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INTRODUCTION

Central to the goals of mineral physics is an elucidation of how material behavior governs 
planetary processes. Planetary accretion, differentiation into crust, mantle, and core, ongoing 
processing by magmatism, dynamics and thermal evolution, and the generation of magnetic 
!elds, are all processes controlled by the physical properties and phase equilibria of planetary 
materials. Knowledge of these processes has advanced in large measure by progress in the study 
of material behavior at extreme conditions of pressure and temperature. 

Thinking of a planet as an experimental sample emphasizes the relationship between 
planetary processes and material behavior via properties that control its response to natural 
perturbations. We may explore the response of the planet to a sudden increase in energy, 
provided, for example, by a giant impact of the type that is thought to have formed Earth’s moon 
(Canup 2004). Responses include an increase in temperature, controlled by the heat capacity, a 
decrease in density controlled by the thermal expansivity, and phase transformations controlled 
by the free energy. Phase transformations also contribute to changes in temperature and density 
via the heats and volumes of transformation. A giant impact also perturbs the stress state, to 
which the planet responds via compression (controlled by the bulk modulus), adiabatic heating 
(Grüneisen parameter) and phase transformations (free energy). 

A planet is an unusual experimental sample because its pressure is self-generated via 
gravitational self-compression, and its temperature via adiabatic compression and radioactive 
decay. Indeed one of the major challenges in understanding planetary-scale processes is that the 
characteristic pressure (1 Mbar) and temperature (several thousand K) are so large. Consider 
an Earth-like planet in which the mantle makes up 2/3 of the mass and the core makes up 
the remainder. The pressure PM at the base of the mantle depends approximately linearly on 
planetary mass M: PM(Mbar)~1.4(M/ME), as does the temperature at the base of the mantle due 
to adiabatic compression TM(K) ~1600+1000(M/ME), assuming the potential temperature to be 
set by silicate melting, as it is on Earth (Valencia et al. 2006). 

First principles theory of the kind discussed elsewhere in this volume has played a major 
role in the elucidation of planetary processes in large part because it is able to access with 
ease the extreme conditions of planetary pressure and temperature. Density functional theory 
in particular has had a tremendous impact because it is equally applicable to all conditions of 
planetary pressure and temperature and in principle to all elements of the periodic table (Kohn 
1999), although some major elements are more problematic than others, such as Fe in oxides 
and silicates (Gramsch et al. 2003; Cococcioni 2010; Wentzcovitch  et al. 2010). Methods with 
in-principle even greater scope and accuracy, including improved functionals and Quantum 
Monte Carlo, are being developed (Mitas and Koloren 2010; Perdew and Ruzsinszky 2010). 
By comparison, static experiments have only recently been able to access pressure-temperature 
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conditions of Earths’ core-mantle boundary routinely and to perform a variety of precise 
measurements in situ (Murakami et al. 2004, 2007; Mao et al. 2006). Continued advances in 
theory and experiment are both important because density functional theory is not exact and 
produces small, systematic errors that are well understood, but persistent, while experiments 
at extreme conditions can produce contradictory results because they are often pushing the 
envelope of what is technologically feasible.

As experimental samples, planetary mantles are unusual in at least one other respect that 
presents challenges to !rst principles theory and experiment: they are chemically complex and 
heterogeneous. In Earth’s mantle there are at least 6 essential chemical components (SiO2, MgO, 
FeO, CaO, Al2O3 Na2O), that stabilize a large number of impure phases over the entire mantle 
pressure-temperature regime, and a host of minor elements that may also play an important role 
in planetary processes, such as H2O and CO2 (Hirschmann 2006; Ohtani and Sakai 2008). The 
length scale of heterogeneity is known to range from the grain scale represented by adjoining 
phases of contrasting physical properties, such as olivine and spinel in a typical xenolith, to that 
of lithologic banding, represented by pyroxenite veins in obducted peridotites, and may include 
much larger scales as well (Allegre and Turcotte 1986). Mantle convection appears not to be 
as ef!cient at homogenizing major element composition as had once been thought and may be 
compatible with planet-scale variations in bulk composition between upper and lower mantle, 
perhaps driven by lithologic density contrasts (Xie and Tackley 2004).

Understanding planetary processes then demands a method complementary to !rst 
principles calculations and experiment that is able to interpolate among and extrapolate from 
necessarily limited results to the full chemical richness that is typical of silicate mantles. Here 
we review a method, based on new developments in thermodynamic theory and a careful 
analysis of the information provided by experiment and !rst principles theory that permits 
the construction of realistic models of planetary interiors. This method allows one to fully 
capture the heterogeneity inherent in the relevant multi-component, multi-phase equilibria 
and the physical properties of the multi-phase assemblages. The method is complementary to 
!rst principles theory and experiment and indeed uses results on simple systems to build up 
predictive power for more complex and relevant assemblages. There have been many previous 
attempts to construct thermodynamic models of Earth’s mantle. We show below that all of 
these have important limitations. We show how our method can be used to address mantle 
heterogeneity on all length scales ranging from that of the subducting slab to the possibility of 
mantle-wide radial variations in bulk composition.

OUR APPROACH AND PREVIOUS WORK

The key difference between our approach and previous models is our adherence to 
thermodynamic self-consistency (Stixrude and Lithgow-Bertelloni 2005b). This adherence 
has the important advantage that all thermodynamic relations including the Maxwell relations 
and the Clapeyron equation are uniquely satis!ed. There are practical advantages as well: 
because so many thermodynamic quantities are intimately linked, diverse experimental and 
!rst principles results can be used independently to constrain more robustly the thermodynamic 
model. For example, phase equilibria and equation of state data both constrain the volume of 
a phase, placing redundant constraints on the equation of state. Another important difference 
is the scope of our model. Whereas many models of the mantle have been primarily focused 
on either phase equilibria, or physical properties, our approach is to self-consistently describe 
both, differing fundamentally from so-called hybrid models in which some sub-set of physical 
properties are computed self-consistently and phase equilibria are determined independently 
and non-self-consistently (Ita and Stixrude 1992; Cammarano et al. 2003; Hacker et al. 2003). 
The important point being that phase transformations in"uence physical properties as much as 
the effects of pressure and temperature on single phases over the mantle range, a feature that 
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our approach naturally encompasses.

Our approach makes use of four sets of thermodynamic principles that, except for the last, 
have featured in other contexts, but have not before been combined in application to Earth’s 
mantle:

Fundamental thermodynamic relations

A fundamental thermodynamic relation is a single functional relationship that contains 
complete information of all equilbrium properties of all equilibrium states of a particular species 
(Callen 1960; Stixrude and Bukowinski 1990). All thermodynamic properties are computed as 
derivatives of the fundamental relation with respect to its natural variables, guaranteeing self-
consistency. For example
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where G is the Gibbs free energy, P is pressure, T is temperature, V is volume,  is thermal 
expansivity, and K is the isothermal bulk modulus. We write the fundamental relation in analytic 
form with analytically computable derivatives so that relations of this type are satis!ed exactly. 
Some previous models of mantle thermodynamics violate the Maxwell relations (Sobolev and 
Babeyko 1994).

Euler form

In our model the fundamental thermodynamic relation is written in Euler form, which 
is always possible because of the !rst order homogeneity of thermodynamic functions. The 
importance of the Euler form, in which the thermodynamic potential appears as an absolute 
quantity, e.g., G = G(P,T), is important for applications to planetary mantles and differs from 
the more common use of the differential form

d SdT VdPG ( )2

which must be integrated to determine the value of G at the pressure and temperature of interest. 
The integration is typically performed along a path that proceeds in two legs: !rst upwards in 
temperature at ambient pressure and second upwards in pressure at elevated temperature (Berman 
1988; Fei and Saxena 1990; Ghiorso and Sack 1995; Holland and Powell 1998). The advantage 
of the differential approach is that it maintains close contact with experimental measurements at 
ambient pressure of the volume and the entropy S (via integration of measurements of the heat 
capacity). The differential approach is adequate as long as the temperature and pressure are not 
too high, but has at least three dif!culties in application to Earth’s mantle: 

1)  The temperature in the middle of Earth’s mantle is approximately 2000 K and may be 
4000 K at its base. This temperature far exceeds melting points at ambient pressure. 
This means that the initial leg of the integration path must extend into the super-
solidus regime where no thermodynamic data on the crystalline phase of interest 
exist and where the crystalline phase of interest may be mechanically unstable. 

2)  The term VdP dominates over most of Earth’s mantle and must be treated with greater 
care than is possible using the differential form. For example, the change in Gibbs 
free energy along a mantle isotherm far exceeds the difference in Gibbs free energy 
between 300 K and 2000 K. Moreover, the increase in G along the isotherm quickly 
surpasses in magnitude even the Gibbs free energy of formation from the elements at 
depths as shallow as the transition zone. 

3)  Some mantle phases (e.g. post-perovskite) are unquenchable to ambient pressure, 
rendering the !rst leg of the integration path ill-de!ned.
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Legendre transformations

While the Gibbs free energy is the natural thermodynamic potential for treating phase 
equilibria, the Helmholtz free energy is much more convenient for describing the equation of 
state. Legendre transformations provide a simple way of moving from one thermodynamic 
potential to the other (Alberty 2001). So for example, the Helmholtz free energy F is related 
to G by

G P T F V T PV P T( , ) ( , ) ( , ) ( )3

We may then describe the variation of the Gibbs free energy with pressure in terms of the most 
successful account of the equation of state, which is formulated as the volume derivative of 
Helmholtz free energy (Birch 1978). This overcomes the poor convergence of equations of 
state based on power series expansions of G in P, or the Murnaghan equation, as used in many 
thermodynamic models popular in the Earth sciences (Ghiorso and Sack 1995; Holland and 
Powell 1998). 

Anisotropic generalization

A !nal key feature of our model and a new theoretical development is the generalization 
of the thermodynamic machinery to the consideration of deviatoric stress and strain in such a 
way that fully self-consistent computation of phase equilibria and the elastic constant tensor is 
possible. This !nal step is essential for making contact with seismological observations and we 
are not aware of another thermodynamic model that has this capability. Previous mantle models 
have either not speci!ed the shear modulus or other components of the elastic moduli (Mattern 
et al. 2005), or have done so non-self-consistently (Kuskov 1995; Hama and Suito 1998). 
Our derivation is given fully elsewhere (Stixrude and Lithgow-Bertelloni 2005b) and builds 
on previous work in relating thermodynamic potentials to elasticity (Wallace 1972; Davies 
1974). The analysis is based on a polynomial expansion of the thermodynamic potential in the 
Eulerian !nite strain with special attention paid to the distinction between the large !nite strain 
associated with the Earth’s internal pressure and the much smaller strain of general symmetry 
applied by a passing seismic wave.

THERMODYNAMIC THEORY

Our thermodynamic method has been derived elsewhere and our purpose here is to 
summarize the theory, sketch its derivation, and highlight some of its key features (Stixrude 
and Lithgow-Bertelloni 2005a,b).

The Gibbs free energy of the multi-phase assemblage

G T n n T n n G T RT aij ij ij( , , ) ( , , ) ( , ) ln ( )4

where the sum is over all species (end-members) in the model n  is the number of moles of 
species ,  is the chemical potential, G  is the Gibbs free energy of pure species , R is the 
universal gas constant a  is the activity, and the stress is related to pressure by

ij ij ijP ( )5

where ij is the deviatoric stress. We assume that the quantity RTlnf  is independent of pressure 
and temperature, where f  is the activity coef!cient that relates activity to concentration (Ita 
and Stixrude 1992). This assumption permits non-ideal enthalpy of solution, but neglects the 
contribution of non-ideailty to other physical properties, such as volume or entropy, because 
such contributions are small compared with uncertainties in these properties at mantle pres-
sure and temperature. We also neglect surface energy, which may be signi!cant for very small 
grains (~1 nm).
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The Gibbs free energy of the pure species G  is speci!ed by the Legendre transformation 
of the Helmholtz free energy

F E T F T F E T F E Tij c ij q ij( , ) ( , ) ( , ) ( , ) ( )0 0 00 6

where we have suppressed the index , the !rst three terms on the right hand side are respectively 
the reference value at the natural con!guration, and the contributions from compression at 
ambient temperature (the so-called ”cold” part), and lattice vibrations in the quasi-harmonic 
approximation. These are expected to be the most important for the physical properties of mantle 
phases. Additional contributions to order-disorder transitions such as the -  quartz transition 
(Landau term), and a magnetic term to account for spin disorder are discussed in a forthcoming 
publication and will not be further addressed here. The Eij is the Eulerian !nite strain relating 
the “natural” state at ambient conditions with material points located at coordinates ai, to the 
“!nal” state with coordinates xi. Thermodynamic quantities are related to the strain Sij that 
relates the !nal state to the initial or pre-stressed state with coordinates Xi. We assume that the 
initial state is one of hydrostatic stress, appropriate to the earth’s interior, and that the !nal state 
differs slightly from the initial state, corresponding to the small amplitude of seismic waves. We 
view the natural con!guration as that at ambient pressure and temperature, corresponding to the 
“master” con!guration of Davies (1974).

We have argued that the following form of the Helmholtz free energy is appropriate
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where  is the density, n is the number of atoms in the formula unit,  is the Debye temperature 
and subscript 0 indicates values at ambient conditions. We !nd the equation of state and 
isothermal elastic constants by taking the appropriate strain derivatives and evaluating in the 
initial state; correct to fourth order in the strain
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where U is the internal energy, CV is the isochoric heat capacity, cijkl is the elastic constant 
tensor, ij

kl
ij kl ik jl il jk, the prime indicates pressure derivative and the parenthetical 

superscripts provide a convenient way of distinguishing among the coef!cients when alternating 
between standard and Voigt notation (Davies 1974). We have assumed an isotropic state of 
initial !nite strain

E fij ij ( )12
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The Grüneisen parameter  = V( P/ U)V, the Grüneisen tensor
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and ii = ii for an isotropic material. The adiabatic elastic moduli follow from cijkl
S = cijkl − 

ij kl CVT.

The isothermal bulk modulus and the shear modulus of an isotropic material follow from 
3K = cijkl ij kl/3 and G = c44 = (c11 – c12)/2
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where q = ( ln / lnV), and S is the shear part of the tensor
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which for an isotropic material is
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We assume that the strain dependence of the Debye temperature is expressed as a power series 
in the !nite strain 
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which has been evaluated at the initial state.

We assume that the activity has two contributions, an ideal contribution, given by ideal 
mixing of unlike cations on multiple sites (Thompson 1969) and a non-ideal contribution given 
by the symmetric regular solution formulation. We assume that the excess Gibbs free energy is 
independent of pressure and temperature. This seems justi!ed by the fact that excess volume 
and entropy are either unmeasured or small for most mantle phases. Moreover, when they can 
be measured precisely, as in the case of the excess volume, the measurements exist only at 1 
bar and may not be representative of the excess volume at the pressure of interest, where it may 
even be of opposite sign.

Some of the scope and goals of the model are illustrated by an example (Fig. 1). We have 
computed the phase equilibria and physical properties of a typical mantle bulk composition 
(Workman and Hart 2005) along a self-consistently computed isentrope with a potential 
temperature of 1600 K, approximately that required by the generation of mid-ocean ridge basalt 
(McKenzie and Bickle 1988). The phase equilibria are consistent with experimental results 
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and with constraints imposed by xenoliths, including the transition from spinel-bearing to 
garnet-bearing assemblages, and the gradual dissolution of pyroxenes into garnet (Boyd 1989; 
Collerson et al. 2000). The computed shear wave velocity is also consistent with experimental 
results and bears many similarities to that seismologically observed in the mantle, in particular 
the locations of major “discontinuities” near 410 and 660 km depth, and the steeper velocity 
gradient in between these two boundaries (Dziewonski and Anderson 1981). The way in which 
such computations form a foundation from which the thermal and chemical state of Earth can 
be determined is illustrated further in the Applications section below.

CONSTRAINING AND TESTING THE MODEL

The thermodynamic theory contains a total of ten free parameters for each of the mantle 
species. These are F0, V0, K0, K0 , G0, G0 , 0, 0, q0, S0, respectively the values at ambient 
conditions of the Helmholtz free energy, volume, bulk modulus and its pressure derivative, 
the shear modulus and its pressure derivative, the Debye temperature, its logarithmic volume 
derivative the Grüneisen parameter, and the logarithmic volume derivative of , and the second 
derivative of the Debye temperature with respect to shear strain. In addition the activities of 
mantle species in solution are speci!ed by symmetric regular solution parameters W . These 
are de!ned only for those phases for which thermochemical data or phase equilibria data 
demand non-ideal contributions to the Gibbs free energy.

The values of the parameters are determined by comparing primarily with experimental 
data (Stixrude and Lithgow-Bertelloni 2005b; Xu et al. 2008). Suf!cient experimental 
information now exists to constrain all the relevant parameters for at least the most abundant 
species of all relevant phases. In cases where no experimental data are available, we estimate 
the values of the parameters from systematic relationships, for example Birch’s law (Anderson 
et al. 1968), or from the results of !rst principles theory.

Figure 1. Computed phase equilibria (solid, left axis) and self-consistent shear wave velocity (dashed, right 
axis) along a self-consistently computed isentropic temperature pro!le assuming a potential temperature 
of 1600 K, according to our thermodynamic theory and our latest set of published parameters (Xu et al. 
2008). Phases are: plagiolcase (plg), spinel (sp), olivine (ol), orthopyroxene (opx), clinopyroxene (cpx), 
high-pressure Mg-rich clinopyroxene (hpcpx), garnet (gt), wadsleyite (wa), ringwoodite (ri), akimotoite 
(ak), Calcium silicate perovskite (capv), Magnesium-rich silicate perovsite (pv), ferropericlase (fp), and 
Calcium-Ferrite structured phase (cf).
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First principles calculations are most powerful as a means of identifying functional 
relationships among thermodynamic quantities and testing the forms assumed in the construction 
of our thermodynamic theory. First principles calculations are able to sample much greater 
ranges of pressure and temperature and with much greater precision than experiment, making 
functional relationships clear. Density functional theory also yields predictions of key material 
properties that have not yet been measured, but because it is not exact, and because experimental 
progress is rapid, experimental values are preferred where these are available. 

Three examples show the ability of 
!rst principles calculations to reveal and 
test functional relationships:

Elastic constants

The ability of the Eulerian !nite 
strain expansion to capture the physics 
of high pressure elasticity is illustrated 
by a comparison of our formulation with 
!rst principles predictions of the elastic 
constants of MgSiO3 perovskite (Fig. 2) 
(Karki et al. 1997). The Eulerian !nite 
strain formulation (Eqns. 15,16) is able 
to represent !rst principles results accu-
rately with only two parameters (moduli 
and their !rst pressure derivatives). In 
contrast, an alternative formulation, us-
ing the Lagrangian !nite strain fails com-
pletely, as does a simple linear function 
of pressure. 

Grüneisen parameter and q

 First principles predictions show that 
the volume dependence of the Grüneisen 
parameter differs signi!cantly from the 
usual assumption of constant q. Instead, 
q itself is found to decrease substantially 
on compression (Karki et al. 2000a,b; 
Oganov et al. 2001a; Oganov and Dor-
ogokupets 2003). These patterns are captured by our thermodynamic theory and indeed served 
as inspiration for choosing to describe the volume dependence of the vibrational frequency as a 
power series in !nite strain (Eqn. 19) (Fig. 3).  In fact previous results perhaps show a somewhat 
stronger volume dependence of q than predicted by third order Eulerian !nite strain theory, al-
though the scatter is substantial. The value of q at high pressure is important because it controls 
lateral variations with temperature of the bulk sound velocity (Isaak et al. 1992). 

Temperature dependence of the shear modulus

First principles calculations show that the temperature derivative of the shear modulus 
depends strongly on compression (Oganov et al. 2001b; Wentzcovitch et al. 2004), while many 
non-self-consistent mineralogical models in the past have assumed that dG/dT is independent 
of pressure (Cammarano et al. 2003). The agreement between the !rst principles studies is 
remarkable because they are based on different approximations to the exchange-correlation 
functional, and different methods for computing high temperature properties (molecular dy-
namics vs. lattice dynamics). Our thermodynamic theory, in which the volume dependence of 

S is determined by Equations (14) and (17) and the primitive form of Equation (19), appears 

Figure 2. (solid lines) Eulerian third-order !nite strain 
versus (short-dashed lines) Lagrangian third-order 
!nite strain expressions and (long-dashed lines) a linear 
extrapolation compared with (circles) !rst principles 
results (Karki et al. 1997) and (squares) experimental 
results (Murakami et al. 2007) for the room temperature 
isothermal bulk modulus (K) and the shear modulus 
(G) of MgSiO3 perovskite. For the purposes of this 
comparison, all curves were computed using values of 
K0 = 259, G0 = 175, K0  = 4.0, and G0  = 1.7 taken from 
the !rst principles study. (Modi!ed from Stixrude and 
Lithgow-Bertelloni 2005b).
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to capture the volume dependence predicted by density functional theory (Fig. 4). Accurate 
values of this parameter are critical in making comparisons between mineralogical models and 
seismological models as the shear wave velocity and its lateral variations in the mantle are well 
constrained and because the shear wave velocity is more sensitive than the longitudinal wave 
velocity to variations in temperature and bulk composition.

SCALING

How can we relate the physical properties of the heterogeneous, multi-phase mantle to 
those of laboratory scale samples, or to those of notional perfect crystals as probed with !rst 

Figure 3. (top) Grüneisen parameter,  and 
(bottom) q of MgO periclase from (bold solid 
lines) third order Eulerian !nite strain theory 
(Eqns. 14,17-19), !rst principles calculations 
at 1000 K (circles) (Karki et al. 2000b) and 
(squares) (Oganov and Dorogokupets 2003), 
ab initio ionic models (diamonds) (Agnon and 
Bukowinski 1990), (up-triangles) (Inbar and 
Cohen 1995), an experimental analysis of the 
Hugoniot (double-dotted line) (Speziale et al. 
2001), a combination of theory and experiment 
(down-triangles) (Anderson et al. 1993) and 
(thin solid lines) the approximation that q = q0 
is constant. For periclase we used V0 = 77.24 
Å3 per unit cell to generate these plots (Karki 
et al. 2000b). The Eulerian !nite strain results 
are calculated assuming the following values 
taken from the !rst principles calculations for 
the purposes of this comparison: 0 = 1.60, q0 
= 1.3 for periclase (Karki et al. 2000b). The 
two !rst principles calculations disagree in 
the value of 0 but show the same functional 
form. (Modi!ed from Stixrude and Lithgow-
Bertelloni 2005b).

Figure 4. Temperature derivative of the shear 
modulus of MgSiO3 perovskite from third 
order Eulerian !nite strain theory (bold solid 
line) compared with density functional theory 
(squares, 2000-3000 K) (Wentzcovitch et al. 
2004), (circles, 1500-3500 K) (Oganov et 
al. 2001b), an ab initio ionic model (PIB-
Potential Induced Breathing; triangles) 
(Marton and Cohen, 2002) and (dashed 
lines) different approximations to the volume 
dependence of S: S arbitrarily assumed to 
be constant ( S = S0), proportional to the 
volume, V, or proportional to V = q. The 
value of S0 for each curve is set so that it 
passes through the !rst principles point at 38 
GPa. (Modi!ed from Stixrude and Lithgow-
Bertelloni 2005b).
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principles theory? There are two important issues when considering physical properties of the 
mantle as revealed by seismology: scaling in space and in time. 

For perfect, homogeneous crystals, scaling from laboratory length scales to geophysical 
length scales is essentially exact (Stixrude and Jeanloz 2007). Typical grain sizes in the laboratory 
and in the mantle far exceed the interatomic spacing, so that dispersion of the acoustic modes 
away from the Brillouin zone center is negligible, even for grains as small as one micron. 
In !rst principles calculations, it is straightforward to compute the elastic wave velocities in 
the geophysically relevant limit, i.e., in the limit k  0, where k is a reciprocal space vector. 
This unity of length scales is modi!ed by heterogeneity: e.g., the contrast in elastic properties 
between neighboring grains, and anelasticity (dissipation) in real rocks.

A seismic wave passing through any part of the mantle senses the elastic response of a 
heterogeneous composite consisting of many grains of differing size, shape, orientation, and 
elasticity. Therefore, while knowledge of the elastic properties of individual phases is necessary 
for determining the seismic wave velocity, it is not suf!cient. In principle, we must also specify 
the geometry and elasticity of each grain; of order 1021 grains sampled by a typical seismic 
wavelength of 50 km. It is not possible, nor useful to specify the grain geometry in such detail. 
Instead, one may place rigorous bounds on 
the elastic properties of the composite from 
knowledge of the elastic properties of the 
constituents.

The approaches of Hashin-Shtrikam 
(Hashin and Shtrikman 1963) and Voigt-
Reuss-Hill (Hill 1963) place bounds on the 
effective elastic moduli of a heterogeneous 
aggregate (Fig. 5). The bounds depend only 
on properties that are determined by equi-
librium thermodynamics: the elastic mod-
uli and volume fractions of the constituent 
phases. The Hashin-Shtrikman bounds are 
rigorous under the assumption that the con-
stituent phases are distributed randomly. 
The Voigt-Reuss bounds correspond, re-
spectively to conditions of uniform strain 
and uniform stress across the constituent 
grains. Neither of these two limits is physi-
cally realizable, except in special geome-
tries, since uniform strain violates mechani-
cal equilibrium, and uniform stress entails 
grain-grain gaps and overlap. An advantage 
of the Voigt-Reuss bounds are that they en-
compass special arrangements of phases, such as layering (shape-preferred orientation), that are 
often encountered in the Earth (Backus 1962)

M
M

M M MR V
* * * ( )
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where  and M  are the volume fraction and elastic modulus of phase , and asterisks indicate 
effective moduli, and subscripts R and V indicate, respectively Reuss and Voigt bounds. The so-
called Voigt-Reuss-Hill average is the simple average of the Voigt and Reuss bounds and is not 
theoretically justi!ed as a best estimate of the effective elastic moduli. Empirically, one !nds 
for many aggregates, including those typical of the mantle that the Voigt-Reuss-Hill average 

Figure 5. Computed differences between the Voigt 
and Reuss (solid) and Hashin-Shtrikman (dashed) 
bounds for S-wave velocity in a model mantle 
composition (Workman and Hart 2005) along a self-
consistent 1600 K isentrope. Symbols represent the 
values at the core-mantle boundary (2891 km depth). 
(Modi!ed from Stixrude and Jeanloz 2007).
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falls within the narrower Hashin-Shtrikman bounds (Watt et al. 1976). In Earth’s mantle, the 
bounds are in any case not wide, and seldom exceed experimental uncertainty. 

Seismic wave velocities depend on time scale because elastic wave propagation is dissipative 
in the seismic band (Anderson and Given 1982). The importance of dissipative processes such 
as defect migration and grain-boundary sliding are measured by the quality factor, Q de!ned in 
terms of the energy loss per cycle

Q
dE
E

1 21( )

Dissipation has two important consequences, both of which can be measured seismologically: 
attenuation and dispersion, which refers to the dependence of the elastic wave velocity on 
frequency or wavelength. Experimental and seismological observations are consistent with a 
simple model in which attenuation is assumed to depend slightly on frequency over a broad 
range of frequencies (the absorption band), re"ecting the wide range of dissipative mechanisms 
present in real materials (Anderson and Given 1982). In the limit of small dissipation, the 
velocity is (Jackson et al. 2002)

V P T V P T Q P T, , , , cot , , ( )1
1
2 2
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where V is the velocity,  is the frequency, and  is an empirically determined parameter that 
describes the frequency dependence of Q with  = 0.26 a typical experimental value. Because 
!rst principles theory and experiment (MHz-GHz) determine elastic properties in the in!nite 
frequency limit, a correction for dispersion must be applied before they may be compared 
with seismologically determined velocities. For values of Q similar to the lowest found in 
one-dimensional seismological models (~80) (Romanowicz 1995), the velocity at seismic 
frequencies is ~1% lower than that in the in!nite frequency limit. 

APPLICATIONS

Origin of the low velocity zone

The origin of the low velocity zone remains enigmatic, even though this region is 
seismologically well established and geodynamically important (Gutenberg 1959). The low 
velocity zone is a region of the upper mantle in which velocity decreases with increasing depth, 
and is associated with a zone of reduced viscosity (asthenosphere) that may be an essential 
enabler of plate tectonics (Richards et al. 2001). The presence of low velocity zones in Earth-
like planets is an inevitable consequence of a thermal boundary layer: the geothermal gradient 
is so steep that the in"uence of temperature on the velocity exceeds that of pressure (Stixrude 
2007). The key question regarding the low velocity zone of Earth’s mantle is quantitative: are 
the velocities so low as to require partial melt to explain them? The answer can only come from 
comparison to the predictions of mineralogical models of known thermodynamic state. 

We have found that partial melt is not required to explain the low velocity zone, and that 
variations of temperature along plausible geotherms in sub-solidus mantle assemblages are 
suf!cient to explain the seismological observations within uncertainty (Stixrude and Lithgow-
Bertelloni 2005a) (Fig. 6). Our mineralogical models predict variations in the depth extent 
and slowness of the low velocity zone with lithospheric age that are seen seismologically. 
Moreover, the lowest velocities predicted are consistent with a range of seismological models 
of the same lithospheric age. The only part of the low velocity zone that probably requires 
partial melt is in the immediate vicinity of the ridge (age <5 Ma). Our conclusions differ from 
previous analyses based on non-self-consistent thermodynamic models in which the seismic 
wave velocity was assumed to vary linearly with temperature from room temperature to mantle 
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temperatures (Birch 1969; Schubert et al. 1976). In fact, the velocity varies non-linearly with 
temperature particularly at temperature near room temperature and below as required by the 
third law, and a realistic account of the physics predicts much lower solid-phase velocities at 
mantle conditions.

Our study highlighted two important questions (Stixrude and Lithgow-Bertelloni 2005a). 
First, while our models are consistent with seismology to within mutual uncertainty, there appears 
to be a systematic tendency for seismological models to predict slower minimum velocities. 
We found that the origin of this small remaining discrepancy is unclear, but that it might be 
explained by small super-adiabatic variations in temperature, or inhomogeneities in composition. 
Second, the variation of velocity with depth deeper than the low velocity zone is much greater 
in seismological models. We speculated that this may be due to sub-adiabatic temperature 
gradients, or an increase with depth of a silica-rich component. Indeed, one recent study, which 
also used our thermodynamic model, showed that an increase with depth of a basaltic component 
could explain the high gradient zone (Cammarano et al. 2009). However, the amount of basalt 
enrichment required over a relatively narrow depth interval (from 5% at 250 km to 35% at 400 
km) may be unrealistic, and the question of the origin of the high gradient zone remains open.

Origins of lateral heterogeneity

Seismic tomography reveals lateral variations in the elastic structure of the mantle that 
can often be correlated with known tectonic features at the surface (Romanowicz 2008). 
Many features are plausibly linked to lateral variations in temperature such as those thought 
to be associated with subducting slabs. Tomography holds out the promise of mapping mantle 
convection in the present-day Earth. Yet quantifying the origins of lateral variations in velocity 

Figure 6. The shear wave velocity of pyrolite along a 100 Ma conductive cooling geotherm in the elastic 
limit (bold line), and including the effects of dispersion according to the seismological attenuation model 
QR19 (Romanowicz 1998) (bold dashed). The shading represents the uncertainty in the calculated velocity. 
The mineralogical model is compared with seismological models (light lines) PAC (Graves and Helmberger 
1988), NF110+ (Nishimura and Forsyth 1989), and PA5 (Gaherty et al. 1999). The approximate magnitude 
of SH-SV anisotropy in the mantle is indicated by the vertical bar. [Used by permission of American 
Geophysical Union from Stixrude and Lithgow-Bertelloni (2005).]
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remains dif!cult. One of the reasons is that lateral variations in temperature alone cannot 
account for all of the observed structure. Lateral variations in the shear wave velocity VS that far 
exceed those in the longitudinal wave velocity VP (Bolton and Masters 2001), regions in which 
lateral variations in VS and the bulk sound velocity VB are anti-correlated (Ishii and Tromp 
1999), and anomalies with sharp boundaries (Ni et al. 2002), all point to a non-thermal origin 
of a signi!cant part of the mantle’s three-dimensional structure.

Understanding the three-dimensional structure of the mantle requires the unraveling of 
three possible origins of lateral heterogeneity in Earth’s mantle: lateral variations in temperature, 
bulk composition, and phase. Each of these contributions may have similar magnitudes. Lateral 
variations in bulk composition have also received considerable attention, although the origin of 
such lateral variations remains obscure (Trampert et al. 2004). 

We have shown that lateral variations in phase assemblage have an in"uence on three-
dimensional mantle structure comparable to lateral variations in temperature over the upper 
800 km of the mantle (Stixrude and Lithgow-Bertelloni 2007). This part of Earth is replete 
with phase transformations, all of which have !nite Clapeyron slopes, and most of which occur 
over a depth interval that is a substantial fraction of the wavelength of seismic probes. Phase 
transitions are likely to be important in explaining lateral heterogeneity near the core-mantle 
boundary as well (Hirose 2006). 

At any depth, the mantle is made of several different phases, with distinct elastic properties. 
As temperature varies, the relative proportions, and compositions of these phases change, con-
tributing to laterally varying structure. In a multi-phase assemblage, the variation with tempera-
ture of any property X, such as velocity or density, at constant pressure has two contributions
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where n is the vector specifying the amounts of all end-member species of all phases. The 
!rst term on the right hand side may be called the isomorphic part: the derivative is taken at 
constant amounts and compositions of all coexisting phases. The second term may be called 
the metamorphic part and accounts for the variations in phase proportions (and compositions) 
with temperature. The magnitude of the metamorphic contribution
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where f is the volume fraction of the mantle composed of the transforming phases, lnX is the 
relative difference in the property X between the two transforming phases, P is the pressure 
range over which the transition occurs, and  is the effective Clapeyron slope. The effect is 
largest for sharp transitions, such as the olivine to wadsleyite transition, and in this case may 
also be described in terms of the topography of the transition. It is sensible to describe lateral 
variations in velocity due to phase equilibria in terms of topography when the topography 
exceeds the width of the phase transformation

P
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T P
eq
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where T is the anticipated magnitude of lateral temperature variations. The in"uence of phase 
transformations is also important for broad transitions such as pyroxene to garnet. In the upper 
mantle, most phase transitions have positive Clapeyron slopes. This means that, except in the 
vicinity of the 660 km discontinuity, phase transitions systematically increase the temperature 
dependence of seismic wave velocities throughout the upper 800 km of the mantle.
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The in"uence of phase transformations is illustrated by the temperature derivative of the 
shear wave velocity (Fig. 7). The derivative is positive throughout the upper 660 km of the 
mantle and of greater magnitude than many previous studies that neglected the in"uence of 
phase transformations. The value of the scaling varies rapidly with depth and undergoes large 
excursions in the vicinity of phase transformations. Several phase transformations, in addition 
to those responsible for the 410 and 660 km discontinuities exhibit a substantial signal. At 
the latter transformation, the metamorphic contribution is large and negative, re"ecting the 
negative sign of the Clapeyron slope (Eqn. 22). 

The metamorphic contribution to the thermal expansivity has an important in"uence 
on mantle dynamics that has been recognized for some time (Christensen 1995). In models 
of mantle convection, this contribution is often approximated only by the ringwoodite=per
ovskite+ferropericlase transition. In contrast, we !nd that there are important metamorphic 
contributions over much of the upper 800 km of the mantle (Fig. 8). We illustrate by computing 
the complete thermal expansivity and also the mean value of the thermal expansivity over 
a !nite temperature interval ( T). The latter quantity shows the anticipated features: the 
magnitude of the peaks associated with phase transformations is reduced in amplitude ( ln /
T) as compared with the local temperature derivative, and spread over a broader depth interval 

(~ T). The metamorphic term may in"uence dynamics near the core-mantle boundary as 
well (Nakagawa and Tackley 2006). A more realistic account of the thermal expansivity of 
multi-phase assemblages should be included in mantle "ow codes (Nakagawa et al. 2009). 

Our analysis highlights one of the challenges in interpreting seismic tomographic 
models in terms of temperature anomalies. The magnitude and even sign of the metamorphic 
contribution varies rapidly with depth, and much more rapidly than the typical depth-resolution 
of seismic tomography. This means that seismological observations (travel times and normal 
mode frequencies) are not sensitive to all the depth variations in dlnVS/dT that we predict 

Figure 7. Temperature derivative of the shear wave velocity along the 1600 K isentrope (bold solid) and the 
isomorphic contribution (short dashed). The shading indicates nominal uncertainties. We compare with the 
results of (Cammarano et al. 2003) (long dashed). The locations of the high attenuation zone and various 
phase transitions are indicated with abbreviations de!ned in Figure 1. [Used by permission of Elsevier 
from Stixrude and Lithgow-Bertelloni (2007).]
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should exist in the mantle. Indeed, tomographic models generally !nd a smooth variation 
of the magnitude of heterogeneity with depth (Romanowicz 2003). A naïve interpretation 
of tomographic models, by simply scaling the observed heterogeneity to temperature using 
the full thermodynamically computed dlnVS/dT, produces unphysical variations with depth 
of the temperature heterogeneity. This problem can be overcome by inverting seismological 
observables directly for three-dimensional variations in temperature using our mineralogical 
model (Cammarano and Romanowicz 2007). 

In!uence of lithologic heterogeneity

Partial melting is a powerful agent of chemical differentiation that has existed throughout 
much of Earth’s history. Most melting today occurs at mid-ocean ridges where the mantle is 
differentiated into a silica-rich, basaltic crust and a silica-depleted, harzburgitic layer. This 
differentiated package is returned to the mantle at subduction zones.

An analysis of the mass balance and diffusion rates suggests that the mantle may be 
composed entirely of differentiated material (Xu et al. 2008). Geochemical tracers indicate that 
most or all of the mantle has been differentiated at least once at a mid-ocean ridge. Moreover, 
the subducted differentiated material is unlikely to re-equilibrate over geologic time as the rates 
of chemical diffusion are so slow. 

Based on this analysis, we have proposed an alternative model of the composition of the 
mantle (Xu et al. 2008). We view the mantle as a mechanical mixture of basalt and harzburgite. 
A basalt fraction of 18% produces an overall bulk composition equal to that of the MORB source 
and is consistent with our knowledge of subduction rates and the thickness of the oceanic crust. 
This picture differs considerably from the usual notion that the mantle is to !rst order chemically 
homogeneous and pyrolitic. In reality some re-equilibration between the subducted basalt and 
harzburgite must occur, possibly aided by "uids. In the limit of complete re-equilibration, the 

Figure 8. (top) Thermal ex-
pansivity along the 1600 K 
isentrope (solid) and the iso-
morphic contribution (dashed). 
(bottom) Density along 1600 
K (long dashed) and 1000 K 
(short dashed) isentropes, and 
the relative difference ln / T 
(solid, right-hand axis). [Used 
by permission of Elsevier 
from Stixrude and Lithgow-
Bertelloni (2007).]
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mechanical mixture would revert to pyrolite. We may therefore view lithologic heterogeneity 
in the mantle in terms of two end-members: the mechanically mixed (MM) mantle in which no 
re-equilibration occurs, and the equilibrium assemblage (EA) in which lithologic heterogeneity 
is erased immediately upon subduction.

We have found that the mechanically mixed mantle has signi!cantly different elastic 
properties from the equilibrium assemblage (Fig. 9). The reason is that the phase equilibria in 
the mechanical mixture are different. For example, while free silica is stable in basaltic com-
positions, it is not stable in pyrolite. Schematically, the phase relations may be viewed as 

 2MgSiO3 (EA ) = Mg2SiO4 (MM; harzburgite) + SiO2 (MM; basalt) (24)
so that the pyroxene component in the equilibrium assemblage dissociates into olivine in the 
harzburgite and free silica in the basalt.

The seismic wave velocities in the mechanical mixture agree better with seismological mod-
els as compared with the equilibrium assemblage (Fig. 9). In MM, the velocity is faster and the 
variation of velocity with depth is greater in the transition zone. In MM, the velocity gradient is 
steeper also in the high gradient zone between the low velocity zone and the 410, also leading 
to better agreement with seismology. Both MM and EA are substantially slower along a 1600 K 
isentrope than the lower mantle. The origin of this discrepancy is unclear, but may be related to 
deviations from isentropy in the lower mantle or radial variations in bulk composition.

The mechanically mixed model of the mantle gives one a natural way of thinking about 
large-scale chemical heterogeneity and a plausible means of producing it (Fig. 10). In principle, 
describing chemical heterogeneity in the mantle is a daunting task because there are at least 6 
important oxide components. But not all variations in chemical composition are geologically 
plausible. The mechanical mixture focuses on a type of heterogeneity that is produced by a 

Figure 9. Shear wave velocity computed using our thermodynamic model (Xu et al. 2008) along a 1600 K 
isentrope modi!ed by a half-space cooling upper thermal boundary layer (100 Ma) for (bold solid) the 
mechanical mixture (MM) and (bold dashed) the equilibrium assemblage (EA) compared with (thin dashed) 
global (Kustowski et al. 2008) and (thin solid) regional (Grand and Helmberger 1984) seismological models.
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well-understood process (mid-ocean ridge melting) and that must be returned to the mantle. 
Moreover, the physical properties of the two components of the mechanical mixture are 
suf!ciently different that they may separate dynamically and that variations in the basalt fraction 
should be visible seismologically throughout much of the mantle.

CONCLUSIONS AND OUTLOOK

The thermodynamic theory of Earth’s mantle has developed suf!ciently so that it is 
now possible to account self-consistently for all aspects of equilibrium that contribute to the 
generation of Earth structure and dynamics. The theory appears to be applicable to the entire 
range of sub-solidus conditions encountered in Earth’s mantle. These developments have 
been informed by !rst principles theory, especially in the design and testing of functional 
relationships. Density functional theory has also provided predictions of key material properties 
that have not yet been measured experimentally. 

Future challenges include expanding the scope of the thermodynamic theory to include 
other important classes of phases such as silicate melts (de Koker and Stixrude 2009) and 
metallic systems relevant to the core, and physical behavior (magnetic collapse, and electronic 
transitions), which will permit exploration of other regions of the mantle including the lower 
mantle, and other geological processes, including melt generation and differentiation, that 
have played a major role in Earth’s history.
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