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Structure and sharpness of phase transitions and
mantle discontinuities

Lars Stixrude
School of Earth and Atmospheric Sciences, Georgia Institute of Technology, Atlanta

Abstract. The structure of phase transitions expected from equilibrium thermody-
namics is examined. We show that in binary systems, the shape of the coexistence
region (phase loop) is controlled primarily by the partition coefficient K. We derive
a general and simple one-parameter expression for the pressure dependence of the
yield of the high-pressure phase and show that this function can be highly nonlinear:
most of the transition occurs in a narrow interval near the boundary of the phase
loop. Estimates of the effective width of binary phase transitions are less than
half the total width of the coexistence region even for relatively mild partitioning
(K < 1/4). We generalize these results to multiphase and multicomponent transi-
tions. We show that the presence of nontransforming phases can affect the width of
the transition substantially. We predict that the width of the olivine to wadsleyite
transition in the presence of pyroxene and garnet is approximately half that of
the binary phase loop at typical transition zone temperatures. The estimated
effective width of this transition in the mantle (4-8 km) is marginally consistent
with observations of high-frequency (0.5-1.0 Hz) P wave reflections from the 410

km discontinuity. We show that the effective width of the garnet to perovskite
transition is sufficiently narrow to reflect S wave energy in the frequency range
of ScS reverberations (10-40 mHz) and that this transition can account for the

observed properties of the 710 km discontinuity.

Introduction

For some time, it has been widely accepted that solid-
solid phase transitions are primarily responsible for the
major seismic discontinuities in the Earth’s mantle at
410 km and 660 km depth. This picture is supported by
experimental observations that phase transitions from
olivine to wadsleyite and spinel to perovskite plus mag-
nesiowiistite, respectively, are known to occur in plausi-
ble mantle compositions at pressures that correspond to
the depths of these discontinuities [Jeanloz and Thomp-
son, 1983]. Experimental measurements of the acous-
tic velocities and equations of state of mantle miner-
als show that within present experimental uncertainties,
changes in elastic properties associated with phase tran-
sitions agree well with those seismologically measured
at 410 and 660 km depth for plausible mantle compo-
sitions |Weidner, 1985; Duffy and Anderson, 1989; Ita
and Stizrude, 1992]. Moreover, experimental measure-
ments of the temperature dependence of phase transi-
tion pressures (Clapeyron slopes) are consistent with
seismological measurements of the topography of the
410 km and 660 km boundaries [Revenaugh and Jordan,
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1991; Vidale and Benz, 1992; Shearer, 1991; Wicks and
Richards, 1993].

A major discrepancy remains, however. The 410 km
seismic discontinuity appears to be much too sharp (to
occur over a depth interval too narrow) to be explained
by the equilibrium olivine to wadsleyite phase transi-
tion. Experimental results indicate that the width of
the phase transition is 8-19 km [Katsura and Ito, 1989;
Akaogi et al., 1989; Fei et al., 1991], while seismolog-
ical observations indicate a width of less than 4-6 km
[Leven, 1985; Benz and Vidale, 1993]. The width of the
transition from spinel to perovskite + magnesiowiistite
is too small to resolve experimentally, but the 660 km
discontinuity appears to be extremely sharp (1-4 km or
0.04-0.16 GPa) comparable to the precision of experi-
mental measurements of pressure [Richards, 1972; Lees
et al., 1983; Benz and Vidale, 1993].

This issue is also important in the context of growing
seismological evidence for the existence of other velocity
discontinuities in the transition zone and lower mantle.
One of the best characterized is the 520 km disconti-
nuity [Shearer, 1991]. The origin of this feature is un-
known, but since it appears to be nearly global in extent
it is natural to assume that it is also caused by a phase
transition. However, all the phase transitions which oc-
cur at the appropriate depths (wadsleyite to spinel, py-
roxene to garnet, garnet to Ca-rich silicate perovskite +
garnet) occur over substantial depth intervals (30-150
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km) and, except possibly for the wadsleyite to spinel
transition, appear to be too broad to reflect significant
seismic energy of the appropriate wavelengths. Though
less well characterized, and possibly of only local ex-
tent, observations of seismic reflections and conversions
from depths near 710, 900, and 1200 km also demand
explanation [Revenaugh and Jordan, 1991; Kawakatsu
and Niu, 1994]. Only one phase transition (from garnet
to perovskite) is known to occur in this pressure regime
in pyrolite-like compositions [Irifune, 1994]. This tran-
sition also occurs over a broad depth interval (=~ 100
km).

The question which remains then is whether phase
transitions alone, in an otherwise compositionally ho-
mogeneous mantle, can account for the existence and
sharpness of seismic discontinuities. Essentially, three
mechanisms have been proposed for reconciling the
widths of phase transitions with those of seismic dis-
continuities. Jeanloz and Thompson [1983] explored
the possibility that seismic discontinuities are caused
by univariant phase transitions, transitions which occur
suddenly, at a single pressure even in a multicomponent
system.

The second mechanism envisions a compositionally
stratified mantle in which the 660 km discontinuity rep-
resents a change not only of phase but also of compo-
sition [Jeanloz and Thompson, 1983; Lees et al., 1983].
The change in composition is assumed to occur over
a much narrower depth interval than the phase tran-
sition and to be primarily responsible for the sharp-
ness of the discontinuity. Bina and Kumazewa [1993]
have explored mechanisms by which the phase and com-
positional boundaries are thermodynamically coupled.
These mechanisms require large chemical diffusivities
which, in turn, may require substantial amounts of wa-
ter or other fluxes in the deep mantle.

The third mechanism recognizes that phase transi-
tions do not necessarily occur under equilibrium con-
ditions in a dynamic system. Solomatov and Steven-
son [1994] proposed that kinetic hindrances in a dy-
namic mantle may substantially decrease the width of
the phase transitions.

Sharpness is essentially governed by the yield, or mole
fraction, of the high-pressure phase as a function of
pressure. The mechanisms discussed above have the
effect of sharpening phase transitions by decreasing the
total width over which the transition takes place. How-
ever, these mechanisms may not be required to explain
the seismological observations. Equilibrium phase tran-
sitions in a homogeneous mantle can be effectively much
sharper than the width of their corresponding phase
loops suggest. In equilibrium, the yield of the high-
pressure phase depends nonlinearly on pressure so that
most of the phase transition may occur over a pressure
interval much narrower than the total width.

The nonlinear dependence of yield on pressure has
been overlooked in many previous seismic reflectivity
studies, most of which assumed linear behavior, or a
hyperbolic tangent function [Richards, 1972] that, as
we show here, differs qualitatively from the expected
form. The nonlinear dependence of yield on pressure
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for very broad transitions has been recognized previ-
ously by Meijering and Rooymans [1958] and in many
experimental studies of mantle petrology [Irifune and
Ringwood, 1987; Irifune, 1987, 1994], including that of
Akaogi and Akimoto [1979], who emphasized nonlinear-
ity as providing a possible mechanism for reflecting seis-
mic energy from the broad pyroxene to garnet transi-
tion. Helffrich and Bina [1994] discussed the effect of
the nonlinear shape of the olivine to wadsleyite transi-
tion as determined by specific solution models on seis-
mic reflection from the 410 km discontinuity and rec-
ognized that the apparent width of a phase transition
may be less than that of the phase transition interval.

A further effect which has been essentially overlooked
is that the total width of a transition can be substan-
tially reduced by the presence of other nontransforming
phases. For example, as we show here, the presence
of garnet and pyroxene substantially reduces the width
of the olivine to wadsleyite transition. This is caused
by the inherently multicomponent nature of the mantle
and the equilibrium conditions of multiphase element
partitioning. Nontransforming components in the man-
tle tend to act as buffers which reduce the compositional
differences between coexisting low- and high-pressure
phase assemblages and the width of the coexistence re-
gion.

Here, we reexamine the expected seismic velocity
structure of equilibrium phase transitions and the ex-
tent to which they can explain the sharpness of seismic
discontinuities. We show that the effective width of bi-
nary phase transitions can be substantially less than
the width of the phase loop. In the ideal solution limit
we derive an analytical expression for the yield of the
high-pressure phase as a function of pressure which can
be used in the analysis of experimental phase equilib-
rium data and seismic reflectivity modeling. The next
section focuses on the important effects of nontrans-
forming phases where we show that the width of binary
phase transitions can be reduced substantially by the
presence of other phases. Following sections generalize
these results to multiphase and multicomponent tran-
sitions. Next, the effects of nonideality, nonisothermal
conditions and the effective elastic properties of com-
posites on the structure of transitions are examined and
found to be generally small. Finally, the analysis is ap-
plied to understanding seismological observations of two
discontinuities, the 410 km and the 710 km.

Binary Equilibria

Structure of Phase Transitions

Equilibrium between two binary solid solutions re-
quires that the chemical potentials of the two compo-
nents be equal in the coexisting phases. At pressure P
and temperature T,

P
/L%(P)—-/J,%(P) =0=RTIn a—g+/AVB(P')dP' (1)
ap
Pp
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Figure 1. Notation used in the text. The stability
fields of the low (@) and high (8) pressure phases are
indicated as is the binary coexistence region (a+8). Pa
and Pp are the transition pressures of the end-members.
The width of the phase loop for a given bulk compo-
sition z is given by Ps(z) — Py(z). The normalized
pressure P = (P — Pg)/AP, where AP = P4 — Pp.

P
K3 (P) ~(P) =0 = BT %4+ [ AVA(PYIP' @)
@a
Py

where ) and a! are the chemical potential and activ-
ity of component i in phase j, respectively, the P; are
the phase transition pressures in the end-member com-
ponents, and the AV, = V* — Viﬁ are the volumes of
transition. Figure 1 illustrates a binary coexistence re-
gion and some of the notation used in the discussion.
These equations are easily solved numerically for the
mole fraction, or yield, of the high-pressure phase

fs

_ (z—1a)
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for given bulk composition z if the relationship between
activity and composition is known. Numerical results
for particular solution models have been given before
[Lees et al., 1983; Helffrich and Bina, 1994; Wood,
1995]. Our purpose here, however, is to illustrate the
general behavior of fg and to derive an approximate
analytical expression for use in the analysis of phase
equilibrium and seismological data.

In the ideal solution limit the activity is uniquely de-
fined [Kerrick and Darken, 1975]). Consider a binary
substitutional solid solution with generalized chemical
formula (A;—;Bz)sZ, that involves mixing on one type
of atomic site. The solution has two components, A
(formula A;Z,) and B (B,Z,). It is straightforward to
derive the appropriate statistical mechanical partition
function, and from this the ideal activity of component
¢ (i=A, B) in phase j
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j i)*
i = (xz) (4)
where a:f is the mole fraction of component i in phase
j. For nonideal solutions,

N N .\ §
J J nd
a; = (’Yﬂi)

where ], the activity coefficient is, in general, a func-
tion of composition, pressure and temperature.

We will assume (1) ideal solution theory, for which the
activity coefficients are identically unity (y/=1 all 4, j);
strictly speaking, because the activity coefficients only
appear in combination our analysis will also hold in the
more general case 'yﬁ /75 = fyg /7% = 1; (2) that phase
transitions in the mantle take place under essentially
isothermal conditions, and (3) that the pressure inter-
val over which phase transitions occur is small compared
with the bulk modulus of the phases; this implies that
we may neglect the pressure dependence of the AV; over
the range of integration. Assumptions 1 and 2 are re-
laxed and their effects examined in subsequent sections.
The maximum error incurred by assumption 3 is readily
found to be small and of the order (P4 - Pg)/2B, where
B is the bulk modulus. Taking B ~ 180 GPa (the seis-
mologically measured value at 410 km), we find that the
fractional error is less than 3% even for wide transitions
such as pyroxene to garnet (P4 — Pp =~ 10 GPa). Note
that this approximation does not imply that the phases
are incompressible. The AV, appropriate to P and T
must be used as these may differ substantially from the
ambient pressure values.

We can derive an explicit one-parameter expression
for the form of the phase loop and the yield in terms of
the partition coefficient:

(5)

_ za(l —zp) _ a3l

B .’L‘g(l - xa) - .’I)'g.’l,‘i

(6)

where z; = z; by recognizing that AV, and AVp are
similar for most important mantle phase transitions.
Writing AV4/s = v — 6v/2 and AVg/s = v + §v/2,
where v is the average volume of transition per solid so-
lution species and év is the difference between A and B
components, the partition coeflicient is found by com-

bining (1), (2), and (6)
(+ 53]

APy

RT
where AP = P4 — Pg and P = (P4 + Pp)/2. The
partition coefficient is independent of pressure to low-
est order in Jv. The magnitude of the correction term
is everywhere less than év/2v within the coexistence
region, or less than 16% for phase transitions believed
to occur in the mantle and, in most cases, including
olivine to wadsleyite less than 5% (Table 1). Because
the magnitude of the correction is less than typical rel-
ative uncertainties in In K, we make a final assumption
4 that v=0 and that K can be approximated as being
independent of pressure within the coexistence region.

K =exp [— ()
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Table 1. Comparison of End-member Volumes of Transition for Binary Phase Transformations of

Geophysical Interest

Transition A B s AV, AVpg v /2v, %
ol=wa Mg2SiO4 FesSiO4 2 1.62 1.53 -2.9
wa=sp Mg2SiO4 FesSiO4 2 0.44 0.6 15.4
ol=sp Mg2SiOq4 Fe2SiO4 2 2.06 2.13 1.7
sp=pv+mw Mg2SiO4 FesSiO4 2 1.97 2.14 4.1
sp=mw-st Mg2SiO4 Fe,SiO4 2 7.2 7.88 4.5
2px=wa-+st MgSiO3 FeSiOg 1 4.07 4.35 3.3
2px=sp-+st MgSiO3 FeSiO3 1 4.5 4.95 4.8
sp+st=2il MgSiO3 FeSiO3 1 0.48 1.17 41.8
il=pv MgSiOs FeSiO3 1 1.89 1.36 -16.3
mw-st=pv MgSiO3 FeSiO3 1 0.8 0.77 -1.9
px=gt MgSiO3 FeSiOg 1 2.79 3.54 11.8
px=gt Mg4SisO12 MgsAl2SizO12 2 2.79 5.15 30.6
gt=pv MgSiO3 FeSiOg 1 4.08 3.94 -1.7
gt=pv Mg4SisO12 Mg3Al2Si3012 2 8.16 6.92 -8.2

Zero-pressure volumes of transition for A and B end-member components (AV4, AVg) are shown along
with the quantity 6v/2v, equal to half their fractional difference. All volumes from Jeanloz and Thompson
[1983], except those of MgSiOs and FeSiOs garnet and Mgs Al»SizO12 perovskite [Ita and Stizrude, 1992] and
MgsAl>SisO12 pyroxene [Skinner and Boyd, 1964]. Abbreviations are olivine (ol), wadsleyite (wa), spinel
(sp), perovskite (pv), magnesiowiistite (mw), stishovite (st), orthopyroxene or clinopyroxene (px), ilmenite
(il), garnet-majorite (gt). Note that where end-members are unobserved or unstable, fictive end-member

volumes were used (e.g., Fe2SiO4 wadsleyite).

The form of the phase loop and the yield are found
by rearranging (1):

Lo = exp (——(P_PB)v) Kf':ﬁa

= 8
Z5 RT o ®)

Combining this with a similar equation for (1—z,)/(1—
zg) and defining the normalized pressure II = (P —
Pgp)/AP, the boundaries of the binary coexistence re-
gion are

1 _Kl—H

Tp =T 9)
K'-K

ETTER (10)

The definition of the normalized pressure is appropri-
ate to the case depicted in Figure 1 where Pg < Pg4.
Since it is always possible to choose the B component to
be the one with the lower transition pressure, this im-
plies no loss of generality. This choice implies that the
partition coefficient is such that 0 < K < 1, a conven-
tion which we will retain throughout. The convention
is not essential for the analysis and is assumed only for
definiteness: it is worthwhile noting that the physical
properties of the binary coexistence region depend only
on |ln K|, not on the value of K itself. The only effect
of replacing K by 1/K is to relabel the phases such that
B becomes the low-pressure phase.

The shape of the phase loop is governed by the value
of K: smaller values (closer to zero) imply wider phase
loops (Figure 2). The width of the phase loop is found
from (9) and (10)

W(z) = Ps(z) — Pa(z)

:AP{l— ln[K+z(1—z)(1—K)2]} a1)

In[K]

which has the proper symmetry about z=0.5.
The yield of the high-pressure (3) phase for bulk com-
position z, as a function of pressure, is

_s(1-K)-K"+ K
T1-KUT_KOyK

for P,(z) < P < Ps(z). The dependence on pres-
sure is sigmoidal and becomes increasingly nonlinear
for smaller values of K (wider loops) (Figure 3).

The sense of inflection is opposite to that often as-
sumed in seismic reflectivity modeling and numerical

fe(1D) (12)
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Figure 2. Binary coexistence regions for three values of
the partition coefficient: K=0.01 (bold), K'=0.1 (thin),
K=0.5 (dashed).
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Figure 3. Yield of the high-pressure phase (fg) versus
normalized pressure for bulk composition (top) z=0.5
and (bottom) and £=0.15 and =0.85. Results for three
different values of the partition coefficient K are shown.

mantle convection studies. The yield fg is commonly
approximated by a hyperbolic tangent function which
assumes that the transformation begins and ends grad-
ually, with most of the transformation taking place near
the middle of the loop [Richards, 1972; Richter, 1973].
In contrast, the expectation from equilibrium thermo-
dynamics is that the region of rapid transformation
lies at the most pressure-independent boundary of the
phase loop. For small z the transformation ends rapidly,
for large z it begins rapidly, and for x near 1/2 the
beginning and end of the transformation are relatively
abrupt.

Reflectivity and Effective Width

The nonlinear form (12) means that phase transitions
can be effectively much sharper than the width of the
corresponding phase loop would suggest. Most of the
transition can occur over a pressure interval which is a
small fraction of the total width of the loop.

This is important for understanding the seismic ob-
servability of mantle phase transitions. Because of its
nonlinear shape, an equilibrium phase transition can
reflect much higher-frequency energy than a first-order
(linear) velocity discontinuity of the same width. To
illustrate this, we have calculated the reflectivity as a
function of frequency (wavelength) for equilibrium bi-
nary phase transitions [Aki and Richards, 1980]. We
focus on near-normal incidence reflection because of
its parametric simplicity: The reflection coefficient de-
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pends only on the appropriate (P, SV, SH) impedance
contrast; the density and velocity jumps need not be
specified separately [Lees et al., 1983]. Moreover, near-
normal incidence is a good approximation to the geom-
etry of many of the relevant seismic observations: The
incident angles of underside P'P’ reflections from the
410 km and 660 km discontinuities, for example, are
sufficiently small (¢ = 10° — 20°) that the reflection co-
efficient should differ by less than 20% from the normal
incidence value.

Figure 4 shows the reflection coefficient R of binary
phase transitions for a range of partition coefficients
that spans geophysically relevant values. We have found
that the reflectivity of phase transitions can be usefully
approximated by that of a linear transition with an ef-
fective width W.g that is smaller than that of the phase
transition (Figure 5). We take the effective width of a
phase transition to be

Wer = 1/ f5(Ily)
where f; = (9fs/0II) and I, is the pressure at which
a specified fraction of the transition ¢ is complete:

folg) =1-¢
folg) = ¢

For ¢ = 1/3, this measure of the effective width has a
particularly simple seismological interpretation: a lin-

(13)

r<0.5

z>05 (14)
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Figure 4. Reflectivity of equilibrium binary phase
transitions calculated from (12) with = 0.1 and var-
ious values of the partition coefficient K as a function
of the width of the transition. The normal-incidence
reflection coefficient is normalized to its zero frequency
value and the width of the transition normalized to the
seismic wavelength. The reflectivity of phase transi-
tions is compared with that of a linear (second order)
discontinuity.
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Figure 5. The form of a binary transition of width
W is compared with its linear approximation with an
effective width Weg. The binary transition shown has
2 = 0.15 and K = 0.01. The linear approximation has
the same slope as the equilibrium transition at fz =
2/3. The inset shows that the phase transition and
its linear approximation have similar normal-incidence
reflectivity.

ear discontinuity of width Weg is significantly reflective
(R/Ro > 1/3, where Ry is the long-wavelength limit-
ing value of R) over the same range of frequency as
the phase transition. This relationship holds to within
10% in frequency over the entire range of geophysically
important values of K (0.01 to 1) and z (0 to 0.2).
The effective width of a phase transition can be as
little as 1/10 of the actual width for K = 0.01 (Figures
5 and 6). This means, for example, that phase transi-
tions as wide as 40 km can reflect 1 Hz P wave energy.
This is particularly important for understanding poten-
tial reflections from phase transitions with very strong
partitioning, such as the pyroxene to garnet and gar-
net to perovskite transitions. For more moderate par-
titioning relevant to the olivine to wadsleyite transition
(K = 0.5) the effect of nonlinearity is smaller. How-
ever, as we show in the next section, other effects are
important for the olivine to wadsleyite transition, in-
cluding the effect of nontransforming phases, which can
also significantly increase high-frequency reflectivity.

Effect of Nontransforming Phases

This section focuses on the most important general-
ization of the binary case: phase transitions that take
place in the presence of other nontransforming phases.
All mantle phase transitions take place in the presence
of nontransforming phases: pyroxene and garnet in the
case of the olivine to wadsleyite transition. Moreover,
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nontransforming phases can have a large effect on the
reflectivity of a phase transition by reducing the width
over which it occurs. Because they are in equilibrium
with the transforming phases, nontransforming phases
affect the pressure dependence of the yield of the high-
pressure assemblage and the structure of the resulting
discontinuity. The origin of this effect is illustrated
schematically in Figure 7.

The equations for the form of the phase loop and the
yield of the high-pressure assemblage are derived in Ap-
pendix A. We consider a transition from a low-pressure
phase a1 to a high-pressure phase 1 in the presence of
n nontransforming phases «i, i = 1,n. All phases are
assumed to be ideal binary solid solutions with mixing
on one type of atomic site. The bulk compositions of
high- (z) and low- (z,) pressure assemblages are

K'-K
To = 1——K(1 - 55) (15)
KU _K I
op= g 1= S~ Fr(l-K77) (16)
The yield of the high-pressure assemblage is
- — (KO _ -
fo(T) = z(1-K) - (K" - K)(1-5,) (17)

Fr(1- K0 KU 1 K)

This expression properly reduces to (12) in the binary
limit (Fr=1) for which the sum involving the composi-
tion of the nontransforming phases, S, (A6), vanishes.

In the applications section below, we use (17) to ex-
amine the structure of the olivine to wadsleyite transi-
tion. Here, we consider as an example the simple case,
n=1, relevant to experimental studies of the Mg-rich
portion of the MgO-FeO-SiOy system in which olivine

10 T T T L II] T T T T T T 1T
0.8 =
=
~
;ﬂ)
o 0.6 x=0.2,0.8 7]
ke
=
(]
2 -
g 0.4+ x=0.1,0.9 —
i
0.2F —
1 1 1 I N II 1 1 1 | S
2 3 4 567 2 3 4 567
0.01 0.1 1

Partition Coefficient, K

Figure 6. Ratio of the effective width, Weg, to the
total width of the phase transition for the geophysically
relevant range of partition coefficient K and bulk com-
position z.
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A B

Figure 7. Schematic explanation of the effect of non-
transforming phases. An isothermal ternary phase di-
agram is shown with components, A, B, C. Three iso-
baric sections of the three-phase a, B, v coexistence
region are shown. A bulk composition lying on the
AB binary (bottom solid square), lies within all three
three-phase coexistence regions. A bulk composition
containing C (upper solid square) lies only within the
two coexistence regions corresponding to the higher and
middle pressures. The pressure interval over which
three-phase coexistence exists in the three-component
bulk composition is reduced relative to the binary case.
The coexistence regions are calculated by assuming
K.3=Kay=0.1 at normalized pressures II=0.3 (solid
circles) II=0.5 (circled crosses), and II=0.7 (open cir-
cles). The parameters chosen are relevant to the trans-
formation of olivine to wadsleyite in the presence of py-
roxene in relatively cold subduction environments. In
this case, the components and phases are identified as
follows: A, MgySiQy; B, FesSiOy4; C, SiOs; a, olivine;
B, wadsleyite; -y, pyroxene.

transforms to wadsleyite in the presence of (Mg,Fe)SiO;
clinopyroxene. For unit partitioning between high-
pressure and nontransforming phases, a reasonable ap-
proximation to the olivine-wadsleyite transition in the
mantle,

gotm = 280 12T (18)

where fr fz1(II) is the mole fraction of the high-pressure
phase 1, fr is the mole fraction undergoing transfor-
mation, and fg1(II) = (£ — Za1)/ (281 — Tar) is given by
the equation for the bare binary case (12).

Figures 8 and 9 show that the nontransforming phase
can have a substantial effect on the width of the phase
loop and on the structure of the phase transition. For
z < 0.5 and K; < 1, the nontransforming phase nar-
rows the width of the coexistence region by delaying
its onset to higher pressures. For parameters approx-
imating the olivine-wadsleyite transition in relatively
cold, subduction environments (K = K;=0.1, £=0.1)

Kl—"-:K
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the width of the transition region is reduced by more
than a factor of 5 relative to the binary case, while the
pressure at which the transformation begins is increased
by II = 0.2 or 20% of AP. The width of the transition
region approaches zero as K; approaches zero; only if
K, > 1 is the transition broadened by the nontrans-
forming phase.

More Than Two Transforming Phases

In this section we examine pseudo-binary transitions
involving more than two transforming phases, of which
spinel to perovskite + magnesiowiistite is an example.
This case was also explored by Jeanloz and Thompson
[1983].

The equations for the form of the phase loop and
the yield of the high-pressure assemblage are derived in
Appendix B. We consider the case of equilibrium co-
existence among n low-pressure and m high-pressure
phases; all phases are assumed to be ideal binary solid
solutions with mixing on one type of atomic site. The
yield of the high-pressure assemblage

z(1- K)-C{'K''K + K

. (19)

II) =
fﬁ( ) 1 “‘CAK;——H —C;1K£_1K+K

In the multiphase case, K, (B10) plays the role that
the partition coefficient did in the binary case: it is
independent of composition for ideal solutions and is
independent of pressure to lowest order in dv. K| is

Pressure, IT

0.0 | | | |
0.0 0.2 04 0.6 0.8

1.0
Composition, x

Figure 8. Pseudobinary coexistence of low- and high-
pressure assemblages in a system with a single non-
transforming phase. The proportion of solid solution
species (A or B atoms) in the transforming fraction is
Fr=0.5, the partition coefficient between transforming
phases is K=0.1 (all curves), while that between phase
a1 and the nontransforming phase v is K;=0.01 (bold),
K1=0.1 (thil’l), K1=11 (dashed).
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Figure 9. Effect of a single nontransforming phase on
the yield of the high-pressure assemblage (fg). (top)
The effect of varying the partition coefficient between
al and the nontransforming phase <, K;, is shown
for a bulk composition £=0.1 and partitioning between
transforming phases K=0.1, and Fr=0.5. The dashed
line, shown for comparison, is the bare binary case (12)
with K = 0.1 and z = 0.1. (bottom) The effect of vary-
ing Fr shown for fixed values of z = 0.1, K = 0.1, and
K; =1.0.

related to the partition coefficient K by the correction
factors C4 and Cp which account for the difference be-
tween arithmetic and geometric mean compositions of
reactant and product assemblages (B6). Equation (19)
properly reduces to the result for a two-phase system
(12) forn = m =1, in which case C4 =1, and K; = K.

Unlike the binary case, the multiphase case must be
solved numerically. Despite the more complex func-
tional form, the pressure dependence of fg is quali-
tatively similar to that of the binary case: it is still
nonlinear and sigmoidal. Furthermore, as we show in
the following example, many of the properties of the
transition including its width and structure are similar
to the binary case for a geophysically relevant range of
parameters.

We consider a transition from one reactant phase
(a) to two product phases (81,42), for which s,=2,
sg1 = Sp2 = 1, v = vg1 = vg2 = 1, and N=2. These
parameters are appropriate to the spinel to perovskite +
magnesiowiistite transition. Figure 10 shows that the
three-phase case properly reduces to the binary case
in the limit Kgigo=1. The form of the phase loop is
relatively insensitive to partitioning within the high-
pressure assemblage. For a bulk composition £ = 0.1
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and Kp12=0.1, a probable lower bound on the parti-
tion coefficient between magnesiowiistite and perovskite
[Fei et al., 1991; Katsura and Ito, 1996], the width of
the phase loop differs by only 20% from the binary case.
The form of the phase loop and of fg(II) are unchanged
if Kﬂlﬁg is replaced by Kﬂgﬁ1=1/Kﬁ152.

Multicomponent Phase Transitions

While a number of major mantle phases are essen-
tially binary solid solutions, several important phase
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Figure 10. (a) Binary coexistence regions and (b) yield
of the high-pressure phase for the three-phase pseudo-
binary transition discussed in the text. The geomet-
ric average partition coefficient K;=0.1 (all curves) and
that between the two high-pressure phases Kg;32=0.01
(bOld), Kp152=0.1 (thin), and Kpi1p2=1.0 (dashed)
The bulk composition in Figure 10b is z = 0.1.
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transitions involve more than two components. The
pyroxene to garnet and the garnet to perovskite transi-
tions, for instance, involve Ca- and Al-bearing species in
addition to Mg- and Fe-bearing end-members. We con-
sider the case of a transition between phases a and 3
each consisting of multicomponent substitutional solid
solution on a single atomic site. An example of a phase
transition which is described by this analysis is the py-
roxene to garnet transition in the M3AlySizO12 system
(M=Mg,Fe,Ca,...), where solid solution occurs only on
the dodecahedral (octahedral) site in garnet (pyroxene).
The pyroxene to garnet transition in the mantle is more
complex as it involves solid solution on a second site:
Al-Si-M solution takes place on the octahedral site in
garnet and the tetrahedral site in pyroxene. Once the
activities of all relevant components are properly de-
fined, it is straightforward to generalize the analysis
below to this more complex case, although we will not
do so here. Instead, we will focus on the simple case of
solution on one type of atomic site in order to illustrate
the effects of multicomponent solution on the expected
structure of phase transitions.

The equations for the form of the coexistence regions
and the yield of the high-pressure assemblage are de-
rived in Appendix C. We consider a transition from a
low-pressure phase « to a high-pressure phase 5. Each
phase is assumed to be an N-component ideal solution,
with solid solution on one type of atomic site. The yield
of the high-pressure phase is given implicitly by

=1 (20

N

> .

— fp(Il) + [ — fp(I)] KT
where z; is the bulk composition vector, II; (i = 1, N)
are the end-member transition pressures, ordered such
that II; > II, > ... > IIy and the partition coefficient
K = Kjn. Equation (20) is easily solved numerically
once the bulk composition (z;) the end-member tran-
sition pressures, and the partition coefficient are spec-
ified. The width and structure of the transition differ
from the binary case because of the additional compo-
nents. However, the nonlinear, sigmoidal shape of the
transition is preserved.

As an example, we consider the three-component
case. We focus on strong partitioning (K = 0.01), be-
cause this is characteristic of the pyroxene to garnet
and garnet to perovskite transitions. The structure of
fs(II) properly reduces to the binary case in the limit
T4 = z¢, v = 0 (Figure 11a). Adding a third com-
ponent to an equimolar mixture does not change the
structure of the transition qualitatively: the transition
is narrowed somewhat (by up to 20%) and is smoothed
(made more linear) relative to the binary case (Figure
11a). Variations in IIp also do not have a large effect
on the structure of the transition: Figure 11b shows
that varying IIp from O to 1 changes the width of the
transition by less than 15%. Figure 11c shows the effect
of varying the ratio x4 /z¢ while keeping zp constant.
The coexistence region shifts upward in pressure as the
ratio increases, and the shape of the transition is af-
fected, but the width changes little (less than 20%).
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Phase Transitions in the Mantle

We have focused on ideal solutions in order to gain
a general understanding of the expected structure of
phase transitions without restricting ourselves to par-
ticular solution models. However, the solution proper-
ties of major mantle minerals are, for the most part,
demonstrably nonideal, and we examine the effects of
this behavior on the structure of mantle discontinuities
in this section. Next, we examine the possible devi-
ations from isothermal conditions under which phase
transitions take place in the mantle and the effect of
temperature gradients on discontinuity structure. Fi-
nally, because elastic waves are the primary probe of
discontinuity structure, we consider in more detail the
effective elastic properties of the multiphase composite
which exists within the discontinuity region.

Nonideal Solutions
For nonideal solutions the activity coefficients (5) dif-

fer from unity. Defining
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Figure 11. The effect of a third component on the yield
of the high-pressure phase. (a) The effect of adding a
third component B to an equimolar A-C binary mix-
ture for fixed values of the A-C partition coefficient,
K=0.01, and of the normalized B-C transition pressure,
IIpc=0.5. (b) The effect of varying I1g¢ for fixed bulk
composition and K. (c) The effect of varying the rela-
tive proportions of A and C for fixed zp, IIp¢, K.
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Table 2. Regular Solution Parameters ws and wp Defined by Akaogi et al. [1989] for Various
Mantle Phases Consisting of Solid Solutions of Components A and B

Phase A B wa, Jmol™! K1 wg, J mol™! K1 Ref.
Olivine MgoSiOs  FesSiOs 6,320 (P) 8,320 (P) 1
10,220 6,020 2

6,100 6,100 (Sym.) 3

Wadsleyite Mg2SiO4 FesSiO4 1,000 2,000 1
3,900 3,900 2

3,900 3,900 (Sym.) 3

Spinel Mg2SiO4 Fe;SiO4 1,840 (T) 3,900 1
3,900 3,900 2

2,800 2,800 (Sym.) 3

4,000 4,000 (Sym.) 4

Perovskite MgSiO3 FeSiOs 4,200 (P,T) 4,140 (P,T) 1
14,000 14,000 (Sym.) 4

Magnesiowiistite MgO FeO 16,100 15,900 (T) 1
13,100 13,100 (Sym.) 3

14,000 14,000 (Sym.) 4

Notations: (P) pressure-dependent parameter evaluated at the pressure of the closest major mantle dis-
continuity to the stability field, P=14 GPa for olivine, wadsleyite, and spinel, and P=24 GPa for perovskite
and magnesiowiistite; (T) temperature-dependent parameter evaluated at T=1873 K; (Sym.) Symmetric
regular solution model assumed (wa=wp). References: 1, Fei et al. [1991]; 2, Akaogi et al. [1989]; 3,

Stizrude and Bukowinski [1993]; 4, Wood [1990].

8 8
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we find that the product 'K, rather than the partition
coefficient itself, is independent of pressure to first or-
der in dv/v (compare (7)) The partition coefficient is
now, in general, a function of pressure, temperature,
and composition. The yield of the high-pressure phase
is

_ z(1-K)-vTK)"+K
1= (CK)T/ya— KT+ K

fs(ID) (22)

which must be determined numerically since the activ-
ity coeflicients depend on composition. To illustrate the
effects of nonideality, we examine the regular solution
model, commonly used to approximate the nonideal so-
lution properties of mantle phases [Akaogi et al., 1989;
Wood, 1990; Fei et al., 1991]. In its symmetric form the
model is defined by the activity coefficients

exp [wj(l - w?)j

j:

Yi (23)

RT

For most mantle minerals the solution parameters w;
are generally positive and range in magnitude from zero
(ideal solution) to values comparable to RT at mantle
temperatures (Table 2).

The primary effect of nonideality is to change the
overall width of the coexistence region, rather than the
form of pressure dependence of the yield. The effect of
nonideality can be substantial for w/RT > 1/4 (Figure
12a). However, normalizing the pressure to the width
of the coexistence region for the composition of interest
(Px(z) — Pg(z), see Figure 1) we find that even for
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Figure 12. The effect of nonideality on the yield of the
high-pressure phase is shown for a bulk composition,
z = 0.1 and TK=0.1 for the ideal case (Wa=Wp=0,
open circles), and nonideal cases: Wa=RT/2, Wg=0
(bold), W4=0, Wp=RT/2 (dashed), Wa=Wp=RT/2
(thin). (a) The pressure is normalized by the pressure
interval for which coexistence occurs (P4—Pg). (b) The
pressure is normalized by the interval of coexistence for
the bulk composition of interest, 2=0.1 (P, (z)— Ps(z)).
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large values of w/RT the shape of the transition is not
qualitatively affected.

The result that nonideality affects the width rather
than the shape of a transition is important because the
width is often known experimentally or can be esti-
mated from other data. Typically, we will be interested
in the pressure dependence of the yield of the transition
for a known overall width. In this situation the ideal
solution approximation suffices for most applications,
even when the activities deviate by large amounts from
ideal behavior. It is important to consider nonideal-
ity if the activity of a species is constrained indepen-
dently, for instance, by calorimetric data. While such
data are readily incorporated within the formalism out-
lined in this section, direct experimental constraints on
activities, especially at high-pressure, are rare. Non-
ideality can have qualitatively important effects if it is
large enough to cause a miscibility gap (as in plagio-
clase feldspars) or an azeotropic transition, of which
the spinel to perovskite + magnesiowiistite transition
may be an example (as implied by the calculated phase
diagram of Wood [1990]).

Nonisothermal Conditions

Throughout most of the mantle, the geothermal gra-
dient is expected to be approximately adiabatic and
small (< 0.5 K km™!). In the vicinity of mantle phase
transitions the geothermal gradient can be greater.
However, for most mantle phase transitions and prob-
able geothermal gradients, our isothermal analysis is
expected to be a good approximation to the widths of
transition regions in the Earth.

To first order in their difference, geothermal W, and
isothermal Wi, widths are related by

1 (OP or
Wgeo - I/Viso [1 + E (ﬁ)eq (‘é;)geo] (24)

where (OP/OT)q is the Clapeyron slope of the phase
transition, (07/0z)geo is the geothermal gradient, p is
the density, and g is the acceleration due to gravity.
For typical Clapeyron slopes and geothermal gradients
tenfold greater than normal mantle, nonisothermal and
isothermal widths can differ by 30%.

There are two reasons to expect greater than nor-
mal geothermal gradients in the vicinity of phase tran-
sitions. First is the Verhoogen [1965] effect, the refrac-
tion of the mantle adiabat due to the exchange of la-
tent heat of transformation with the surroundings such
that (07/02)geo and (OP/0T)eq have the same sign in
the vicinity of the phase transition For values of the
Clapeyron slope (3 MPa/K) and heat capacity (1000
J/kg K) appropriate for the olivine-wadsleyite tran-
sition, the adiabatic width is 5 km greater than the
isothermal width [Jeanloz and Thompson, 1983]. This
is likely an overestimate of the effect, however. In the
case of relatively narrow transitions, the Verhoogen ef-
fect is expected to be nearly offset by thermal diffusion
Jeanloz and Thompson, 1983]. For very broad transi-
tions, such as pyroxene to garnet, thermal diffusion will
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be less important, but the broadening will be small com-
pared with the width of the transition and, in terms of
seismic reflectivity modeling, probably negligible com-
pared with uncertainties in the shape of the transition.
Second, phase transitions may modify the geotherm
through their effect on mantle flow. Endothermic phase
transitions may inhibit vertical mass flux and cause su-
peradiabatic temperature gradients to develop. Accord-
ing to (24) this effect will tend to reduce the width of
the transition relative to the isothermal case. Supera-
diabatic temperature gradients may extend over several
hundred kilometers in depth and may be overlain by a
region of subadiabatic, or subisothermal, temperature
gradients. If the 660 km discontinuity occurs in the
superadiabatic region and the 410 km discontinuity in
the subadiabatic region, both transitions will tend to
be sharpened. However, fluid dynamical calculations
[Tackley et al., 1993] indicate that deviations from adi-
abaticity in the region of the phase change do not have a
large effect on transition widths. Computed superadia-
batic gradients are approximately 5 times normal which
would change the width of a typical transition by ap-
proximately 15% relative to the isothermal case.

Composite Elastic Properties

The aggregate seismic velocity at any depth within
the coexistence region will be, in general, a nonlinear
function of fg [Watt et al., 1976]. However, phase tran-
sitions in the mantle generally involve coexisting phases
which have similar seismic velocities. In this case, the
yield of the high-pressure phase is an excellent approxi-
mation to the velocity structure of the discontinuity. If
we assume that the difference in seismic wave velocities,
0v = vg — Va, is small (e.g., that dv/vg << 1), we find
that

YVRH — U

o 1 )
=fs—5fs(1~ fﬂ)% (25)

Vg — Vg
where vy py is the Voigt-Reuss-Hill average of the ex-
tremal bounds on the aggregate velocity, v, and vg are
the isotropically averaged seismic wave velocities of low-
and high-pressure phases, respectively, and fg is given
by (12). To lowest order in the velocity difference, the
normalized velocity structure of a phase transition is
identical to (12). The first-order correction (second
term on right-hand side) is everywhere less than dv/8vg.
For typical mantle discontinuities this correction term
amounts to less than 1%. Given current uncertainties
in the widths and partition coefficients of the relevant
phase transitions, accounting for this correction term
is probably not justified and will be ignored in the ap-
plications below (Helffrich and Bina [1994] also make
this approximation). These conclusions may not hold if
substantial anisotropy exists in the transition region, for
instance, as a result of lattice-preferred orientation (tex-
turing) produced by mantle flow. By analogy with large
anisotropy observed in the surface dynamical boundary
layer, significant anisotropy may develop in the neigh-
borhood of 660 km if the corresponding phase transfor-
mation presents a substantial barrier to flow.
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Applications and Discussion

We apply our results on the shape of mantle discon-
tinuities to an analysis of the sharpness and possible
reflectivity properties of the olivine to wadsleyite tran-
sition and to the garnet to perovskite transition. The
former is expected to be the cause of the 410 km seis-
mic discontinuity, while the latter may be the origin of
seismic reflectivity near 710 km depth.

Olivine to Wadsleyite Transition

To determine the structure of the phase transition
from (12), we need to estimate the partition coefficient
K and pressure interval AP of binary coexistence, the
mole fraction fr of transforming phases, and the parti-
tion coefficient K; between transforming and nontrans-
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forming phases. We represent experimental measure-
ments of K and W Katsura and Ito [1989] in terms of
the present analysis as follows:

K = Ky exp [—% (r7* - To_l)] (26)
W= AP {1 _In[K+ x(}n&g)(l — K)? } an

where K is the value of the partition coefficient at
To. For z = 0.1, Ty=1873, the parameters K¢=0.55,
AP=10.2 GPa or 256 km, and A/R=3297 K reproduce
the experimental results of Katsura and Ito [1989] and
their empirical expression for the temperature depen-
dence of the width over a wide range of temperatures
(Figure 13). We recognize that our representation of
the temperature dependence of W is oversimplified. In
particular, AP will be temperature-dependent as well,
an effect which is essentially absorbed in our assumed
temperature dependence of K. In any case, our pri-
mary concern here is the interpolation of experimental
measurements: the currently available data do not war-
rant a more complex form. Nevertheless, it is important
to recognize that the analysis in the preceding sections
permits completely general expressions for the T' depen-
dence of W and K which may be introduced when more
data are available.

To estimate fr, we approximate the upper mantle as
a two phase system in which the nonolivine (residuum)
fraction is represented by a single phase of pyroxene
stoichiometry. The bulk composition is approximated
by the MgO-FeO-SiO, fraction. A more detailed treat-
ment of the residuum, including explicit consideration
of Al,03 and CaO components, or explicit considera-
tion of multiple phases (clinopyroxene, orthopyroxene,
garnet) will affect the structure of the olivine to wads-

Figure 13. (a) The width of the olivine to wadsleyite
transition in the mantle and (b) its reflection coefficient
for near-normal incidence underside P wave reflections.
In Figure 13a the predicted total width of the olivine
to wadsleyite transition in the presence of a nontrans-
forming phase (W) and its effective width (Weg) are
compared with geophysical constraints (shaded box) on
the maximum width of the discontinuity (see text) and
the temperature at 410 km depth [Brown and Shank-
land, 1981; Jeanloz and Knittle, 1989; Morishima et
al., 1994]. Hatching represents uncertainties in W: the
lower bound corresponds to K; = K/2, and the upper
bound corresponds to K; = 2K. The effective width is
calculated with K = K. The top curves represent the
width of the binary olivine to wadsleyite transition ac-
cording to (12) (thin solid line) and the measurements
and empirical expression of Katsura and Ito [1989] (cir-
cles, thin dashed line). In Figure 13b the P wave reflec-
tivity of the olivine to wadsleyite transition is compared
with high-frequency observations of underside P'P’ re-
flections (Benz and Vidale [1993]; shaded box). For
comparison, the reflectivity of a linear approximation
to the bare binary case is also shown (light line).
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leyite transition little. For pyrolite, the mole fraction of
olivine is fr ~ 0.6. With the stoichiometric coefficients,
s7=2, and s;=1, we have Fr=0.7 from (A3). We focus
on a pyrolite bulk composition here because it yields
a conservative estimate of the width of the transition.
A piclogitic composition (Fr = 0.5) will yield narrower
widths than those estimated below.

We estimate the partition coefficient between olivine
and nonolivine fractions from the data of Akaogi and
Akimoto [1979]. They find approximate equipartition-
ing of Fe between wadsleyite and residuum, indicating
that the corresponding partition coefficient Kg_,es =
1.0. We then have for the partition coefficient be-
tween olivine and residuum, K,_.es = K; =~ K. Be-
cause the temperature dependence of K is not known,
nor its dependence on the Ca or Al content of the
residuum, we explore a range of values of this param-
eter: K/2 < K; < 2K. The effects of other possible
sources of uncertainty, including experimentally mea-
sured temperatures, which may be underestimated by
100 K [Morishima et al., 1994], are likely to be smaller
than those associated with K;. The total width of the
three phase coexistence region and its effective width is
calculated using (15)-(17).

The results show that the total width of the olivine
+ wadsleyite + residuum coexistence region is half that
of the binary transition (Figure 13a). This means that
the width of an experimentally determined binary phase
loop substantially overestimates the width of the transi-
tion in the mantle. The effective width W.g is narrower
still, amounting to 40% of the width of the binary phase
loop. For typical transition zone temperatures the ef-
fective width of the transitions lies between 4 and 8 km.
This is consistent with the maximum width of an equiv-
alent linear discontinuity (4-6 km) found in studies of re-
flections from the 410 km discontinuity [ Whitcomb and
Anderson, 1970; Leven, 1985; Benz and Vidale, 1993].

To investigate the reflective properties of the olivine
to wadsleyite transition in more detail, we have com-
puted its frequency dependent underside P wave re-
flection coefficient (Figure 13b). The reflection coef-
ficient is calculated from (17) with = 0.1, Fr = 0.7,
AP = 256 km, and K = 2K; = 0.62, appropriate to
transition zone temperatures. The zero frequency P
wave impedance contrast (3.7%) is taken to be that of
the 410 km discontinuity in the prelimineary reference
earth model (PREM) [Dziewonski and Anderson, 1981).
We find that the reflection coefficient for 1 Hz P waves
is approximately 0.6% and for 0.5 Hz P waves is 2.5%,
in the range of that observed [Benz and Vidale, 1993].
While recognizing that uncertainties remain (especially
in K4), our analysis shows that the properties of the
equilibrium olivine to wadsleyite transition are at least
marginally consistent with the highest-frequency obser-
vations of seismic reflections from 410 km discontinuity.

The predicted temperature dependence of the effec-
tive width of the transition provides a possible explana-
tion for the intermittent visibility of the 410 km discon-
tinuity in studies of reflected phases. Figure 13a pre-
dicts that the 410 km discontinuity should reflect more
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short-period energy in relatively high temperature man-
tle and that it may be invisible to short-period waves
in cold mantle. This explanation for intermittent visi-
bility was also advanced by Helffrich and Bina [1994].

Our explanation of the sharpness of the 410 km
discontinuity in terms of equilibrium thermodynamics
has the advantage that it does not postulate untested
or poorly constrained physical properties or processes.
The effects of nonequilibrium thermodynamics may also
contribute to the sharpness of the 410 km discontinuity
[Solomatov and Stevenson, 1994], although our analy-
sis indicates that any sharpening in addition to that
predicted in equilibrium need not be large to explain
the seismological data. Nonequilibrium models of the
shape of the discontinuity depend critically on the ef-
fective surface tension, a quantity which is currently
unknown in the Mg-silicate olivine system, but which
could be measured, providing important constraints on
the importance of nonequilibrium effects.

A univariant transition in the MgO-FeO-SiO, sys-
tem [Jeanloz and Thompson, 1983] is unlikely to occur
in most of the mantle for generally accepted models of
upper mantle composition. For the olivine + spinel to
wadsleyite 4 spinel univariant transition to explain the
410 km discontinuity, the Fe content of the mantle must
exceed Fe/(Mg+Fe)> 0.16 in normal temperature man-
tle (1900 K) and 0.12 in relatively cold (1500 K) mantle
[Katsura and Ito, 1989]. The iron content required for
normal mantle is substantially larger than that gener-
ally accepted on the basis of constraints provided by the
analysis of xenoliths, genesis of basalt, and the compar-
ison of observed seismic velocities in the mantle and
estimates of elastic wave velocities of candidate upper
mantle compositions.

Garnet to Perovskite Transition

We treat this transition approximately in the binary
enstatite-pyrope system, for which there are the most
experimental constraints. We neglect the effects of FeO,
which may be important [0 Neill and Jeanloz, 1994] but
which are less well constrained. We represent the ex-
perimental results in the iron-free system [Irifune and
Ringwood, 1987; Irifune et al., 1996] by assuming that
garnet and perovskite are binary solid solutions consist-
ing of enstatite and pyrope composition end-members
which mix ideally on a single atomic site. Our solution
model neglects probable multiatom mixing on the octa-
hedral site in garnet (Mg,Si,Al) and does not explicitly
distinguish between potential mixing sites in perovskite
(octahedral, dodecahedral). Nevertheless, our simpli-
fied model reproduces the available data on the transi-
tion and is expected to capture its basic features.

The experimentally determined pyrope contents of
coexisting garnet and perovskite [Irifune and Ringwood,
1987; Irifune et al., 1996] imply a partition coefficient
K = 0.03 at 1773 K. As there are no data on the tem-
perature dependence of K, we assume that
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with A/R=6200 K, which reproduces the experimental
result. From Irifune and Ringwood’s estimate of the
garnet to perovskite transition pressure in the pyrope
end-member and from measurements of the transition
in the enstatite end-member [Gasparik, 1990], we esti-
mate AP=8.5 GPa or 190 km. For the bulk compo-
sition appropriate for a pyrolite mantle (z., = 0.8),
these parameters yield a total transition width, W=4.4
GPa, or 100 km. A linear transition of this width is
unlikely to reflect significant seismic energy. However,
the effective width of the transition is much less.

From the curves in Figure 6, we find that the effective
width is 30% of W, so that Weg =~ 30 km (Figure 14).
The effective width increases slightly as the partition co-
efficient approaches unity with increasing temperature.
This means that the garnet to perovskite transition is
expected to reflect significant amounts of seismic en-
ergy with wavelengths as small as =~ 100 km, over the
entire temperature range typical of the uppermost lower
mantle.

We propose that the garnet to perovskite transition is
responsible for seismological observations of reflections
from 710 km depth [Revenaugh and Jordan, 1991]. The
transition is known to occur in the appropriate depth
range for plausible mantle compositions [Irifune, 1994].
To investigate the reflectivity of this transition in more
detail, we have calculated its frequency-dependent SH
reflection coefficient. The reflection coefficient is cal-
culated from (12) with z = 0.8, AP=190 km, and
K = 0.045, appropriate to uppermost lower mantle
temperatures. The zero-frequency impedance contrast
(6.2%) is taken from ambient pressure data on en-
statite end-members [[ta and Stizrude, 1992; Yeganeh-
Haeri, 1994; Bass and Kanzaki, 1990; Yeganeh-Haeri et
al., 1990] and reduced by the assumed fraction of en-
statite+pyrope components in the mantle (30%). With
these parameters the width and average velocity gra-
dient of the garnet to perovskite transition are almost
identical to the region of anomalously high velocity gra-
dients in the PREM model between 670 and 771 km
depth. The calculated reflection coeflicient is in excel-
lent agreement with those observed in studies of ScS
reverberations in the frequency range 10-40 mHz [Reve-
naugh and Jordan, 1991]. For comparison, the reflec-
tion coefficient of the equilibrium transition is at least
4 times that of a linear transition of the same width.

Conclusions

We have shown that phase transitions in the man-
tle are much sharper than one would expect based on
the width of binary coexistence regions. The nonlinear
dependence of the yield of the high-pressure phase and
the effects of nontransforming phases in the multicom-
ponent mantle each act to narrow the region over which
most of the transition occurs. The expected nonlinear
structure of equilibrium phase transitions makes it pos-
sible for even broad transitions to reflect short-period
energy. For example, the garnet to perovskite transi-
tion, though 100 km in width, is capable of reflecting
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Figure 14. The (a) structure and (b) reflectivity of the
garnet to perovskite transition. In Figure 14a the inset
compares the total width W to the effective width Weg
of the garnet to perovskite transition as a function of
temperature. The predicted S wave velocity structure
of the transition is shown (bold line) for the 150 km
below the 670 km seismic discontinuity in the PREM
model (dashed line). The depth of the phase transition
has been chosen such that fg = 2/3 at 710 km, which
is consistent with phase equilibrium data. The equi-
librium structure of the transition is compared with a
second-order (linear) discontinuity of the same width.
In Figure 14b, predicted SH reflection coefficient (bold
line) of the garnet to perovskite transition is compared
with the observations of Revenaugh and Jordan [1991)
(shaded box). The results are compared with the re-
flectivity of a linear transition of the same width as the
phase transition (light line).
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40 mHz S wave energy. Nontransforming phases act
as buffers that can substantially reduce the total width
over which a transition occurs: the width of the olivine
to wadsleyite transitions is likely reduced by a factor of
2 by the presence of garnet and pyroxene in the mantle.

These results suggest a resolution of the apparent dis-
crepancy between the widths of phase transitions and
the reflectivity of seismic discontinuities. We propose
that when multicomponent effects are taken into ac-
count, the equilibrium olivine to wadsleyite transition
may be sufficiently sharp to explain seismic reflectivity
observations and that special processes, or properties,
such as large kinetic effects, are not required.

Our analysis leads to an explanation of a seismic
discontinuity previously unaccounted for by a mantle
phase transition. We suggest that the 710 km disconti-
nuity is caused by the garnet to perovskite transition.
Though its total width is large, its effective width is a
factor of 3 less and is capable of reflecting .S wave energy
in the observed frequency range.

We have derived simple analytical expressions which
depend essentially on a single parameter in the binary
case, the partition coefficient K. Two parameters (two
partition coefficients) are involved when the presence of
a nontransforming phase is important. Future model-
ing of reflections and conversions expected from phase
transitions should account for the expectations of equi-
librium thermodynamics as embodied in these expres-
sions.

Appendix A: Effect of Nontransforming
Phases

We assume a transition from a low-pressure phase
al to a high-pressure phase 81 both of composition
(A,B)s.R.. The transition takes place in the presence
of nontransforming phases v1, 42, ...,yn, of composition
(A,B)s;Cc;Dgj..., j=1,n. All phases are binary substi-
tutional solid solutions with end-member components
A and B. The mole fraction undergoing transformation
is fr, and the mole fractions of the nontransforming
phases are fi, fa,...,fn. The bulk compositions of the
low- and high-pressure assemblages are then

To = Frxar + Z Fiz.;

(A1)
i=1
zp = Frxpg + Zn: Fiz.; (A2)
i=1
where
Fp = Jrsr . Fi= fzsz (A3)

frst + anl fis; frsr+ E fisj
i=

are the relative proportions of A or B atoms in trans-

forming and nontransforming phases, respectively.
Partitioning between phases is specified by Ky, 31 and

Kai+i (i =1,...,n). For notational convenience, we will
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drop the unnecessary subscripts and write K = Ko, 1
and K; = Ka1+:. From the definition of the partition
coeflicient and (A1) we have

Toyi = [K——‘l’~+1]—1

T oz 1

K'-K
= T (A4)
K,(1- KT+ KIl-K
Substituting this expression into (Al) and (A2), we
solve for the mole fraction of the high-pressure assem-
blage

z(1-K)— (K"- K)(1-8,
fom = IR0 ag
where
S.,_l—FT—ZF (1 - K) (A6)

Kl-K0)+ KT K

which vanishes in the absence of nontransforming
phases (Fr = 1).

Appendix B: More Than Two
Transforming Phases

We assume that n reactant (low-pressure) phases, al,
a2, ..., an, coexist in equilibrium with m product (high-
pressure) phases, 81, 52, ..., fm. All phases are binary
substitutional solid solutions with mixing on one type of
atomic site. The generalized compositional formula of
phase j can be written (A1_z;,Bqz;)s;Cc,;Dg; ..., j=al,
.., an, B1, ..., fm. Mixing occurs on the atomic site
occupied by the A and B atoms, and no mixing oc-
curs on the sites occupied by C, D... The number of
components (A, B, C,...) is dictated by the phase rule
and the number of phases in coexistence. Each phase j
has two components, A; (formula A,; C;;Dg;...) and B;
(Bs;C¢,; Dy ...). Unlike in the two-phase bma,ry system,
the components may have different compositions in dif-
ferent phases. Indeed, the phase rule demands this if
more than two phases are in coexistence.

Equilibrium requires that the sum of the chemical
potentials of component A and of component B be equal
in the low-pressure and high-pressure assemblages:

ValNB +Voz2ﬂ + .. +Vom/1]3 =

vpLHG + Veally + e + Vo (B1)
Va1 G + Va2 + oo + VanpS™ =
B£1 B2 Bm
Va1, + Vpapiy + .+ Vgmity (B2)

where the v; are the coefficients that ensure mass bal-
ance. They are given by the relation

n m
N =Y vajsaj =Y vpjsp;
i=1 =1

where N is the total number of A or B atoms appearing

(B3)
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on each side of (B1) and (B2): the total number of A or
B atoms must be equal for a consistent set of reactions.

The arithmetic mean compositions of the reactant as-
semblage

n
Ty = 1/NZVaj3aj-Taj

7j=1

(B4)

where 2, is the mole fraction of component B in phase
j. The geometric mean composition

1/N
p

52 = | [Ty

Jj=1

(BS)

where i=A or B. The arithmetic and geometric mean
compositions of the product assemblage are similarly
defined. Correction factors

B
hud Mpat 2%
a
z; xf

Ci=2h (B6)

where i=A or B, account for the difference between
arithmetic and geometric mean compositions (compare

similar factors defined by Jeanloz and Thompson [1983]).

Recalling the definition of the chemical potential,
substituting this into (B1) and (B2) and rearranging,
we have

ZB _exp | Bl | =K B7
5 p[ RT g (B7)
T _ —(P=Pa)v) _ pm-

el B

As in the binary analysis, P4 and Pg are the pressures
of the phase transition in the end-member components.
We have assumed that solution is ideal, that the phases
can be approximated as incompressible over the region
of coexistence, and that

AV; = eV = VP = Nv (B9)
j=1

=1

where ¢=A or B, and v is the volume of transition per
A or B atom. The quantity

7o %P
K, = 3% _ g (B10)
T'pI9 A

is independent, of bulk composition in the ideal solution
limit and is independent of pressure to lowest order in
the difference AV — AVp. K, can also be written as a
weighted geometric average of the interphase partition
coefficients K,5, with weights given by the correspond-
ing v; and s;.

It is useful to rewrite these results in a way which
makes the connection to the binary case more transpar-
ent. Combining (B7), (B8), and (B10),

_ 1—CAK;—H

g = K (B11)
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C;'K]"'K - K
To = K (B12)

and for the yield of the high-pressure assemblage,

t(1-K)-Cy K"K + K
1-CaKy M- CU'K'K + K

fa(Il) = (B13)

Because K (and C4 and Cg) depend on z and P, it is
actually more convenient to solve the multiphase case
numerically, using (B7) and (B8). This is readily done
once the values of the nm interphase partition coeffi-
cients Kq;g; are given.

Appendix C: Transitions Involving More
Than Two Components

The generalized compositional formula of each phase,
consisting of N components, 1, 2,.., N, is
(Az,Bz,Cyy...)sRz, such that the z; sum to unity. The
bulk composition is described by the mole fraction of
each component, z;, and the components are labeled
such that the end-member transition pressures are or-
dered P, > P, > ... > Py. Assuming, as before, ideal
solutions and incompressibility over the pressure range
of the phase transition, the N equations of equilibrium
are

¢
p¢ —p = (P—P)AVi+sRTIn=5 =0 (C1)
€.

2

where i=1,2,...N. If we assume, as before, that all the
AV; are similar (AV;/s = v), then

_m_mw

RT (C2)

Kpyi =exp [
Defining the normalized pressure, Il = (P — Py) /(P —
Py), and the normalized end-member transition pres-
sures, II; = (P; — Pn)/(P1 — Py), and dropping the
subscript on K1, the equations of equilibrium become

= z?KH_H‘ (C3)
or in terms of the bulk composition,
o =zi[fs+(1- f)K" ] (C4)

where the yield of the high-pressure phase fg is given
by
T;

N
; fo(@) + [1 — fp(IN] KT

=1 (C5)

The set of N + 1 equations (C4) and (C5) are readily
solved numerically for the N +1 unknowns (z? and f3).
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