+1
then any combination of T; investments (i.e., good signals) and k decisions
not to invest (i.e., bad signals) before him in the sequence is possible, which
explains the binomial coefficient. As long as the inequality is satisfied, the
agent observing T investments will find it optimal to follow his bad signal.
The first T; for which this is not optimal represents the threshold for an AUC.

The second pure strategy equilibrium threshold TV¥ is computed assum-

ing that agents follow their signals up to (but excluding) a certain T; = 1, 2...
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and then invest independently of their signals (i.e., they are in an AUC) for Tj,
and then verifying that an agent actually finds it optimal to neglect his bad
signal when facing 7;. The first T; for which this is verified is the threshold
TYP In other words, the threshold TY? is the first T} for which the following

equality is satisfied:

n—"1;—1 Tz + k—1 _ n—"1;—1 Tz + k—1 '
> < " )qu(ch)k“r > 3 < " )(1Q)T’qk+1(17’)-
k=0 k=0

The interpretation of the inequality is the same as for the previous one,
given the different assumption on the behavior upon observing T; investments.
In particular, note that since we start from the assumption of a cascade after
T; investments, the agent’s predecessor must have observed T; — 1 investments
and invested, so that the agent is the first to observe T;. This explains the
differences in the binomial coefficients between the two expressions. It is clear
that, by construction, for any set of parameters, this threshold is (weakly)
lower than that illustrated above.

Note that the multiplicity of equilibria, with possibly more than one TV?,
arises from a sort of information complementarity: if all other agents invest
upon any signal realization after observing a specific T;, then that T; is better
news (than if agents invested only upon a good signal). To see why, compare
the two equilibria above. In the first type of equilibrium, observing any T;
is worse news than in the second. In the first equilibrium the assumption
is that T; does not induce a cascade. Therefore, if agent ¢ observes T;, it is
possible that other agents have observed it too and did not to invest because
they received the bad signal. In the other equilibrium, 7; triggers a cascade.
Therefore, if agent ¢ observes it, it means he is the first one to observe it,
which lowers the probability of predecessors having received the bad signal.

Note also that these two types of equilibria provide the upper bound and
the lower bound on the equilibrium TUF. It is easy to verify that when these
bounds are not consecutive integers, there exist other equilibria in which the

threshold is in between these two values.1?

1075 see why, suppose in the first equilibrium 7V = ¢’ and in the second TVF = t", with
t' > t" +1. Now consider t = ¢ 4+ 1. Let us verify that an equilibrium with TVF = ¢ exists.
First, observe that following the signal for T; = " can be part of an equilibrium (actually,
s0 is in the first equilibrium). Second, using a monotonicity argument as that illustrated in

the text, one can show that if the posterior on w = 1 is higher than 1/2 assuming agents
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Figure 1: Thresholds for an AUC for different values of the number of agents
n in the population (from 3 to 50), r=0.5, q=0.75. The dashed line refers to

the first equilibrium and the solid line to the second.

Figure 1 shows the threshold values in the two equilibria above for » = 0.5
and ¢ = 0.75 and various values of n (the dashed line refers to the first
equilibrium; the solid line to the second).!! When n = 3, an AUC occurs
after TV = 2 investments. For n = 10, it occurs after 4 investments in the
first type of equilibrium and after 5 in the second. For n = 50, the thresholds
become 14 and 16.

Perhaps not surprisingly, the thresholds are (weakly) increasing in n. This
is true not only for the specific example of Figure 1 but generally. With a
slight abuse of notation, let us define by TV (r, ¢, n) the threshold level for a
cascade as a function of the parameters r and ¢ and the number of agents in

the economy. We have the following result:
Lemma 5 For any n, TVF (r,q,n) < TVF(r,q,n +1).
Proof See the Appendix.H

While for finite n the threshold cannot be expressed in an explicit form,

things are different in the case of a large population (n tending to infinity).

are in a cascade the first time for TY" = ¢, then this posterior is higher than 1 /2 also for

TUP =t in the conjectured equilibrium.
1The thresholds have been computed in Matlab.
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In the next proposition, we compute the threshold for n going to infinity and

show that it is reached almost surely.

Proposition 3 For n going to infinity, an AUC occurs with probability one

Up oo TYP(rgn) _ a(g=1)(g—)
at a threshold level T* (r,q,n) such that nh_)nolo - = P -—r@-1)"

TUP(

1
Forr = %, lim 7712’(1’“) =q(l—q).

n—oo

Proof See the Appendix.ll

In our model, as in the canonical model of Bikhchandani et al. (1992),
when n goes to infinity, an informational cascade occurs almost surely. Whereas
in the canonical model it can occur on either action (and be incorrect, i.e., a
cascade can occur on action 1 when the state of the world is 0 and vice versa),
in our model it always occurs on the observable action, independently of the
state of the world (therefore being incorrect whenever the state of the world
is 0).

5 A Welfare Analysis

In our economy agents can make mistakes. This happens whenever a cascade
has not occurred and the agent receives the incorrect signal, or whenever an
AUC has occurred and the state of the world is w = 0.

One may wonder what the probability of a mistake is. Recall that ez ante
all agents are identical, and receive a payoff of 1 for a correct decision and of
0 for an incorrect one. Therefore, the ex ante probability of a mistake is also
an (inverse) measure of ex ante welfare in our economy. More precisely, it is
equivalent to the per capita, ex ante welfare loss.

In the next proposition we illustrate this probability for a large economy:

Proposition 4 For n going to infinity, the ex ante probability that an agent

makes the incorrect decision is 1 — q.
Proof See the Appendix.H

The ex ante probability of a mistake in our economy is equal to 1 — g,
which is also the probability of a mistake in the case each agent just decides on
the basis of his own private signal. Observing others’ decisions is, therefore,

not payoff improving for an agent in this large economy. Although surprising
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at a first glance, the result can be easily understood. A cascade is a situa-
tion in which public information swamps private information. As we know
from the previous analysis, when the population grows large, the threshold
TUP (r,q,n) is such that the information contained in the observable history
of decisions is just enough to swamp the information contained in the private
signal. Therefore, if the agent acts before the AUC occurs, just following the
noisy signal, he makes a mistake with probability 1 — ¢. And if he acts after
the occurrence of an AUC, he makes a mistake with the same probability,
since the information contained in TV (r,q,n) has the same precision as the
noisy signal. Hence, the result.

In our economy agents have less information than in the canonical model
of Bikhchandani et al. (1992), where they can observe the entire sequence
of actions. How does less information affects welfare? Intuitively, one may
believe that more information cannot harm agents. On the other hand, if more
information means a higher probability of cascades and if during cascades
agents are more likely to take the wrong decision, information may indeed be
harmful.

To attack the problem, we compare the ex ante welfare in our model with
that in a set-up in which, like in Bikhchandani et al. (1992), agents can
observe the decision of each predecessor to invest or not, that is, agent i’s
information set is {I1, I2, ..., I;_1,0;}. In all other aspects the two models are
identical. We restrict the analysis to n > 3, since for n < 3 the two models
give identical predictions. Moreover, we only present the case in which both
states of the world are equally likely (r = 0.5).12

When agents can observe the entire history of actions, they can be in-
different between the two actions, like when the second agent observes an
investment and receives a bad signal. For these cases, one needs to adopt a
tie-breaking rule. It turns out that the tie-breaking rule is relevant for our
comparison. We will compare the two models under different tie-breaking
rules, which will help us to understand the forces that drive the results. The

following proposition summarizes our findings:

Proposition 5 The ex ante probability of making a mistake when agents can

only observe {T;,0;}

12The analysis of the case r > 0.5 is similar and does not offer more intutitions.
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a) is higher than when they can observe {I1,...,I;_1,0;} for any n > 3 if
the tie-breaking rule is “follow the own signal with probability 1;”

b) is lower than when they can observe {11, ..., I;_1,0;} for any finiten >3
if the tie-breaking rule is “follow the predecessor’s decision with probability 1;”
asymptotically, for n going to infinity, the two probabilities are identical and

equal to 1 —q.
Proof See the Appendix.ll

Let us discuss the intuition behind this result. The first tie-breaking
rule contemplated in the proposition implies that an agent neglects his signal
only when there is a majority of at least two identical actions in the history
of actions {I1,...,I;_1}. When an agent acts in a cascade, his decision is,

therefore, based on two signals pointing in the same direction. The ex ante
1—q)2

*+(1—q

lower than when he acts alone deciding on the basis of one signal only, (1—gq).

probability that he makes a mistake under this circumstance is E and
In the proof of the proposition, we show that, when agents can only observe
the aggregate number of investments, the ez ante probability of a mistake,
once in a cascade, lies between these two values. Moreover, we prove that
cascades are more likely to occur when agents observe the entire history than
when they only know aggregate investments. These two observations prove
the result.

The second tie-breaking rule in the proposition implies that, when agents
can observe the entire history, they simply follow the first decision ;. Thus,
each agent’s decision is based on the first signal realization, and the probability
of a mistake is equal to 1 — g for everyone. When agents can only observe the
aggregate number of investments, instead, as we said, when a cascade occurs
the probability of a mistake is lower than 1 — g for any finite n > 3, and is
equal to 1 — ¢ only asymptotically (as we know from Proposition 4). This
proves point b in the proposition.

In simple words, agents are better off in Bikhchandani et al. (1992) econ-
omy under the first tie-breaking rule, and ex ante better off in our economy
under the second one. These two tie-breaking rules are at the two extremes.
Other rules would require agents to randomize between investing and not.
When agents randomize putting a higher weight on their signal and less on

the predecessor’s decision, the history of decisions becomes more informative
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and the probability of a mistake, conditional on being in a cascade, decreases.
It is, therefore, easy to conjecture that for any n and ¢ there is a threshold
such that if agents follow their own signal with a probability lower than this

threshold when indifferent, agents are better off in our model.?
6 Extensions

We have presented our model in its simplest form, with two states, two signals
and two actions. We chose this simple model since we had in mind applications
(like the case of an investment in a new technology, or the decision to hire
a candidate or not) in which typically there are only two available actions
and one is normally non observable (e.g., the decision not to invest, or not to
hire).

Nevertheless, one may wonder whether the main message of our study
extends to other set ups. In the social learning literature, two main extensions
have been considered, one concerning the signal space and one concerning the
action space. In this section, we will consider these extensions and show that
our main results are not altered. We do not intend to replicate the entire
analysis for more general structures of the signal and of the action space, but
only briefly illustrate how our main result on the impossibility of ADCs can

be generalized.
6.1 Signal Space

Smith and Sgrensen (2000) have extended the classical model of Bikhchandani
et al. (1992) to a general structure of the signal space. Their main result is
that an information cascade occurs almost surely if the beliefs are bounded.
If, instead, beliefs are unbounded, an information cascade never occurs and
beliefs converge to the truth.

Let us consider what happens in our model when we generalize the signal
space. Recall that our main result is that an ADC cannot occur, while an
AUC occurs almost surely. If we allow for signals of unbounded precision, a
fortiori, an ADC cannot occur. An AUC cannot occur either, since, whatever
the content of the aggregate public information, there is always the possibility

that an agent receives a very precise signal and decides not to invest even if

13We actually computed this threshold numerically for various parameter values. We do

not report them in the interest of space.
14 Beliefs are said to be bounded if the support of the likelihood ratio is bounded.
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many other agents have opted for investment. Since the argument is standard,
we do not develop it further and refer the reader to Smith and Sgrensen (2000).

The remaining question is whether the impossibility of an ADC is a result
of our binary signals or holds more generally. Suppose the signals {o;} are
iid. and drawn according to a state-contingent density function f(o;|w)
on a support [e, F] (with e < F). To avoid trivialities, we assume that, for

ijw=1 :
;EJ }w 0; 1 U (the “bad signals”)
Oilw = —r

almost all signal realizations, either

flojlw=1) r
flojlw=0)1-r
standard monotone likelihood ratio property. We now show that the result

at the heart of our finding on the impossibility of ADCs holds under this

> 1 (the “good signals”), and that signals respect the

more general structure of private information (keeping all other aspects of

the model unchanged).

Proposition 6 Given this structure of the private signal, there exists no equi-
librium in which, if nobody has invested so far (i.e., T; = 0), an agent chooses

not to invest for any signal, that is, Z(0,0;) =0 for all o; € [e, E].

Proof By contradiction, suppose that for T; = 0 agents choose never to invest
(independently of their private signals). Then, along the equilibrium
path, nobody ever invests and, for any agent ¢ = 1, ...,n, T; = 0. Hence,
T; = 0 does not reveal any information on the true state of the world.
Since the posterior probability (conditional on public information) that
w =1 is still r, agent i is better off by following his informative signal
;.

According to this proposition, an ADC in which all agents do not invest is,
indeed, impossible. To conclude that an ADC cannot occur, one has only to
show that also the intuitive monotonicity result (Lemma 4) can be extended
to this more general structure. In the interest of space, we do not provide
such a proof, but note that our proof of Lemma 4 can easily be extended to

this case.l®

5 For a given T = t, one can partition the set of all signal realizations in the set for which
the agent invests and that for which he does not. Then, one can prove that for the first set
an agent would invest after observing ¢ 4+ 1 by following the same steps as in the proof of
Lemma 4 (realizations of the first set would play the same role as o; = 1, and realizations

of the second set would play the same role as o; = 0).
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6.2 Action Space

Let us now consider a more general action space on top of the more general
signal space. Suppose each agent 4 can choose his action a; among m +
1 possible alternatives, denoted by 0,1,2,...m, and let the action 0 be the
unobservable one. A simple interpretation could be that agents must choose
the scale of an investment project. While the total number of each type (size)
of project is observable, the decision not to invest (action 0) is unobservable.
Let us say that agents choose the optimal action to maximize the conditional
expected value of a standard quadratic payoff function —(a; — w).

Now, the analog of our case T; = 0 is the case in which an agent observes
that no investment of any size has yet been chosen. Let us denote such a
case by an m-dimensional vector (0,0,...0), where each entry represents the
number of investments of size 1, ..., m.

We now prove a proposition similar to the previous one:

Proposition 7 Given this structure of the private signal and this action
space, there exists no equilibrium in which, if nobody has invested so far,
that is, agent i observes (0,0, ..,0), the agent chooses not to invest for any
signal, that is, Z((0,0,..,0),0;) =0 for o; € [e, EJ.

Proof By contradiction, suppose that when observing (0, 0, ...0), agents choose
never to invest (independently of their private signals). Then, along the
equilibrium path, nobody ever invests and, any agent ¢ = 1,...,n, ob-
serves (0,0, ...0). Hence, (0,0,...0) does not reveal any information on
the true state of the world. Since the posterior probability (conditional
on public information) that w = 1 is still , agent i is better off by

following his informative signal o;.l

Again, according to this result, an ADC in which all agents do not invest
is impossible. And, again, to conclude that an ADC is impossible, one has
only to extend the monotonicity result, a proof that we omit in the interest

of space.6

16Tn this set up, the monotonicity result states that if an investment of a certain size is
chosen for a particular signal realization and T; = ¢, then for the same signal and T; = t+1
the agent would choose an investment of the same size or larger. The proof coudl be amended

along the lines indicated in the previous footnote.
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Finally, an alternative set up considered in the literature is that of a
continuous action space (Lee, 1993). The standard result in this case is that
learning is efficient and cascades do not occur. This structure, however, is
not interesting for our case, since the probability of a specific action would
be zero. Of course, one could discretize the action space and assume that
actions belonging to an interval of positive measure are unobservable. This
would render the model identical to the one just described and the same

considerations would apply.
7 Conclusion

We have introduced a new model of information cascades. The crucial differ-
ence between our model and those already in the literature is that only one
action taken by agents is observable by others. When it is their turn to make
the binary decision, agents simply receive aggregate information about how
many others before them took the observable action. We have argue that this
setup arises naturally in many scenarios: for example, when entrepreneurs
seek investors they will typically not inform them about how many others
have turned them down before, but, surely, they will mention who else de-
cided previously to invest in their project. This asymmetry in observability
significantly affects the equilibria in such games. Most importantly, there can
be no information cascades on the unobservable action.

Our result has important implications. In particular, it implies that a
new, good project (e.g., a technological innovation, a new product or service,
a new medical treatment) will not be neglected for ever simply because there
is lack of interest at the beginning. Sooner or later (i.e., as soon as people
start receiving good information on it) the new project will start diffusing. A
lack of initial interest will not represent a barrier to future adoption because
of informational considerations.

Our study has also an interesting consequence for applications where a
third party can decide which information to release. Consider the introduc-
tion of a new medical treatment. An agency in health policy must decide
how to disclose information on the adoption of this treatment: it can release
information on how many physicians have already adopted it; or on how many
have considered it but have decided not to adopt it; or, finally, it can reveal

both figures. Suppose the agency considers as the worst case scenario the

26



situation in which the treatment is widely adopted while ultimately resulting
in bad health outcomes, for instance because of potential side effects.!” As
we know from our analysis, the way the information is disclosed makes a big
difference for the diffusion of the new treatment. By withholding information
on a particular decision the agency can, in fact, guarantee that an informa-
tional cascade on that decision does not occur.'® In the light of this result,
the agency can then optimally withhold information on the number of doctors

who decided to adopt the treatment.
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Appendix

Proof of Lemma 4

The proposition is equivalent to saying that in equilibrium Z(t,0;) < Z(t +

1,04) for any ¢t = 0,1,2...and both 0; = 0 and o; = 1 (with strict inequality

if 0 < Z(t,0;) < 1). Because of expected payoff maximization, this inequality
holds if, whenever Pr(w = 1 | T; = t,0;) > 3, we have Pr(w = 1| T; =
t+ 1, O'i) > %

There are three relevant possibilities:
L Prlw=1|T,=t,0;=0)>1and Pr(w=1|T,=t,0;=1) > 3,
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2. Pr(w=1|T,=t,0;,=0)< 3 and Prw=1|T;, =t,0, =1) > 3,
3.Priw=1|T;=t,0;,=0)=3 and Pr(w=1|T; =t,0;, =1) > 1.
Case 1 is the case of an informational cascade. In such a case, by our

Assumption,
I(tvo-i) = I(t + 1a0i) =1

for both ¢;, and therefore the proposition obviously holds.

Now let us consider Case 2. In this case we want to show that Pr(w =1 |
T, =t+ 1,0, =1) > 3 (while nothing must be shown for the case of a bad
signal). Suppose not, i.e., suppose Pr(w=1|T; =t+ 1,0, =1) < % Let us
consider, first, the case of the strict inequality.

By Bayes’s rule,

Priw=1|Ti=t+1,0,=1) =

_ Pr(T;=t+1|lw=1,0;,=1)r
— Pr(Ti=t+1llw=1,0,=1)r+Pr(T;=t+1|w=0,0,=1)(1—r) "

As we suppose that this is strictly smaller than % it follows that

Pr(T,=t+1|w=10,=1) - 1—r
Pr(T;=t+1|w=0,0;,=1) ro

which is equivalent to

Pr(Ti=t+1|lw=1) 1-—r
Pr(T;=t+1|w=0) ro

By the law of total probabilities,

Pr(T,=t+1|w=1)
=Pr(T;=t+1|w=1T1=t)Pr(Tj-1 =tlw=1)
+Pr(T;=t+1|w=1T1=t+1)Pr(Ti-1 =t + ljw=1)
=qPr(Tiy =tlw=1)+Pr(Tim1 =t + ljw =1).

Notice that the last equality comes from the fact that we are analyzing Case
2 and that we are assuming no investment after observing ¢ + 1.

Now the decision problem of agent ¢ — 1 is identical to the one of agent .
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So, by applying recursively the same law, we obtain:

Pr(T; =t+1|w=1)
=qPr(Tis1=tlw=1)+Pr(Tic1 =t+ llw=1,0;,=1)
=qPr(Tiy =tlw=1) + [¢Pr(Ti2 = tlw = 1) + Pr(Tig = t + 1w = 1)]
+qPr(Ti—1 =tlw=1)+qPr(Tj—2 = tlw =1) + [¢ Pr(T;—3 = tjw = 1)

+Pr(Tis=t+1lw=1)]+
=qPr(Tis1 =tlw=1)+qPr(Tia =tlw=1) + ¢Pr(Ti—3 = tlw = 1)
+..+qPr(Tiey, = tlw =1)]

for some m (note that m depends on the value of i: indeed, for any value of
there is an m such that Pr(7;_,, =t + l{jw = 1) = 0). Similarly, conditioning

on w =0,

Pr(T;=t+1|w=0)
=1 =g Pr(Timy = tlw = 0) + (1 — ¢) Pr(Ti—2 = t|w = 0)
+oo + (1= q) Pr(Tiyy = tlw = 0).

Some algebraic computations show that for any pair of terms in the two
expressions above, the following inequality holds:

Pr(Ti—; =tlw=1) N Pr(T; = tjw =1)
Pr(Ti—j =tjw=0) =~ Pr(T; = tlw =0)°

Since we know that Pr(w =1| 7T, =t,0; = 1) > 1 and, therefore,

Pr(ﬂ:t|w:1)>1—7‘
Pr(T; =t |w=0) r’

simple algebra shows that

Pr(Ti=t+1|lw=1) _1-—r
Pr(T;, =t+1|w=0) T

a contradiction.
Note that the same proof holds true when, by contradiction, we assume
that
Prlw=1|T,=t+1,0,=1) =
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The only difference is that in such a case

Pr(li=t+1|w=1)
=qPr(Tio1=tlw=1)+sPr(Ti-1 =t + 1w =1),

where s represents the probability by which an agent receiving the good signal
decides not to invest. This change does not affect the above inequalities.
Finally, note that the proof for Case 3 (for both the good and the bad

signal) is identical to Case 2 just described, with the exception that
Pr(l; =t+1|lw=1T1=t) =q+(1-qu,

and

Pr(l; =t+1|w=0,T-1=1t) =qu+(1—q),
where u is the probability of investment by an agent receiving a bad signal.ll
B Proof of Proposition 1

We complete the proof in the text concerning the existence of the equilibrium.
We have already proven in the text that Z(7;,1) = 1 is optimal for any T;.
Therefore, for the existence of a pure strategy (symmetric Perfect Bayesian)
equilibrium we must only prove that for an agent observing (¢, 0) it is optimal
not to invest if all other agents observing (¢,0) do not invest, or it is optimal
to invest if all other agents observing (¢,0) invest, or both (in which case,
there exists an equilibrium with Z(¢,1) = 0 and one with Z(¢,1) = 1). With
a slight abuse of notation, let us denote by Pr(w =1 | T; = t,0; = 0,u) the
probability attached to w = 1 by an agent observing (¢,0) and knowing that
all other agents invest with probability u € [0,1] when observing the same

couple (t,0). Then, what we want to prove is that
Priw=1|T,=t,0;,=0,u=0)<Pr(w=1|T;,=t,0;,=0,u=1).
Indeed, if this is verified, then, if
1
Priw=1|T,=t,0i,=0,u=0)<Prw=1|T;=t,0;=0,u=1) <3

there exists a pure strategy equilibrium in which Z(¢,0) = 0; if, on the other
hand,

1
5<Pr(w:1|TZ-:t,0Z-:0,u:O)<Pr(w:1\Ti:t,ai:O,uzl),
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there exists a pure strategy equilibrium in which Z(¢,0) = 1; finally, if
1
Priw=1|T; =t, 0 =0,u=0) <3 <Prw=1|T;=t,0;=0,u=1),
both equilibria with Z(¢,0) = 0 and Z(¢,0) = 1 exist.

To prove the inequality, observe that

Prw=1T;=t,0;,=0,u=1)
Pr(w=0T; =t,0;=0,u=1)
Pr(T; =tlw=1,0i =0,u=1)r(1 —q)
Pr(T; = tlw=0,0,=0,u=1)q(1 —7)
¢ [T4+ki(l—q) +k(l =g+ ..+ kno1(1 — )" r(1 —¢q)
(1= @) [1+ krg+ k2q® + ... + kp14q" "] q(1—r)’
where k1, ks...are binomial coefficients. Similarly, one can show that
Pr(w=1|T; =t,0;, =0,u=0)
Pr(w=0[T; =t,0, =0,u =0)
Pr(T; =tlw=1,0,=0,u=0)r(1 —q)
Pr(T; = tlw=0,0,=0,u=0)q(1 —7)

¢! [14(k1+ 1) (1—q) + (kath1 +1) (1=¢)* 4.t (kn—1 ¢ Hhn—2—¢ +..+1) (1) 1] 7(1 — q)
(A=)t [1+(k14+1)g+(ka+k1+1)g2 4.4+ (kn—1-t+hkn—2_¢+...4+1)g"~ 1] qg(1—7r)

The extra terms in this expression come from the fact that, if u = 0, the
number of investments 7; = t can be observed by agent ¢ also after one or
more predecessors have already observed it and, after having bad signals, did
not invest. The comparison between the two expressions immediately proves
the inequality.

Similarly, one can show that if agents invest with a probability 0 < u < 1,
then

Pr(w=1|T; =t,0;, =0,u)
Pr(w=0|T; =t,0;, =0,u)
Pr(T; =tlw=1,0 =0,u)r(1 —q)
Pr(T;, =tlw =0,0; = 0,u) g(1 —7)

q [14 (k1 +(1=) A=)+ (katk (1—w)+ (1=0)2) (1 =)+t (kn—1—1Fkn—2—e (1—w)+..+(1—u)"~2=*) (1—g)"~*=1] (1 — @)
(=) T (k1 (L—w))g+ (ko Hh (1= )+ (T w2) ot (1R (1) (-0 2 g1 (] )’

It is easy to verify that this expression is lower than the first and higher
than the second, which proves part (ii) of the proposition given that, if for
u € (0,1), Pr(w = 1|T; = TM¥X 5; = 0,0 < u < 1) = 3, then Pr(w = 1|T} =
TMIX 5;=0,u=0) < 3 and Pr(w =1|T; = TMX 5, =0,u=1) > 1.1
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C Proof of Proposition 2

Let us prove the proposition for j = 1, that is, let us prove that

Prw=1|T;=T" +1,04) >Pr(w=1|T; =TYF  oy),
which is equivalent to proving that
Priw=1|T;=TY" +1) > Pr(w=1|T; =TYF).
First, note that
Prlw=1|T; =T +1) =
n—TUP

Y Prlw=1|T=T""+1,i=T"" + k)Pr(i = TV" + k | T, = TVF +1).
k=2

To simplify the notation, let Pr(w = 1| T; = TV" +1,i = TVP + k) = a;, and
Pr(i =TVP + k| T; = TUP + 1) = p, so that

Prlw=1|T; = TP 4 1) = agpa + asps + ... + anpn.

Similarly,
Prw=1|T,=TY") =
nfTUP
Y Prw=1|T=T"i=T"" +k)Pr(i =T"" + k| T, =T").
k=1

Again to simplify the notation, let Pr(w = 1| T; = TUP i = TUP + k) = b,
and Pr(i =k | T; = TV 4+ 1) = g4, so that

Pr(w =1 | T, = TUP) =b1q1 + boqo + b3qs + ... + bpqy.

Now, it is easy to verify that ap > agy1, by > bra1, and a1 = by.
To conclude the proof, we now show that pgi1 > gx. To this aim, simply

observe that

@ =Pr(i=T"" 4+ k| T, =T") =
Pr(T; =TVF | i =TUP + k)Pr(i = TVF + k)
n T py(T; = TUP | i = TUP + k) Pr(i = TUP + k)
Pr(T; = TUP | i = TUP 4+ k)
n T pr(T, = TUP | i = TUP 1 k)’
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Po1 =Pr(i =TV 4 k+1| T, =T  +k+1) =
Pr(T, =TV +1|i=TYP +k+1)Pr(i =T + k+1)
ST U pN(T = TVUP +1 | i =TVP + k+ 1) Pr(i = TUP + k+1)
Pr(T;, =TVP +1|i=TUP +k+1)
ST P (T, = TUP 41| i = TUP 4+ k+1)

and
Pr(T; =TV |i=TYF + k) =Pr(T; =TV +1|i=TF + k+1).

Since the numerators in the expressions for py11 and ¢ are identical and
so are the terms in the sums at the denominators (but the denominator in py 1
has one less term), clearly pgy1 > gi. This concludes the proof for j = 1. An

identical analysis proves that the inequality holds for j = 2,..n — TP — 2.1
D Proof of Lemma 5

With a slight abuse of notation, let us denote by Pr(w = 1|T; = t,0; = 0,n)
the probability that the state of the world is 1 upon observing t investments
and a bad signal in an economy with n agents.

Now, suppose t = TV (r, q,n). We want to show that
Priw=1T;=t—1,0,=0,n) >Pr(w=1|T; =t — 1,0, =0,n + 1),

that is,

Prlw=1Ti=t—1,n) >Prlw=1T;=t—1,n+1).
By the law of total probabilities,
Prw=1T;=t—-1,n) =
n—t

Y Prw=1T;=t—1i=t+kn)Pr(i=t+k|T; =t —1,n).
k=0

Similarly,
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Prw=1T;=t—1,n+1) =
n—t+1
Y Prlw=1T=t—li=t+kn+1)Pr(i=t+kT,=t—1,n+1).
k=0

Observation 1: Pr(w =1|T; =t—1,i =t+k,n) =Pr(w=1|T; =t—1,i =
t+k,n+1) for any k =0,1,...,n—t. This observation means that in the two
sums above the first part of each term is the same (but the second sum has
one extra term).

Observation 2: Pr(w =1|T; =t—1,i =t+k,n) >Prw=1|T; =t—1,i =
t+k+1,n)forany k=0,1,..,n —t— 1. (And similarly for the case of n + 1
agents.)

Given these two observations, to complete the proof, we only have to show
that

Pri=t+klT;=t—1,n+1)<Pr(i=t+k|T; =t—1,n)
forany k=0,1,..,n — t.

To this aim, note that

Pr(i=t+klT;=t—1,n) =

Pr(Ty=t—1li=t+kn) (PN 0-gt
Z?:?]t PI‘(E _ t|Z =t + l,n) ?;]t ((t—itl)_—iil—l)qt—l(l _ q)l’

and, similarly,

Pri=t+klT;=t—1,n+1) =
((t—i)_—f—lk—l)qtfl(l _ q)k
ot (e =gy

While the numerator in these two expressions is the same, the denominator

differs in that there is an extra term, which proves our result.ll
E Proof of Proposition 3

To prove the proposition, let us compute the probability Pr(w = 1|T; > TYF).
By Bayes’s rule,

Pr(T; > TV |w = 1)r
Pr(w = 1|T; > TVP) = — '
r(w=1T; > ) Pr(T; = TVF|w = 1)r + Pr(T; 2 TV |w = 0)(1 — )
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Consider, first, the case w = 1. For large n, by the Strong Law of Large

Numbers, the number of aggregate investments TVF will be reached almost

surely after a number M; of agents have made a decision such that gM; = TUP

(since, in equilibrium, agents follow their private signals when observing up
to TUF investments). Hence M; = T—ZP. Similarly, for w = 0, TVF will
be reached almost surely after a number My of agents have made a decision

such that (1 — q)My = TY?. Hence My = 7;—3;. Therefore, for large n, the

TUP

probability of observing at least investments when w = 1 is equivalent

to the probability of acting after M; agents and hence equal to Pr(7; >
(n—L5) (n—ZU%)
——<2—. Similarly, Pr(T; > TVP|w = 0) = —=2*. An

TV lw =1) = =
TUP

agent observing at least investments and receiving a bad signal decides

to invest (i.e., he is in an AUC) when
Pr(w = 1T; > TVF) > ¢,

that is, when

——
nq r
(10T TUP = q,

g )r—i- (n= 17‘1)(1—7“)

n n

q(g—1)(g—r)
¢*(2r-1)-r(2¢—1)

have found this inequality by noting that agents who observe T; < TU follow

which can be rearranged as TVF > n. Finally, note that we

the signal and agents who observe a higher T; neglect the signal, which implies

that

qup___da-Y0@-r)
¢*Q2r—1)—r(2q-1)

For r = 0.5, TV = ¢(1 — ¢)n.M
F Proof of Proposition 4

Let us first consider w = 1. In this case, an agent makes a mistake only if
he acts before the threshold is reached and, additionally, receives the wrong

signal. As we know from the previous analysis, the probability of acting

kil
before TVF is Pr(T; < TV |w = 1) = ( L ) _ q2(2(f:11))£qrz;3_1). Therefore,

o . . —1)(g— — —1)2
the probability of a mistake is %(1 —q) = Mfgqu(ﬁ. Let us
now consider w = 0. In this case an agent makes a mistake if he acts before

the threshold and receives the wrong signal, or if he acts after the threshold.
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TUP

Since, as we know, Pr(T; < TVFP|w = 0) = ? = *qz@rfg:izgq_l)a the

probability of making a mistake is now equal to

Q(T — Q) (

) q(r —q) )_(qfl)(q2+7"q*7“)
?2r—1)—r(2q—1) - '

_ 1—
9+ @?2r—1)—r(2qg—1) r 4+ 2¢%r — 2qr — ¢2

Hence, the ez ante total probability of a mistake is equal to

(r—9(-1* - D(@+ra-r)
T+ 2¢%r — 2qr — ¢ T+ 2¢%r — 2qr — ¢ e

|

G Proof of Proposition 5

Let us first prove part a. For the sake of exposition, we will refer to the
condition in which agent 4’s information set is {Iy, Is, ..., [;_;, 0} as “perfect
observability” and to the situation in which agent i’s information set is {7}, o; }
as “imperfect observability.” Under both conditions, an agent can be in two
situations: either he acts on the basis of his own signal or he is in a cascade.
Consider first the case of perfect observability. If the agent acts according to
his signal, the ex ante probability that he makes a mistake is 1 —q. If, instead,
he is in a cascade, then his action is based on a majority of two (either good
or bad) signals and the ex ante probability of a mistake is q%_i(;lq_%z- Now
consider the the case of imperfect observability. If he acts according to his
signal, the ex ante probability that he makes a mistake is, again, 1 — q. If,
instead, he is in a cascade, then he makes a mistake with a probability a.
Therefore, under perfect observability, the ex ante probability of a mistake is
(1-9)(1—-p)+ q%i(;lq—%? p (where p is the probability that a cascade occurs),
and under imperfect observability it is (1 — ¢)(1 — s) + as (where s is the
probability that a cascade occurs). We prove our result in two steps. First,
we show that %ﬁ < a. Second, we show that the probability of a cascade
is higher under the perfect observability condition, that is, p > s.

Step 1: ﬁ < a.

N2
Let us prove the first inequality. By contradiction, suppose a < (1=q)

?+(1-9)%"

. )2 . r(w=1|T;=TUP
This means that Pr(w = 0|T; = TVF) < %, that is, % >

Then, consider the situation of an agent observing TVF — 1 invest-

q2
(1-q)?
ments. Since, by assumption he is not in a cascade, his decision to invest is

based on a good signal. Then, the history with 7UF — 1 investments that
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Pr(w=1|T;=TUY"-1)

Pr(w=0|T;=TUP-1)
Pr(w=1|T;=TY") ¢ . .

the case, then Pr(w=0|T,=TTP) could not be greater than (_gz Since even in

TUP

he observes is such that

> (lﬁq). (Indeed, if this were not
the best scenario in which after — 1 there were only one investment
(and no bad signals), the likelihood ratio could not increase by more than
l—z—q). In that case the agent should invest independently of the signal, which
contradicts the fact that he is not in a cascade.

Step 2: The probability of a cascade is higher when there is full observ-
ability.

We know that in our model an AUC starts not before there are at least two
investments (from the example in Section 4.1 and from Lemma 5). This means
that, unless signal realizations always alternate, that is, whenever o; = 1, then
oir1 = 0, and vice versa, there cannot exist a sequence of signals such that a
cascade occurs under imperfect observability without occurring (at the same
time or at an earlier time) under perfect observability. Moreover, note that
whenever a cascade occurs under imperfect observability for a sequence of
alternating signals S1 = {1,0,1,0,1,...,0,1}, it occurs under perfect observ-
ability for the sequence of signals So = {1,1,1,0,1,...,0,1} or for the sequence
of signals S5 = {0,0,1,0,1,...,0,1}. If w = 1, then Pr(Ss|w = 1) > Pr(Si|jw =
1), and if w = 0, then Pr(S3jw = 0) > Pr(Si|w = 0). Therefore, a cascade is
more likely under perfect than under imperfect observability in both states of
the world.

For part b, observe that, as shown above, the ez ante probability of a
mistake under imperfect observability is (1 —¢)(1 — s) + as, and, as it is easy
to verify, a < 1 — ¢ for any finite n. For n tending to infinity, we know from

Proposition 4 that « = 1 — ¢, which concludes the proof.l
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