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We review recent results of first principles theory as applied to the elastic
constants of important deep earth phases at high pressure, including MgSiO5
perovskite, MgO periclase and the stishovite, CaCly and columbite phases of
5i02. The foundation and implementation of the theoretical technique, the
plane-wave pseudopotential method, is briefly discussed as is the method
for determining the structure and elastic constants at high pressure. The
results show that predicted elastic constants are in good agreement with
experiment: RMS deviation are 5 %, 7 % and 4 %, respectively for per-
ovskite, periclase and stishovite. Much of the difference can be accounted
for by the difference in temperature between the athermal calculations and
the 300 K experiments. We discuss these results in terms of seismological
observations paying particular attention to 1) the properties of aggregates
and 2) anisotropy. Comparison of the seismic wave velocities of isotropic
mono-phase aggregates with those of the lower mantle show that the P- and
S-wave velocities of perovskite are consistent with those of the deep earth,
supporting the view that this mineral is the most abundant constituent of
the lower mantle. The properties of anisotropic mono-phase aggregates are
estimated based on the theoretical results for single crystals and simple mod-
els of flow in D” and of mineralogical deformation mechanisms. We find that
the SH/SV anisotropy is large for aggregates of perovskite, periclase and
silica (6-8 % in magnitude) compared with that observed in D”. While
mono-phase aggregates of silica exhibit fast SH velocity at pressures cor-
responding to D”, perovskite and periclase have slow SH velocities. We
discuss the implications of these results for the origin of anisotropy in D”.

1. INTRODUCTION

The elasticity of minerals determines the solid earth’s
response to a wide variety of loads that have time scales
shorter than the Maxwell relaxation time and mag-
nitudes less than the shear strength. FElasticity con-
trols such diverse geologic phenomena as the form of
sedimentary basins, moats and peripheral bulges sur-
rounding oceanic volcanos, and forearc bulges. In the
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deep earth where the Maxwell relaxation time is much
shorter than that in the lithosphere, elasticity is most
important for understanding the propagation of seismic
energy.

Seismological observations of the earth’s interior in
principle contain a wealth of information concerning
its composition, thermal state, and dynamics. This
information has proven difficult to extract, primarily
because the elastic constants of mantle minerals under
the relevant conditions are essentially unknown. While
the elastic constants of most major mantle phases are
known at ambient conditions, and, in some cases at am-
bient pressure and high temperature [Bass, 1995; An-
derson and Isaak, 1995], little is known of the elastic
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constants of any material at mantle pressures. This is
a serious limitation as pressure is expected to have a
much greater effect on elastic properties over the range
of pressure and temperature relevant to the deep man-
tle.

Our lack of knowledge of high pressure elasticity has
meant that we have been unable to make use of those
aspects of mantle elasticity that are unique to the solid
state: anisotropy, and the propagation of shear waves.
This limitation likely accounts for the lack of consensus
concerning the composition of the lower mantle [Jeanloz
and Knittle, 1989; Bukowinski and Wolf, 1990; Stizrude
et al., 1992; Wang et al., 1994; Bina and Silver, 1997]
- of seismologically observable properties, it is precisely
those of which we are ignorant (the shear modulus)
which are most sensitive to composition, temperature
and phase.

Recent experimental advances have led to the first
measurements of the elastic constants of mantle miner-
als at the relevant pressures [Zaug et al., 1993; Duffy
et al., 1995; Chen et al., 1996]. A variety of techniques
including light-scattering and ultrasonic methods hold
tremendous promise for revealing the elasticity of man-
tle minerals at mantle pressure and temperature condi-
tions. These methods have not yet been applied to the
major minerals of the lower mantle.

Major advances in theory and computation now make
it possible to calculate the full elastic constant tensor
of mantle minerals from first principles [Karki et al.,
1997a; Karki et al., 1997b; Karki et al., 1997c; da Silva
et al., 1997]. These methods are parameter-free and
are completely independent of experiment. They thus
provide the ideal complement to the experimental ap-
proach, allowing for important cross-checks between
laboratory observation and theory. First principles
methods are unlimited in the range of pressure that
they can explore and are equally applicable in principle
to all mantle materials. They represent a potentially
important tool for studying the wide range of pressure
and composition encountered in the earth’s interior.

We briefly discuss theoretical methods below, includ-
ing techniques for calculating the full elastic constant
tensor. We review some recent results on the most
abundant constituents of the lower mantle [Karki et al.,
1997a; Karki et al., 1997b; Karki et al., 1997d; Kark:
et al., 1997c]. Theory is compared with seismologi-
cal observation with particular emphasis on the one-
dimensional isotropic structure of the lower mantle, and
observations of anisotropy in the deepest portions of
this region. Careful attention is paid to the anisotropy
of single crystals versus that of aggregates, and possible
texturing mechanisms in the earth’s interior.

2. THEORY

2.1. Denstty Functional Theory

The calculations are based on density functional the-
ory [Hohenberg and Kohn, 1964; Kohn and Sham,
1965], in principle an exact theory of the ground state
electronic total energy and band structure. We discuss
the two essential approximations that are made in our
calculations, 1) the local density approximation and in
the following subsection, 2) the pseudopotential approx-
imation. The methods for determining the structure
and elastic constants are briefly described in the last
subsection.

The essence of this theory is the proof that the ground
state electronic properties of a material are a unique
functional of the charge density p(7). This central fea-
ture is appealing because the charge density is experi-
mentally observable, for example, by x-ray diffraction.
A variational principle leads to a set of single-particle,
Schrédinger-like Kohn-Sham equations, with an effec-
tive potential

Vics = Ven [p(M)] + Veee [p(P)] + Vee [p(F)] (1)

where the first two terms are the Coulomb potentials
due to the nuclei and the other electrons, and the last,
the exchange-correlation potential, subsumes the com-
plex many-body interactions among the electrons. The
power of density functional theory is that it allows one
to calculate, in principle, the exact many-body total en-
ergy of a system from a set of single-particle equations.
In practice, exact solutions are impossible at present
because the exact form of V. is currently unknown.

Simple approximations to the exchange-correlation
functional have proven to be very successful in studies
of silicates and essentially all other classes of solids. In
this study, we use the most widely studied approxima-
tion, the Local Density Approximation (LDA), which
replaces Vi, at every point in the crystal by the pre-
cisely known value for a free electron gas with a density
equal to the local charge density [Lundquist and March,
1987]. The success of the LDA can be understood at a
fundamental level in terms of the satisfaction of exact
sum rules for the exchange-correlation hole [Gunnars-
son and Lundquist, 1976).

LDA calculations of silicates and oxides of geophys-
ical interest agree very well with experimental data.
The error due to the LDA approximation can be evalu-
ated by comparing Linearized Augmented Plane Wave
(LAPW) calculations, which make no further essential
approximations beyond the LDA, with experiment. It



has been found that errors in volumes are typically 1-
4 % with theoretical volumes being uniformly smaller
than experimental [Mehl et al., 1988; Cohen, 1991; Co-
hen, 1992; Stizrude and Cohen, 1993). Part of this small
difference is due to the higher temperatures of experi-
ments (300 K) compared with the athermal calculations
[Mehl et al., 1988]. This is a highly satisfactory level of
agreement for a theory which is parameter free and in-
dependent of experiment.

2.2. The Pseudopotential Method

The basis of this method is the simple observation
that only the valence electrons participate in the re-
sponse of the crystal to most perturbations. Unless the

perturbation is of very high energy (comparable to the .

binding energy of the core states), the tightly bound
core states remain essentially unchanged. It is reason-
able then to assume for most applications that the core
electrons are frozen. The frozen core approximation is
satisfied to a high degree of accuracy for many applica-
tions, for example in the case of finite strains of magni-
tudes typically encountered in the earth’s interior.

The pseudopotential method replaces the nucleus and
core electrons with a single object, the pseudopoten-
tial, which has the same scattering properties [Pickett,
1989]. The advantages of the pseudopotential method
are 1) spatial variations in the pseudopotential are much
less rapid than the bare Coulomb potential of the nu-
cleus and 2) one need solve only for the valence electrons
which show much less rapid spatial variation than the
core electrons. This means that in the solution of the
Kohn-Sham equations, potential and charge density can
be represented by a particularly simple, complete and
orthogonal set of basis functions (plane-waves) of man-
ageable size (typically 103 — 105 basis functions are re-
quired). With this basis set, evaluation of total energies,
stresses, and forces acting on the atoms is particularly
efficient.

The increased computational efficiency of the pseu-
dopotential method comes at the cost of additional
assumptions; the frozen core approximation, already
mentioned, and, more seriously, the pseudopotential it-
self, which is an approximation to the potential that
the valence electrons ”see”. The construction of the
pseudopotential is a non-unique process, and several
different methods have been developed [Vanderbil,
1990; Troullier and Martins, 1991; Kresse et al., 1992].
Care must be taken to demonstrate the transferabil-
ity of the pseudopotentials generated by a particular
method and to compare with all electron calculations
where these are available. When these conditions are
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met, the error due to the pseudopotential is gener-
ally small (few percent in volume for earth materials)
[Kiefer et al., 1997].

In this study, pseudopotentials are generated by the
(Qc-tuning method [Lin et al., 1993], which yield re-
sults in excellent agreement with LAPW calculations
where these are available [Karki et al., 1997a; Karki
et al., 1997d; Kark: et al., 1997¢c], and with calculations
[Wentzcovitch et al., 1995] based on other pseudopo-
tentials [Troullier and Martins, 1991]. Computational
parameters were chosen so that calculated stresses were
converged to within 0.02 GPa: the number of plane
waves per atom ranges from 2,400 (MgO) to 22,000
(MgSiO3) (maximum kinetic energy 62-66 Ry); the Bril-
louin zone is sampled on a 4x4x4 (oxides) or 4x4x2
(MgSiO3) Monkhurst-Pack [Monkhurst and Pack, 1976]
special k-point mesh.

2.8. Structural Optimization and Determination of
Elastic Constants

Only recently has it become possible to determine
from first principles the ground state atomic arrange-
ment in a relatively complex structure such as MgSiOg
perovskite [Wentzcoviteh et al., 1993]. The key innova-
tion has been the development of a structural optimiza-
tion strategy based on a pseudo-Lagrangian that treats
the components of the strain tensor and the atomic posi-
tions as dynamical variables [Wentzcovitch, 1991]. The
optimization is performed at constant pressure. At each
step of the dynamical trajectory, the Hellman-Feynman
forces and stresses [Nielsen and Martin, 1985] acting,
respectively, on the nuclei and lattice parameters are
evaluated and used to generate the next configuration.
The optimization is complete when the forces on the
nuclei vanish and the stress is hydrostatic and balances
the applied pressure. This is an efficient procedure, re-
quiring on the order of 10-20 steps even for a relatively
complex structure such as orthorhombic perovskite with
three lattice parameters and 7 internal degrees of free-
dom [Wentzcovitch et al., 1995]. Even larger and more
complex structures have been studied with this tech-
nique (e.g. olivine) [Wentzcovitch and Stizrude, 1997].

Once the equilibrium structure at a given pressure
is determined, one can calculate the elastic constants.
This is done in a straightforward way by applying a
deviatoric strain to the lattice and calculating the re-
sulting stress tensor. The elastic constant, Cijk1 1s then
given by the ratio of stress, o;; to strain €ij

Oij = CijkI€kI (2)
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To ensure that the calculated elastic constants refer to
the appropriate linear (infinitesimal strain) regime, the
ratio of stress to strain is calculated for several values
of the strain magnitude (1-4 %) and then extrapolated
to the limit of zero strain. Care must be taken to re-
optimize the positions of the atoms in each strained
configuration since vibrational modes typically couple
with lattice strains in silicate structures.

2.4. Derived Quantities: Single Crystal Elastic Wave
Velocities

Once the full elastic constant tensor has been deter-
mined, it is straightforward to calculate the elastic wave
velocities of the single crystal for arbitrary propagation
direction, @ from the Cristoffel equation. The eigenval-
ues and eigenvectors of the matrix

cijkmjm (3)

yield the moduli (pV?) and polarizations, respectively
of the three elastic waves, where p is the density and
V is the speed of the wave. The three eigensolutions
correspond to a quasi-longitudinal or P wave (velocity
Vp) and two quasi-shear waves (velocities Vg1 and Vsa).
Examination of the eigenvectors shows that unless the
anisotropy is very large (greater than 20 %), the modes
are nearly pure (P-waves more than 90 % pure). Only n
the vicinity of the stishovite to CaCly phase transition
have we found P-S mode mixing exceeding 10 %.

We summarize the dependence of elastic wave veloc-
ities on propagation direction in the single crystal by
three measures of the anisotropy:

maz[Vp ()] — min[Vp ()]

(4)

AP,azimz,cthtzl =

VPagg
V(i) — min[Vs(7
A5’,(12:1'1*711.”ha,I = max[ S(nz}'s mln[ b(n)] (5)
2agg
Ve1(i) — Vso (R
AS,polam’zation = maml 51‘(/71) Sz(n)l (6)
Sagyg

which are, respectively, the maximum single-crystal az-
imuthal anisotropy in P- and S-waves and the maximum
single-crystal polarization anisotropy of S-waves. The
quantities Vpggy and Vsqgg are the isotropic aggregates
velocities.

3. PROPERTIES OF AGGREGATES

The earth’s interior is a multi-phase aggregate, and
any comparison of the properties of minerals with seis-
mology must take this into account. For the case of
geophysical interest, where the seismic wavelength is

much larger than the size of the component crystals, the
elastic wave velocities of an aggregate can be uniquely
calculated from the single crystal elastic constants once -
the texture, that is the positions, shapes, and orienta-
tions of the constituent grains are known.

Because we have little knowledge of the texture of the
deep mantle, we consider geophysically motivated ap-
proximations to the texture of aggregates in the earth’s
interior, for which the estimation of elastic wave veloc-
ities is relatively straightforward. The simplest case is
the isotropic mono-phase aggregate, in which crystals
of a single phase are oriented randomly. It is worth
remembering that even for this simple case, the aggre-
gate velocities are inherently uncertain since the shapes
of the grains have not been specified [Watt et al., 1976].
However, it is possible to place strict bounds on the ag-
gregate velocities, which, in most cases, differ by a few
percent or less. Here, we have estimated the velocities
of isotropic mono-phase aggregates by the average of
the Hashin-Shtrikman bounds [Hashin and Shirikman,
1962; Meister and Peselnick, 1966] in the case of cubic
and tetragonal crystals, and by the Voigt-Reuss-Hill av-
erage [Hill, 1952] in the case of orthorhombic crystals.

While the bulk of the lower mantle is isotropic [Meade
et al., 1995], anisotropic regions are of particular inter-
est, because they occur within the D" layer [Vinnik
et al., 1995; Matzel et al., 1996; Kendall and Silver,
1996; Garnero and Lay, 1997], and because observa-
tions of anisotropy contain, in principle, information
about mantle flow [Park and Yu, 1993]. In monophase
aggregates, anisotropy arises through Lattice Preferred
Orientation (LPO). LPO may be produced when the
aggregate is subjected to deviatoric stresses, as in a con-
vecting system.

In order to estimate the properties of anisotropic
mono-phase aggregates in the deep earth, we follow
Karato [1997] in making the following assumptions: 1)
mantle flow in dynamical boundary layers is primarily
horizontal; this is likely to be a good approximation
in D” 2) lower mantle minerals contain a dominant slip
plane and slip direction which largely controls their rhe-
ology 3) the dominant slip planes and directions can be
estimated on the basis of ambient pressure data and/or
analog materials and 4) the texture is fully developed
(perfect): slip planes and directions are parallel to the
flow plane and direction, respectively. The latter as-
sumption means that we will be examining upper limits
to the anisotropy of aggregates. In general, alignment
of all grains of the aggregate with the flow will not be
perfect, and the anisotropy will be correspondingly re-
duced.



Table 1. Dominant Slip Planes and Slip Directions

Phase Slip Plane Slip Direction
Perovskite® (010) [100]
Periclase? {110} <111 >
Stishovite® {101} <101 >
CaCl,-type (101) [101]

Columbite-type (101) [To1]

References: 1, [Karato et al., 1995]; 2, [Chin and
Mammel, 1973]; 3, [Ashbee and Smallman, 1963].
Deformation mechanisms in MgSiO; perovskite, and
stishovite are taken from experiments on isostructural
analogs: CaTiOj perovskite and TiO; rutile, respectively.
Deformation of the silica phases is assumed to be controlled
by the direction of the chains of edge-sharing octahedra
which are parallel to the c-axis in all three phases.

There are two cases to consider: 1) azimuthal aniso-
tropy and 2) transverse anisotropy. In the first case,
the flow is coherent over a length scale that is large
compared with the region sampled by the seismic wave.
In this case, assuming perfect alignment, the elasticity
of the aggregate is that of a single crystal. In the sec-
ond case, the flow is still horizontal, but is azimuthally
variable over the region sampled. This situation may
occur in the vicinity of stationary points in the flow
that will exist at centers of convergence (upwelling) or
divergence (downwelling). In this case, slip planes will
be horizontal, but slip directions may be approximately
evenly distributed over the azimuthal direction. Trans-
verse anisotropy may also have a rheological origin: if
the deformation mechanism has a dominant slip plane,
but no dominant slip direction, transverse anisotropy
will result. The assumed dominant slip planes and slip
directions for the phases considered here are summa-
rized in Table 1.

The elastic constants of an azimuthally anisotropic
aggregate are those of the single crystal, but rotated
into the coordinate system of the flow. We define a
crystallographic coordinate system (z) and a laboratory
or mantle coordinate system (') in which 24 defines the
vertical and coincides with the normal to the flow plane
and z} coincides with the flow direction (Fig. 1). The
rotation matrix relates the two coordinate systems:

aij = cos(fyr;) (7)

where §;/; is the angle between x/ and z;. The elastic
constant tensor of the azimuthally anisotropic aggregate
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is then
/
Cijkl = GimQjnQroQipCmnop (8)

where cmnop is the elastic constant tensor in the crys-
tallographic coordinate system [Nye, 1985].

In the case of transverse anisotropy, the aggregate
is isotropic within the flow plane. We define a coor-
dinate system 2’ for which 4 coincides with z%, and
7 is related to #{ by the azimuthal angle ¢ (Fig. 1).
The primed and double-primed coordinate systems are
related by the rotation matrix:

cos(¢) sin(¢) 0
b= —sin(¢) cos(¢) 0 (9)
0 0 1

The elastic constant tensor of the transversely isotropic
aggregate is

1 2m
C;fjkl = —2-;/0 bimbjnblcoblpc:nnopd(rZS (10)

The elastic constants in this case will always have hexag-
onal symmetry.

X3

Figure 1. Coordinate systems nsed in the analysis of
anisotropic aggregates. The example shown corresponds to
stishovite: (101) is the slip plane and [101] the slip direction.
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1987] or ab initio potential induced breathing methods
[Cohen, 1987; Isaak et al., 1990]. The better agreement
1s not surprising. Unlike previous approaches, the first
principles calculations make no a priori assumptions re-
garding the nature of the electronic structure or bond-
ing. The fact that the pseudopotential method predicts
elastic constants in much better agreement with exper-
iment than the modified electron gas model indicates
that covalent or angle-dependent forces are important
for understanding the elasticity of perovskite.

We attribute remaining differences between theory
and experiment to 1) temperature; ambient temper-

ature (300 K) is expected to reduce elastic constants
by 2-6 % relative to the athermal (0 K, no zero point
motion) values calculated theoretically [Anderson and
Isaak, 1995] 2) the LDA; comparison between LAPW
and experiment indicates that this error is of the order
of 2 % in volume and 3 % in bulk modulus [Meh! et al.,
1988; Kark: et al., 1997a) and 3) the pseudopotential ap-
proximation. For the particular pseudopotentials used
in this study, the latter two errors partially cancel one
another. While the LDA tends to underestimate lattice
parameters and overestimate elastic constants, the Q.-
tuning pseudopotentials tend to overexpand the lattice
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Table 2. Moduli, Mo, and their first pressure derivatives
M} at zero pressure from first principles theory.

MgSiO3 Perovskite! MgO Periclase?

M, (GPa) M M, (GPa) M}
c11 493 5.15 291 9.00
€22 523 6.56
€33 460 6.70
c12 135 3.33 90.0 1.91
c13 145 2.55
C23 158 2.73
Ca4 201 1.98 135 1.30
Cs5 183 1.44
Cee 147 1.91

References: 1, [Karki et al., 1997b); 2, [Karki et al.,
1997a]. Moduli and pressure derivatives are from
third-order Eulerian finite strain fits to the first principles
results.

relative to all electron LDA calculations by a similar
amount. The maximum deviation between theory and
experiment is 11 % in the case of c44 of periclase. The
RMS deviations of the elastic constants between theory
and experiments are 5 %, 7 % and 4 %, respectively for
perovskite, periclase and stishovite.

Theory predicts that silica undergoes two phase trans-
formations within the pressure regime of the lower man-
tle [Karki et al., 1997d]. Stishovite Is predicted to
transform to a CaCly type structure at 47 GPa, in

essentially perfect agreement with all electron calcu-
lations and experiment [Cohen, 1992; Kingma et al,
1995]. This transition involves a shear-mode softening
(e11—c12 — 0), which has a major effect on the acoustic
velocities of isotropic and anisotropic silica-containing
aggregates. The phase of silica relevant for understand-
ing the base of the lower mantle is isostructural with
columbite (and a-PbO3) to which the CaCl,-type phase
is predicted to transform at 98 GPa. This prediction
is consistent with recent experimental data [Kingma
et al., 1996].

The predicted elastic constants of MgSiO3 perovskite,
periclase and SiO, columbite at the pressure of the core-
mantle boundary are reported in Table 4.

4.2. Velocities of Isotropic Aggregates

Theory predicts that the elastic wave velocities of
mono-phase aggregates of perovskite lie in between those
of its constituent oxides (Figs. 5,6). The P- and S-wave
velocities (Vp and Vs, respectively) of the columbite
structure exceed those of perovskite by 6 and 9 % re-
spectively and those of periclase by 9 and 11 % respec-
tively at pressures corresponding to the base of the man-
tle.

Silica is the seismically fastest material throughout

‘the pressure regime of the lower mantle except near

47 GPa, where it is the slowest. This unusual behav-
ior is caused by the phase transition from stishovite
to the CaCly-type structure. This phase transition in-
volves a shear-mode softening, and a rapid decrease

Table 3. Moduli, Mo, and their first and second pressure derivatives M}, My at zero pressure from first principles

theory®.
Si0; Stishovite Si0, CaCly-type Si0, Columbite-type
M, (GPa) M MY (GPa™?) M (GPa) M, (GPa) Mg
c11 456 5.32 0.000 794 557 5.90
c22 602 624 6.78
ca3 734 4.31 0.028 988 640 7.04
C12 216 5.32 0.000 516 196 3.57
€13 195 2.03 0.011 382 181 3.16
o3 255 155 2.91
Caa 254 2.09 (-0.012) 332 230 1.88
Cs5 350 245 2.59
Co6 325 3.30 (-0.017) 475 237 2.08

References: 1, [Karki et al., 1997c]. Moduli and pressure derivatives are from Eulerian finite strain fits to the
theoretical results, except for CaCl, for which we tabulate values of the elastic constants at a pressure of 50 GPa. We
used third-order fits for columbite and css and ces of stishovite and fourth order for ¢33 and cia of stishovite. Second
derivatives in parentheses are from third order fits. The pressure dependence of c1; and ci2 of stishovite is represented
by (c11 + c12)/2 = 336 + 5.32P and (c11 — c12)/2 = 1201 — (P/47)*®], where P is pressure in GPa.



Table 4. Elastic Constants at P = 136 GPa.

MgSiOs Perovskite Periclase  SiO, Columbite
c11 996 1388 1171
c22 1250 1341
€33 1237 1391
c12 577 286 639
Ci13 463 566
c23 495 513
Caq 398 192 403
Cs5 300 518
Cee 355 437

in Vs and Vp over a narrow pressure interval. The
lower bound on Vs vanishes at the transition while the
Hashin-Shtrikman average value decreases by 50 % be-
tween 40 and 47 GPa. Once the transition is complete,
velocities return to values similar to those far from the
transition instantaneously, at a single pressure.

The P- and S-wave velocities of silica exhibit another
discontinuous change at the transition from the CaCl,-
to the columbite-type phase at 98 GPa (2210 km depth).
The P-wave velocity increases slightly at this transition
(by 1 %) and the S-wave velocity decreases by a similar
amount.

4.8. Single Crystal Anisotropy

The single crystal anisotropy of all three materials is
predicted to depend strongly on pressure (Fig. 7). Not
only do the magnitudes of P- and S-wave anisotropy
change significantly over the pressure regime of the
lower mantle, but the sense of anisotropy changes as
well. In perovskite, the direction of slowest P-wave
propagation is [001] at 0 GPa, but [100] at 140 GPa.
This behavior can be understood in terms of the elastic
constants and reflects the fact that of the longitudinal
elastic moduli (¢;; for ¢ < 3), a3 is the least at ambient
pressure but ¢y is the least at 140 GPa.

Periclase shows a larger change in anisotropy. The
anisotropy is predicted to decrease with pressure ini-
tially, vanishing at 20 GPa before increasing again at
high pressures. This behavior is not related to a struc-
tural or phase transition but results from the inter-
change of fast and slow directions as pressure increases.
For example, the fast direction of P-wave propagation
at zero pressure [111], becomes the slow direction above
20 GPa. Similar interchanges in the fast and slow di-
rections of S-wave propagation and polarization occur
at the same pressure. In a cubic material this behavior
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can be understood in terms of a single combination of
elastic constants ¢1y — ¢12 — 2c44 which changes sign at
20 GPa and can be shown to determine P- and S-wave
azimuthal and polarization anisotropy. This quantity is
negative at ambient pressures but becomes positive at
higher pressures because e1; depends on pressure much
more strongly than ¢15 or cyq.

Silica shows the largest anisotropy and the largest
change in anisotropy with pressure. The azimuthal S-
wave anisotropy of stishovite changes by nearly a fac-
tor of 2 between 0 and 40 GPa, rising to a value of
190 % near the transition to the CaClsy structure. The
anisotropy of the CaCls structure is also large (60 % S-
wave azimuthal anisotropy at 60 GPa). The anisotropy
of the columbite structure is substantially smaller, but
still greater than that of perovskite in the D" layer.

4.4. Anisotropic Aggregates

Transverse and azimuthal anisotropy depend strongly
on pressure so that measurements at ambient conditions
provide little guidance as to the anisotropy at the base
of the lower mantle (Fig. 8). For example, in periclase,
the P- and S-wave anisotropies reverse sign at 20 GPa.
This sign reversal and the vanishing of the single crystal
anisotropy at the same pressure have the same origin;
namely a change in sign of ¢11 — ¢13 — 2c44. The magni-
tude of transverse P- and S-wave anisotropy in periclase
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Figure 5.  Longitudinal (P) wave velocity of isotropic
mono-phase aggregates compared with the P-wave velocity
of the lower mantle (long dashed line).
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Figure 6. Shear (S) wave velocity of isotropic mono-phase
aggregates compared with the S-wave velocity of the lower
mantle (long dashed line).

at the base of the mantle are approximately 2 % and 6
%, respectively. The Sj/S1 anisotropy is substantially
larger and reaches a value of 16 % at the base of the
mantle.

The anisotropy of perovskite aggregates also depends
strongly on pressure. The SH/SV anisotropy is essen-
tially zero at ambient pressure but reaches -9 % at the
base of the mantle. The slower SH velocity results from
the much weaker dependence of ¢55 on pressure and its
smaller value at high pressure compared with that of
c44 and cgg. The S"/S_L anisotropy reflects the ratio of
ces tO caq and varies from -15 % at ambient pressure
to -5 % at the base of the mantle. Only the PH/PV
anisotropy changes by a relatively small amount with
pressure, from -4 % to -6 %. PH/PV anisotropy is
largely controlled by the difference between ca3, corre-
sponding to propagation along the b-axis, the vertical
direction for the slip plane assumed here, and the aver-
age of ¢11 and e¢aa3.

Silica aggregates generally show the largest variation
with pressure. This is due to the two phase transi-
tions, and to the anomalous behavior of stishovite and
CaCly in the vicinity of the phase transition at 47 GPa.
Shear mode softening in the stishovite phase leads to the
largest magnitudes of S-wave anisotropy of any phase
studied here, up to-28 % in S)/S1. Although large, this

anisotropy is substantially less than the single-crystal S-
wave anisotropy. The reason for the difference is that
the dominant slip plane does not coincide with the plane
of shear-mode softening: the phase transition is driven
by a rotation of the octahedra in the a — b plane (001)
while experiments on rutile indicate that {101} are the
dominant slip planes.

5. DISCUSSION

5.1. The Lower Mantle

Our results have allowed us to compare, for the first
time, the P- and S- wave velocities of major mantle
phases with observed seismological properties of the
lower mantle. Comparison with the isotropic homo-
geneous (radial) structure of the lower mantle shows
that the P- and S-wave velocity profiles of MgSiO3 per-
ovskite are nearly parallel to those of the lower man-
tle [Karki et al., 1997b]. Further, the velocities of this
mineral are similar in magnitude to those of the lower
mantle. Theoretical P- and S-wave velocities are higher
by 6 and 8 %, respectively, than those observed seismo-
logically. We attribute the differences between theoret-
ical and seismological velocities to 1) the effect of Fe,
which is expected to lower the velocities of perovskite
by 1-2 % 2) the high temperatures of the lower man-
tle which are expected to reduce velocities by several
percent relative to the athermal values determined the-
oretically and 3) the possible presence of other phases
in the lower mantle including magnesiowustite, CaSiO3
perovskite, silica, and garnet.

This result represents an important test of the pre-
vailing view that Mg-rich silicate perovskite is the most
abundant mineral in the lower mantle. This hypoth-
esis has been supported in the past by only a limited
subset of the observed seismological properties of the
lower mantle: the density and bulk modulus [Jeanloz
and Knittle, 1989; Bukowinski and Wolf, 1990; Stizrude
et al., 1992; Bina and Silver, 1997]. Our results show for
the first time that those properties which are most sen-
sitively measured by seismic observations, Vp and Vs,
are also consistent with a perovskite rich lower mantle.
This is also significant because Vp and Vs are expected
to be more sensitive to bulk composition and mineral
structure than are density and bulk modulus.

The predicted velocities of periclase indicate that
magnesiowiistite will have very low seismic velocities
in the lower mantle. The effect of iron on the P- and
S-wave velocities of magnesiowlistite is expected to be
large both because of its large effect on the density and
because magnesiowiistite is expected to be enriched in
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iron compared with the bulk lower mantle. Existing
data indicates that iron may lower the P- and S-wave
velocities of magnesiowistite by 6-12 and 8-16 %, re-
spectively, relative to that of periclase. These estimates,
primarily based on ambient pressure data are uncertain
because 1) there are no experimental or theoretical re-
sults on the elasticity of Fe-bearing magnesiowtistites
at high pressure 2) phase transitions in end-member
FeO suggest that high pressure behavior may differ sig-
nificantly from that at ambient conditions and 3) un-
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certainties in measured quantities such as the magne-
siowlistite-perovskite Fe partition coefficient (Kpy—mw)-
and 4) uncertainties in the iron content of the lower
mantle. Our estimates are based on an assumed bulk
iron content of the lower mantle Xp, = M% =8-12
%, and a range of values for the partition coefficient
Kpymw = 1/6 — 1/3.

The very low seismic wave velocities of magnesiowdis-
tite suggested by our results promise a resolution of the
long-standing question of the major element bulk com-
position of the lower mantle. Despite the remaining
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uncertainties in the effect of Fe, it seems clear that the
P- and S-wave velocities of magnesiowlstite will be sub-
stantially lower than that of perovskite at lower mantle
conditions; the S-wave velocities may differ by 15 %. In
contrast, the density of these two phases differ by only
2.5 % on average throughout the lower mantle. This
small difference, combined with the fact that the den-
sity is less well determined seismologically than either
Vp or Vs accounts for the difficulty of resolving the
question of lower mantle composition on the basis of
density alone. The relatively large difference in Vs and
Vp between perovskite and magnesiowiistite reflects the
sensitivity of the shear modulus to crystal structure and
bulk composition.

The seismic wave velocities of silica remain signifi-
cantly higher than those of the lower mantle through-
out most of the relevant pressure regime (by as much
as 20 % in Vs). However, for pressures near 50 GPa
(1200 km depth), the athermal S-wave velocity of silica
is 20 % smaller than that of the lower mantle. The un-
usual velocity structure associated with the stishovite
to CaCl, transition - a rapid and large decrease in ve-
locities with pressure (depth) followed by a sudden and
equally large increase - is capable of reflecting seismic
energy in the frequency band typically observed seis-
mically. This presents the possibility that even small
amounts of silica in the lower mantle may be seismi-
cally detectable. We have found that a lower mantle
with as little as 2 volume percent silica would show sig-
nificant reflectivity at the depth of the phase transition.
This may provide an explanation of at least a subset of

seismically reflective features within the lower mantle
at depths of 710-785 km, 920 km, and 1180 km [Kark:
et al., 1997¢].

5.2. Anisotropy in D"

Hypotheses concerning the origin of anisotropy in
D" have been difficult to test because of our lack of
knowledge of the elastic constants of possible D" con-
stituents. Our results allow us to test the hypothesis
that the anisotropy originates in lattice preferred orien-
tation. This hypothesis is motivated by the expected,
nearly mono-mineralic composition of the lower man-
tle (75-100 volume % Mg-rich silicate perovskite) and
by the expectation that deviatoric stress due to mantle
flow are concentrated in the mantle’s dynamical bound-
ary layers.

We find that perovskite, periclase, and silica all have
anisotropy of sufficient magnitude to explain seismologi-
cal observations. Observations show that the anisotropy
in D" is typically less than 2 %, significantly smaller

than the upper bounds on aggregate anisotropy found
here (6-8 %, Fig. 8).

Our results show that lattice-preferred orientation is
likely to produce anisotropy such that SV is faster than
SH. Mono-phase aggregates of both perovskite and
periclase show this sense of anisotropy. The columbite
phase of silica has the opposite sense of anisotropy, but
is unlikely to be a major constituent of D" because of
its very high velocities.

Seismological studies find anisotropy of the same sense
(SV > SH) in some regions of D" [Pulliam and Sen,
1998]. In these regions, theory indicates that lattice pre-
ferred orientation of a perovskite dominated aggregate
is responsible for the observations.

In other regions of D, SH is found to be faster than
SV [Kendall and Silver, 1996; Garnero and Lay, 1997].
In these regions, theory supports explanations based on
shape preferred orientation. This class of explanations
is much more difficult to test at present because it relies
on elastic constants of materials that are not yet mea-
sured or predicted. For example, one possible origin of
lamellar structures in D which may be able to explain
the observations are chemical reactions between mantle
and core [Knittle and Jeanloz, 1991]. Aside from silica,
the elasticity of the reaction products are unknown.

6. CONCLUSIONS

Modern first principles methods are now capable of
realistic predictions of the elastic constants of complex
silicates such as perovskite. Although independent of
experiment, we have shown that these methods are
able to reproduce even subtle features such as elastic
anisotropy with good accuracy. We note that it is pos-
sible to extend these methods to high temperatures,
although we have not done so here. Modern electronic
structure theory thus promises an ideal complement to
the experimental approach, and the ability to deter-
mine the elasticity and anisotropy of major constituents
throughout the pressure and temperature regime of the
earth’s mantle.

Investigation of the deformation mechanisms of high
pressure phases will be another important avenue of fu-
ture research. This knowledge is critical for understand-
ing the development of lattice preferred and in some
cases, shape preferred orientation due to mantle flow.
This area of investigation is now accessible to theory
and experiment.
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