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Abstract

We present ab initio calculations of the high-temperature axialc/a ratio of hexagonal-close-packed (hcp) iron at Earth’s core
pressures, in order to help interpret the observed seismic anisotropy of the inner core. The calculations are based on density
functional theory, which is known to predict the properties of high-pressure iron with good accuracy. The temperature dependence
of c/a is determined by minimising the Helmholtz free energy at fixed volume and temperature, with thermal contributions due
to lattice vibrations calculated using harmonic theory. Anharmonic corrections to the harmonic predictions are estimated from
calculations of the thermal average stress obtained from ab initio molecular dynamics simulations of hcp iron at the conditions
of the inner core. We find a very gradual increase of axial ratio with temperature. This increase is much smaller than found in
earlier calculations, but is in reasonable agreement with recent high-pressure, high-temperature diffraction measurements. This
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esult casts doubt on an earlier interpretation of the seismic anisotropy of the inner core.
2005 Elsevier B.V. All rights reserved.

ACS: 62.20.D; 62.50.+p; 71.15.Ap; 91.35.−x
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. Introduction

In the last few years, there have been a number of ab
nitio studies of iron at high temperatures and pressures,
n an effort to understand the properties of the Earth’s
olid inner core(Stixrude et al., 1994, 1997; Stixrude
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and Cohen, 1995; S̈oderlind et al., 1996; Wasserm
et al., 1996; Vǒcadlo et al., 1997, 2003; Vocadlo et
2000; Belonoshko et al., 2003; Laio et al., 2000; Alfè et
al., 2001; Steinle-Neumann et al., 1999, 2001, 20,
including its elastic properties. A controversial iss
addressed by some of this work, concerns the el
anisotropy of the inner core(Creager, 1992; Trom
1993), i.e. the fact that compressional waves are
served to traverse the core region some 3–4% f
along the Earth’s rotational axis than in the equato
plane. It is widely assumed that the phase of Fe in
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inner core is hexagonal-close-packed (hcp), and it has
become clear that to understand the elastic properties it
is necessary to know how the axial ratioc/a depends on
temperature and pressure. In order to provide informa-
tion about this, we present here ab initio calculations
of the axial ratio of hcp iron over a range of pressures
and temperatures relevant to the inner core.

Ab initio calculations on pure crystalline iron are
very relevant for understanding the inner core, even
though the core is known to contain light impurities
(the leading candidates are O, Si and S), and is be-
lieved to contain Ni as well as Fe(Poirier, 1994).
Recent estimates(Alf è et al., 2002a)suggest that the
fraction of light impurities in the inner core is approx-
imately 8.5 mol%, and this low fraction will probably
not change its properties greatly. The Ni content will
also probably make only a small difference, since the
electronic structures of Ni and Fe are so similar. The
determination of the properties of pure Fe is thus essen-
tial as a starting point for further refinements. The com-
mon assumption that Fe in the inner core is in the hcp
structure has recently been challenged(Vočadlo et al.,
2003; Belonoshko et al., 2003), and it is possible that
the crystal structure is different in different parts of the
core(Song and Helmberger, 1998; Ishii and Dziewon-
ski, 2002; Beghein and Trampert, 2003). However, in
order to make progress, it is clearly essential to un-
derstand the properties of the leading candidates, of
which hcp is certainly one. It is well established that
density functional theory (DFT)(Hohenberg and Kohn,
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tion that elastic anisotropy could be explained by a
preferential alignment of crystallinec-axes with the
Earth’s rotational axis. However, more recent work
has indicated a strong temperature dependence of the
elastic constants(Steinle-Neumann et al., 2001, 2002),
including a crossing of thec11 andc33 constants at ap-
proximately 1500 K, which would result in a reversal
of the necessary crystalline alignment. It appears that
the strong temperature dependence of the elastic con-
stants is due in part to a rapid increase of the axial ratio
with increasing temperature. However, this work can be
questioned, because it is based upon a statistical me-
chanical approximation known as the particle-in-cell
(PIC) model(Hirshfelder et al., 1954; Holt and Ross,
1970; Holt et al., 1970; Ree and Holt, 1973; Westra
and Cowley, 1975; Cowley et al., 1990), which may
not be reliable. In addition, independent PIC calcula-
tions have failed to reproduce their results(Gannarelli
et al., 2003). Very recently, experimental work(Ma
et al., 2004)has shown that this strongc/a variation
with temperature is not observed at pressures up to
160 GPa. Our aim in this paper is to perform calcu-
lations of the high temperature axial ratio, which are,
as far as possible, free of statistical mechanical approx-
imations.

The calculation of phonon dispersion relations using
DFT is nowadays completely routine, and this makes
it possible to obtain the Helmholtz free energyF of
a high-temperature crystal without any statistical me-
chanical approximations, provided that anharmonic-
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964; Kohn and Sham, 1965; Jones and Gunnar
989)gives a rather accurate description of Fe and o

ransition metals, both under ambient conditions,
nder high pressures and temperatures. This is kn

rom comparisons with experiment for a wide rang
roperties, including the equilibrium lattice parame
nder ambient conditions, elastic constants, mag
roperties, phonon frequencies(Stixrude et al., 1994
öderlind et al., 1996; Vǒcadlo et al., 1997; Vocad
t al., 2000); the pressure–volume relationship at h
ressures, the phonon density of states and the H
iot (Wasserman et al., 1996; Mao et al., 2001; Alfè et
l., 2001).

A number of groups have used DFT calculati
o investigate the elastic constants of hcp Fe u
nner-core conditions. The early calculations were
ormed at zero temperature(Stixrude and Cohen, 199
teinle-Neumann et al., 1999), and led to the sugge
ty can be ignored. Phonon dispersion relations
e in both the magnetic body-centred cubic and
cp structures have been reported by several gr
Vocadlo et al., 2000). The equilibrium value ofc/a can
hen be obtained for givenV andT by minimisingF with
espect toc/a. Of course, at temperatures near the m
ng point, it is not obvious that anharmonic correcti
o F can be neglected. However, direct DFT molec
ynamics simulations allow the calculation of the th
al average stress tensor(Oganov et al., 2001), so tha

he equilibriumc/a can be found by requiring that t
tress tensor be isotropic; such direct simulations c
letely include anharmonicity. The DFT calculation
honon frequencies is straightforward and relativel
xpensive, but ab initio molecular dynamics dema
uch larger computational resources. Our strateg

his work is therefore to base most of the calculation
he harmonic approximation, but to use a small num
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of molecular dynamics simulations to estimate anhar-
monic corrections to the equilibriumc/a.

The rest of this paper is organised as follows: in Sec-
tion 2 we present the technical background to our elec-
tronic structure calculations, and describe the statistical
mechanical principles of our harmonic and molecular-
dynamics calculations. In Section3 we describe our
harmonic calculations, including the technical tests we
performed to ensure their accuracy. In Section4 we
present our ab initio molecular-dynamics results. Dis-
cussion of our results for the temperature and pressure
dependence of the axial ratio follows in Section5.

2. Techniques

The principal quantity in this work is the ab initio
Helmholtz free energyF (V, q, T ) as a function of the
volumeV, axial ratioq = c/a and temperatureT. The
temperature in the Earth’s core is far above the De-
bye temperature of Fe, so most of the present work is
based on the standard expression of classical statistical
mechanics for the free energy:

F (V, q, T ) = −kBT ln

{
1

�3N

∫
dr1 . . .drN

× exp

[−UAI (r1 . . . rN ; Tel)

kBT

]}
(1)

whereT is the temperature and� the thermal wave-
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states up to and including 3p are treated as core states,
but the high-pressure response of 3s and 3p states is
included via an empirical pair potential. This approx-
imation is tested using spot-checks with 3p electrons
included in the valance set. All calculations were per-
formed using the VASP code(Kresse and Furthm̈uller,
1996a,b).

In practice, the ab initio Helmholtz free energy is
separated into perfect lattice, harmonic and anharmonic
contributions:

F = Fperf + Fharm+ Fanharm. (2)

HereFperf = UAI (R1 . . .RN ; Tel) is the ab initio free
energy with all atoms fixed on their perfect-lattice po-
sitions{Ri}. The harmonic contributionFharm is given
by (Alf è et al., 2001)

Fharm = 3kBT ln
�ω̄

kBT
, (3)

with ω̄ the geometric mean phonon frequency:

ln ω̄ = 1

Nks

∑
ks

ln ωks, (4)

whereNks is the total number ofk-points and phonon-
branches, the sum being taken over the first Brillouin
zone.ω̄ is a function ofV, q andTel. As usual, the
phonon frequenciesωks at each wavevectork are ob-
tained by diagonalising the dynamical matrix, whose
elements are defined in terms of the force-constant ma-
t
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ength. Comments will be made later about quan
ffects for the nuclear degrees of freedom, when
efer to results at temperatures below the Debye
erature. The quantityUAI (r1 . . . rN ; Tel) is the ab initio
elmholtz free energy of the system when the atom
xed at the positions{ri};UAI is a free energy becau

t includes thermal excitation of the electrons, at e
ronic temperatureTel, as described by finite tempe
ure density functional theory(Mermin, 1965). Since
e are interested in the case of full thermal equilibri
e haveTel = T . In the present work, the DFT calc

ation ofUAI is made using the exchange-correla
nergy given by the PW91 generalised gradient app

mation (Wang and Perdew, 1991). The implementa
ion of DFT is the projector augmented wave (PA
cheme(Blöchl, 1994; Kresse and Joubert, 1999)with
ore radii, augmentation charge radii, etc., as repo
n (Alf è et al., 2000). As in our previous work, atom
rix �lsα,l′tβ as:

sα,tβ(k) = 1

M

∑
l′
�lsα,l′tβ exp[ik · (R0

l′t − R0
ls)],

(5)

hereM is the mass of each atom. HereR0
ls is the

quilibrium position of thesth atom in thelth primi-
ive cell. Calculation of the force-constant matrix� is
erformed by the small-displacement method(Kresse
t al., 1995; Alf̀e et al., 2001; Alf́e, 1998), in which
ach atom in the primitive cell is given a small d
lacement, and DFT is used to calculate the resu

orce on every atom in a large repeating cell. The
ulation of the dynamical matrix and hence the m
requencyω̄must be taken to convergence with resp
o the size of the repeating cell. For the hcp struc
he entire� matrix is calculated by performing on
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two independent displacements, as explained inAlf è
et al. (2001). Within the harmonic approximation, the
equilibrium c/a at given atomic volume and tempera-
ture is determined by calculatingFperf(q) andFharm(q)
at a series ofq values, and by minimising the quantity
Fperf(q) + Fharm(q) numerically.

Our estimates of anharmonic corrections to the equi-
librium c/a are based on ab initio molecular dynam-
ics simulations. These are performed in the canonical
ensemble, using an Andersen thermostat(Andersen,
1980). The determination of the equilibriumc/a is
based on a calculation of the time-averaged stress ten-
sorσαβ. The system is in hydrostatic equilibrium with
respect to variation ofq whenσ33 − σ11 = 0. In com-
paring with harmonic predictions, it is useful to note
that the components of the thermal average stress ten-
sor are related to the ab initio harmonic free energy
by

〈σαβ〉 = 1

V0
lim
εαβ→0

(
∂F

∂εαβ

)
T

, (6)

whereεαβ is the infinitesimal strain tensor andV0 is the
volume of the system before application of the strain.
In particular, for our constant volume calculations of
F (V, q, T ), we can write

〈σ33 − σ11〉 = 3q

2V

(
∂F

∂q

)
V,T

. (7)

This means that the stress component〈σ33 − σ11〉
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equilibrium axial ratio. As a guideline, we set ourselves
the target of obtainingc/a to a precision of±0.005.

3.1. Perfect lattice free energy

DFT results for the perfect lattice free energy for
c/a = 1.6 were reported earlier byAlf è et al. (2001),
and were more recently reported byGannarelli et al.
(2003)for q in the range 1.48–1.72. The present calcu-
lations are closely related to the previous ones, but we
have introduced some refinements. We have calculated
Fperf for electronic temperatures in the range 1000–
7000 K. ForTel in this range, we find that an 8× 8 × 5
Monkhorst–Packk-point sampling set provides a pre-
cision of better than 1.5 meV atom−1. The plane-wave
cutoff has been set to achieve complete continuity in
the curveFperf(q), and to ensure that at every point on
this curve, the calculated energy and stress components
are converged to within our required targets.

For the set ofTel mentioned above, we have cal-
culatedFperf for c/a in the range 1.54–1.70, at steps of
0.01 and for volumes between 6.8 and 8.8Å3 at steps of
0.2Å3, as well as at three particular volumes of interest,
6.97, 7.50 and 8.67̊A3. A parameterisation essentially
exactly fitting the data consists of a cubic polynomial in
c/a, whose coefficients are fitted to quartic polynomials
in Tel. As a point of reference for our later discussion,
we have used these results to calculate the equilibrium
axial ratio atT = 0 as a function of volume. We have
c -
s .
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c sure
ithin the harmonic approximation can be obtai
y taking the derivative with respect toq of the free
nergyFperf(q) + Fharm(q).

. Harmonic calculation of the equilibrium
xial ratio

In order to determine the equilibrium axial ratio
armonic theory, the two quantities that it is neces

o calculate are the perfect lattice free energyFperf, and
he geometric mean phonon frequency ¯ω, both as func
ion of volume, axial ratioc/a and electronic temper
ure. The calculation of these quantities is present
he following subsections, and the results for the e
ibrium axial ratio are presented in Section3.3. The
recision we need to achieve in the calculations is
y the precision with which we wish to determine
onverted the results to obtainq as a function of pres
ure by using theP(V ) relation fromStixrude et al
1994). In Fig. 1, we compare the resulting values
(P) with very recent room-temperature synchrot
easurements(Ma et al., 2004)in the pressure rang
0–160 GPa. In both cases, we see a very sligh
rease ofq with pressure, though the theoretical val
re lower by about 0.008. The theoretical results sh

n Fig. 1do not include quantum mechanical lattice
ects due to zero-point energy. This will be addres
n Section3.3.

.2. Harmonic calculations

As explained in Section2, the harmonic vibrationa
ree energy is determined entirely by ¯ω. Values ofω̄
ust be converged with respect tok-point sampling

ell size and atomic displacement, and we must en
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Fig. 1. Calculated equilibrium axial ratio of hcp Fe at zero tempera-
ture as a function of pressure (solid curve), compared with diffraction
results ofMa et al. (2004)(open squares with error bars).

that this convergence is achieved across the required
range ofc/a. In order to achieve the required tolerance
in the harmonic free energy, systematic errors in ¯ωmust
not vary with respect toq by more than 0.1%.

We have designed a strategy for ensuring conver-
gence ofω̄. In our initial tests, we adopt a displacement
of 0.01Å, which has been used in previous calcu-
lations (Alf è et al., 2001). With this displacement,
we determine thek-point sampling needed to obtain
convergence for a 16-atom supercell. We then study
convergence with respect to cell size, thek-point
sampling for each cell size being chosen in the light of
thek-point sampling tests of the 16-atom system. This
set of tests tells us the cell size needed. To conclude the
tests, we then address convergence of atomic displace-
ment andk-point sampling for this cell size. All these
tests are performed atTel = 1000 K. This temperature
is deliberately chosen to be much lower than the
temperatures of real interest. We do this because the
fineness ofk-point sampling needed to achieve a given
degree of convergence decreases with increasing
temperature. One can therefore be sure that if conver-
gence is achieved with respect tok-point sampling at
1000 K, it will certainly be achieved at higher tempera-
tures.

For the 16-atom system, ¯ω was calculated for
Monkhorst–Pack sets up to 9× 9 × 6. We find that for
a Monkhorst–Pack 5× 5 × 3 grid, ω̄ is converged to
within 0.01%. Next, a set of supercells was chosen,
such that the dimension along the hexagonal axis is sim-

ilar to the dimension in the basal plane. Sizes chosen
were 16 (2× 2 × 2), 36 (3× 3 × 2), 54 (3× 3 × 3),
96 (4× 4 × 3), 128 (4× 4 × 4) and 150 (5× 5 × 4)
atoms. For each cell size, we calculate ¯ω usingk-point
sampling that is equivalently finer than the converged
value of 5× 5 × 3 in the 16-atom system. We find that
for a 54-atom system, ¯ω is converged to within 0.5%,
however the consistency between calculations for dif-
ferent values ofc/a at this cell size, is much better than
our tolerance. Finally,k-point and displacement con-
vergence were carried out on the 54-atom system. We
found that for a 3× 3 × 2 Monkhorst–Pack grid and a
displacement of 0.01̊A, ω̄ is converged to within ap-
proximately 1% in absolute terms, but, again, to well
within our tolerances for non-cancelling errors. These
tests were all performed for bothc/a = 1.60 and 1.70.
All the harmonic results that follow were based upon
values ofω̄ calculated for these values of supercell size,
k-point sampling and displacement.

Calculations of ¯ω were performed for atomic vol-
umes of 6.97, 7.50 and 8.97Å3, for c/a from 1.58 to
1.70 in steps of approximately 0.03, and for electronic
temperatures of 2000, 4000 and 6000 K. We parame-
terised lnω̄(q) for each volume and temperature using
a second order polynomial inq, which gave an effec-
tively exact fit to the results.

3.3. Harmonic results for equilibrium axial ratio

Equilibrium values ofc/a were obtained at 6.97, 7.50
a and
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nd 8.67Å3 and temperatures of 0, 2000, 4000
000 K, by analytic minimisation of the total harmo

ree energyFperf(q) + Fharm(q), using the polynomia
arameterisations described above for ln ¯ω(V, q, Tel)
ndFperf(V, q, Tel). Results are shown inFig. 2, to-
ether with the previous theoretical results ofSteinle-
eumann et al. (2001)and the very recent experimen

esults ofMa et al. (2004). Note that all the theoretic
esults show the variation ofc/a with T at fixed vol-
me, whereas the experimental results are at the
ressure of 161 GPa. The present results differ gr

rom the earlier theoretical results, in that we find o
very moderate increase ofc/a with temperature. Th
xperimental increase ofc/a with temperature is als
ar smaller than the predictions ofSteinle-Neumann e
l. (2001), and is, if anything, smaller than the variat

hat we predict. More detailed discussion will be gi
n Section5.
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Fig. 2. Calculated equilibrium axial ratio as a function of temperature
for different volumes. For this work (light curves) atomic volumes
are 6.97Å3 (solid curve), 7.50̊A3 (dashed curve) and 8.67̊A3 (dotted
curve). ForSteinle-Neumann et al. (2001)(heavy curves) volumes
are 6.81Å3 (solid curve), 7.11̊A3 (dashed curve) and 7.41̊A3 (dotted
curve). Also shown are diffraction measurements due toMa et al.
(2004)at 7.73Å3/atom (open squares with error bars) and our own
ab initio MD calculations (open diamonds) at 6.97Å3.

We now return to the question of quantum correc-
tions to the energy of lattice vibrations. At zero tem-
perature, there exists a ‘zero point’ contribution to the
energy per atom

EZ = 1

2Nks

∑
ks

�ωks. (8)

Using our calculated phonon frequencies, we have
computed this energy as a function ofq at an atomic
volumeV = 6.97Å3. By differentiating with respect to
q, we obtain a contribution to the stressσ33 − σ11, vary-
ing atV = 6.97Å3 between−230 MPa atq = 1.58 and
−910 MPa atq = 1.70. This would shift the equilib-
rium axial ratio by no more than 0.001. It is expected
that this contribution will become even smaller as tem-
perature increases.

4. Molecular dynamics calculations

The determination of the equilibrium axial ratio by
ab initio molecular dynamics is based on the calcu-
lation of stresses; specifically on the stress difference
σ33 − σ11, which disappears for the equilibrium value
of c/a. In order to apply this technique successfully, a
number of technical sources of error must be brought

under control. Firstly, the duration of the run must be
long enough to reduce statistical errors to within an
acceptable level; secondly, the size of the simulation
cell must be large enough; and thirdly, electronick-
point sampling must be adequate. The first two of the
convergence questions can be addressed in detail us-
ing classical molecular dynamics simulations, and we
have performed tests of this kind as described below.
The question ofk-point convergence will be discussed
when we present our ab initio molecular dynamics cal-
culations in Section4.2.

Although ab initio molecular dynamics calculations
fully include anharmonicity, they are very demanding
in terms of computational resources, so that we can
only perform these calculations at a very small number
of state points. Our aim is to put limits on the possi-
ble size of anharmonic corrections to the stress, and
hence toc/a. Our ab initio molecular dynamics results
for σ33 − σ11 can be compared with our harmonic cal-
culations by using Eq.(7) to calculateσ33 − σ11 in the
harmonic approximation. Since anharmonicity is neg-
ligible at low temperatures, the harmonic and molec-
ular dynamics calculations of the stress should be in
close agreement under these conditions. This provides
a further check both on our harmonic and molecular
dynamics results.

4.1. Molecular dynamics simulations for an
embedded-atom model

were
p ) for
F
t
i irst,
a ly, a
s nting
q

E

w

Our tests on statistical and system-size errors
erformed using an embedded atom model (EAM
e, similar to that used byBelonoshko et al. (2000). In

he EAM, the total energyEtot of a system ofN atoms
s represented as the sum of two contributions. F
n empirical, repulsive pair potential, and second
um of embedding energies for each atom, represe
uantum mechanical band-structure effects:

Etot = Epair + Eembed,

pair = 1

2

∑
i�=j

φ(|ri − rj|), Eembed=
∑
i

f (ρi),

ρi =
∑
j(�=i)

ψ(|ri − rj|) (9)

hereφ(r) andψ(r) have the inverse power forms
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φ(r) = ε
(a
r

)n
and ψ(r) =

(a
r

)m
, (10)

andf (ρi) = −εC(ρi)
1
2 . In practice, bothφ andψ are

cut off smoothly by making the transformation

φ(r) → φSF(r) =



φ(r) + β + γr r < r0

α(r1 − r)3 r0 < r < r1

0 r1 < r

,

(11)

wherer0 andr1 are cutoff radii, withα, β andγ cho-
sen such thatφ, φ′ andφ′′ are continuous atr0. The
form guarantees that these three functions are also
continuous atr1. In the present calculations, we use
r1 = 7Å, r0 = 0.9r1. The parameters have been mod-
ified somewhat from those given byBelonoshko et
al. (2000), in order to reproduce better our ab initio
molecular dynamics simulations on solid and liquid
Fe(Alf è et al., 2001, 2002b). The parameters we user
are:n = 5.93,m = 4.788,ε = 0.1662 eV,a = 3.4714
Å andC = 16.55.

In order to assess the length of run needed to re-
duce the statistical error onσ33 − σ11 to an acceptable
level, we have performed molecular dynamics runs at
several system sizes and at a number of different ther-
modynamic state points. An illustration of such a run
is given inFig. 3. On the basis of these calculations we

ors

e of
a

Fig. 4. Fifteen picoseconds time-averaged calculations ofσ0 =
σ33 − σ11 for a variety of cell sizes within the embedded atom model.

to within 1 GPa, for example, we require a run of length
3–4 ps. Since the r.m.s. error is inversely proportional
to the square root of the length of run, we may imme-
diately infer the length of run necessary to obtain any
required precision. From statistical mechanics, we ex-
pect that for a given length of run, the r.m.s. error on the
stress components will decrease with increasing system

size asN− 1
2 , whereN is the number of atoms. We find

that this is consistent with tests performed on system
size, with r.m.s. errors on a 1.5 ps average falling from
2 GPa for a 54-atom cell, to 1 GPa for 150 atoms. To test
size errors we performed runs on systems containing
54, 96, 128 and 150 atoms at identical state points.Fig.
4 shows the effect of system size onσ33 − σ11. Error
bars show r.m.s. statistical errors as described above.
We see that for a system of 96 atoms, the error due to
size effects is within approximately 0.6 GPa.

It follows from these tests that in order to calculate
σ33 − σ11 to a tolerance needed to determine the equi-
librium axial ratio to within 0.005, it should be enough
to perform ab initio molecular dynamics simulations of
1 ps on 96 atoms.

As a further test of our techniques, we have com-
pared molecular dynamics results forσ33 − σ11 with
the predictions of harmonic theory for the embedded
atom model.Fig. 5 presents the molecular dynamics
and harmonic results forV = 6.97Å3, c/a = 1.65 for
a range of temperatures. Because of the gradual varia-
tion ofσ33 − σ11 with temperature, we use longer runs
o lim-
i tures,
f up to 5 ps. Cell sizes are converged within the
ts discussed above. We see that at low tempera
find that, in order to reduce the r.m.s. statistical err

Fig. 3. Instantaneous (dotted curve) and average (solid) valu
σ0 = σ33 − σ11 (upper plot) and standard error (lower plot) for
40 ps run forV = 6.97Å3/atom,T = 4000 K andc/a = 1.65 in the
embedded atom model.
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Fig. 5. Molecular dynamics (open circles) and harmonic (diamonds)
calculations ofσ0 = σ33 − σ11 for a 6.97Å3 cell in the embedded
atom model, withc/a = 1.70. The dashed curve represents a second-
order fit to the MD data, while the solid line is its tangent at 0 K. In
agreement with thermodynamic theory, this coincides the harmonic
calculations of the stress.

the molecular dynamics results reproduce well the pre-
dictions of harmonic theory. This agreement provides
additional confirmation that the statistical and system-
size errors on the molecular dynamics calculations are
very small. The deviation, rising to around 8.5 GPa at
6000 K, shows the high-temperature emergence of an-
harmonic effects.

4.2. Ab initio molecular dynamics results

We have performed ab initio molecular dynamics
simulations at an atomic volume of 6.97Å3, in which
we have calculatedσ33 − σ11. The molecular dynamics
calculations are performed using exactly the same DFT
methods as in the harmonic calculations. From the tests
on the embedded atom model, we already have a good
indication of the cell size and length of run necessary,
but the question ofk-points must also be addressed. To
do this, we calculateσ33 − σ11 for several disordered
configurations, selected from classical MD trajectories,
both withΓ -point sampling and with larger numbers
of k-points. Our tests are performed for a 96-atom sys-
tem, with an atomic volume of 6.97̊A3 and an axial
ratio of 1.65. The molecular dynamics simulation from
which the configurations were drawn was performed at
5000 K. We took four snapshots at intervals of 0.2 ps.
For this state point,σ33 − σ11, with Γ -point sampling

Fig. 6. Comparison of ab initio MD (heavy curves) and harmonic
(light) results for the stressσ33 − σ11. Solid lines are at 4000 K,
dashed lines at 5000 K. The dotted line shows results for 150-atom
molecular dynamics at 4000 K. The diamond represents a 96-atom
run including 3p states explicitly in the valence set. All calculations
were performed for an atomic volume of 6.97Å3. For comparison
with earlier PIC calculations due toSteinle-Neumann et al. (2001),
seeFig. 2.

is equal to 7.0 ± 2 GPa. For a 2× 2 × 2 k-point grid, it
is equal to 7.1 ± 2.6 GPa. Similar tests were performed
to ensure that size effects were consistent with the em-
bedded atom model.

Our ab initio calculations at 6.97̊A3 were per-
formed forc/a = 1.615 and 1.66, and forT = 4000 K
and 5000 K.Fig. 6 shows results forσ33 − σ11 along
with harmonic predictions. We see that our molecular
dynamics results closely resemble the predictions of
harmonic theory, and vary in the same way withc/a.
However, even allowing for the error bars, there is an
appreciable difference between the harmonic and MD
results. One of the technical sources of error which
could account for this discrepancy is system size ef-
fects. In order to check this, we have repeated the
5000 K runs using 150 atoms instead of 96. The re-
sults of this test suggest that system-size errors could
account for most of this discrepancy. We have also
examined other technical sources of error, such as
plane-wave cutoff andk-point sampling; however, as
described above, there are not capable of producing
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such a discrepancy. It is possible in principle that some
of this discrepancy can be attributed to anharmonic ef-
fects, but it is difficult to separate this from other effects
with any certainty. Even allowing for the remaining un-
certainties, it seems certain that anharmonic effects are
not capable of shifting the equilibrium axial ratio by
more than about 0.01.

We have also used ab initio MD to test another sig-
nificant question. All our harmonic and MD calcula-
tions up to this point have treated 3p and 3s electrons
as core states, but with the high-pressure response of
these states treated via an empirical pair potential. In
order to test the effect of this approximation, we have
repeated the 96-atom MD calculations at 5000 K with
3p electrons explicitly included in the valence set. The
resulting stressσ33 − σ11 agrees with our other results
within our error bars. This indicates that the effects of
this approximation are negligible for our present pur-
poses.

5. Conclusions

We have shown that it is rather straightforward to
calculate harmonic free energies, and hence calculate
the variation ofc/a within the harmonic approximation.
Because these calculations are computationally inex-
pensive, it is possible to apply them to a wide variety
of thermodynamic state points. Since our earlier com-
parisons with experiment(Mao et al., 2001)show the
r u-
l res,
w pen-
d hat
d be
u onic
e t pro-
v ults.
T har-
m at
t

hat
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t roach
t re of
1 ure,
t .59
a hese

results do not support the earlier predictions bySteinle-
Neumann et al. (2001)of a strong increase ofc/a with
temperature within the particle-in-cell approximation.
Interestingly, the results we have found are very simi-
lar to our own predictions from the particle-in-cell ap-
proximation(Gannarelli et al., 2003). This implies that
this approximation cannot be responsible for the large
discrepancy between the present results and those of
Steinle-Neumann et al. (2001). This finding of a rather
weak increase ofc/a with temperature is strongly sup-
ported by the recent diffraction experiments ofMa et al.
(2004). Even allowing for the significant error bars on
theirc/a results, it seems clear that at 161 GPa, 2000 K,
c/a is no bigger than about 1.61 at most. Our results
would indicate a value of around 1.60 under these con-
ditions.

Our results have implications for understanding the
elastic anisotropy of the inner core.Steinle-Neumann et
al. (2001)predicted a reversal of the crystalline align-
ment required to explain the anisotropy of the inner
core, due to a crossing of thec11 andc33 elastic mod-
uli at approximately 1500 K. They attribute this to the
strong temperature-dependence they find inc/a. Since
our results cast doubt on this strong temperature de-
pendence, they also cast doubt on the proposed expla-
nation for the elastic anisotropy. However, in order to
resolve this question fully, we need to make ab initio
predictions of the elastic moduli, that are free of statisti-
cal mechanical approximations. The methods we have
presented here should be capable of achieving this, and
w urse.
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A .
eliability of our density functional methods for calc
ating the phonon frequencies for iron at high pressu
e expect our predictions of the temperature de
ence ofc/a to be reliable. We have also shown t
irect ab initio molecular dynamics simulation can
sed to put limits on the possible size of anharm
ffects. These methods are rather expensive, bu
ide a means to perform “spot checks” on our res
he molecular dynamics calculations show that an
onic corrections to thec/a ratio are small, even

emperatures near the melting point.
The main scientific conclusion from the work is t

/a varies only rather weakly with temperature, a
hat its variation becomes weaker as pressures app
hose of the inner core. Quantitatively, at a pressu
00 GPa,c/a increases from 1.585 at zero temperat

o 1.61 at the melting point, and at 300 GPa, from 1
t zero temperature, to 1.62 at the melting point. T
e hope to be able to present such results in due co
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