
Geophys. J. Int. (2011) 184, 1180–1213 doi: 10.1111/j.1365-246X.2010.04890.x

G
JI

M
in

er
al

ph
ys

ic
s,

rh
eo

lo
gy

,
he

at
fl
ow

an
d

vo
lc

an
ol

og
y

Thermodynamics of mantle minerals – II. Phase equilibria

Lars Stixrude and Carolina Lithgow-Bertelloni
Department of Earth Sciences, University College London, London, United Kingdom. E-mail: l.stixrude@ucl.ac.uk

Accepted 2010 November 12. Received 2010 November 3; in original form 2010 May 4

S U M M A R Y
We complete the development and description of a thermodynamic method for the compu-
tation of phase equilibria and physical properties of multiphase mantle assemblages. Our
previous paper focused on the computation of physical properties. In this paper, our focus
shifts to the phase equilibria. We further develop our theory to specify the ideal and ex-
cess contributions to solution properties and derive properties of multiphase assemblages.
We discuss our global inversion strategy for determining the values of the free parameters in
our theory and compare inverted parameter values with expectations based on scaling argu-
ments. Comparisons between our method and experimental phase equilibria data encompass
the pressure–temperature regime of Earth’s mantle. Finally, we present applications of our
method that illustrate how it may be used to explore the origins of mantle structure and mantle
dynamics. Continuing rapid advances in experimental and theoretical petrology and mineral
physics have motivated an expansion of the scope of our model via the addition of several
new phases, and of the soda component: an appendix lists all parameters in our model and
references to the experimental and theoretical studies that constrain them. Our algorithm for
global minimization of the Gibbs free energy is embodied in a code called HeFESTo, and is
detailed in a second appendix.

Key words: Composition of the mantle; Elasticity and anelasticity; Equations of state;
High-pressure behaviour; Phase transitions; Planetary interiors.

1 I N T RO D U C T I O N

Central to the goals of geophysics is an elucidation of the ways in
which material behaviour governs planetary processes. Differenti-
ation into crust, mantle and core, dynamics, thermal evolution and
the generation of magnetic fields, are all controlled by the physi-
cal properties and phase equilibria of planetary materials. Material
properties are the essential link between geophysical observation
and the evolution of the interior: elastic wave propagation provides
us with a rich source of information on interior structure, which
may be related to the thermal and chemical state via knowledge of
material properties.

Thinking of a planet as an experimental sample emphasizes the
relationship between planetary processes and material behaviour
via properties that control its response to natural perturbations. We
may explore the response of the planet to a sudden increase in en-
ergy, provided, for example, by a giant impact of the type that is
thought to have formed Earth’s moon (Canup 2004). Responses in-
clude an increase in temperature, controlled by the heat capacity,
a decrease in density controlled by the thermal expansivity, and
phase transformations controlled by the free energy. Phase trans-
formations also contribute to changes in temperature and density
via the heats and volumes of transformation. A giant impact also
perturbs the stress state, to which the planet responds via compres-
sion (controlled by the bulk modulus), adiabatic heating (Grüneisen

parameter) and phase transformations (free energy). Internal dy-
namics, as manifested for example in mantle convection, are driven
by lateral variations in the density that are linked to the thermal state
via the thermal expansivity and heat capacity.

As experimental samples, planets present several challenges to
thermodynamic description, including the extreme conditions of
their interiors, and their heterogeneity, which exists over a wide
range of length scales. In Earth’s mantle there are at least 6 essential
chemical components (SiO2, MgO, FeO, CaO, Al2O3 and Na2O),
that stabilize a large number of distinct and impure phases over
the entire mantle pressure–temperature regime (Akaogi & Akimoto
1979; Irifune et al. 1986). The multiphase nature of the mantle
is central to our understanding of its structure and dynamics: for
example, in the transition zone, gravitational self-compression is
accommodated mostly by solid–solid phase transformations. Many
phase transformations occur over sufficiently narrow intervals of
pressure that they are seismically reflective; the comparison of the
depth of these reflectors to the pressure of phase transformations
gives us one of our most powerful constraints on the composition
of the deep interior. Because the pressure at which they occur de-
pends on temperature, phase transformations may also contribute
to laterally heterogeneous structure and influence mantle dynam-
ics (Anderson 1987; Christensen 1995). Understanding planetary
processes then demands a method that is able to interpolate among
and extrapolate from the necessarily limited results of experiment
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or first principles theory to the full chemical richness that is typical
of silicate mantles.

The focus here is on thermodynamic equilibrium. Equilibrium
is a reasonable assumption for many planetary processes because
of the large temperature characteristic of planetary interiors. For
example, thermodynamic equilibrium has proved to be a power-
ful means by which to understand mantle structure, the influence of
phase transformations on dynamics, and the structure of exo-planets
(Ringwood 1991; Christensen 1995; Valencia et al. 2006). Many
important material properties lie beyond our scope including trans-
port properties such as viscosity and diffusion. We note however,
that thermodynamic equilibrium provides a basis for understand-
ing these properties as well, insofar as thermodynamic equilibrium
largely determines which phases are stable at a given pressure and
temperature, and the transport properties of different phases may
differ substantially. For example, the transformation from perovskite
to post-perovskite may be accompanied by a large change in viscos-
ity (Ammann et al. 2010), and garnet is expected to weaken with
increasing majorite content (Hunt et al. 2010). Gibbs free energy
differences computed by equilibrium thermodynamic models are
also a foundation of theories of the kinetics of phase transforma-
tions that may be important in a number of processes including
attenuation within phase coexistence loops (Li & Weidner 2008;
Ricard et al. 2009) and the preservation of subducted metastable
wedges (Kubo et al. 2009).

Our goal, beginning with our previous paper (Stixrude &
Lithgow-Bertelloni 2005b) hereafter referred to as Paper I, has been
to construct an equilibrium thermodynamic theory capable of self-
consistent computation of phase equilibria and physical properties
of mantle assemblages, including those most important for under-
standing dynamic processes and geophysical observations. Here
we continue our description of a method that meets our goal. The
method is complementary to experiment and first principles theory
and uses results on simple systems to build up predictive power for
more complex assemblages that are most relevant to understand-
ing planets. In Paper I, we focused on the computation of physical
properties. In this paper, we complete the theory, and shift our focus
to phase equilibria: we specify the solution model and derive prop-
erties of multiphase assemblages. We discuss our global inversion
strategy for determining the values of the free parameters in the
theory and compare inverted parameter values with expectations
based on scaling arguments. Comparisons between our method and
experimental phase equilibria data encompass the pressure regime
of Earth’s mantle. Finally, we present applications of our method
that illustrate how it may be used to explore the origins of mantle
structure and mantle dynamics.

We have applied an earlier form of our method to understand-
ing mantle structure and dynamics (Stixrude & Lithgow-Bertelloni
2005a; Stixrude & Lithgow-Bertelloni 2007; Xu et al. 2008;
Cammarano et al. 2009), as have other groups (Khan et al. 2006;
Cobden et al. 2008; Nakagawa et al. 2009). This paper describes
the theory completely, which was not possible in these applications
papers, and introduces a better solution model and Landau contri-
butions. Moreover, continuing rapid advances in experimental and
theoretical petrology and mineral physics have motivated an ex-
pansion of the scope of our model via the addition of several new
phases, particularly those relevant to the core–mantle boundary and
to the shallowest mantle, and of the soda component: an appendix
lists all parameters in our model and references to the experimental
and theoretical studies that constrain them. Our algorithm for global
minimization of the Gibbs free energy is embodied in a code called
HeFESTo, and is detailed in a second appendix.

2 O U R A P P ROA C H A N D P R E V I O U S
W O R K

There have been many previous studies of aspects of mantle ther-
modynamics, but none that meet our goal of self-consistent com-
putation of phase equilibria and geophysically relevant physical
properties. Previous studies may be divided into two groups based
on their primary motivations. In the first group are those focusing
primarily on mantle phase equilibria. A complete review is beyond
the scope of this paper as there have been many important contri-
butions (Helgeson et al. 1978; Wood & Holloway 1984; Berman
1988; Fei et al. 1990; Stixrude & Bukowinski 1993; Saxena 1996;
Gottschalk 1997; Bina 1998; Chatterjee et al. 1998; Holland &
Powell 1998; Fabrichnaya 1999; Matas 1999; Ricard et al. 2005;
Jacobs & de Jong 2007; Piazzoni et al. 2007; Ganguly et al. 2009).
Considerations of physical properties in these studies have typi-
cally been limited in scope, for example they do not include a self-
consistent account of the elastic constant tensor other than the bulk
modulus. In the second group are those studies focusing primarily
on the physical properties of mantle phases. Syntheses of the phys-
ical properties of mantle phases, including their elasticity, typically
do not permit computation of phase equilibria (Bass & Anderson
1984; Weidner 1985; Duffy & Anderson 1989). As determinations
of the elastic structure of Earth’s interior improve, there has been
increasing interest in the development of methods that can relate
seismic observations to the properties of multiphase assemblages.
Several so-called hybrid models have appeared, in which a model
of physical properties is combined with a description of phase equi-
libria from another source (Ita & Stixrude 1992; Cammarano et al.
2003; Hacker et al. 2003). An important disadvantage of these mod-
els is that they are not self-consistent. Our method, beginning with
Paper I, overcomes these limitations of previous approaches to man-
tle thermodynamics as illustrated by application of earlier forms of
the theory (Stixrude & Lithgow-Bertelloni 2005a; Khan et al. 2006;
Stixrude & Lithgow-Bertelloni 2007; Cobden et al. 2008; Xu et al.
2008; Cammarano et al. 2009; Nakagawa et al. 2009).

Our approach makes use of the following four thermodynamic
principles. Except for the last, which was introduced in Paper I,
these principles are not new; it is their combination that we have
found to be especially powerful in meeting our goal.

(i) Fundamental thermodynamic relations: A fundamental ther-
modynamic relation is a single functional relationship that contains
complete information of all equilibrium properties of all equilibrium
states of a system (Callen 1960). All thermodynamic properties are
computed as derivatives of the fundamental relation with respect to
its natural variables, guaranteeing self-consistency. For example

∂3G
∂ P∂ P∂T

= ∂3G
∂T ∂ P∂ P

= ∂

∂ P
(V α)T = − ∂

∂T

(
V

K

)
P

, (1)

where G is the Gibbs free energy, P is pressure, T is temperature,
V is volume, α is thermal expansivity and K is the isothermal bulk
modulus. We write the fundamental relation in analytic form with
analytically computable derivatives so that relations of this type are
satisfied exactly. Another example of self-consistency is illustrated
by the Clapeyron relation

� =
(

∂ P

∂T

)
eq

= �V

�S
, (2)

where � is the Clapeyron slope, the subscript eq indicates equi-
librium coexistence and � indicates the finite change in properties
across the transition. Most previous studies of mantle phase equilib-
ria have satisfied thermodynamic self-consistency, although at least
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one violates the Maxwell relations (Sobolev & Babeyko 1994), and
the Clapeyron relation is violated by so-called hybrid methods (Ita
& Stixrude 1992; Cammarano et al. 2003; Hacker et al. 2003).
Self-consistency is important because �V and �S may change
substantially over the mantle pressure–temperature regime, intro-
ducing significant curvature to phase boundaries, especially in the
deep mantle. There are practical advantages as well: because so
many thermodynamic quantities are intimately linked, diverse ex-
perimental and first principles results can be used independently to
constrain more robustly the thermodynamic model. For example,
phase equilibria, lattice parameter, and acoustic velocity data all
constrain the volume of a phase, placing redundant constraints on
the equation of state.

(ii) Legendre transformations: While the Gibbs free energy is
the natural thermodynamic potential for treating phase equilibria,
the Helmholtz free energy is much more useful for describing phys-
ical properties. Legendre transformations provide a simple way of
moving from one thermodynamic potential to another (Callen 1960;
Alberty 2001). We formulate our fundamental thermodynamic re-
lation in terms of the Helmholtz free energy F and compute G by
the Legendre transform

G(P, T ) = F (V, T ) + PV (3)

as in our previous work (Stixrude & Bukowinski 1990). The trans-
formation overcomes the need to use expressions for the equa-
tion of state in which P appears as the independent variable, such
as a Taylor series expansion of V in P, the Murnaghan equation
(Murnaghan 1944), or the Tait equation (Macdonald 1969), as
used in some thermodynamic models popular in the Earth sciences
(Ghiorso & Sack 1995; Holland & Powell 1998; Gerya et al. 2004).
These other equations of state are adequate as long as the pressure is
a small fraction of the bulk modulus, or if only phase equilibria are
of interest as the Gibbs free energy is less sensitive than the density
or the moduli to the form of the equation of state. For applications
to the whole mantle the Eulerian finite strain theory (Birch 1978), in
which V is the independent variable, is more suitable as it accurately
accounts for the variation of the density and elastic constants with
pressure (Stixrude & Lithgow-Bertelloni 2005b). The Legendre
transformation has been described in terms of the mathematically
equivalent operation of handling the Birch–Murnaghan equation of
state via integration by parts, that is,

∫
V dP = − ∫

PdV + PV
(Fei et al. 1990; Ghiorso et al. 2002). However, the Legendre trans-
formation is a more powerful and general concept, which permits
reformulation of the thermodynamic problem in terms of other po-
tentials as well. For example, Legendre transformation to the inter-
nal energy U(S, V ) = F (V, T ) + TS is important in geodynamic
applications (Connolly 2009).

(iii) Euler form: In our model the fundamental thermodynamic
relation is written in Euler form, which is always possible because
of the first order homogeneity of thermodynamic functions (Callen
1960). In the Euler form the thermodynamic potential appears as
an absolute quantity. Following our earlier work, we write F (V, T )
directly in terms of a Taylor series expansion in the finite strain
and an integral over the vibrational density of states (Stixrude &
Bukowinski 1990). Thus integration from the differential form never
appears, and all thermodynamic quantities are computed as deriva-
tives of the original quantity F (V, T ). Our approach contrasts with
the more common use of the differential form

dG = −SdT + V dP (4)

which can be integrated

�G(P, T ) = −
∫ T

T0

S(P0, T ′)dT ′ +
∫ P

P0

V (P ′, T )dP ′ (5)

to determine the value of G at the pressure and temperature of
interest. The integration is typically performed along a path that
proceeds in two legs: first upwards in temperature at ambient pres-
sure and second upwards in pressure at the temperature of interest
(Helgeson et al. 1978; Wood & Holloway 1984; Berman 1988; Fei
et al. 1990; Saxena 1996; Gottschalk 1997; Bina 1998; Chatterjee
et al. 1998; Holland & Powell 1998; Fabrichnaya 1999; Matas 1999;
Ricard et al. 2005; Piazzoni et al. 2007; Ganguly et al. 2009). The
advantage of the differential approach is that it maintains close con-
tact with experimental measurements of the volume and the heat
capacity as a function of T at 1 bar. The differential approach is
adequate as long as the temperature and pressure are not too high,
but has at least three difficulties in application to Earth’s mantle:
(1) The temperature at the base of Earth’s mantle may be 4000
K, far exceeding the melting points of silicates at ambient pres-
sure. This means that the initial leg of the integration path must
extend into the supersolidus regime where no thermodynamic data
on the crystalline phase of interest exist and where the crystalline
phase of interest may be mechanically unstable. Indeed, elastic in-
stability has been considered as a criterion of melting (Born 1939;
Cohen & Gong 1994), rendering the integral over SdT not only
poorly constrained, but also ill-defined. As another way of avoid-
ing the uncontrolled low-pressure SdT integral, Brosh et al. (2008)
advocate an alternate integration path passing through infinite pres-
sure, which however is also not well constrained experimentally.
(2) While the SdT term dominates at low pressure, the term V dP
dominates over most of Earth’s mantle and must be treated with
greater care than is possible using the differential form (Fig. 1). For
example, the change in Gibbs free energy along a mantle isotherm
exceeds the difference in Gibbs free energy between 300 and 2000
K at pressures as shallow as the transition zone. In the lower mantle,
the increase in G along an isotherm surpasses in magnitude even
the Gibbs free energy of formation from the elements. This means

Figure 1. Bold lines: Gibbs free energy of MgSiO3 perovskite computed
with our method along two different isotherms (300 and 2000 K). Indicated
are the major regions of Earth’s mantle, and its base at the core–mantle
boundary, and the Gibbs free energy of formation from the elements of
MgSiO3 perovskite � f G0.

C© 2011 The Authors, GJI, 184, 1180–1213

Geophysical Journal International C© 2011 RAS



Mantle thermodynamics 1183

that in the differential approach, uncontrolled estimates of V as well
as S at high temperature and low pressure can have a significant
and ill-constrained influence on high pressure equilibria. (3) Some
mantle phases (e.g. post-perovskite) are unquenchable to ambient
pressure, so that the first integral and the low pressure portion of the
second integral in eq. (3) are likely to remain unconstrained by ex-
perimental measurements at ambient pressure. In contrast, with the
Euler form, integration through uncontrolled regions of P–T space
are avoided as the integrals do not appear and computation of the
fundamental relation at high pressure and temperature is straight-
forward and well-posed. Although not as common as the differential
form in the Earth Sciences literature, the Euler form is also used in
studies of mantle phase equilibria by Jacobs & de Jong (2007), and
for example, as the basis of the Steam Tables (Haar et al. 1984). The
Euler form also has a venerable history in investigations of the high
pressure physics of solids and serves as the basis for the derivation
of the Birch–Murnaghan equation of state (Grüneisen 1912; Birch
1947; Anderson 1995). The Euler form also proved essential for the
development of the anisotropic generalization in Paper I.

(iv) Anisotropic generalization: In Paper I, we generalized the
thermodynamic machinery to the consideration of deviatoric stress
and strain in such a way that fully self-consistent computation of
phase equilibria and the elastic constant tensor is possible. This final
step is essential for making contact with seismological observations
and we are not aware of another thermodynamic model that has this
capability. Previous mantle models have either not specified elastic
moduli other than the bulk modulus (Stixrude & Bukowinski 1993;
Mattern et al. 2005; Piazzoni et al. 2007; Ganguly et al. 2009),
or have done so non-self-consistently (Sobolev & Babeyko 1994;
Kuskov 1995; Bina 1998; Hama & Suito 2001; Ricard et al. 2005).
Our derivation is given in Paper I and builds on previous work
in relating thermodynamic potentials to elasticity (Wallace 1972;
Davies 1974). The analysis is based on the Euler form as a poly-
nomial expansion of the thermodynamic potential in the Eulerian
finite strain with special attention paid to the distinction between
the large finite strain associated with Earth’s internal pressure and
the much smaller strain of general symmetry applied by a passing
seismic wave.

3 T H E O RY

3.1 Outline

The Gibbs free energy of a multiphase assemblage

G(P, T, �n) =
species∑

i

niμi (P, T, �n)

=
species∑

i

ni [Gi (P, T ) + RT ln ai (�n)] , (6)

where ni , μi ,Gi and ai are, respectively, the amount, chemical po-
tential, Gibbs free energy in cation-ordered pure form, and activity
of species i and �n is the vector containing all of the ni. We as-
sume that the quantity RT ln f β is independent of pressure and
temperature, where f β is the activity coefficient. This assumption
permits non-ideal enthalpy of solution but neglects the contribution
of non-ideality to other physical properties, such as the volume or
entropy, because such contributions are small compared with uncer-
tainties in these properties at mantle pressure and temperature (Ita
& Stixrude 1992). We neglect surface energy, which may be signif-
icant for very small grains (�1 nm). We also neglect the possible

influence of electrical, magnetic, or gravitational external fields,
which have been explored previously (Ringwood 1959; Bina &
Kumazawa 1993; Kavner & Walker 2006). Our focus in this pa-
per is on conditions of isotropic stress, although our approach may
also be used to study phase equilibria under conditions of arbitrary
stress.

We assume the following form for the chemical potential

μi = Gi − RT
sites∑

k

⎛
⎝Sik ln Nk −

c∑
j

si jk ln N jk

⎞
⎠

−
species∑
β>α

Wiαβ (δiα − φα)(δiβ − φβ ), (7)

where

N jk =
species∑

i

si jkni (8)

Nk =
c∑
j

N jk (9)

Sik =
c∑
j

si jk (10)

are, respectively, the number of atoms of component j on site k, the
total number of atoms on site k, and the sum over the stoichiometric
coefficients of species i at site k, sijk is the stoichiometric coeffi-
cient of component j on site k in species i, and c is the number of
components. Sums over sites and species extend over all sites and
species of the phase to which the species i belongs. In the sum over
α, β only terms β > α are included, that is, each pair interaction
is counted once and like terms ∝ W iαα are excluded as these are
assumed to be contained in Gi . The size-weighted proportion of
species α (Holland & Powell 2003)

φα = nαdα∑
γ nγ dγ

, (11)

where dα is the size parameter and the sum is over all species in the
phase containing species α, the size-weighted interaction parameter

Wiαβ = 2di

dα + dβ

Wαβ (12)

and δij is the Kronecker delta.
To relate our development to other studies of geological phase

equilibria, we may evaluate the chemical potential of pure species i
(ni = 1, nj �=i = 0)

μi = Gi − RT
sites∑

k

⎛
⎝Sik ln Sik −

c∑
j

si jk ln si jk

⎞
⎠ , (13)

where the second term accounts for possible cation disorder in the
pure species. Thus our definition of Gi is equivalent to μi0 in the
usage of e.g. Cohen (1986) and is consistent with the choice of unit
activity for cation-ordered pure species by, for example, Holland &
Powell (1998). We prefer the notation Gi to μi0 because it makes
explicit contact with the particular form of the fundamental relation
introduced in Paper I and summarized below (Section 3.3.1), and
its Legendre transform.
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3.2 Physical properties of multiphase assemblages

The physical properties of the multiphase assemblage are readily
computed via derivatives of the fundamental relation (eq. 6)

S = −
(

∂G
∂T

)
P

=
∑

i

niSi − ni R ln ai (14)

V =
(

∂G
∂ P

)
T

=
∑

i

ni Vi (15)

V

KT
= −

(
∂V

∂ P

)
T

= −
(

∂2G
∂ P2

)
T

=
∑

i

ni
Vi

KT i
−

(
∂ni

∂ P

)
T

Vi

(16)

CP = T

(
∂S
∂T

)
P

= −T

(
∂2G
∂T 2

)
P

=
∑

i

ni CPi +
(

∂ni

∂T

)
P

(Si − R ln ai ) (17)

V α =
(

∂V

∂T

)
P

=
(

∂2G
∂ P∂T

)
=

∑
i

ni Viαi +
(

∂ni

∂T

)
P

Vi , (18)

where all derivatives are taken at constant bulk composition. Other
quantities such as the adiabatic bulk modulus KS , isochoric heat
capacity, CV and Grüneisen parameter, γ are computed from the
quantities already given (Ita & Stixrude 1992). The terms involv-
ing pressure and temperature derivatives of ni are taken at chemi-
cal equilibrium, so that μi dni = 0. These terms have been called
the ‘metamorphic’ contributions to thermodynamic properties and
appear only in multiphase, multicomponent systems and for pro-
cesses that are sufficiently slow for chemical equilibrium to be
maintained (Stixrude & Lithgow-Bertelloni 2007). Generalized ex-
pressions written in terms of the full stress and strain tensors and
expressions for the elastic moduli are given in Paper I. While it will
not be the focus of this paper, we note that our theory may also be
applied to phase equilibria under conditions of anisotropic stress,
for example, to phase transformations induced by shear, such as
may be relevant to understanding the passage of a seismic wave
through a region of phase coexistence, or to localized regions of
large deviatoric stress such as in the vicinity of faults.

3.3 Contributions to the chemical potential

We now consider further the contributions to the chemical potential:
the three terms on the right hand side of eq. (7), the first term
expressing the Gibbs free energy of the pure cation-ordered species,
the second term expressing the ideal contribution, and the third term
expressing the excess contribution.

3.3.1 End-member contribution

The first term on the right-hand side of eq. (7) Gi is the term due
to the pure end-member species, and is specified (less the Landau
contribution discussed below) by the Legendre transformation of
the Helmholtz free energy

F (ρ, T ) = F0 + 1

2ρ0
b(1)

i ikk f 2 + 1

6ρ0
b(2)

i ikkmm f 3

+ . . . + 9nk�

[
T D

(
θ

T

)]
+ �Fmag(ρ, T ), (19)

where subscript 0 indicates values in the natural configuration, here
taken to be that at ambient conditions

f = 1

2

[(
ρ

ρ0

)2/3

− 1

]
(20)

is the scalar part of the Eulerian finite strain, the density ρ = 1/V ,
the coefficients of the cold part are

b(1)
i ikk = 9KT 0 (21)

b(2)
i ikkmm = 27KT 0

(
K ′

T 0 − 4
)

(22)

primes indicate pressure derivatives, k is the Boltzmann constant,
θ is the characteristic vibrational temperature, and D(x) is the De-
bye free energy function, which is related to an integral over the
vibrational density of states (Born & Huang 1954)

D(x) = x−3

∫ x

0
ln(1 − exp−t )t2dt. (23)

We assume that θ varies with strain as

θ 2 = θ 2
0

(
1 + a(1)

i i f + 1

2
a(2)

i ikk f 2 + . . .

)
(24)

with coefficients

a(1)
i i = 6γ0 (25)

a(2)
i ikk = −12γ0 + 36γ 2

0 − 18q0γ0, (26)

where γ is the isotropic component of the Grüneisen tensor, and γ q
is the isotropic component of the strain derivative of the Grüneisen
tensor. In eqs (19)–(26) the subscripts i, j, k, . . . refer to the Cartesian
indices of the general strain tensor as they appear in the original,
fully anisotropic form of the fundamental relation in Paper I. We
have retained the Cartesian subscripts in order to emphasize the
connection between the equations we present here and the theory
valid under more general strain derived in Paper I. The expression
for the Helmholtz free energy, aside from the magnetic contribution,
which we now discuss, is derived in Paper I and evaluated here under
conditions of isotropic initial stress. Expressions for the full elastic
constant tensor are found by taking the appropriate strain derivatives
of F and are given in Paper I.

The magnetic contribution, which we assume to have the form

Fmag = −T
∑

ri ln(2Si + 1) (27)

accounts for configurational entropy of spin degeneracy, where ri

and Si are the stoichiometric coefficient and spin quantum number of
element i, respectively, and the sum is over all atoms in the formula
unit (Ulbrich & Waldbaum 1976). This high temperature form is
expected to be accurate for all mantle phases, which have magnetic
disordering temperatures far below room temperature. We assume
S = 2 for high spin Fe, and S = 0 for all other cations considered
in this paper. In this study, we have ignored variations in S on
compression, which have been found experimentally (Badro et al.,
2003; Badro et al. 2004). The details of spin-pairing transitions are
still uncertain in ferropericlase (Persson et al. 2006) and even more
so in the case of perovskite and post-perovskite (Bengtson et al.
2005). Moreover, as the spin transition is likely to affect partitioning,
it seemed premature to include its effects on one phase and not
others. As experimental and theoretical evidence of the nature of
spin-pairing transitions continues to be gathered, this information
will be readily incorporated in our model.
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Figure 2. Isentropic gradient of SiO2 in the vicinity of the α to β transition
in quartz computed with our method (lines) and measured experimentally
(Boehler 1982) (circles) at: (blue) 300 K, (green) 800 K, (gold) 1000 K,
(red) 1300 K. The sudden increase in the isentropic gradient with increasing
pressure marks the α to β transition, and the sudden, smaller decrease
marks the quartz to coesite transition. Agreement with experimental data is
comparable to that of the system-specific model of Dorogokupets (1995).
The decrease in the isentropic gradient at the qtz-coes transition does not
appear in the experimental data, possibly due to kinetic hindrances in the
experiments.

Following Putnis (1992), we assume a contribution to the free
energy associated with displacive transitions such as α–β quartz
and stishovite to CaCl2-structured silica of the tricritical Landau
form, which provides a remarkably good account of isotropic ther-
modynamic properties along typical geotherms (Fig. 2)

GL (P, T ) = SD

[
(T − TC ) Q2 + 1

3
TC0 Q6

]
(28)

Q4 = (1 − T/TC ) (29)

TC = TC0 + VD

SD
P, (30)

where SD and VD are, respectively, the maximum excess entropy and
volume, TC is the transition temperature, Q is the order parameter
and GL = 0 for T > TC . The total Gibbs free energy for phases with
a Landau contribution is then

Gtotal(P, T ) = G(P, T ) + GL (P, T ), (31)

where G is the Gibbs free energy of the high-temperature phase,
computed as for other phases from the Legendre transformation of
the Helmholtz free energy (eq. 19), and we have suppressed the
species subscript i. From these relationships, all other thermody-
namic contributions may be derived including the contribution to
the volume via the identity V = (∂G/∂ P)T

VL (P, T ) = −VD Q2

[
1 + 1

2

T

TC
(1 − TC0/TC )

]
(32)

as well as to the entropy, thermal expansivity, bulk modulus and heat
capacity, which can be found via pressure and temperature deriva-
tives of Gtotal, and application of eqs (14)–(18). As in, for example,
Holland & Powell (1998) we have truncated the Landau expan-
sion at the lowest order that yields a transition and have therefore
neglected other contributions including higher order terms in the
order parameter, order parameter–strain coupling, and fluctuation-
induced softening (Carpenter et al. 1998, 2000). These higher order
terms are particularly important in reproducing the variation of the

elastic constant tensor through the transition. As elasticity is not the
focus of this paper, such extensions fall outside our present scope,
although they are readily included in our formulation. Although
Landau terms contribute to few phases in this paper (qtz, st), we
anticipate Landau contributions becoming more important as we
expand our model to include behaviour associated with magnetic
collapse in future work.

3.3.2 Ideal contribution

The second term on the right-hand side of eq. (7) is the ideal con-
tribution to the chemical potential. We have derived this term by
assuming that crystallographic sites and atoms of different elements
are distinguishable, while atoms of the same element are indistin-
guishable (Kerrick & Darken 1975). We further assume that the
quantum energy levels of a solid solution of a fixed composition
are the same for all configurations. The number of distinguishable
configurations in one phase is then

� =
sites∏

k

(∑c
j N jk

)
!∏c

j N jk!
. (33)

Applying Stirling’s approximation to Sconf = k ln �, we find the
configurational entropy

Sconf = R
sites∑

k

⎛
⎝Nk ln Nk −

c∑
j

N jk ln N jk

⎞
⎠ , (34)

The ideal contribution to the chemical potential then follows from
the definition

μi =
(

∂G
∂ni

)
n′

i

(35)

where the subscript on the derivative means that the amounts of all
other species are held constant, and we have made use of the results
∂ Njk/∂ni = sijk and ∂ Nk/∂ni = Sik .

The expression for the ideal contribution to the chemical poten-
tial is closely related to that of the ‘sublattice’ model (Hillert &
Staffansson 1970; Sundman & Agren 1981) and the ‘random en-
tropy’ model (Thompson 1969; Cohen 1986), also known as the
‘mixing-on-sites’ model. We have derived the general expression
explicitly in terms of the molar amounts of the end-member species,
rather than writing expressions that are limited in the number of
components, or written in terms of component site-fractions only,
as in these previous publications, because the solution properties of
some mantle phases are fairly complex with many components on
several different sites. The general expression is also valid in the
case of phases that contain end-members with cation disorder.

3.3.3 Excess contibution

The third term on the right-hand side of eq. (7) is the non-ideal or
excess contribution. This term follows the asymmetric van Laar for-
mulation (Powell 1974; Saxena & Fei 1988; Aranovich & Newton
1999; Holland & Powell 2003), and originates in pairwise interac-
tions among species in solid solution for which the excess Gibbs
free energy

Gxs =
∑
β>α

φαφβ Bαβ, (36)
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where

Bαβ = 2

∑
γ dγ xγ

dα + dβ

Wαβ (37)

and xα = nα/
∑

γ nγ . The form of eq. (36) illustrates the relation-
ship to the symmetric regular solution model to which the excess
contribution reduces in case all the size parameters dα are equal.

4 A P P L I C AT I O N O F T H E S O LU T I O N
M O D E L T O M A N T L E P H A S E S

We complete the specification of the solution model, consisting of
the ideal and excess contributions to the chemical potential: the
second and third terms on the right hand side of eq. (7), and test the
assumed form of this aspect of our model against crystallographic,
thermochemical, and phase equilibrium data on mantle phases.

4.1 Ideal contribution

The ideal contribution to the chemical potential is completely spec-
ified by the choice of end-member species, the number of mix-
ing sites, and the cations that occupy them. Our general strategy
in choosing end-member species has been to: (1) adopt species
compositions that have been studied experimentally in pure form,
whenever possible (2) to choose the minimal set of end-members
that spans the range of phase compositions that are likely to exist in
the mantle and (3) to choose end-members that permit an accurate
account of crystallographic, thermochemical and phase equilibria
data where these are available. These choices are illustrated with
the following examples and specified in Table A1.

The form of the ideal contribution that we have chosen is spec-
ified by the chemical formulae of the end-member species. The
formulae as written in Table A1 therefore convey not only chemi-
cal, but also structural information related to the number of mixing
sites, the cations that occupy them, and the nature of the mixing.
In order to convey this information, we have found it convenient to
adopt the following conventions for writing the chemical formulae.
(1) Sites are specified by the stoichiometric coefficients: one coef-
ficient for each site (we follow the usual chemical convention of
suppressing unit coefficients). (2) The number of sites of each end-
member of a given phase are the same. (3) The sites appear in the
same order in all end-members. (4) Two or more distinct cations that
occupy the same crystallographic site in random arrangement are
joined by parentheses. (5) Two or more distinct cations that occupy
the same site and do not mix are surrounded by square brackets.
We note that no standard exists for the writing of crystal-chemical
formulae. Although ours bears some relationship to other schemes
that have been proposed for structural formulae (Limadefaria et al.
1990), it is also distinct because its motivation is different: to spec-
ify an ideal solution model, rather than to convey crystallographic
information. Computation of the configurational entropy for various
alternative models of the en-mgts solution illustrates our notation
(Fig. 3).

For many phases, crystallography makes clear the form of the
ideal contribution. For example, in the case of Mg–Fe olivine X-
ray and neutron diffraction show that Mg and Fe are nearly ran-
domly distributed over the two crystallographically distinct octa-
hedral sites (M1, M2) for mantle-like compositions (Heinemann
et al. 2007). Following many previous studies (Wiser & Wood
1991; Frost 2003b), we therefore approximate olivine as having
a single mixing site for divalent cations. We have chosen to neglect

Figure 3. Top: composition of opx coexisting with py on the
Mg4Si4O12–Mg3Al2Si3O12 join at 1373 K computed from our model (blue,
m = 1 cf. eq. 38); and from alternative models with (green) a different es-
timate of V0(mgts) = 60.4 cm3 mol−1 (Brey et al. 1999); and (red) cation
mixing permitted independently on two sites (m = 2); compared with exper-
imental data (black circles) (Perkins et al. 1981). Bottom: configurational
entropy of four different models of cation disorder in en-mgts opx, specified
by the indicated formulae according to the conventions described in the text:
(blue) our model with mixing on only one octahedral site (m = 1), which is
equivalent to correlated cation disorder on one octahedral and one tetrahedral
site; (red) m = 2 with independent cation mixing on one octahedral and one
tetrahedral sites; (black long-dashed) mixing across octahedral sites, with
octahedral Mg-Al disorder in the mgts end-member; (black short-dashed)
mixing across tetrahedral sites and on one octahedral site, with tetrahedral
Al-Si disorder in the mgts end-member. For both figures the composition is
given as the mole fraction: Al2O3/(Al2O3 + MgSiO3).

the slight observed Mg–Fe intersite partitioning because the con-
tribution to the configurational entropy is small and less than the
uncertainty in the total entropy. We have assumed complete intersite
Mg–Fe disorder on Mg–Fe binary joins in all phases considered in
this study, consistent with experimental findings of weak inter-site
Mg–Fe partitioning in other phases (Kroll et al. 1997). In the case of
phases containing more than two mixing cations, Mg–Fe partition-
ing among sites may arise in our formulation due to mass balance,
for example in opx, where our choice of aluminous end-member
(mgts) leads to relative Mg enrichment in the Al-free octahedral
site. Thus intersite Mg–Fe partitioning in our approach is that con-
sistent with the constraints of mass balance and minimization of
the Gibbs free energy: we do not arbitrarily assume equipartition of
Mg–Fe among sites in multicomponent systems and thus avoid the
logical inconsistency that this entails (Holland & Powell 2006). The
ideal term for clinopyroxenes of the diopside-clinoenstatite series is
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also crystallographically constrained: Ca–Mg partitioning between
the two divalent cation sites is very strong and almost all Ca occu-
pies the larger of the two sites. We therefore assume that Ca–Mg
mixing occurs only on the large site. Holland et al. (1979) explored
a model that permitted small amounts of Ca–Mg exchange between
the large site and the octahedral site, but the influence on phase
equilibria is smaller than that of uncertainties in the excess Gibbs
free energy.

For some other phases, equilibria provide the best constraints
on the form of the ideal contribution. Orthopyroxenes on the
MgMgSiSiO6–MgAlAlSiO6 join have in principle four crystallo-
graphically distinct cation sites. Information from X-ray cyrstallog-
raphy is limited because Mg2+, Al3+ and Si4+ are isoelectronic, and
there are no thermochemical measurements of the ideal entropy of
solution because equilibrium states of order are difficult to achieve.
Phase equilibria point to a model in which Mg–Al disorder is corre-
lated with Si–Al disorder via local charge balance (Al-avoidance).
The configurational entropy in the case of perfect correlation is
equivalent to assuming complete disorder on the octahedral site and
none on the tetrahedral site. The influence on phase equilibria of
correlated cation disorder (Fig. 3) is illustrated by the reaction en +
mgts = py for which the equilibrium value of x = nmgts/(nmgts +
nen) is given by

ln x(1 − x) = �G
m RT

, (38)

where �G = Gpy −Gen −Gmgts and m is the number of independent
mixing sites: m = 1 for correlated cation disorder and m = 2 for
uncorrelated disorder. The pressure dependence of x in the limit of
small x(

∂ ln x

∂ P

)
T

= �V

m RT
(39)

so that with two mixing sites instead of one, the pyroxene com-
position varies more slowly with increasing pressure in a way that
does not match experimental data. The influence of doubling the
number of mixing sites far exceeds the effects of uncertainty in the
volume of the fictive mgts end-member. These results are consis-
tent with previous analyses of phase equilibria and with inferences
based on X-ray diffraction measurements of bond lengths (Ganguly
& Ghose 1979; Wood & Holloway 1984). Other solution models
are of course possible and Ganguly & Ghose (1979) have argued
for an alternate choice of aluminous orthopyroxene end-member
with pyrope composition; but agreement with phase equilibria data
using this alternative is no better (Wood & Holloway 1984).

For other phases, thermochemical information from experiment
or theory constrains the form of the ideal contribution. In the case of
clinopyroxene, thermochemical and X-ray diffraction data indicate
Si-Al disorder in end-member Ca-Tschermak’s pyroxene (Okamura
et al. 1974; Haselton et al. 1984), which we have included. In
the case of end-member Mg3(MgSi)Si3O12 majorite, we assume
complete Mg–Si order on the octahedral site, which closely approx-
imates the results of recent semi-empirical theory at mantle tem-
peratures (Vinograd et al. 2006). In the case of MgSiO3–AlAlO3

perovskite, experimental data is very limited or contradictory and
we have relied heavily on first principles theory, which indicates that
complete, uncorrelated disorder on the large site and the octahedral
site, while overestimating slightly the entropy computed from first
principles, is a reasonable approximation at typical lower mantle
temperatures (Panero et al. 2006; Jung et al. 2010).

In the case of garnet, we have chosen a set of end-member species
that spans the range of compositions likely to exist in the mantle,
within the context of the NCFMAS system (Fig. 4). To our knowl-
edge, our range spans all NCFMAS garnets synthesized so far,
including compositions that are unlikely to occur in the mantle such

Figure 4. Experimental measurements of the compositions of coexisting cpx (lower left, diamonds) opx (lower right, squares), gt (upper middle, circles), and
pv (extreme lower right, triangles) in CMAS at 1773 K (low pressure reds Klemme & O’Neill 2000); pyrolite at 1773 K (high pressure reds Irifune 1994),
CMAS at 1473 K (opx and cpx blues Sen 1985), pyrolite minus olivine at 1473 K (gt blues Irifune 1987) and a MORB composition (olivine tholeiite A) at
1473 K (greens Irifune et al. 1986), compared with the results of our model (lines) for CMAS at 1773 K (reds), CMAS at 1473 K (blues), and olivine tholeiite
A at 1473 K (greens). Colour shading of lines and symbols correspond to pressure according to the indicated scales. Background shading shows the range
of compositions spanned by our model for gt (red and grey) and cpx/opx (red and blue). Grey contour lines show the variation with composition of the shear
modulus of garnet at ambient conditions.
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as Al-free Mg–Ca majorite (Hazen et al. 1994) and Al-free Mg–Fe
majorite (Ohtani et al. 1991). Pure CaSiO3 and pure FeSiO3 gar-
nets, for example, fall outside our range, but these compositions
are known to be unstable. Our choice is not unique and, while not
violating X-ray crystallographic data, does not fully capture crystal
chemical expectations. For example, our choice precludes cations
other than Mg, Si or Al on the octahedral site, whereas it seems
likely that Fe would also enter the octahedral site. To include addi-
tional end-members to allow for more flexibility in octahedral site
occupation, or to span a still wider range of garnet compositions,
as done by Ita & Stixrude (1992), seemed unjustified at this point
given the inevitable uncertainties in the properties of the additional
end-members.

4.2 Excess contribution

We have chosen the asymmetric van Laar formulation because it is
parametrically compact while solving a long-standing problem in
the representation of the excess properties of solutions with more
than two components (Holland & Powell 2003). Many alternative
formulations of multicomponent, and/or multisite solutions involve
three-site or site-exchange terms that cannot be constrained even
in principle from observations on binary joins (Powell & Holland
1993; Ganguly 2001). The difficulty in constraining these terms is
serious because many mantle solid solutions involve more than two
species and more than one mixing site, and because experimental
data on binaries are far more common than data on ternary or quater-
nary solutions. Not only does the asymmetric van Laar formulation
offer a parametrically compact description in which parameters can
be related directly to data on binaries, it also affords a convenient
starting point for approximations in those cases where data on the
relevant binary do not exist.

The asymmetric van Laar formulation differs from others that are
used more widely, yet matches experimental data at least as well if
not better. The differences are illustrated by the di-cats join (Fig. 5).
The asymmetric van Laar formulation matches the thermochemical
data marginally better (χ 2 = 0.40) than either the two-parameter
Margules (χ 2 = 0.54) or Redlich & Kister (1948) (χ 2 = 0.42)
fits that have appeared in the literature (Benisek et al. 2007; Cohen
1986). The value of χ 2 is sufficiently small in this case that no choice
can be made as to which of the three forms is superior: they all fit
the data well within the uncertainty of the measurement. We prefer
the asymmetric van Laar formulation given the advantages outlined
above, and since it at least does no worse in fitting experimental
data along binaries.

We have assumed that the excess interaction parameters are in-
dependent of pressure and temperature. It is common practice to
assign pressure and temperature variations to the interaction pa-
rameters, that is, W = WU + PWV − T WS where WV and WS are
the excess volume and entropy, respectively. However, the pressure
and temperature dependence of W is usually either small or poorly
constrained experimentally (Geiger 1999). For example, the excess
entropy term has not been measured thermochemically and must
be inferred from phase equilibria data. Inferences are sufficiently
non-unique that different determinations disagree on the magni-
tude and the sign of WS . Thermochemically, it is more straightfor-
ward to assess the vibrational contribution to the excess entropy:
this contribution appears to be indistinguishable from zero where
it has been measured (Bosenick et al. 1996; Etzel et al. 2007).
The quantity WV can be determined with much greater precision
via X-ray diffraction. However, WV is rarely determined except at

Figure 5. Enthalpy of solution on the di-cats join as experimentally mea-
sured (symbols) (Benisek et al. 2007), compared with our best fit using the
asymmetric van Laar formulation (bold red line and shaded 1σ confidence
band), the Margules formulation fit of Benisek et al. (2007) (long dashed
line) and the Redlich–Kister formulation fit of Cohen (1986) to the earlier
experimental data of Newton et al. (1977) (short dashed line).

ambient conditions. As we are interested in large ranges of pres-
sure and temperature and since WV may very well change sign
over the relevant range, we thought it most prudent to set WV =
0 for all phases. We note that pressure and temperature depen-
dence of the W αβ is a feature readily added to our formulation as
more knowledge is gained from experiment and theory (Tsuchiya &
Tsuchiya 2008).

5 PA R A M E T E R E S T I M AT I O N

We explore further the properties of the thermodynamic model out-
line above. The model contains nine species-specific parameters:
F0, V0, KT 0, K ′

T 0, θ0, γ0, q0, G0, G ′
0, ηS0, the regular solution pa-

rameters W αβ and dα and the Landau parameters, T C0, VD, and SD.
The shear modulus, G, its pressure derivative, G ′

0, and ηS , the shear
part of the strain derivative of the Grüneisen tensor, appear in deriva-
tives of the fundamental relation with respect to anisotropic strain
(Paper I). Most or all of these parameters are now constrained by
experimental measurements for at least some of the compositional
range of all major mantle phases.

We perform an iterative global least-squares inversion of experi-
mental data for the values of all of these parameters (Table A1–A3).
We supplement experimental measurements with the results of first
principles calculations for properties that have not yet been mea-
sured experimentally. When neither experimental or first principles
results exist, we rely on systematic relationships, as discussed in
Paper I. Values have been updated in many cases from our previ-
ous studies (Stixrude & Lithgow-Bertelloni 2005a, 2007; Xu et al.
2008) as more experimental data has become available, as we have
included more species, phases, and components into our scheme,
and as we have improved the solution model. The global inversion
strategy is detailed in Appendix A.

C© 2011 The Authors, GJI, 184, 1180–1213

Geophysical Journal International C© 2011 RAS



Mantle thermodynamics 1189

To provide a means of gauging the robustness of the model pa-
rameters determined from the global inversion, we analyse: (i) the
sensitivity of various experimentally measured quantities to the val-
ues of the parameters and (ii) the physics underlying the parameters
and estimates of their most likely values. We focus our analysis here
on the parameters that are most closely related to phase equilibria:
F0, θ0 and W αβ ; the other parameters have been discussed in detail
in Paper I. Our discussion also serves to illustrate the relationship
between experiment and parameters such as θ 0 that are difficult
to measure directly, although as we show, each may be related to
commonly measured quantities. The value of these illustrations is
heuristic and supplements the full global inversion.

5.1 Parameter sensitivity

We anticipate that positions of univariant phase transitions are pri-
marily sensitive to the values of F0 and θ 0. The dependence on F0

of the high-pressure phase to leading order is

dPtr = dF0 j

�V
, (40)

where the subscript tr refers to the transition, and �V = Vi − Vj

where, without loss of generality, i , j refer to the low and high
pressure phases, respectively. For example, taking nominal val-
ues of the uncertainty in the location of a high pressure phase
transformation dPtr = 1 GPa and �V = 0.3 cm3 mol−1 atom−1,
we should expect uncertainties in inverted values of F0 to be
dF0 = 0.3 kJ mol−1 atom−1. Numerical calculations bear out these
expectations (Fig. 6).

The value of θ 0 influences phase equilibria through the Clapeyron
slope (Fig. 6). To lowest order in θ 0/T , the dependence of the
Clapeyron slope � on the Debye temperature of the high pressure
phase j is (Jeanloz 1987)

d� = 3n Rd ln θ0 j

�V
, (41)

In detail, variations in the value of θ 0 will also influence the value
of �V through the influence of θ 0 on the thermal expansion, but
this effect is small (Stixrude & Lithgow-Bertelloni 2005b). For
example, taking nominal values of d� = 1 MPa K−1 and �V =
0.3 cm3 mol−1 atom−1, we should expect uncertainties in values of
θ 0 constrained only by phase equilibrium data to be d ln θ 0 = 1 per
cent, which is born out by numerical calculations (Fig. 6).

Uncertainties in θ 0 and F0 are correlated: there exists a trade-off
between the best-fitting values of the two parameters. To lowest
order in θ/T and P/KT , the value of G(P, T ) is invariant if F0 and
θ 0 vary according to

dF0 = 3n RT d ln θ0. (42)

The trade-off is particularly evident for phase transformations for
which the Clapeyron slope is poorly constrained by experiment, in-
cluding several high pressure phase transformations, the measure-
ments being concentrated over too narrow a range of temperature to
define a slope. An example is the transformation to the seif form of
silica (Murakami et al. 2003). In such cases we have supplemented
experimental data with the results of first principles calculations at
low temperature (Karki et al. 1997a) in order to better constrain the
slope of the transition.

5.2 Analysis of parameter values

We anticipate the value of θ 0 via analysis of the vibrational spectra
of minerals (Kieffer 1980). The vibrational spectrum may be used
to estimate thermochemical quantities via the moments of the vi-
brational density of states. The moment most relevant here is the
zeroth moment

θ (0) = �

k
exp

[
1

3
+

∫ ∞
0 ln ωg(ω)dω∫ ∞

0 g(ω)dω

]
(43)

since our values of θ 0 are most sensitive to the entropy and the free
energy, both of which depend to leading order on θ (0). The quasi-
harmonic Helmholtz free energy per atom can be written exactly as
the infinite series (Barron et al. 1957)

Fq = 3RT

{
−1

3
+ ln

θ (0)

T
− 1

40

[
θ (2)

T

]2

+ . . .

}
, (44)

where θ (p) is the pth moment of the vibrational density of states.
For typical values of θ (p) = 750 K and T = 1000 K, the term
involving θ (2) and higher order terms contribute only 4 per cent of
the total so that the value of Fq is almost entirely determined by the
leading order term involving θ (0). In Paper I, we presented a similar
analysis in which we showed that the leading order term involving
θ (0) accounts for more than 99 per cent of the entropy (Stixrude &
Lithgow-Bertelloni 2005b).

Figure 6. Solid lines: Mg2SiO4 phase diagram computed with our model and (dashed lines) with perturbed values of the parameters of mgwa. Left: F0 reduced
by 2 kJ mol−1, and right: θ0 increased by 7 K. Symbols are experimental observations of stability of fo (open circles), wa (closed circles), ri (open squares)
and pv+pe (closed squares) (Morishima et al. 1994; Suzuki et al. 2000; Fei et al. 2004).
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Our inverted values of θ 0 agree with values of θ (0) computed
from eq. (43) and model vibrational densities of states (Kieffer
1980) to within the uncertainty of the analysis of Kieffer (1980) for
all phases except qtz, an, ab and al (Fig. 7). In the case of these
four species, our theory yields vibrational entropies in agreement
with experiment while that of Kieffer (1980) yields vibrational en-
tropies that are systematically lower than experiment. Our estimates
of θ 0 are more accurate than those derived from model vibrational
densities of states because experimental information on the form of
g(ω) is incomplete. While the Brillouin zone centre is easily acces-

Figure 7. Top: our inverted values of θ0 (circles) plotted against v̄ for
all mantle species with colours indicating values of m̄ according to the
scale shown. The blue bars indicate values of θ (0) computed from the
model vibrational density of states of Kieffer (1980) from eq. (43) in the
two approximations featured in that study: either including or neglecting
estimated Brillouin zone dispersion of the lower boundary of the optical
continuum. Species names label those for which values of θ (0) are available,
and thin red lines connect estimates to our values of θ0. The black line is the
best power-law fit to those species with 20 < m̄ < 21, which are outlined in
a bold black circle. Bottom: difference between G computed from our model
at P = 0 and T = 298 K (Gcalc) and the experimentally determined Gibbs
free energy of formation from the elements � f G0 plotted as a function
of v̄.

sible to optical spectroscopy, the remainder of the Brillouin zone
can be accessed only by much more specialized techniques such
as inelastic neutron scattering (Chaplot et al. 2002). This means
that experimental knowledge of the dispersion of vibrational modes
through the Brillouin zone is lacking for nearly all minerals. In the
analysis of Kieffer (1980) two different approximations were ex-
plored for the lower limit of the optical continuum: no dispersion,
and a decrease in frequency with wave vector proportional to a sim-
ple two-mass model. The difference between these approximations
exceeds in most cases the uncertainty in our values of θ 0.

As expected of a characteristic vibrational frequency, our inverted
values of θ0 tend to increase with decreasing mean atomic volume v̄

and decreasing mean atomic mass m̄ (Fig. 7). The dependence of θ0

on v̄ for those minerals with 20 < m̄ < 21 can be described as θ0 ∼
Av̄−γeff where γeff = 0.5 may be thought of as an effective Grüneisen
parameter describing, in this case, the variation of characteristic
frequency among a suite of structures, rather than the influence of
compression in a single structure. While γeff has the same magnitude
as γ0 of the species that we have considered, it is significantly
smaller reflecting the important influence of variables other than
v̄ and m̄ including the details of crystal structure. For example, θ0

of mgpv is less than that of mgak even though mgpv is the denser
phase, reflecting the presence of low frequency octahedral rotational
modes in mgpv that are absent in mgak (Wentzcovitch et al. 2004b).
Comparable previous analyses of systematic relationships have been
performed in terms of the entropy rather than θ0. These analyses
have justified relationships between entropy and volume or mass by
appeal to the characteristic vibrational frequency, which we instead
analyse directly. In any case, the patterns are found to be similar
considering the inverse relationship between entropy and θ 0 (Barron
et al. 1957): entropy tends to increase with v̄ and with m̄ (Holland
1989; Latimer 1951).

We anticipate values of F0 via thermochemical measurements
of the Gibbs free energy of formation from the elements � f G0

at ambient conditions (Robie & Hemingway 1995) (Fig. 7). The
comparison is direct since

F = G (45)

at zero pressure and the quantity G−F = PV < 1 J mol−1 atom−1

for minerals at 1 bar, far below experimental uncertainty. Species for
which the difference falls outside the combined uncertainty include:
(1) High pressure phases for which the experimental values are not
measured, but inferred from phase equilibria (mgak, mgpv). Our
determinations are likely to be more accurate in this category as
we have considered the physical properties of the phases and the
quality of the experimental phase equilibria data in much more
detail than previous studies (Appendix A). (2) Stishovite, which
shows the largest difference. Our value is likely to be more accurate
in this case. The value in Robie & Hemingway (1995) is taken from
the study of Holm et al. (1967) which differs markedly from more
recent determinations which found that the enthalpy of the coesite to
stishovite transition was 35 per cent smaller (Akaogi et al. 1995; Liu
et al. 1996). If we assume that all the error in the Holm et al. (1967)
Gibbs free energy difference lies with stishovite, than the revised
value of � f G0(st) = −818.5 kJ mol−1 in perfect agreement with
our value of F0 for st. (3) Phases with large mean atomic volume in
which the differences are most likely explained by our simplifying
assumptions regarding the form of the vibrational density of states
(an, ab, qtz). As we argued in Paper I, the errors due to these
simplifying assumptions are unlikely to influence the computation
of physical properties or phase equilibria at mantle conditions and
are likely to be magnified at much lower temperatures than those

C© 2011 The Authors, GJI, 184, 1180–1213

Geophysical Journal International C© 2011 RAS



Mantle thermodynamics 1191

relevant to the mantle, and in some cases will exceed experimental
uncertainty at temperatures as low as 300 K. The errors are likely to
be largest for those solids that have been described as non Debye-
like and which can be characterized by the ratio r 20 = θ (2)/θ (0).
This ratio is unity for a Debye-like solid, i.e. one for which all θ (p)
are equal by definition (Anderson 1995). The ratio tends to exceed
unity for phases with molecular-like modes, such as tectosilicates.
Indeed, our analysis of the model vibrational spectra of Kieffer
(1980) show r 20 = 1.44 for anorthite and r 20 = 1.45 for quartz.
These are the largest values of r20 of any species in our study and
far exceed the values for closely-packed solids such as co (1.04), pe
(1.05), or even non-close-packed solids such as fo (1.23).

The inverted values of the W αβ parameters show a tendency
to increase with the volume difference between the interacting
species (Fig. 8). Such a relationship was previously pointed out
by Davies & Navrotsky (1983). The notion underlying the corre-
lation is that the volume difference captures the essential aspects
of the energetics of species interactions in solid solutions including
mismatch of ionic sizes, coordination number and crystal structure
type. Agreement between our values and the best-fitting relation-
ship for homovalent binary compounds with the rock-salt structure
(Davies & Navrotsky 1983) is remarkably good for many phases,
particularly those involving homovalent cation exchange in fp, fo,
wa, ri, gt (py-gr) and sp. An exception is homovalent Ca–Mg ex-
change in opx and cpx, which fall well above the rock-salt trend.
Many other mantle phases also fall above the rock-salt trend, a
tendency also evident in the analysis of complex compounds in-
cluding silicates by Davies & Navrotsky (1983). In the case of
solutions related by the MgSi↔AlAl Tschermak substitition [cpx
(di-cats), ak, pv, ppv] this tendency is easily rationalized (Panero
et al. 2006): heterovalent Mg–Al and Si–Al interactions produce
large interaction parameters while affecting the volume only slightly

Figure 8. Interaction parameters W 12 between species plotted against the
normalized volume difference 2|V 2 − V 1|/(V 2 + V 1). To facilitate com-
parison, the interaction parameters are divided by Nx, the number of ex-
changeable cations per species, and the square of < q> the mean charge of
the exchangeable cations. Red symbols are for divalent cation exchange on
a single site. The solid line is the best fit to divalent compounds from Davies
& Navrotsky (1983).

since the mean cation radius on either side of the exchange is
similar.

6 C O M P U TAT I O N

We have developed a method for solving our central problem: given
a closed system of known composition, pressure and temperature,
find the equilibrium phase assemblage, that is the amounts and
compositions of all coexisting phases, and the physical properties of
the assemblage. The solution is completely specified by the theory
we have described here and in Paper I and by the values of the
parameters determined in our global inversion. The computationally
challenging part of this problem is the determination of the phase
equilibria. Once we know the equilibrium assemblage, physical
properties are easily computed via eqs (14)–(18), and equations for
the elastic constants given in Paper I.

Minimization of the Gibbs free energy (eq. 6) over the amounts
of the species, ni presents at least four numerical challenges:

(i) The constraint of fixed bulk composition

ri j n j = bi , (46)

where ri j = ∑sites
k si jk is the stoichometric coefficient matrix, and

bi is the bulk composition vector.
(ii) The large number of dimensions. The dimensionality is set by

the total number of species, which is in principle almost arbitrarily
large and in our present model is 47.

(iii) The non-negativity constraint

∀ j, k : N jk ≥ 0. (47)

(iv) The non-linearity of the inversion caused by the logarithmic
terms in the chemical potential (eq. 7).

The algorithm that we have developed to meet these challenges is
briefly described here and detailed in Appendix B.

We satisfy the bulk composition constraint by performing our
minimization search over the null space of the underdetermined
linear problem eq. (46). The null space is spanned by vectors cor-
responding to the linearly independent set of chemical reactions
that leave the bulk composition invariant. This strategy also has
the advantage of reducing the dimensionality of the minimization
problem from s, the number of species, to s − c. The non-negativity
constraint is addressed by explicitly removing species when their
abundance falls below a threshold that depends on machine preci-
sion. Removal of species also further reduces the dimensionality
of the search space and serves as an effective means of handling
the divergence of the logarithmic term in the limit of vanishingly
small ni. Species are added when their chemical affinity becomes
favourable. We have found this algorithm to be efficient and robust.
Some examples illustrating the minimization algorithm are given in
Appendix B.

7 M A N T L E P H A S E E Q U I L I B R I A

We compare the results of our method to experimental phase equi-
libria in a wide variety of systems spanning the entire mantle
pressure–temperature range in order to: (1) demonstrate the qual-
ity of the global inversion, (2) highlight regions where further ex-
perimental constraints are needed but do not yet exist, (3) illus-
trate predictions of the model beyond what is uniquely constrained
by present experimental data and (4) point out areas of discrep-
ancy where further developments in the model or in experimental
methodology may be required.
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Figure 9. Phase diagrams computed with our model (red) compared with experimental observations as follows. Mg2SiO4 diagram: fo ◦; wa •; ri �; pv+pe
�. MgSiO3 diagram: en ◦; hpcen •; mj �; wa+st �; ri+st 
; ak �; pv ♦. Fe2SiO4 diagram: fa ◦; ri •; wu+st �. FeSiO3 diagram: fa+qtz ◦; fs �; hpcfs �;
ri+st ♦; wu+st �. References to experimental data are given in Table A4. We identify phases by unique end-member names when they exist (e.g. fa, fo, en,
etc., rather than ol, ol, opx), and use the phase name where no specific end-member name exists (wa, ri, etc., rather than mgwa, mgri).

Comparison with experimental data for Mg2SiO4, MgSiO3,
Fe2SiO4 and FeSiO3 bulk compositions show excellent agreement
with experimental data (Fig. 9). These computed phase diagrams
serve to illustrate some aspects of our approach. We identify all
phase stability fields within our model, not only the subset of these
that have been experimentally observed. For example, the stability
field of ak+pe in Mg2SiO4 has not been observed experimentally,
yet it does not violate experimental observations. Moreover, this
stability field is required if the ak = pv transition has a more
negative dP/dT Clapeyron slope than the ri = pv + pe transi-
tion, as our model and experiments indicate (Fei et al. 2004). The
presence of an ak+pe stability field was previously predicted on
the basis of a Schreinemaker-type analysis (Jeanloz & Thompson
1983).

We compute solid-state phase equilibria to temperatures much
greater than the melting curve in which case our computed equi-
libria are fictive. Computing phase transitions in this regime serves
important purposes: (1) It can reveal energetic relationships among
phases in a way that might not be apparent within the experimentally
accessible subsolidus P–T regime. (2) It can reveal relationships
between simple bulk compositions and more complex bulk compo-
sitions. As an illustration of the latter, consider the appearance of
the fictive mj+pe stability field in Mg2SiO4 at supersolidus condi-
tions. We anticipate that this stability field will expand substantially
upon the addition of Al, which will tend to stabilize garnet at the
expense of the orthosilicates. The fictive supersolidus stability fields
of hpcen and cen highlight open questions of the relative stability
of a large number of pyroxene polymorphs that differ by very subtle
structural distortions (Jackson et al. 2004). We have not included
all of these modifications in our model, including the well known

proto-pyroxene (Boyd et al. 1964) or low clinoenstatite (Grover
1972), or the less well established high-temperature clinopyroxene
(htcpx) (Shimobayashi & Kitamura 1991) and high temperature or-
thopyroxene (htopx) (Miyake et al. 2004; Ohi et al. 2008), because
they are not likely to have wide stability fields in whole rock com-
positions. The appearance of fo+qtz at very low pressures on the
MgSiO3 diagram is likely due to our neglect of the low clinoenstatite
phase.

The Mg2SiO4–Fe2SiO4 system provides a first order understand-
ing of seismic discontinuities near 410 and 660 km depth (Fig. 10).
Our model reproduces the very sharp divariant transition from ol to
wa and the even sharper transition from ri to pv+fp that has been
seen in previous studies (Ito & Takahashi 1989; Frost 2003b). As
compared with the MgO–SiO2 system, the effect of adding FeO is
to destabilize wa and pv in favour of ri and fp+st, respectively,
in agreement with experiment. Our model matches experimental
data on ol– wa– ri compositions as well as the system-specific
model of Frost (2003b). Our computed pv+fp = fp+st compo-
sitions are consistent with experimental data, although agreement
could be marginally improved by including a non-zero Wmgpv−fepv in
our model. We have not added this parameter, because it is poorly
constrained, and because pv = fp Fe partitioning will probably be in-
fluenced by spin-pairing transitions, which we have not yet included
in our model.

Addition of the Al2O3 component to MgSiO3 stabilizes garnet
at the expense of other phases (Fig. 10). Comparison with experi-
ment illustrates a potentially valuable application of thermodynamic
models. At high pressure (P > 20 GPa) there is a tendency for our
model to predict narrower one-phase fields in this diagram than
are indicated experimentally. This may signal a systematic bias in
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Figure 10. Left: Mg2SiO4–Fe2SiO4 phase diagram computed with our model at 1673 K (green) compared with experimental observations of the compositions
of the following phases in divariant coexistence: ol (open circles); wa (closed circles); ri (open squares); fp (open diamonds); pv (open triangles) at: 1373 K
(blue); 1673 K (green); 1773 K (orange); 1873 K (red). Experimental data: P < 17 GPa (Frost 2003b); P = 17 − 22 GPa (Matsuzaka et al. 2000); P > 22
GPa: T = 1373, 1873 K (Ito & Takahashi 1989); T = 1773 K (Tange et al. 2009). Composition is plotted as the mole fraction Fe2SiO4/(Mg2SiO4+Fe2SiO4).
Right: MgSiO3–Al2O3 phase diagram computed with our model at 1873 K (red) compared with experimental observations of the compositions in divariant
coexistence (closed symbols) or stability (open symbols) of the following assemblages: opx (circles); gt (squares); pv (diamonds); ak-co (triangles); wa+st
(downward-pointing triangles). Experimental data: opx (at 1773 K Perkins et al. 1981); gt compositions (upper bound on py contents at 1923 K Gasparik 1989);
gt stability (Kubo & Akaogi 2000); wa+st (Ito & Navrotsky 1985); ak stability (Ito & Navrotsky 1985; Fei et al. 2004); mgpv stability (Fei et al. 2004); other
pv stability, pv composition, and co-rich ak composition (Kubo & Akaogi 2000). Composition is plotted as the mole fraction Al2O3/(MgSiO3+Al2O3).

our model, or systematic experimental error. The latter might arise
from kinetic hindrances to disproportionation reactions, which may
be particularly severe in this system: for example, formation of
coexisting pv+gt from an initially homogeneous sample requires
diffusion of Al on the grain scale, which can be slow (Kubo et al.
2008).

Addition of Na2O and CaO components to MgSiO3 stabilizes
garnet and clinopyroxene at the expense of other phases (Fig. 11).
For example cpx is stablilized deep into the transition zone near
the diopside and jadeite end-members (to 18 and 24 GPa, respec-
tively). Phase equilibria on the en-di composition join agree with
those of Gasparik (1990a) except that we have not included the
high-pressure Ca-rich ‘CM’ phase found in that study, but not in
other studies of mantle phase equilibria. The topology of our com-
puted en–jd composition join is similar to that of Gasparik (1992)
except that our cpx+gt coexistence field is shifted to more en-rich
compositions. This disagreement may point to the need to include
a non-ideal mgmj–jdmj interaction parameter, which we have ne-
glected, or for the need for further experiments to reproduce the
details of high pressure equilibria on this join. A large non-ideal
interaction would also be necessary to reproduce the two-garnet
miscibility gap computed by Gasparik (1992).

The transformations from plg- to sp- to gt-bearing peridotite
in the CMAS system demonstrate that accurate description of
complex phase equilibria can be accomplished with a limited and
therefore robust set of parameters that are constrained almost

entirely by measurements on binary joins (Fig. 12). Our results
agree very well with experimental measurements of phase compo-
sitions. Disagreements are generally due to mutual inconsistency
of different experiments. We have fit to the data of Perkins &
Newton (1980) and Klemme & O’Neill (2000) because the greatest
care was taken in these experiments to ensure equilibrium. Our
model shows the well known patterns in this system: Al content
of the pyroxenes are similar and increase with pressure in the
plg stability field, remain nearly constant with pressure in the
sp stability field and decrease with increasing pressure in the gt
stability field. The boundaries of the sp stability field in these
curves are marked by breaks in slope, which demonstrate that our
model correctly reproduces the positive Clapeyron slope of the
sp-peridotite to gt-peridotite transition (Klemme & O’Neill 2000),
and predicts a negative Clapeyron slope for the plg-peridotite
to sp-peridotite transition between 1173 K to the solidus, which
is consistent with limited experimental data (Kushiro & Yoder
1966). As an illustration of the power of the asymmetric van Laar
formulation, our solution model for CMAS cpx consists of only
four parameters: W di−cats, W di−cen, W cats−cen, dcats, all of which
are assumed to be independent of P and T , and fewer for opx and
gt. In comparison, the model of Gasparik (1984b), which fits the
experimental data no better, invokes eight parameters for CMAS
cpx (Acen−di, Bcen−di , AV

cen−di , BV
cen−di , Acen−alumina, AS

cen−alumina,

Bcen−alumina, Ccen−alumina), where the latter four are constrained
only by measurements in the full CMAS system.
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Figure 11. Left: CaMgSi2O6–Mg2Si2O6. Right: Mg2Si2O6–NaAlSi2O6 phase diagrams computed with our model at 1923 K (red) compared with experimental
observations of compositions in divariant coexistence (closed symbols) or stability (open symbols) of the following assemblages: opx (squares); cpx (diamonds);
hpcpx (circles); gt (up trianges); wa+st (down triangles); ak ± capv (crossed circles); pv ± capv (crossed squares); ab+neph (left triangle); cf +st (right
triangle). Experimental data 1873 ≤ T ≤ 1973 K unless otherwise noted: opx and cpx compositions (Gasparik 1990b); opx and hpcpx stability (P < 12
GPa Pacalo & Gasparik 1990); other hpcpx stability (Gasparik 1990a); cpx stability (Canil 1994; Akaogi et al. 2004; Liu 2006), (at 1473 K Gasparik 1985);
ab+neph stability (at 1473 K Gasparik 1985); cf +st stability (Liu 2006); wa+st (Ito & Navrotsky 1985); gt stability (Gasparik 1990a; Akaogi et al. 2004); gt
composition (Gasparik 1992); ak stability (Ito & Navrotsky 1985; Fei et al. 2004); pv stability (Fei et al. 2004); ak+capv and pv+capv stability (Akaogi et al.
2004). Composition is plotted as the mole fraction (left) CaMg/(CaMg+MgMg); (right) NaAl/(NaAl+MgMg).

Figure 12. Variation of pyroxene composition with pressure computed from our model along the isotherms: (red) 1773 K; (orange) 1573 K; (green) 1373
K; (blue) 1173 K; compared with experimental data: (triangles Klemme & O’Neill 2000); (circles Gasparik 1984a); (diamonds Perkins & Newton 1980) and
(squares Sen 1985).
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Figure 13. Phase diagrams computed with our model (red) compared with experimental observations as follows. MgSiO3 diagram: pv ◦; ppv • (Tateno et al.
2009). Al2O3: co only ◦; rh2o3+co on compression ♦; rh2o3+co on decompression �; (Lin et al. 2004) rh2o3 only •; ppv only � (Ono et al. 2006). SiO2:
cacl2 �; seif � (Murakami et al. 2003). The cross and square represent, respectively, the location of the co = rh2o3 and rh2o3 = appv transformations at 4000
K in the first principles calculations of Tsuchiya et al. (2005). Note that the secondary ppv stability field at extreme supersolidus conditions and relatively low
pressure in MgSiO3, cannot be ruled out by present experimental data, but is also not likely to be robust as its position and existence depend on extrapolations
of the Gibbs free energies of pv and ppv far beyond the regime of experimental constraints.

Phase equilibria at lower mantle conditions illustrate the scope
of our approach, which encompasses the entire mantle regime of
pressure and temperature (Fig. 13). Because of the large pressure
and temperature ranges involved, several phase boundaries are no-
ticeably curved. The curvature originates in the self-consistency of
our approach. Because the phase equilibria and physical properties
are computed self-consistently, changes in the volume and entropy
contrasts between two phases will alter the Clapeyron slope of the
phase boundary between them. Thus changes in the difference be-
tween the volume and entropy of pv and ppv with P and T lead to
marked curvature of the pv = ppv phase boundary. The curvature
that we find in our model matches the experimental phase equilib-
ria somewhat better than the straight-line approximation assumed
by the experimenalists (Tateno et al. 2009). Our computed phase
diagram of Al2O3 is consistent with experimental data even though
no experiments were used to constrain the relative energetics of the
three phases. The reason we did not use experimental data in this
case is that for co = rh2o3, no experiments have produced pure
rh2o3 in the vicinity of this transition, while in the case of rh2o3
= ppv, the data are still too widely separated to constrain even the
sign of the Clapeyron slope. Instead we relied on first principles pre-
dictions of the phase diagram (Tsuchiya et al. 2005). The FeSiO3

phase diagram at lower mantle conditions is constrained primarily
by Mg–Fe partitioning between the pairs: pv-fp (Martinez et al.
1997; Sinmyo et al. 2008) and pv-ppv (Hirose et al. 2008). The
calculated stability field of pv in the FeSiO3 system has not been
seen experimentally, as Fe enrichment favours the oxides at the ex-
pense of pv (Ito & Takahashi 1989), yet it is consistent with present

knowledge: 1) The computed Clapeyron slope of the oxides = pv
boundary shows that FeSiO3 is increasingly stabilized in pv with in-
creasing pressure, consistent with the experimental observation that
the maximum solubility of FeSiO3 in pv increases with increasing
pressure. 2) The calculated pressure of the oxides = pv boundary
is consistent with the largest observed FeSiO3 content in pv (XFe =
30 per cent) at 40 GPa, which sets a lower bound on the pressure
of the transition (Tange et al. 2009). Our results for FeSiO3 con-
trast with the results of first principles calculations that show ppv

to be more stable than pv at all pressures (Caracas & Cohen 2005;
Stackhouse et al. 2006a). The likely reason for this discrepancy is
approximations in the first principles calculations. The calculations
neglect the local Hubbard type repulsion of Fe 3d electrons, which
can have an important influence on phase stability (Stackhouse et al.
2010).

Phase diagrams on the MgSiO3–FeSiO3 and MgSiO3–Al2O3

joins illustrate the influence of solid solution on phase stability
in the lower mantle (Fig. 14). In agreement with observations on
the MgSiO3–FeSiO3 join (Ohtani et al. 1991) we find a mj stabil-
ity field spanning a substantial range of composition. The presence
of this field illustrates our choice of species. On this join, Al-free
Mg–Fe majorites have the composition: mgmj+ 4X Fe

3 al- 4X Fe
3 py with

XFe ≤ 3/4, where the inequality arises from the non-negativity
conditions (eq. 47). Thus the Gibbs free energy minimization al-
gorithm automatically produces majorite on this join without the
need to introduce an additional garnet species such as Fe-majorite.
In agreement with previous studies, we find that the solubility of
FeSiO3 in pv increases markedly over the mantle pressure regime
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Figure 14. Phase diagrams computed with our model at 2273 K (red) compared with experimental observations of compositions in divariant coexistence
(closed symbols) or stability (open symbols). In the left-hand diagram two computed results are shown: our standard model (solid red lines) and an alternative
model discussed in the text (dashed). Left-hand diagram: pv (circles); fp+st (triangles); ppv (squares). Experimental data: pv and fp+st compositions (Tange
et al. 2009); pv stability at 1800-2330 K (Tateno et al. 2007); ppv stability at 2000 K and vertical bar indicating possible uncertainty in pressure calibration
(Mao et al. 2005). Composition is plotted as the mole fraction FeSiO3/(MgSiO3+FeSiO3). Right-hand diagram: gt (diamonds); pv (circles); ak (left-pointing
triangle); ppv (squares). Experimental data: gt and pv stability at P < 30 GPa with pressure based on the Au scale as corrected by Fei et al. (2004) (Hirose
et al. 2001a); pv stability at 30 < P < 100 GPa and 2000-2600 K (Walter et al. 2004); pv and ppv stability at P > 100 GPa and 2000–2200 K (Tateno et al.
2009); pv and co-rich ak compositions at 2173 K (Kubo & Akaogi 2000). Composition is plotted as the mole fraction Al2O3/(MgSiO3+Al2O3).

(Mao et al. 1997). Indeed, the trend computed by our method under-
estimates the solubility at high pressure somewhat as compared with
the most recent experimental results (Tange et al. 2009). This dis-
crepancy may be related to spin-pairing transitions which we have
not attempted to include in our model. We also find a wide stability
field of ppv on this join, in agreement with previous studies (Mao
et al. 2005). The magnitude and even the sense of Mg–Fe partition-
ing between pv and ppv is currently highly uncertain with several
conflicting experimental results. Our pv = ppv phase loop is con-
strained primarily by the partitioning data of Hirose et al. (2008).
To illustrate the uncertainties, we have performed an alternative
global inversion, this time using the ppv = fp Mg–Fe partitioning
datum of Auzende et al. (2008) instead of that from Hirose et al.
(2008) (Fig. 14 left, dashed lines). The alternative datum has the
effect of stabilizing ppv at the expense of pv with increasing iron
content, and reversing the sign of the dP/dXFe slope of the pv =
ppv coexistence loop. The MgSiO3–Al2O3 phase diagram shows a
wide stability field of mgcf +silica coexisting with either Mg-rich or
Al-rich pv or ppv, or Al-rich ak, depending on pressure and compo-
sition. The mgcf +st assemblage is stabilized at high pressure by its
greater density: the volume of the reaction mgpv+co = mgcf +st
is negative at lower mantle pressures. Previous estimates of this
phase diagram are very different as they have not considered the
possibility of the mgcf +silica assemblages (Tsuchiya & Tsuchiya
2008; Ohtani & Sakai 2008).

8 A P P L I C AT I O N S

The variation of temperature with depth over much of the con-
vecting mantle is governed by the effects of isentropic compres-
sion. Deviations from isentropic temperature profiles occur in ther-
mal boundary layers, and due to the effects of radioactive heating,
phase transformations, and spherical geometry. Isentropic tempera-
ture profiles serve as a useful reference state from which to measure
radial and lateral temperature variations in the mantle. The potential
temperature TP is the temperature that a material parcel cools to on
isentropic ascent. Conventionally, the definition of potential tem-
perature neglects the influence of decompression melting near the
surface. This makes our melt-free formulation ideal for computing
mantle isentropes.

We have used our method to compute self-consistently the isen-
tropes of a six-component pyrolite model of the MORB source
region (Workman & Hart 2005) (Fig. 15). The computed isentropes
show the well-known property of diverging on compression: the
difference in temperature between the TP = 1000 and 2000 K isen-
tropes reaches 1730 K at the core–mantle boundary. The origin of
this divergence is readily seen by writing the isentropic gradient of
a homogeneous material

(
∂T

∂ P

)
S

= γ T

KS
(48)
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Figure 15. Isentropes of a model pyrolite composition computed with our
method.

which shows that the gradient increases with increasing temperature
at a given pressure. The sense of curvature of the isentropes is also
easily rationalized from eq. (48) and the following comparison(

∂ ln KS

∂ ln ρ

)
S

∼ K ′ >

(
∂ ln T

∂ ln ρ

)
S

= γ (49)

so that along a given isentrope, the gradient diminishes with increas-
ing pressure because KS increases more rapidly than T on compres-
sion: for mantle materials typical values are K ′ ∼ 4 > γ ∼ 1.5. The
value of γ also decreases on compression, further contributing to
the negative curvature. Isentropes are deflected at phase transfor-
mations according to the Verhoogen effect (Verhoogen 1965): the
temperature increment is related to the latent heat of transformation.

The phase diagram of whole rock mantle compositions is an es-
sential element of mantle convection models and our interpretation
of seismological mantle structure. We apply our method to the com-
putation of the phase diagram of a six-component pyrolite model of
the MORB source region (Workman & Hart 2005) (Fig. 16). Along
the self-consistently computed 1600 K isentrope, the phase diagram
reveals the familiar transitions from plg- to sp- to gt-bearing peri-
dotite, the transitions among the olivine polymorphs (ol, wa, ri)
and the formation of assemblages dominated by pv at lower mantle
conditions. The phase diagram is shaded according to the density of
the assemblage at ambient conditions. Using the ambient density,
rather than the density at pressure and temperature serves to high-
light the contributions of phase transformations and variations in
phase composition to the physical properties of the mantle (Akaogi
& Akimoto 1977). For example, the increase in zero pressure den-
sity with increasing pressure within the ol+gt+cpx+opx field is
due mostly to pressure induced variations in the equilibrium com-
position of the garnet phase as it absorbs the MgSiO3 component
from the pyroxenes. The variation with pressure of the composition
of gt, opx and cpx in peridotites is further illustrated in Fig. 4, which
shows that the shear modulus of garnet is also significantly affected
by variations in equilibrium composition. The zero pressure shear
modulus of garnets varies by 10 per cent over the range of com-
positions expected in the mantle, a change in the shear modulus

comparable to the change caused by changing the temperature by
1000 K or the pressure by 7 GPa.

The computed diagram highlights an important feature of mantle
phase equilibria that has not been widely recognized (Fig. 16).
Akaogi & Akimoto (1979) showed that, along typical mantle
geotherms, mantle phase equilibria in much of the upper mantle
and transition zone could be described in terms of two subsystems
that couple weakly: (1) the olivine subsystem, consisting of olivine
and its higher-pressure polymorphs and (2) the residuum, consist-
ing of all phases other than the olivine polymorphs, and including
gt, opx, cpx and capv. In this picture, the two subsystems can be
studied separately, greatly simplifying the design of phase equi-
librium experiments. Coupling due to Mg–Fe partitioning between
the two subsystems does not depend strongly on pressure, although
it does have an important influence on the width of phase trans-
formations, with important implications for understanding mantle
discontinuities (Stixrude 1997; Irifune & Isshiki 1998). We find
that the division of whole rock compositions into two subsystems
applies only to a narrow range of temperatures about the typical
geotherm defined by the 1600 K isentrope. This range is bounded
at lower temperatures by the appearance of st via the reaction

2MgSiO3(gt) ↔ Mg2SiO4(wa, ri) + SiO2(st) (50)

and at higher temperature by the appearance of fp via

Mg2SiO4(wa, ri) ↔ MgSiO3(gt) + MgO(fp). (51)

These reactions are apparent in the end-member MgSiO3 and
Mg2SiO4 phase diagrams (Fig. 9) and are shifted in pressure and
temperature in the whole rock composition by the influence of other
components. The fp-forming reaction is shifted to lower tempera-
ture by the addition of Al2O3, which tends to stabilize gt, and the
st-forming reaction is shifted to higher temperature by the addition
of FeO, which tends to stabilize ri+st at the expense of gt. Exper-
imental studies on whole rock peridotite compositions have also
found evidence for gt+fp-bearing assemblages at high tempera-
ture (Hirose 2002), and st-bearing assemblages at low temperatures
(Irifune & Ringwood 1987).

The variation of the shear wave velocity of pyrolite along the
1600 K adiabat illustrates the influence of phase transformations
on mantle structure (Fig. 17). Substantial jumps in velocity occur
over narrow depth ranges near 410, 520, 660 and 2610 km depth,
associated with the ol = wa, wa = ri, ri = pv+fp and pv = ppv

reactions, respectively. The enhanced velocity gradient from 660 to
790 km depth, due to the dissolution of gt into pv, is also a feature
of many global seismological models (Dziewonski & Anderson
1981). A smaller velocity jump occurs at the opx=hpcpx transition
and broader velocity increases are associated with transitions from
plg- to sp- to gt-bearing perdotite assemblages in the upper 100
km. A further velocity jump near 790 km depth is unlikely to be
realistic. This feature is associated with a gt= cf reaction that is
unlikely to exist in the mantle as pv, rather than cf will become
the dominant Na-bearing phase in pyrolite compositions, while cf
dominates in basaltic compositions. We have not yet included a Na-
bearing pv species in our model because experimental constraints on
its properties are essentially non-existent. Other than the appearance
of cf , our computed phase diagram is consistent with experimental
phase equilibrium data (Irifune 1994; Irifune & Isshiki 1998).

9 C O N C LU S I O N S

Developments in the computation of phase diagrams have been
driven primarily by a need to understand relatively low pressure
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Figure 16. Phase diagram of a model pyrolite composition computed from our model showing phase boundaries and the zero-pressure density of the assemblage
according to the scale bar at the top. Phase boundaries are shown as thin black lines except those among the olivine polymorphs (brown lines), and the reactions
forming st and fp in the transition zone (bold black lines). Also plotted (bold red) is the 1600 K isentrope.

Figure 17. Phase proportions (as atomic fraction, blue lines, left-hand axis) and shear wave velocity (red line, right-hand axis) for pyrolite along the 1600 K
isentrope, computed with our method.
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processes, such as the manufacture of steels and propellants, or
the genesis of igneous and metamorphic rocks (Smith & Missen
1982). It is only over the past few decades that developments in
high pressure technology have produced most of what we know
of phase equilibria in the subcrustal Earth. Recent breakthroughs
show that phase transitions extend throughout the mantle includ-
ing at the core–mantle boundary. It is the challenges posed by the
thermodynamic description of multiphase assemblages at extreme
pressure–temperature conditions, and the need to make contact with
geophysical observations, and dynamical models of Earth’s evolu-
tion, that have motivated us to develop our thermodynamic method.
Our approach emphasizes simple functional forms that have wide
applicability in P–T space, yet require the minimum possible num-
ber of free parameters, permitting compact description of material
behaviour in a regime in which there remain important gaps in our
knowledge. Indeed, within the framework of our model, values of
many parameters, especially of high pressure phases, must be re-
garded as provisional, and we anticipate that future developments
in experiment and theory will motivate redeterminations.

This paper completes the description and specification of our
method begun in Paper I. We have shown that the method is
capable of capturing physical behaviour over the entire mantle
pressure–temperature regime. To our knowledge, our method is
unique in encompassing phase equilibria and physical properties
of multiphase assemblages including the full elastic constant ten-
sor. Looking forward to future developments of the model itself,
these are likely to include the addition of more components, phases
and species, and the description of important physics such as the
spin-pairing transition.
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A P P E N D I X A : G L O B A L I N V E R S I O N

Our strategy for estimating the parameters is based on a two-part
iterative global least-squares inversion of a wide variety of experi-
mental data. The first step of our inversion is discussed in Paper I
in which we describe our method for the determination of the pa-
rameters V0, KT0, K ′

T0, γ0, q0, G0, G ′
0, ηS0 and θ 0 for those phases

for which thermochemical determinations of the high temperature
entropy exist.

Here we focus on the determination of the parameters F0, Wαβ

and θ 0 for those phases for which experimental measurements of the
high temperature entropy do not exist. The determination is based
on the inversion of phase equilibria data. In order to communicate
likely uncertainties in the individual parameters, parameter values
are listed to significant precision in Tables A1 –A3. Note however
that because uncertainties in the parameters are correlated, higher
precision is needed to reproduce our results, particularly at high
pressure. Parameters at full precision are available from the authors
on request.

In selecting experimental data to include in the inversion, we
have followed the general strategy of Holland & Powell (1990) in
selecting the minimal possible set of data that constrain the rele-
vant parameters (Tables A4 and A5). This strategy makes it much
easier to recognize a posteriori if systematic biases have crept into
the global inversion, an important consideration especially at high
pressure where many data sets are mutually inconsistent. Some of
the considerations that have gone into choosing different experi-
mental data sets include: sample characterization, demonstration of

C© 2011 The Authors, GJI, 184, 1180–1213
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Table A2. Interaction parameters.

Phase Species 1 Species 2 W 12 Ref.a

(kJ mol−1)

plg an ab 26 (2) Benisek et al. (2003)
ol fo fa 7.6 (22)
wa mgwa fewa 16.5 (22)
ri mgri feri 9.1 (22)
fp pe wu 13 (1) Frost (2003a)
sp sp hc 5 (5)
cpx di cen 24.7 (20) Holland et al. (1979)
cpx di cats 26 (4) Benisek et al. (2007)
cpx di jd 24.3 (20) Holland (1983)
cpx cen he 24.7 (20) b

cpx cen cats 60.6 (88)
cpx cats jd 10 (4) Cohen (1986)
opx en odi 32.1 (10)
opx mgts odi 48 (11)
gt py gr 30 (5) Haselton & Newton

(1980)
gt py mgmj 21.3 (65)
gt gr mgmj 58 (17)
ak mgak co 66 (10) Panero et al. (2006)
pv mgpv rh2o3 116 (10) Tsuchiya & Tsuchiya

(2008)
ppv mppv appv 60 (10) Tsuchiya & Tsuchiya

(2008)

Note: Size parameters dα = 1 for all species except dcats = 3.5 and
drh2o3 = 0.39.
aFrom our global inversion of phase equilibria unless otherwise noted.
bAssumed to be the same as W di−cen.

Table A3. Landau parameters

Species T C0 VD SD Ref.a

(K) (cm3 mol−1) (J mol−1 K−1)

qtz 847 1.222 5.164 Mirwald & Massone
(1980)

st −4250 0.001b 0.012 Andrault et al.
(1998) and Ono
et al. (2002)

aSources of data in addition to those cited in Table A1.
bValues of VD and SD chosen to be vanishingly small.

equilibrium, type of experiment: synthesis vs. bracketing, homo-
geneity of pressure and temperature, and measurement of pressure
and temperature. We exclude experimental observations that violate
the phase rule, that is, synthesis experiments that produce two as-
semblages when the phase rule predicts that only one can be stable
in equilibrium, except in those cases where the growth of one assem-
blage at the expense of the other is carefully monitored. We also
exclude experimental data in which the charge experiences large
temperature gradients. For example, in the experiments of Gasparik
(1990a) a temperature gradient of several hundred degrees stabi-
lized different phase assemblages at different ends of the capsule.
In such a situation, equilibrium is very difficult to demonstrate. As
a further example of many of our considerations, the measurements
of Fei et al. (2004) of the perovskite forming reaction in Mg2SiO4

were preferred to those of Ito & Takahashi (1989) because the for-
mer experiment featured: (1) better pressure calibration based on
in situ X-ray diffraction of multiple pressure standards as opposed
to room temperature load-pressure correlation with no heating cor-
rection; (2) longer run times of greater than one hour, as opposed
to as little as 20 min in the latter experiment and (3) more thorough
analysis of quenched products including probes of much higher

C© 2011 The Authors, GJI, 184, 1180–1213
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Table A4. Summary of phase equilibria data: stability.

Species N Pmin Pmax T min T max Ref.
GPa GPa K K

fo 4 12.00 13.90 1063 1876 Morishima et al. (1994)
mgwa 18 14.88 18.08 1023 1773 Suzuki et al. (2000)

12.10 14.30 1025 1624 Morishima et al. (1994)
21.56 22.82 2173 2173 Fei et al. (2004)

mgri 16 14.98 19.50 923 1273 Suzuki et al. (2000)
22.13 23.43 1673 2173 Fei et al. (2004)

mgpv+pe 6 22.82 25.56 1673 2173 Fei et al. (2004)
en 10 0.00 0.00 1360 1360 Yang & Ghose (1995)

0.83 0.83 1823 1823 Boyd et al. (1964)
7.70 10.30 1273 1973 Pacalo & Gasparik (1990)
9.70 10.60 2333 2353 Presnall et al. (1998)

mgc2 15 8.20 14.20 1223 1973 Pacalo & Gasparik (1990)
14.50 15.50 1273 1673 Ito & Navrotsky (1985)
11.80 14.90 2373 2463 Presnall et al. (1998)

mgmj 2 16.50 16.50 2473 2473 Presnall et al. (1998)
21.20 21.20 2273 2273 Hirose et al. (2001b)

mgil 3 20.00 20.00 1273 1873 Ito & Navrotsky (1985)
22.13 22.13 1873 1873 Fei et al. (2004)

mgpv 22 21.56 24.56 1673 2173 Fei et al. (2004)
21.54 21.54 2273 2273 Hirose et al. (2001b)

119.00 149.30 2170 4200 Tateno et al. (2009)
92.30 126.10 1510 2360 Hirose et al. (2006)

mgwa+st 5 16.00 18.00 1273 1873 Ito & Navrotsky (1985)
mgri+st 2 19.10 19.10 1373 1673 Ito & Navrotsky (1985)
fs 8 5.00 7.00 1173 1578 Woodland & Angel (1997)

1.35 1.53 1173 1323 Bohlen et al. (1980)
fec2 10 5.50 7.50 1173 1568 Woodland & Angel (1997)

8.30 9.40 1063 1483 Akimoto & Syono (1970)
feri+st 3 9.40 9.80 1063 1423 Akimoto & Syono (1970)
wu+st 4 17.40 19.80 1473 1873 Katsura et al. (1998)
fa 5 4.18 5.56 1073 1473 Yagi et al. (1987)
feri 18 4.32 6.28 773 1473 Yagi et al. (1987)

14.80 17.20 1273 1673 Katsura et al. (1998)
di 8 0.00 0.00 1665 1665 Boyd & England (1963)

14.00 14.00 2400 2400 Gasparik (1996)
16.50 17.50 1273 2073 Akaogi et al. (2004)

capv+mgwa+st 4 17.50 19.00 1273 1673 Akaogi et al. (2004)
capv+mgri+st 4 19.00 20.50 1473 1673 Akaogi et al. (2004)
capv+mgil 6 20.50 22.50 1473 2073 Akaogi et al. (2004)
capv+mgpv 3 22.30 23.00 1873 2073 Akaogi et al. (2004)
capv+co 2 24.27 26.16 1673 1873 Takafuji et al. (2002)
fo+fa 6 12.62 14.68 1600 1900 Katsura et al. (2004)
mgwa+fewa 6 12.62 14.68 1600 1900 Katsura et al. (2004)
st 27 101.00 127.00 800 3000 Murakami et al. (2003)

7.71 11.36 800 1803 Zhang et al. (1996)
seif 4 124.00 151.00 2040 2420 Murakami et al. (2003)
mppv 8 136.10 171.00 1640 4380 Tateno et al. (2009)
co 2 72.00 89.00 1 4000 Tsuchiya et al. (2005)
rh2o3 4 72.00 150.00 1 4000 Tsuchiya et al. (2005)
appv 2 93.00 150.00 1 4000 Tsuchiya et al. (2005)
pe+co 4 20.00 27.00 1473 1873 Akaogi et al. (1999)

45.00 45.00 1 1 Ono et al. (2008)
mgcf 4 27.00 27.00 1873 2173 Akaogi et al. (1999)

45.00 45.00 1 1 Ono et al. (2008)
jd+st 3 22.00 22.00 1073 1473 Yagi et al. (1994)
nacf+st 2 23.00 23.00 1273 1473 Yagi et al. (1994)
ab 12 1.60 3.30 873 1473 Holland (1980)
jd+qtz 1 1.65 1.65 873 873 Holland (1980)
coes 18 7.91 8.62 1258 1507 Zhang et al. (1996)

2.65 3.77 875 1911 Mirwald & Massone (1980)
qtz 8 2.60 3.61 873 1788 Mirwald & Massone (1980)
cats 3 1.72 2.85 1573 1773 Gasparik (1984a)
gr+co 3 1.77 2.88 1573 1773 Gasparik (1984a)

C© 2011 The Authors, GJI, 184, 1180–1213
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Table A4. (Continued.)

Species N Pmin Pmax T min T max Ref.
GPa GPa K K

fa+qtz 4 1.10 1.40 1073 1273 Bohlen et al. (1980)
ky 4 0.75 0.82 1073 1073 Harlov & Milke (2002)
qtz+co 2 0.70 0.75 1073 1073 Harlov & Milke (2002)
gr+ky+qtz 24 2.20 3.10 1373 1673 Goldsmith (1980)
an 1 3.00 3.00 1673 1673 Goldsmith (1980)
di+cats 1 3.24 3.24 1573 1573 Gasparik (1984a)
py+gr 1 3.30 3.30 1573 1573 Gasparik (1984a)
jd 1 2.38 2.38 1473 1473 Gasparik (1985)
neph+ab 1 2.33 2.33 1473 1473 Gasparik (1985)

Table A5. Summary of phase equilibrium data: reactions.

Species N Pmin Pmax T min T max Ref.
GPa GPa K K

py+capv=gr+mgmj 1 19.90 19.90 1873 1873 Saikia et al. (2008)
mgc2=py+mgmj 1 12.50 12.50 1923 1923 Gasparik (1989)
en+odi=di+cen 14 3.00 3.00 1173 1773 Carlson & Lindsley (1988)
he+en=di+fs 1 1.50 1.50 1263 1263 Lindsley (1983)
fo+wu=fa+pe 15 6.00 6.00 1673 1673 Frost (2003b)
mgwa+wu=fewa+pe 3 15.00 15.00 1773 1773 Fei et al. (1991)
mgwa+wu=fewa+pe 15 13.00 14.50 1673 1673 Frost (2003b)
fo+al=fa+py 10 0.91 0.91 1273 1273 Hackler & Wood (1989)
mgri+wu=feri+pe 51 11.00 23.50 1273 1873 Frost et al. (2001)
mgpv+wu=fepv+pe 10 26.00 26.00 1573 1873 Martinez et al. (1997)

36.00 107.70 1760 2170 Sinmyo et al. (2008)
mgil+fepv=feil+mgpv 2 25.50 25.50 1373 1373 Ito & Yamada (1982)

24.00 24.00 2073 2073 Ohtani et al. (1991)
fo+hc=fa+sp 13 0.00 0.00 1573 1573 Jamieson & Roeder (1984)
mgts+en=co+py 1 1.65 1.65 1123 1123 Gasparik & Newton (1984)
mgts+en=py 23 2.07 4.01 1173 1773 Perkins et al. (1981)
en+sp=mgts+fo 6 0.99 2.56 1573 1773 Gasparik & Newton (1984)
mgts+di+cen=cats+en+odi 6 2.70 2.70 1773 1773 Klemme & O’Neill (2000)

2.50 2.50 1173 1173 Perkins & Newton (1980)
gr+cen=py+di+cats 1 2.50 2.50 1173 1173 Perkins & Newton (1980)
mppv+fepv=fppv+mgpv 1 120.00 120.00 1750 1750 Hirose et al. (2008)
jd+di=qtz+ab 21 0.85 1.60 873 873 Holland (1983)
jd=jdmj+mgmj 2 20.70 20.70 1823 1923 Gasparik (1992)
fepv+mgcf=mgpv+fecf 2 60.00 60.00 2000 2400 Hirose et al. (2005)

spatial resolution (100×) and Raman spectroscopy in addition to
X-ray diffraction and electron microprobe.

We addressed errors in pressure calibration by correcting older
values when possible. Substantial progress over the last few years
has revealed that many of the pressure standards used in the past are
inaccurate. For example, the equation of state of gold of Anderson
et al. (1989) is inaccurate because it does not accurately represent
all available experimental data on the gold equation of state, par-
ticularly shock wave data. So, for example, the pressures reported
by Hirose et al. (2001a) and Hirose et al. (2001b) using Anderson’s
gold scale have been redetermined based on the lattice parameters
of gold reported in these studies and the most recent analysis of the
gold equation of state (Fei et al. 2004).

We determine the values of the parameters by minimizing the
misfit

χ 2 =
stability∑

i

[G(Pi , Ti , �ni ) − G (
Pi , Ti , �nmin

i

)]2

σ 2
i

+
reactions∑

i

[�μi (Pi , Ti , �ni )]
2

σ 2
i

,
(A1)

where the index i runs over the set of experimental phase equilib-
rium observations included in the fit, Pi , Ti , �ni are the experimental
pressure, temperature, and assemblage observed, G is the Gibbs free
energy computed from our model, and σ i are the associated uncer-
tainties. The quantity �nmin

i represents the phase assemblage with
the same bulk composition as �ni and with the minimum Gibbs free
energy at Pi and Ti as computed from our model.

The stability term accounts for equilibria with variance f = c −
p + 2 < 2, where c is the number of linearly independent com-
ponents and p is the number of phases, for example fo = mgwa
( f = 1). We have chosen to distinguish the stability term from the
reaction term for two reasons: (1) Less than divariant coexistence
is in principle unobservable experimentally. By definition no more
than one of the two assemblages forming the equilibrium reaction
can be present in equilibrium at a single P, T , except in the im-
probable case of experimentally hitting upon the phase boundary
exactly. Observations of coexistence are of course common, but
this is a phenomenon of either disequilibrium made possible by
finite reaction rates, or inhomogeneity in sample conditions (P, T ,
or b). (2) At high pressure (P > 10 GPa) experimental brackets are
rare and the position of the equilibrium boundary is often poorly
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determined. In such cases, the fundamental experimental observ-
able is that one assemblage is more stable than all others and this is
the physics captured by the first term in eq. (A1).

To evaluate the stability term, we compare the computed Gibbs
free energy of the experimentally observed assemblage to that
of all other assemblages of the same composition. If no other
assemblage has lower Gibbs free energy, then �ni = �nmin

i and the
term vanishes. So for example, for an experimental observation of
the stability of mgpv, we compare the Gibbs free energy of mgpv to
that of: (1) all other MgO–SiO2 metasilicate species (en, cen, hpcen,
mgmj, mgak, mppv) (2) all possible combinations of orthosilicate
(fo, mgwa, mgri) and free silica phases (qtz, coes, st, seif ) and (3)
all possible combinations of Mg (pe) and Si (qtz, coes, st, seif )
oxides. The importance of such comparisons is illustrated by the
MgO-SiO2 system in the vicinity of the perovskite forming reac-
tions where combinations of metasilicates, orthosilicates and silica,
and oxide assemblages all have very similar free energies with a
topologically rich network of reactions between them that are only
sparsely constrained by experimental observations.

The reaction term involves experimentally observed assemblages
that have greater than unit variance and which are permitted by the
Gibbs phase rule. So for example, the Gibbs free energy of mgts
is constrained by experimental observations of the composition of
aluminous opx in coexistence with pyrope ( f = 2)

mgts(opx) + en(opx) = py, (A2)

where the parentheses remind that the species en and mgts exist in
solid solution, so that in equilibrium the quantity

�μ(P, T ) = μpy(P, T ) − μmgts(P, T, x) − μen(P, T, x) = 0

(A3)

vanishes, where x is the mgts mole fraction in the orthopyrox-
ene. We compute the contribution to χ 2 by evaluating the quantity
�μ(P , T ) in our model at the experimentally observed values of
P , T , x .

We treat the uncertainties in a very simple way. We assign a
universal and nominal value of σ = 1 kJ mol−1 atom−1 to all sta-
bility observations. As argued above (eq. 40), this corresponds
to an error in the transition pressure of 1 GPa for a volume
of transition or 1 cm3 mol−1 atom−1. Such an error in pressure
is probably a reasonable estimate of the accuracy in high pres-
sure phase equilibria experiments; the accuracy in pressure in
low pressure experiments is probably better. Since uncertainties
in Gibbs free energy and transition pressure are related via δP =
δG/�V , our approach, in which we assume that the uncertainty in
the Gibbs free energy is the same for all phase transformations,
implies a narrower uncertainty in the pressure for those transitions
with large �V . This seems reasonable as such transitions will have
a larger thermodynamic driving force and will require less over-
pressure to overcome kinetic hindrances. Moreover, �V on average
tends to be larger at low pressure than at high pressure, so assuming
σ = constant does not bias against low pressure data. We assign σ =
3 kJ mol−1 atom−1 to all reactions, where the greater uncertainty as
compared with that assumed for stability observations accounts for
uncertainties in phase compositions in addition to those in P.

Phase equilibria constrain only differences in Gibbs free energy
and must be supplemented by independent thermochemical mea-
surements to constrain the absolute values of the F0 parameters.
These additional constraints must include at least one species rep-
resentative of each component in the system of interest (Berman
1988). We have chosen to use as additional constraints the ex-
perimental thermochemical values of the Gibbs free energy at

TG = 1000 K

G(0, TG) = � f G0 + G0
T (0, TG) − G0

T (0, T0) (A4)

for fo, fa, di, jd, co, qt and pe. The inversion reproduces the ther-
mochemical values of these seven species to within 0.06 kJ mol−1

rms. The inclusion of fo is in principle redundant with the inclusion
of pe and qtz in this set. However, it was found to be necessary to
constrain the Gibbs free energy of fo independently in order to ac-
curately reproduce the properties of the CMAS plg-sp-gt peridotite
system.

A P P E N D I X B : C O M P U TAT I O NA L
A L G O R I T H M

Minimization of the Gibbs free energy is performed over the null
space of the linear problem

⎛
⎜⎜⎜⎝

r

ra

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

n

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎝

b

0

⎞
⎟⎟⎟⎠ , (B1)

where the augmented stoichiometric coefficient matrix r̂ has dimen-
sion ĉ × s, where ĉ = c + a and a is the number of absent species,
and is divided into two submatrices, r containing the stoichiometric
coefficients, and ra which contains, for each absent species, one row
with one non-zero element corresponding to that species. The aug-
mented bulk composition vector b̂ has dimension ĉ and is divided
into two portions, b containing the definition of the bulk compo-
sition, and the other part consisting of null entries for each absent
species. Amounts of all species not present in the initial guess are
set to zero in this way. Species are also removed as, during the
course of the minimization, their amount falls below a small value
ni ≤ ε where the value of ε depends on machine precision.

We perform singular value decomposition to identify the vectors
that span the null space, which has dimensions

l = s − ĉ. (B2)

Any matrix may be written in terms of its singular value decompo-
sition (SVD)

r̂ = U W V T , (B3)

where U and V are orthogonal ĉ × s matrices, and W is a diagonal
s × s matrix with l zero diagonal elements. The matrix

V = (V 0|V 1) (B4)

contains the l vectors that span the null space in the columns V 1.
The species vector is written

ni = n0
i + V 1

i j n
1
j , (B5)

where

n0 = V W −1U T b (B6)

is a solution to eq. (B1) and n1 is a vector of length l. At equilibrium

∀ i :
∂G
∂n1

i

= 0 (B7)

which corresponds physically to the homogeneity of the chemical
potential across the coexisting phases. The rms magnitude of the
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left-hand side of eq. (B7) provides a measure of the quality of the
numerical solution.

The minimization of G now proceeds over the elements of n1,
for which we use either the conjugate gradient or quasi-Newton
method. At the heart of either method are line minimizations along

n1,(k+1)
i = n1,(k)

i + λ(k)V 1
i jχ j , (B8)

where G is to be minimized with respect to λ along a particular di-
rection in the null space χ j and the parenthetical superscripts refer
to the iteration number. The search direction χ j may be initially cho-
sen arbitrarily, and is then updated according to information about
the Hessian built up during the course of the minimization (Press
et al. 1992). In detail, we have found that a combination of conju-
gate gradient and quasi-Newton methods is useful. As expected, the
conjugate gradient scheme tends to be more stable for poor initial
guesses, whereas the quasi-Newton method converges more rapidly
once a solution near to the minimum has been found. Initial values
of n1

i , and values of λ that satisfy the non-negativity constraints are
readily identified via the introduction of slack variables and linear
programming (Press et al. 1992).

Once the minimum in G is found, the least abundant species that
satisfies ni < ε is removed. An additional constraint is added to the
augmented linear problem (eq. B1), the singular value decomposi-
tion of the new matrix is performed and n0 recomputed (eq. B6).
The new value of n1 is then found by solving

V 1T (n − n0) = V 1T V 1n1. (B9)

The Gibbs free energy is minimized again and if trace species
remain, these are removed one at a time until all present species
satisfy ni > ε.

We test for phase addition based on the chemical affinity

Aφ = min

[ sφ∑
i

xi(μi − rijεj)

]
, (B10)

where the sum is over the sφ species in phase φ (all of which are
absent), the notation min [] indicates the minimum value, and the
component chemical potentials εj are given by

r ′
i jε j = μ′

i , (B11)

where the primes indicate that only species that are present are
included. The phase with the lowest (most favourable) value of
Aφ per atom is added by removing the constraints on its species,
recomputing V 1 and n0 and finding the new n1 by solving

D� = DV 1n1, (B12)

where D is a matrix of dimension s × sφ and contains non-zero
elements corresponding only to the species of the phase to be
added, �i = αxi is a vector of length sφ containing the amounts
of the species of phase φ to be added, and α is small com-
pared with the amounts of the present phases, but large compared
with ε.

As an example, consider a system of olivine and wadsleyite,
with four species (Mg- and Fe-end members of each phase), and
two components (Mg2SiO4, Fe2SiO4) (Fig. B1). The stoichiometric
coefficient matrix is

ri j =
(

2 0 2 0

0 2 0 2

)
. (B13)

We set the composition to 0.9 Mg2SiO4, 0.1 Fe2SiO4 and the initial
guess to be olivine only with wadsleyite absent. At 13 GPa and
1500 K, the code finds that the chemical affinity of wadsleyite is

Figure B1. Top: evolution of (blue) wa fraction and (red) partition coef-
ficient K = nfanmgwa/nfonfewa. Bottom: the Gibbs free energy with quasi-
Newton iterations, for the example describe in the text, in which ol is adopted
as the initial guess to the phase equilibria at conditions within the ol-wa co-
existence loop.

Figure B2. Evolution of (blue, left-hand axis) phase fractions and (red,
right-hand axis) the Gibbs free energy with quasi-Newton iterations for the
example describe in the text for which plg+opx+cpx+ol is adopted as the
initial guess to the phase equilibria at lower mantle conditions.

−0.218 kJ mol−1 and adds wadsleyite with a composition XFe =
0.21. Singular value decomposition finds that the null space is
spanned by the vectors corresponding to the reactions

Mg2SiO4(ol) ↔ Mg2SiO4(wa) (B14)

Fe2SiO4(ol) ↔ Fe2SiO4(wa). (B15)

By searching over the null space, the code rapidly finds the minimum
value of the Gibbs free energy, which lies near the mid-point of the
olivine-wadsleyite coexistence field.

Another example shows that the initial guess at the phases present
need not be accurate (Fig. B2). As an extreme case, we assume a
plagioclase peridotite assemblage (plg+opx+cpx+ol) as the ini-
tial guess for the stable phase assemblage at 30 GPa and 1600 K.
Typically one would initiate the calculation with a better guess
based on one’s knowledge of mantle phase equilibria, and indeed,

C© 2011 The Authors, GJI, 184, 1180–1213

Geophysical Journal International C© 2011 RAS



Mantle thermodynamics 1213

the code may be initiated with any initial guess that spans the bulk
composition. On the other hand, the initial guess is not always ob-
vious a priori, and this particular example has the advantage of
exercising our algorithm for phase addition and subtraction to the
full, and testing its robustness. Our routine successfully finds the
global minimum of the Gibbs free energy, identical to that found
with a more accurate initial guess. We have found that our strategy,
in which G is fully minimized after each removal of a single trace
species, and each addition of a single phase is preferable to mul-
tiple additions and subtractions. Indeed, we find that if all phases
with favourable chemical affinity are added at once, two problems
develop. The first is that the addition of many species often causes
violations of the phase rule. The second is that cycling of phase
addition may become necessary, in which a phase previously added,
is subtracted again, only to be added later when other phases have
been subtracted. Controlling this cycling presents an algorithmic
challenge without a unique solution. For this reason, we prefer the
most gradual possible approach to changes in the species present.

Many other algorithms for minimizing G have appeared in the
literature and a comparison of their relative performance is beyond
the scope of this paper. A summary of early work focused primarily
on ideal solution and on systems of gases and pure solids appears
in (Smith & Missen 1982). The development of our method draws
most extensively from that of Harvie et al. (1987), who however use
QR, rather than SVD decomposition. We prefer the SVD method
because it yields more powerful and readily interpreted diagnostics

on the solution space. Harvie et al. (1987) show how the method
can be extended to include other forms of constraint, for example,
charge balance constraints that are important for modeling aque-
ous solutions. Ricard et al. (2005) have adopted a similar strategy,
though with somewhat different methods for finding the vectors that
span the null space and for treating phase addition and subtraction
(Matas 1999). Eriksson (1971) apply mass balance constraints via
the method of undetermined Lagrange multipliers, which does not
reduce the dimensionality of the system as in our approach. The
strategy of Ghiorso (1994) differs from ours in that for their appli-
cation, one phase is always present (liquid), simplifying considera-
tions of phase addition and removal, whereas in our application no
phase is always present. The method of Ghiorso (1994) was gen-
eralized to subsolidus assemblages by Asimow & Ghiorso (1998).
Bina (1998) used simulated annealing rather than the conjugate gra-
dient or quasi-Newton scheme. Karpov et al. (1997) used a convex
programming method. Connolly & Kerrick (1987) introduced the
use of pseudocompounds: piecewise linear representations of com-
positional space, in order to increase the efficiency of the solution
(Connolly 1990, 2005). This algorithm is implemented in the widely
used PERPLEX package (PERPLEX 2010), which includes an op-
tion to use several previous versions of our thermodynamic model
and parameterizations (Stixrude & Lithgow-Bertelloni 2005a, 2007;
Xu et al. 2008), a combination that has been used to study man-
tle structure (Cobden et al. 2009; Khan et al. 2009) and dynamics
(Nakagawa et al. 2009).
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