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Abstract. We have determined from first princi-
ples the athermal elastic constant tensor of MgsSiO4
forsterite with the plane wave pseudopotential method
over a wide range of pressure (0-100 GPa) that encom-
passes the full range over which forsterite has been ob-
served experimentally. The computed elastic constants
are in excellent agreement with experimental data up
to the maximum pressure of the experiments (16 GPa).
We calculate the single-crystal elastic anisotropy from
the elastic constants. We find that the anisotropy is
strong (azimuthal P- and S-wave anisotropy: 25 % and
20 %, respectively, polarization anisotropy: 15 %), in
agreement with experiment, and that it depends weakly
on pressure over the range 0-25 GPa, in contrast to the
behavior of other silicates and oxides.

Introduction

As the most abundant mineral species in the upper
mantle, the elastic properties of forsterite play a ma-
jor role in our understanding of the composition of this
region. Moreover, the large elastic anisotropy exhib-
ited by forsterite make it a potential marker of man-
tle flow through seismological determinations of mantle
anisotropy.

The elastic constants of forsterite [Zha et al., 1996]
and olivine [10 % fayalite, Zaug et al., 1993; Abram-
son et al., 1997] have recently been determined exper-
1mentally at mantle pressures. Isotropically averaged
velocities based on these data have been compared seis-
mic observations. However, the anisotropy of this min-
eral at high pressure has not been discussed. This is a
particularly important issue since seismic anisotropy is
generally interpreted in terms of the zero pressure elas-
tic constants of olivine, not necessarily representative of
the anisotropy of this mlneral at typical upper mantle
conditions. Moreover, experiments on different olivines
have yielded 31gn1ﬁcant1y different results. It is unclear
to what extent these discrepancies are due to differences
in experimental technlque or to real differences in com-
position.
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To address these issues, we have determined the struc-
ture, equation of state, and elastic constants of forsterite
over a wide pressure range (0-100 GPa) which extends
well beyond that of the upper mantle. The advantages
of exploring a pressure interval much broader than that
of the olivine stability field (P < 14 GPa) are that 1)
it serves to clarify the pressure dependence of the elas-
tic constants at large finite strains 2) it permits contact
between theory and the full pressure range over which
thlS mineral has been observed experimentally (up to

= 70 GPa) [Andrault et al., 1995; Ahrens et al., 1982].

Computational Methods

We have used a first principles variable cell shape
molecular dynamics strategy [ Wentzcovitch et al., 1993]
to obtain the ground state configuration of strained and
unstrained structures at arbitrary pressures. This tech-
nique combines density functional theory, in principle
an exact theory of the electronic ground state energy
and density with a classical molecular dynamics strat-
egy [ Wentzcovitch, 1991] which allows for efficient mini-
mization of forces and stresses through simultaneous re-
laxation of all structural parameters. This type of tech-
mque has been applied to several types of solids, includ-
ing mantle silicates [ Wentzcovitch et al., 1993; Wentz-
covitch et dl., 1995; Karki et al., 1997b] and forsterite
[Brodholt et al 1996; Wentzcovitch and Stizrude, 1997].
The ca,lculatlons are performed within the Local Den-
sity Approximation (LDA) [Ceperley and Alder, 1980].

We used the same norm-conservmg ﬂ"oullzer-M artins
[1991] pseudopotentials of our previous study of the
compression of forsterite [Wentzcovitch and Stizrude,
1997]. The number of plane-waves is set by the en-
ergy cutoff (70 Ry) leading to 8500 basis functions per
MgoSiO4 unit. The Brillouin zone was sampled on a
2x2x2 k-point mesh, but since the structural optimiza-
tions conserved the space group symmetry the effec-
tive number was reduced to 1 and 4 k-points in the
irreducible wedge for lattices under uniaxial and shear
strains, respectively.

To determine the elastic constants at a given pres-
sure, we first determine the equilibrium structure of
the 28-atom orthorhombic unit cell by minimizing the
Hellman-Feynman forces and stresses [Nielsen and Mar-
tin, 1985] acting respectively on the nuclei and the lat-
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tice parameters. The elastic constants are then deter-
mined by applying strains and calculating the result-
ing stress tensor. Because strains couple to vibrational
modes the atomic positions are re-optimized in the
strained configuration. Three uniaxial and one shear
(triclinic) strain are used to calculate the nine elastic
moduli. We perform calculations for negative and pos-
itive values of each strain (magnitude 1 %), in order
to determine precisely the value of the elastic constants
in the appropriate limit of zero strain. This method
has been applied previously to the determination of the
elastic constants in silicates and oxides [Wentzcovitch
et al., 1993; Karki et al., 1997a, 1997b].

Results

The computed elastic constants and their pressure de-
pendencies compare favorably with experimental mea-
surements (Fig. 1, Table 1). The theoretical elastic
constants are generally higher, as expected: experimen-
tal temperatures (300 K) are expected to lower elastic
constants relative to their athermal values by several
percent. Remaining discrepancies between theory and
experiment (the largest deviation is 11 % in the case
of ¢11) are attributed to the LDA and to the partic-
ular pseudopotential for magnesium used here [Kiefer,
Stizrude, and Wentzcovitch, submitted], which causes
the zero pressure lattice parameters to be underesti-
mated [by 2 %, Wentzcovitch and Stizrude, 1997].

Elastic constants are found to increase monotonically
and slightly sub-linearly with pressure, P, except for
those ¢;; for which ¢ = j > 3: cs5 and cge decrease
with increasing pressure for P > 40 and P > 90 GPa
respectively. This behavior suggests that forsterite may
undergo an elastic instability at high pressure: a finite
strain extrapolation of our results implies that cs5 van-
ishes at 173 GPa. Experiments also show a non-linear
pressure dependence of cz5 [Abramson et al., 1997, al-
though the non-linearity is much stronger than that
found here, or in experiments on forsterite [Zha et al.,
1996]. The stronger non-linearity found experimentally
for the iron-bearing sample suggests that iron may sub-
stantially affect the pressure dependence of cs5.

We represent our results by an expansion in the Eu-
lerian finite strain, f = 1/2[(V/Vo)~%/3 — 1],
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1
cij + PAij = (1+2£)°?(az + asf + §a4f2 +..) (1)

a2 = Cij0 (2)
ag = 3Ko(cjjo + Aij) — Tag (3)
as = 9K{cljo — 3Ky(as — Taz) + 16a3 — 49a;  (4)

where the contracted Voigt notation is used, subscript 0
indicates values at zero pressure, primes indicate pres-
sure derivatives, V is the volume, K the bulk modulus
and A;; = =3 if i = j < 3, and -1 otherwise [Davies,
1974]. We found that the finite strain expansion con-
verged rapidly: third-order expansions (ay = 0) were
sufficient, except for the highly non-linear pressure de-
pendence displayed by c44, cs5, and cge for which we
used a fourth order expansion (Table 1, Fig. 1).

The compressional (P) and shear (S) wave velocities
of isotropic aggregates calculated from our elastic con-
stants (Voigt-Reuss-Hill average) agree with experimer
tal determinations to within 1 % (Fig. 2). The aggre-
gate velocities show a slightly sub-linear dependence on
pressure over the range of the upper mantle, which is
also seen experimentally [Zaug et al., 1993; Li et al.
1996]. For pressures beyond those of the upper mantle,
Vs decreases with increasing pressure (P > 60 GPa),
largely due to the non-linear dependence of c44, css,
and cgg.

We find that the anisotropy of single-crystal forsterite
depends weakly on pressure. Solutions to the Cristoffel
equation using our elastic constants show that the di-
rectional dependence of P- and S-wave velocities, and
the differences between the two S-wave polarizations are
qualitatively similar between 0 and 25 GPa. The fastest
direction for P-wave propagation remains [100] and di-
rections approximately 45° to the a-axis remain the
direction of fastest S-wave propagation and maximum
difference between S-wave polarizations. The magni-
tude of the anisotropy changes by less than 5 % be-
tween 0 and 25 GPa; values representative of the pres-
sure regime of the upper mantle are 25 % and 20 %,
respectively, for the azimuthal anisotropy of P- and S-
waves and 15 % for the polarization anisotropy (Fig. 3).
Theory and experiment agree to within 5 %, although
experimentally, there appears to be an initial decrease
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Figure 1. Computed elastic constants of forsterite. Lines are Eulerian finite strain fits with parameters given

in Table 1. Experimental results of Zha et al. [1996] shown as symbols.
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Table 1. Moduli, Mo, and their first and second pressure derivatives M}, M{' at zero pressure as

determined from theory and experiment.

Theory Experiment
M, (GPa) M} Mg (GPa™?) M, (GPa)? M Mg (GPa™1)2

cn 367 7.68 (-0.085) 328.4 8.47, 7.22 -0.047
C22 220 5.30 (-0.048) 199.8 6.56, 5.42 -0.051
c33 233 5.61 (-0.052) 235.3 6.38, 5.57 -0.094
c12 77.8 3.38 (-0.027) 63.9 4.67, 3.59 -0.009
cis 79.3 3.46 (-0.027) 68.8 4.84, 3.62 -0.072
c23 80.6 3.54 (-0.028) 73.8 4.11, 2.94 +0.077
Cas 78.4 1.53 -0.019 65.15 2.12, 2.01 -0.071
css 88.7 1.34 -0.028 81.20 1.66, 1.46 -0.021
Co6 90.8 1.69 -0.027 80.88 2.37, 2.16 -0.025
K 140.9 4.32 128.6 5.37, 4.19

u 88.7 1.44 81.1 1.80,1.4 3

References: 1, Kumazawa and Anderson [1969]; 2, Yoneda and Morioka [1992]; 3, Zha et al. [1996].
Experimental values for M are from 1 (first entry) and 2 (second entry) unless otherwise noted. Theoretical
values in parentheses are from third order fits (a4 = 0). The theoretical values of Ko and K}, are consistent
with those determined from the equation of state [ Wentzcovitch and Stizrude, 1997): Vo = 40.95 cm® mol ™2,

Ko =139.1 GPa, K, = 4.46.

in shear-wave anisotropies which is not reproduced by
the calculations. We note that, experimentally, tem-
perature also has a relatively weak effect: anisotropies
increase by 3-5 % between 300 and 1700 K [Isaak et al.,
1989).
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Figure 2. Voigt-Reuss-Hill average velocities deter-

mined from our theoretical elastic constants (lines) com-
pared with experiment [Zha et al., 1996, open symbols;
Kumazawa and Anderson, 1969, closed symbols; Li et
al., 1996, heavy dashed lines], and P-wave seismolog-
ical models GCA [Walck, 1984, dashed line] and CJF
[ Walck, 1985, solid line], S-wave models TNA and SNA
[Grand and Helmberger, 1984, dashed and solid lines,
respectively], and PREM [Dziewonski and Anderson,
1981, long dashed lines).

Discussion and Conclusions

Comparison with the upper mantle shows that isotrop-
ically averaged P- and S-wave velocity profiles nearly
parallel those of forsterite between 200 and 400 km
depth, but are displaced downwards by 7 % and 13 %,
respectively (Fig. 2). These results are consistent with
the hypothesis that upper mantle mineralogy above 400
km depth is dominated by olivine [Duffy et al., 1995].
The differences between our results and seismic obser-
vations can be accounted for by the presence of Fe in
the mantle, which is expected to reduce velocities by
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Figure 3. Computed anisotropy (lines) compared

with that experimentally measured by Zha et al. [1996]
(open symbols), and Kumazawa and Anderson [1969]
(closed symbols): P-wave azimuthal (circles), S-wave
azimuthal (triangles), polarization (squares).
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2-3 %, and the high temperatures in the upper man-
tle, expected to reduce velocities by approximately 10
% relative to their athermal values [Kumazawa and An-
derson, 1969; Isaak et al., 1989]. The presence of other
abundant phases such as pyroxene and garnet likely also
contribute to the difference.

The weak pressure dependence of the elastic anisotropy
in forsterite contrasts with the behavior of other oxides
and silicates (Fig. 3). The anisotropy of MgSiO3 per-
ovskite increases by a factor of two over the pressure
regime of the lower mantle, while the azimuthal S-wave
anisotropy of periclase decreases from 16 % to zero be-
tween 0 and 20 GPa, before rising again to 59 % at
150 GPa [Karki et al., 1997a, 1997b]). The weak pres-
sure dependence of the anisotropy of forsterite is im-
portant because it supports the mineralogical basis for
most previous interpretations of mantle anisotropy in
terms of mantle flow. [Christensen and Salisbury, 1979;
Tanimoto and Anderson, 1984]. These interpretations,
which attribute anisotropy largely to flow-induced lat-
tice preferred orientation of olivine dominated aggre-
gates, have been primarily based on ambient or low
pressure measurements of the elastic constants of olivine
which, as we have shown, provide a good first order ap-
proximation to the anisotropy of olivine throughout the
upper mantle.

Modern first principles methods are now capable of
realistic predictions of the elastic constants of complex
silicates such as forsterite. Although completely inde-
pendent of experimental data, we have shown that these
methods are able to reproduce even subtle features such
as elastic anisotropy with good accuracy. We note that
it is possible to extend these methods to high temper-
atures, although we have not done so here. Modern
electronic structure theory thus promises an ideal com-
plement to the experimental approach, and the ability
to determine the elasticity and anisotropy of major con-
stituents throughout the pressure regime of the earth’s
mantle.
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