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Dynamics and Composition of 
the Mantle: From the Atomic to 

the Global Scale 



Earthquakes 

Volcanoes 

Short time-scales 



Topography	



Mantle Convection	



Long Time-Scales 



Result of Plate Tectonics 



What is Tectonic Activity?	


For the Earth we mean the large-scale strains or 

deformation that occur over geological time-scales. There 
are other geodynamic processes over shorter time-scales, 
but for now we will deal only with long-term processes.	



	


What are the stresses (or forces) that cause this activity?	


That is the major question we are trying to answer. What 

are the magnitude, nature, and origin of the stresses 
(forces) causing tectonic activity?	



Stress, Strain and Plate Tectonics 



Types of Geologic Strain 



Types of Geologic Strain 
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How do we define strain? 
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Types of strain 



Wha t are the different types of s trai ns? 
I) Recoverable (elastic) 
II) Non-Recoverable (permanent) 

i. Brittle Failure 
ii. Creep (ductile deformation) 

 
Recoverable Strain- mostly associated with small amounts of deformation 

Small stress !  " Small Strain 
When Stress (or Force) is released snaps back to original position 
Stress is proportional to amount of strain (Hooke’s Law ) 

 
Non-Recoverable (anelastic) Strain- Associated with large deformations 
 Large Stresses applied slowly (small strain rate) or fast (large strain rate) 
 Stress is proportional to strain rate 
 

Strain rate 
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Types of strain 



We need to relate stress to strain for both types of strain. 
To do so we need the properties of the material (moduli)	



	


Elastic Strain is related to the elastic or rigidity moduli (G). 	



�
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Anelastic Strain to viscosity (η).	
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G =
σ
ε

What are some typical values for the solid Earth?	


Let’s work it out	



 
η =

σ
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Quantifying types of strain 



Elastic ~ .2-.5%	


Anelastic ~ 100%!	



	


Strain rate ~ 10-15s-1	



	



In the Earth clearly the permanent, anelastic deformation is 
much greater than the elastic strain. But over what time scales? 
We saw that what type of strain develops depends on the P 
and T conditions and the strain rate. So what is an appropriate 
characteristic time scale?	



Maxwell Relaxation Time	


i.e.	



How long before anelastic strain becomes the dominant 
mode of deformation? �

Strain and Strain Rate 



time<< τM   à Elastic Behavior�
time>> τM    à Fluid (creep) Behavior �
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Let’s get some characteristic values for the Earth: 
Material (Pa s) G (GPa) M (s)  
Na-Ca glass (250°C) 4 x 1011 25 20  
Salt (200°C) 3 x 1016 20 2 x 106 17 days 
Ice (0°C) 1013 4 2.5 x 103 90 minutes 
Upper Mantle (1300 °C) 1020 50 2 x 109 300 yr 
Mantle creep is clearl y the dominant mechanism of deformation for geological time 
scales t > 1010 to 1011 s ~ 103 to 109 years  >> M 

Maxwell Relaxation Time 



Material properties strong function of temperature!	



crust �
(500°K) �

mantle �
(1500°K) �

Age of the Universe �

1 byr �

1 year �

1000 years �

1 myr �

τ>>τM �

creep regime �

Maxwell Relaxation Time 



This pictures shows to first order that	


1)Only hot planets (Tinterior > 1500 K) can be “active”	


2)Crust and near-surface rocks cannot deform by creep on geological time scales	


In the Earth we have – to first order - the simple picture – of plate tectonics	



	

 	

Cold brittle plates over hot creeping mantle	



Maxwell Relaxation Time 



Isostasy; Post-Glacial Rebound 

How%do%we%know?%

•  Post9glacial%rebound%
–  Snow%falls%
–  Ice%sheet%forms%

–  Depresses%lithosphere%
–  Ice%melts%

–  Lithosphere%rebounds%
•  Rate%of%rebound%related%
to%mantle%viscosity%

Richmond%Gulf,%Hudson’s%Bay,%Canada% Pel$er&(2004))&Annual&Reviews&Earth&Planet&Sci.&
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How do we know? 



Mantle Convection 



Mantle Convection 
Boundary Layers 



[Zhao et al., 1997] 

Continuous generation of  
dynamical (thermal) +  
geochemical (compositional) = 
seismic heterogeneity 

[including phase transitions (TZ!!)] 

Plates          Mantle Convection 



Static Processes	


Dynamic Processes  

Experimental - Laboratory 

Observational - Modeling 

Theoretical - Numerical Simulations 

(a)

Present	


Past	



Research Methods 
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What is right Constitutive Relation? 

[Tackley, 1999] 

σ = −pI+ 2ηe

Governing Equations 



How to solve? 
� Numerical methods for PDE’s 

� Finite Difference, Spectral, Finite element, Finite 
Volume, etc. 

� Flexibility 

� Grids (geometry, adaptability) 

� Resolution 

� Material property contrasts 

� Speed! 

� Regional vs. Global 

� Boundary conditions 

� Resolution, Speed 

� Nature of problem ª Inputs 
ª Material properties (from mineral physics) 

ª α, κ, ρ	



ª as a function of 
ª Rheology (viscosity, but not only) 

ª As a function 
ª P dependence requires compressibility 

ª Energy sources (from geochemistry, and …) 
ª Rate of internal heating 
ª Basal heating (heat flow coming out of the core) 

ª Chemical Composition (from geochemistry in a broad sense) 



Mantle convection Movies 
http://www.gps.caltech.edu/~gurnis/Movies/movies-more.html	



http://www.ipgp.jussieu.fr/~labrosse/movies.html	





-Infinite Prandtl # fluid: i.e. Inertial forces are not important	


-Fluid is Incompressible, Newtonian	



-Properties Homogeneous 
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But suppose you know        ? 	
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Approximations 



Falling Sphere	



Buoyancy	


	


	


	



Resistance	


	


	


	



Force Balance: FB+FR=0	


	


	


	



Actual coefficient varies between 1/3 (inviscid) and 2/9 (solid)	
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Falling Sphere	
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∇p−η∇2v = δρg
∇2Φ = 4πGδρ

Take each variable: 	



€ 

[vr,vθ ,vϕ ,τ rr,τ rθ ,τ rϕ ,δp,δρ]

[Alterman et al., 1959; Takeuchi and Hasegawa, 1965; Kaula, 1975; Hager and O’Connell, 1979; 1981] 

Expand using spherical harmonics, scalar:	



and vector fields:	



How to Solve Stokes.. 



Aside: Spherical Harmonics 
The spherical harmonics  are the angular portion of the solution to Laplace's 

equation in spherical coordinates 	
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∇2Φ = 0

Spherical Harmonics	





Continuing….. 
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[So for example the continuity (mass conservation) equation]	



…. Substitute the expansions for velocity, stress, with those for pressure and 	


density… We end with 6 coupled ODEs	



	


…..We could solve NUMERICALLY… but if we perform a simple variable 	



substitution for each spherical harmonic coefficient	


	



….. We get two nicely defined differential equations	



[See Hager and O’Connell, 1979 and 1981]	





Propagator Matrices 

[Hager & O’Connell, 1979]	
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λ
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[Poloidal]	



[Toroidal]	



€ 

λ = ln(r /RE )

These equations can be solved via Propagator matrices	


[See Gantmacher] 	



We can now solve for velocities and stresses at any depth once P is known!	



Boundary Conditions: Continuity of velocity and stresses at boundary interfaces	


Use: Free-slip at CMB; Free-slip or no-slip at surface	



Computing Mantle Flow 



[Hager & O’Connell, 1979]	



-Spectral Solutions VERY FAST! (You’ll see)	


-Can change radial viscosity profile (explore effects of viscosity structure)	



-Spherical Shell	


-Predict observables (Geoid, Topography, Plate Motions, Flow (Anisotropy))	



-Can explore compressibility (less than 10% effect at long wavelengths) 	



-LACK OF RHEOLOGICAL COMPLEXITY	


	

Lateral viscosity variations	


	

Plate boundary rheology	



-MUST ASSUME A DENSITY HETEROGENEITY	


-No TIME DEPENDENCE	



Advantages & Disadvantages 



Mantle Density Heterogeneity Model	



[Hager & O’Connell, 1979]	



Depth = 1000 Km
Based on Geologic Information-Plate Motion History"

Seismic Tomography- Convert velocity to density---- BUT HOW?!

[ Lithgow-Bertelloni and Richards, 1998] 

[ Masters and Bolton] 

So now what? 



[Hager & O’Connell, 1979]	



Birch’s law	



δv=aδρ	



Factors=0.1-0.5 g s/km cm3	



Velocity-Density Scaling 



Karato and Karki (2001) 
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Velocity-Density Scaling 



Velocity-Density Scaling 

component system, is a more complete and accurate
representation of the relevant physics. For comparison to
existing studies of mantle convection, we have computed
the value of Π from our results for αmet and Eq. (8) for
the three prominent sets of peaks in αme near 410,
520, and 660 km depth. Assuming typical values 〈ρ〉=

3000 kg m−3, 〈α〉=3×10−5 K−1, g=10 m/s2, and h=
2890 km, we findΠ=0.042, 0.037, and −0.072 for these
three groups of transitions.

The relative magnitudes of lateral variations in shear
and longitudinal wave velocities and density permit
comparisons of seismological models to other geophys-
ical observables such as the geoid. If lateral variations
are assumed to be caused solely by lateral variations in
temperature

n ¼ Alnq
AlnT

! "
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! "
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= AlnVP
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where the derivatives are the total derivatives and must
include the influence of phase transformations, as well as
the isomorphic contribution. Our results show consider-
able variation with depth due to the influence of phase
transformations (Figs. 8 and 9). The metamorphic
contribution to ξ is positive for most phase transitions,
consistent with expectations based on Birch's law. The
region near 350 km depth is an exception and shows a
negative metamorphic contribution due to the pyroxene
to garnet transition. Most previous analyses show less
variation with depth as compared with our results. For
example, the results of Forte et al. (1994) are based on
inverting gravity observations. As these observations
have limited depth resolution, one might expect the
results of the inversion to show more gradual variations
in depth. In fact the results of Forte et al. (1994) appear to

Fig. 7. (top) Thermal expansivity along the 1600 K adiabat (red) and the
isomorphic contribution (blue). (bottom)Density along 1600K (red) and
1000 K (blue) adiabats, and the relative difference δlnρ /δT (black, right-
hand axis). (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

Fig. 8. Relative variations of density and shear wave velocity ξ (red)
and the isomorphic contribution to ξ (blue) compared with the results
of: (short-dashed green) Karato (1993), (solid green) Forte et al.
(1994), (long-dashed green) Ishii and Tromp (2001) and (dash-dot
green) Forte and Mitrovica (2001). (For interpretation of the references
to colour in this figure legend, the reader is referred to the web version
of this article.)

Fig. 9. Relative variations of shear and longitudinal wave velocity R
(red) and the isomorphic contribution to R (blue) compared with the
results of: (solid green) Bolton and Masters (2001) (short dashed
green) Karato (1993) (long-dashed green) Ishii and Tromp (2001), and
(dash-dot green) Robertson andWoodhouse (1996). (For interpretation
of the references to colour in this figure legend, the reader is referred to
the web version of this article.)

51L. Stixrude, C. Lithgow-Bertelloni / Earth and Planetary Science Letters 263 (2007) 45–55

Stixrude and Lithgow-Bertelloni (2007) 



Best fitting viscosity structure 
Lithosphere-10 * UM 

Lower Mantle-50 * UM 

Predict Geoid 



Plate Motions 



Contributions: Mantle Stresses; Crustal Heterogeneity 

[Reinecker, J., Heidbach, O. and Mueller, B., 2003] 
(available online at www.world-stress-map.org) 

Earth’s Stress Field 



[Lithgow-Bertelloni and Guynn, 2004] 

Combined effect of crustal contribution and mantle flow 

LVC+TD0 
Fit to observations (Variance Reduction) 

Azimuth-59% 
Regime-61% 

Stress Field 


