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A general set of methods is presented for calculating chemical potentials in solid and liquid mixtures
usingab initio techniques based on density functional the@¥T). The methods are designed to

give anab initio approach to treating chemical equilibrium between coexisting solid and liquid
solutions, and particularly the partitioning ratios of solutes between such solutions. For the liquid
phase, the methods are based on the general technique of thermodynamic integration, applied to
calculate the change of free energy associated with the continuous interconversion of solvent and
solute atoms, the required thermal averages being computed by DFT molecular dynamics
simulation. For the solid phase, free energies and hence chemical potentials are obtained using DFT
calculation of vibrational frequencies of systems containing substitutional solute atoms, with
anharmonic contributions calculated, where needed, by thermodynamic integration. The practical
use of the methods is illustrated by applying them to study chemical equilibrium between the outer
liquid and inner solid parts of the Earth’s core, modeled as solutions of S, Si, and O in Fe. The
calculations place strong constraints on the chemical composition of the core, and allow an estimate
of the temperature at the inner-core/outer-core boundary20@2 American Institute of Physics.

[DOI: 10.1063/1.1464121

I. INTRODUCTION simulation, which immediately gave a way to calculate such

] quantities as pressure, internal energy and temperature of a
~We present here a set of techniques that allowahe jiqyid in thermal equilibrium. The first DFT treatment of
|n|t|o.calculat|0n of chemllcgll potentials in solid gnd I|qg|d solid—liquid equilibrium was achieved by Sugino and &ar,
solutions, and hence tlab initio treatment of chemical equi- who used thermodynamic integration to compute the free
%nergies of solid and liquid Si, and hence the melting prop-

areas of chemical physics where such techniques might b(grties of the material. Closely related is the work of de Wijs

!mportar_lt, but we b?'.'e"_e they _have a particular role_ to IOIayet al® on the melting of Al. We have recently reported DFT
in studying the partitioning of impurities between different

o : alculations of the free energies and melting curves of Fe
phases under extreme conditions, where experiments are dﬁh fs. 9, 17, and 18and Al (Ref. 19 over a wide ran f
ficult or impossible. As an illustration of the power of the €s. 9, 1/, a et. over a € range o

techniques, we will describe how we have applied them tressures; Jgsson and Madenave rece“t'Y presenteup
study chemical equilibrium between the solid and quuid'n't'o _calcula_tlo“ns c_)f the z?ro—pressure melting properties of
parts of the Earth’s core. A_I using their “orbital free .app.roach. The work of Smar-
The techniques to be presented form a natural sequel ©@ssi and Céf and Smargiassi and Mad_c?émn the free
recent developments in tra initio thermodynamics of con-  €Nergy of formation of defects in crystals is also relevant to
densed matter based on electronic density-functional theo® ideas to be presented here.
(DFT).* For many years, DFT has been used to calculate the ~Thermodynamic integration has been the key to calculat-
phonon spectra of perfect crystaland it is only a short step ing theab initio free energy of liquids and anharmonic sol-
from that to the calculation of free energies and other therids, and hence to the treatment of solid—liquid equilibrium. It
modynamic quantities in the harmonic approximation. Thereprovides a means of computing the difference of free energy
have already been several reports of DFT calculations opetween theab initio system and a reference model system
high-temperature crystal thermodynamic8, including  whose free energy is known. We will show that it is also the
solid—solid phase equilib&*3using this approach. For lig- key to calculatingab initio chemical potentials of liquids and
uids, ab initio thermodynamics first became possible with theanharmonic solids, but here it is used in a rather different
Car—Parrinello techniqdé of DFT molecular dynamics way. The chemical potential of a species is the free energy
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change when an atom of that species is added to the systetials in solid solutions, both in the harmonic approximation
The difference of chemical potentials of two species is thereand using thermodynamic integration to handle anharmonic-
fore the free energy change when an atom of one species ity. Section V presents our results for the case of S, O, and Si
replaced by an atom of the other, or equivalently when onalissolved in solid and liquid Fe under Earth’s core condi-
atom is transmuted into the other. The role of thermodynamit¢ions, and summarizes the implications of the results for the
integration here is to provide a way of calculating the freepartitioning of these impurities between the inner and outer
energy change associated with such transmutations, and were and the chemical composition of the core. Discussion
shall show how this can be accomplished in practical DFTand conclusions are given in Sec. VI.

simulations. This general approach is closely related to ideas

that have been used for a long time in classical simulation. A

recent example of classical thermodynamic integration witH!- CHEMICAL EQUILIBRIUM: THERMODYNAMICS

molecular transmutation to calculate solvation free energies Qur task in this section is to identify the thermodynamic
in aqueous solution can be found in Ref. 23, which givesjuantities that will need to be calculatatl initio. Chemical
references to earlier literature. equilibrium between two multicomponent phases is charac-
Although the techniques we shall present are fairly genterized by equality of the chemical potentials of each com-
eral, we do impose two restrictions at present: First, the theponent in the two phases. For a two-component solution con-
oretical framework is developed for the case of a two-sjsting of solute X dissolved in solvent A, equilibrium
component mixture; second, one of the components igetween solid and liquid phases requires that
present at low, but not very low, concentration, in a senseto | s s
be clarified in Sec. II. The situation envisaged therefore con-  #x(P:Tm:Cx) = kx(P. Tm,Cx), (1)
sists of fairly dilute solid and liquid solutions in coexistence. ML\(P,Tm,C|x)=Mi(Dmi,C§<), )
There are vast numbers of problems both in the chemical
industry and in the natural world that depend on the partiwhereuy and u, are the chemical potentials of solute and
tioning of chemical components between coexisting phasesolvent, p is the pressure, andy is the mole fraction of
and the ability to calculate chemical potentials initio ~ SOlute, with superscriptsands for liquid and solid, respec-
should make it possible to address some of these problems fiYely: Tm is the melting temperature, i.e., the temperature at
a new way. Our original incentive for developing these tech-Which the liquid and solid solutions are in equilibrium,
niques was the desire to understand better the chemistry ¥fhich depends on the impurity mole fractions. The two
the Earth’s core, and this is a good example of a problengguations impose two relations bgtwecén_ cx, and T, at
where ab initio calculations can supply information that is the givenp. In the low-concentration limitx—0, px di-
difficult to obtain experimentally because of the extremeVerges logarithmically, and it is useful to write
conditions of tempergtureT(~6000 K). and pressure g wx(P,T,cx)=KgT In cx+ ux(p,T,Cx), (3)
~330 GPa. The core is composed mainly of Fe, and com-
prises an outer liquid part and an inner solid parfhe
density of the outer core is6% too low to be pure F& =28
and cosmochemical and geochemical arguments show th
the main light impurities are probably S, O, and?%iThe
inner core has grown over geological time by crystallization  ¢$/c} = exf (uh— u3)/kgTml, (4)
from the outer core, and the partitioning of impurities be-
tween liquid and solid is crucial for understanding the evo-
lution and contemporary dynamics of the core. The size o h i . -
the density discontinuity=~4.5% (Refs. 29 and 30at the px- The me t.|ng temperaturé;m entering Eq.(4) differs
inner-core/outer-core boundary can only be interpreted if onérom the melting temperaturém of the pure solvent, and
understands this partitioning, and also provides a constraift®Y be regarded as determ.med by EZ). .
on possible chemical compositions. We shall show how our We now.develop a_prachcal way of solving Eqg) and
ab initio techniques for calculating chemical potentials she0(4)' We are interested in the case of moderately &gw but

completely new light on this problem. Brief reports of these}Ne W'fh BO ta\lj\? a:ﬁcoufnt of the variation ph with cx 10
calculations have already appeafédt3? owest order. We therefore expapg as
In developing the theoretical basis of our techniques, we  uy(p,T,Cx) = ux(P, T) +Ax(p, T)cx+0O(c2), (5

define our technical aims in Sec. Il by summarizing the stan- . . .
y 9 and we shall systematically neglect the tem($§(). Since it

dard thermodynamic relations describing phase eqilibrium, ill be important later, we stress here that this represents the

The difference of chemical potentials of solute and solvent" P ' — P

: X concentration dependence @f at constant pressure. Equa-

atoms, and the free energy change associated with the trans-

. ) . . ion (4) then becomes

mutation of solvent into solute are discussed in Sec. Ill. In

Sec. IV, we then develop thab initio techniques themselves. e/ =exd (udl — ui+N\hek =A%) kg Tl (6)

We shall explain how thermodynamic integration can be_l_ . . .
: 0 obtain an equation fof,,, we need the corresponding

used to perform the solvent—solute transmutation so as tgx ansion for We use the Gibbs—Duhem equation

obtain the difference of chemical potentials in the liquid; we P KA q '

also describe the techniques for calculating chemical poten- cadua+cxduy=0, )

where uy(p,T,cx) is well behaved for alty . In an ideal

solution, uy is independent o€y , but in reality the interac-
'?n between solute atoms causes it to vary vaigh Com-

Ining Egs.(1) and(3), we obtain

so that the ratio of the mole fraction§ andc), in solid and
iquid is determined by the thermodynamic quanti@@and
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which gives wx can then be obtained fropay — us by making use of the
T.c)=ul(p.T)+ (kaT+ Au(p. T Gibbs free energies of pure solid and liquid A, calculated
#a(P x)=walP.T)+ (ke x(P.T) separately. We have sketched this technique briefly in our
XIn(1—cy) +Ax(p,T)ex+0O(c2), (8)  previous paper$.*"*2and we now describe it in more detail.
The Helmholtz free energy of a system containlig

where u, is the chemical potential of the pure solvent, andsolvent atoms andly solute atoms is

we have used the fact thaf=1—cy . To linear order ircy,

this gives 1
F(NA,Ny)=—KkgT In
1A T.Cx) = uR(p.T) —kgTox+0(ck). ) AT B T N Nyt AR 3
We apply this in Eq.2) by expandingul(p,T) to linear
order in the differencd ,,— T°, betweenT,, and the melting X f dR exd — BU(NA,Ny:R)E, (13
\%

temperature'l'om of pure solvent. This yields

where 8=1/kgT, and Ax and A, are the thermal wave-
lengths of A and X, given byA ,=h/(27M zkgT)*2, with
T=TC M 4 the atomic mass of A, and similarly foxy . The quan-
tity U(Np,Nyx;R) is the total energy function of the system
of N, solvent andNy solute atoms, which depends on the
positions of all the atoms, indicated 8, and [ydR indi-
T=Th, cates integration over the whole configuration space of the
(10)  sSystem contained in volum¢.
The difference of chemical potentialsya=ux— ua IS
equal to the change df when a single atom of A is con-
verted into X, and is given by

mxa=F(Na—LNx+1)—F(Na,Ny)

Ipa
—KeTmCx+ pa (P, T +(Tn— T | —

Ipp
T

= ke TrCx + (P Tr) + (T T | —

Slnce,u *(p, TO m) = ,u *(p, T? m), We can rewrite this equation
as

KeTmCx+ (Tm— TS =kgTmCx+ (Tm—T2)s2®,  (11)

WherescA’= - ((9,(LA/(9T)T=T% is the entropy per atom of pure

. , _ =—kgT IN(No/Ny) —KgT IN(A3/A3)
solvent at the melting temperature. The shift of melting tem-

perature due to the presence of the solute is then T | JvdR exd — BU(NpA— 1Ny +1;R)]
- BT n
. KT ( : . JvdR exd — BU(N4,Ny;R)]
T = c5—c!
asy (14)

whereAsS=sQ — 2% is the entropy of fusion of pure solvent. We express this as
Equations(6) and (12) must be solved self-consistently.

We see from Eqs(6) and(12) that the main thermody- txa=kgT In Cx +3kgT In &ﬂLm(cX), (15
namic quantities to be calculated initio are,u;r( and\ y for 1-cx A
the solid anq liquid solution. We also requab initiq values where we define
for the melting temperature and entropy of fusion of pure
solvent. In addition, we shall find it necessary to obtain JvdR exgd — BU(NA—1Nx+1;R)]
initio values of the partial molar volumes of the solute, M(Cx)=—kgT In [vdR exd — BU(NA Ny R)]
which will be discussed later. We next turn to the statistical- v AT (16)
mechanical considerations needed to develop a strategy for
calculating,u;r( and\y. The intensive quantityn(cy) depends only on pressure, tem-

perature and concentratidwe write it asm(p,T,cx)], or
alternatively on volume, temperature, and concentrgties
then write it asm(v,T,cx), wherev is the mean atomic
volumeV/(Na+ Ny)]. Expanding Eq(15) to linear order in
The chemical potential of a solute X in solid or liquid cx, we have

solvent A is the change of Gibbs free energy when one atom A
of X is added to the sys_te_n_w at consta_mt pressure and tempera- pxa=KgT In Cy+KkgTCy+3kgT In X m(cy). (17)
ture. In our practicaéb initio calculations, we work at con- Ap
stant volume rather than constant pressure, so we prefer the
equivalent statement that the solute chemical potential is thgompare now with Eqd(3), (5), and(9),
change of Helmholtz free energy when the solute atom is ;. =kgT In cx+ uk+AyCx— S +kgTCy, (18)
added at constant volume and temperature. However, it is
impractical to add solute atoms to a system inasninito ~ and we have
simulation. It is more convenient to convert solvent into sol-

te, which ki ith the diff - f th Ax_ 10
ute, which means working with the differenpg — u, of the mM(Cx) +3KgT IN— =y — pa+AxCx . (19
chemical potentials. The chemical potentiai and hence An

IIl. INTERCONVERSION OF SOLVENT AND SOLUTE:
STATISTICAL MECHANICS
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If values are available fom(p,T,cy) at different values of The major problem with this scheme is one of statistics.
cx for a given pressure, we can obtain the quantitiq:s;r(A The thermal averagg ), is evaluated as a time average, but
EM;—Mg—SkBT In(Ax/A ) and\y for that pressure. We since only a single atom is transmuted the scheme does not
then need the pure-solvent chemical potentigisfor liquid  benefit from averaging over atoms. The efficiency of the av-
and solid, whoseb initio calculations has been described in eraging can be considerably improved if one is prepared to

detail elsewherd!’18 transmute several atoms simultaneously. If we do this, then
We conclude this section by rewritim;f(/c'X from Eq. instead of obtainingn(cy) at a given mole fractiomy , we
(4) in terms of uks, Ay, andu2 for liquid and solid, obtain an integral ofn(cyk) over a range oty values. The
d(ul 15 ALl A3 /KT ] information we need can still be extracted, as we now de-
exXp (uxa— M Cx—AxC i
C;/CIXZ XA XA X¥X X¥X B'm . (20) scribe.

Consider the change of Helmholtz free energy when we
start fromN atoms of pure solvent and transmitg of them
into solute atoms at constant volume and temperature. This
can clearly be calculated by thermodynamic integration us-
ing the procedure outlined above. Denoting this change of
free energy byW(N,Ny), we can express it as

IV. AB INITIO CHEMICAL POTENTIALS W(N,Ny)

exl (ua— R )/ K Tin]

If the concentrations are small enough for the difference be
tweenT,, and T to be negligible, them 5= 2, and the
denominator is unity; but in general deviations of the de-
nominator from unity should be included.

A. The liquid solution JydR exg — BU(N=Ny ,Ny:R)]

For the liquid, we calculate the.quantity(cx) of Eq. = —keT In[ [vdR exq — BU(N,0:R)] - (22
(16) by a form of “thermodynamic integrations.” We first
outline a simple way of doing this that is correct in principle,
but suffers from practical problems; we then show how the 1
method can be modified to give a practical procedure. WI(N,Nx)= fo d\(U;—Ug),, 23

Thermodynamic integratidiis a general technique for
computing the Helmholtz free energy differengg—F, of ~ With U1(R)=U(N—Nyx,Nx;R) and Uo(R)=U(N,0;R).
two systems containing the same numbeof atoms, but Our procedure will be to calcula®/(N,Ny) at several val-

We then have

having different total energy functioris;(R) and Uy(R). ues ofNX/N_=cX at a chosen volume, and then fit the results
The differenceF; —F,, is the reversible work done on con- N the following way:
tinuously switching the total energy function frody, to U, W(N,Nx)/Ny=a+bcy. (29

at constant volume, which is given by The information needed can now be extracted by noting that

1 for a given mean atomic volume, the quantitym(v,T,cy)
Fi—Fo= fo dA\(U;—Ug)y, 2D s

where the average) is calculated in thermal equilibrium for M(v,T,Cx) = (IW/INy)y 1=a+2bCx. (25)

the system governed by the “hybrid” energy functiah, It follows immediately that

=(1-AN)Uy+AU;. This is a well established technique for T o— i . =

the ab initio calculations of liquid-state free energi@s? Fxa clxlTo miv. T =2 (20

which was used in our receab initio investigatiori"18 of

the high pressure melting curve of Fe. .
In order to computen(cy), we could in principle choose Ax=lim (ém(p,T,cx)/dcx)p

To obtain\y from the coefficienb, we note that

U, to be the total energy for the system Nf, atoms of ox—0

solvent andNy of solute, andU; to be the same foN,  and

—1 atoms of A andNx+1 of X. We evaluaté U, —Ug), by 2b= lim (dm(v,T,cx/dCy)7
performingab initio molecular dynamics with time evolution cx—0

generated by, , and taking the time average bf,—Uo.  The fact that one derivative is isobaric and the other isoch-
This is repeated for several valuesiafand the integration ¢ js significant. The quantityy that we seek describes the
overA is done numerically. This type of “alchemical” trans- jgoparic concentration dependence of solute chemical poten-
mutation of A into X obviously does not correspond {0 ayja| Byt since ourab initio calculations are done at fixed

real-world process, but in terms @b initio statistical me- y6|yme, the immediately available quantltyis an isochoric
chanics is a perfectly rigorous way of obtaining the quantityyerivative.
m(cx). It demands an unusual kind of simulation. For the  Thg rejation between the constant-pressure and constant-

atom positions s, . .. ry at each instant of time, we have {0 \,q|yme derivatives ofn is examined in the Appendix, where
perform two independerab initio calculations, one for each ;& show that

chemical composition. As well ad, andU, for the given )
positions, we calculate two sets @b initio forces Fy; (9m/dex)p=(dm/dcx),—NBr(vx—va)®, (27)
=-VUy, and F;;=-V,U;, and the linear combinations whereB+ is the isothermal bulk modulus, amg andv 5 are
F.i=(1—\)Fy+A\Fy; are used to generate the time evolu-the partial atomic volumes of solute and solvent. We con-
tion. clude that
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AXZZb_nBT(UX_UA)Z. (28)

Here, the quantitie8, vy, andv, can be evaluated at
infinite dilution. The calculation oBt and v, involves ab
initio molecular dynamics simulations on the pure solvent
and presents no problem. We return bel@ec. IV Q to the

ab initio calculation ofvy . With this, we have a complete
procedure for determinin;g;;r(A and\y.

F(NA’NX): _kBT In

> e—ﬁ’%) , (31)

Y

where the sum goes over all distinct configurationsand
‘®,, is the nonconfigurational free energy of the system for
eachy.

It is convenient to relaté& (N, ,Ny) to the free energy
F A of the pure A crystal having the same number of lattice
sites. The differenceAF(N,Ny)=F(N,,Nyx)—F4 is the
change of free energy whety atoms of A in the pure crys-
tal are transmuted into X atoms. We have
If anharmonic effects are negligible, then the free energy
of the solid can be obtained froab initio photon frequen- AF(Np,Ny)=—kgT In E eB(‘DyFA)>. (32)
cies, so that thermodynamic integration is not needed, and no Y
statisti<_:a| averaging is involved in tted initio calcul_ations. Now in the limit cy— 0, we can neglect the interactions be-
There is then nothing to prevent us from calculatmfcy) tween X atoms, and we get
directly from the free energy change when solvent atoms are
replaced by solute atoms. We assume for the moment that & — Fa— Nyuda - (33
this is adequate, and return later to the question of anhar- ) )
monic effects. At .hlgher (_:oncentratlons, we need to include the fre_e energy

We start by considering the zero-concentration limit ofof interaction between pairs of X atoms, and we write
m(cy), namely,u;A, which is the nonconfigurational free 1
energy change when an atom in the perfect A crystal is re- @ —F,= NX,LL;A'F > 2 bDmns (34
placed by an X atom. This can be written as m#n

B. The solid solution

kp = e g pham (29)  Where ¢mn_ is the nonconfigurational free energy change
tpert ~when a pair of X atoms are brought from widely separated
wherepuy,™ is the free energy change for the perfect nonvi-sites in the otherwise perfect crystal to the siteandn. We

brating crystal, anduh®™ is the harmonic vibrational then have

part—we refer tou} " as a “free energy” to allow for the
possibility of thermal electronic excitations, which are im- AF(N,Ny)=Nyzuka
portant in high-temperature Belhe calculation ofu}h®"is 1
straightforward, and involves only the differenceadf initio —kgT In( > exp{ — 2B bmn
(free) energies of the static fully relaxed crystal containing a Y 2" m7n
single substitutional X atom and the static perfect crystal, th
two systems having the same volume.

In the high-temperature limit, wherkis well above the

Debye temperaturg, 1™ can be written as

=

§n the later practical calculations, we approximate by setting
dmn €qual to zero except whan andn are nearest-neighbor
lattice sites, the interaction free energy being then called sim-

ply ¢.
tharm__ , It is now an exercise in the statistical mechanics of lat-
Hxa _kBTz In(wy/wn), B0 fice gases to show that the leading ordecijn

wherew! andw, are the harmonic frequencies of the normal ~ AF(N,Ny) = NyuJa+NkgT[cx In cx

modes of the impure and pure crystals, and the sum goes B 1 2 4 B
over all modes. The frequencies are calculatbdnitio, and F(1=cx)In cx]+ 2Nk Teiz(1—e79),
we use the “small-displacement” method described in detall (36)

elsewheré:***This involves DFT calculations of the force . L . .
. : . wherez is the coordination number of the lattice. The deriva-
on every atom in the system induced by displacement of

single atom, and this has to be done for all symmetry inj’f\'ve JAF(N,Nx)/INx gives USuux—ua, from which we

equivalent atoms and displacements. To obkginn the har- straightforwardly extrack, which is given by

monic approximation, we must include the effect of interac- )\, =kyTz(1—e #?). (37)
tions between solute atoms. The key to this is to note that the

calculation of the partition function, i.e., the integral overAS in the case of the liquid, this formula should be corrected
configuration space of E¢13), can be broken int¢a) a sum from constant volume to constant pressure, so that the cor-
of distinct configurations, i.e., assignments of solute atoms téect formula is

lattice sites, andb) an integral over vibrational displace- _ A By _ R

ments of the atoms away from their relaxed equilibrium po- M=keT2(1—e ) =nBr(vx—va) 38
sitions for each such configuration. This means that the stawith B1, vy, anduv, the isothermal bulk modulus and par-
tistical mechanics of the solid solution maps exactly ontotial molar volumes in the dilute solid solution. The calcula-
that of a lattice gas, and the free energy of the solid solutionion of Bt andv 5 presents no problems; we return to tie

is initio calculation ofvy in Sec. IV C.
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In addition to using this analytic derivation to obtaig, must be obtained from the chemical potentials via &g).
we have also performed Monte Carlo calculations on theThis requires calculation giy at different volumes followed
lattice gas to obtain numerical values ®F(N,Ny). These by numerical differentiation.
serve both to confirm the correctness of the analytic result in
the region of lowcy and also to assess deviations from thev. ILLUSTRATION: CHEMICAL EQUILIBRIUM
linear dependence qfy on cy ascy increases. IN THE EARTH's CORE

The remaining task is to calculate the nearest-neighbor

interaction free energy. This follows exactly the scheme librium between the Earth’s inner and outer core, our aim is

for calculatingux, , where now IS the r?onconf|gur.at|onal to show how they can yield important new information about
free-energy change when two neighboring atoms in the per; . 2

: . the chemical composition and temperature of the core, both
fect crystal A are replaced by X atoms, minus tw;aéA.

This can be written as of which are controver;ial. Our stratggy exploits.the fact that
the density as a function of depth in the core is accurately
b= pPerty pharm (399 known from seismic measuremenitdn particular, it is quite
well established that there is a density discontinuity of 4.5
+0.5% across the inner-core/outer-core bounda&B).?°
Recentab initio studies of the melting properties of pure Fe

In applying the techniques to study chemical phase equi-

where ¢P® is the (free) energy change for the perfect non-
vibrating crystal, ands"@™is the harmonic vibrational part.
18,28

Th i pert j i f he diff o ; S
e static part$™ is obtained from the difference afb concur in giving a volume of fusion of1.8%;*<°which is

initio free energies of the relaxed equilibrium system con- lear] h ler. Thi that th b b
taining neighboring X atoms and the perfect pure A lattice £5aTY MUCh Smatier. This means hat there must be a sub-

We obtain "™ from the harmonic vibrational frequencies stantial partitioning of light solute elements from solid to

- . : liquid to account for the large observed discontinuity.
of the system containing the neighboring X atoms by a for This discontinuity can be studied with our methods. If

mula exactly analogous to E¢30). - ) : :

We now return very briefly to the question of anharmo- V€ SUPPOSE€ initially t.hat .the core1s a pmary solut.|on'2%gFe
nicity. In many cases, very high precision may not be neede ith ?r?e Ofl tthe Ie"’lld'?g |;npur|t3{hcapd|q§tes S, S"bo . ' d
for the chemical potentials, so that anharmonic corrections t en the solute moale fraction In the fiquid core can be Tixe
uy can be neglected. But in one case that will be importan y requiring that the density reproduce the seismically ob-

X served density. Calculation of the chemical potentialsin

later, that of substitutional O in Fe, we know that anharmonic

effects are large. The techniques we have used to treat thetrlﬂe liquid and solid then gives us ihe mole fraction in the

are described in detail elsewhéfeThe strategy is based on solid, from which we can deduce the solid density, and hence
he density discontinuity. Agreement or disagreement with

thermodynamic integration between reference models repr(%he known discontinuity puts a constraint on the composi
senting both the pure Fe and the impure Fe/X systems, fol- . . . o

g P b y tion. At the same time, the shift of melting temperature given
by Eq.(12) gives us information about the temperature at the
ICB.

In the following, we first summarize the general tech-
niques used in all the calculatiofSec. V A. We then de-
scribe separately the calculations on the liquid and solid al-
) ) loys (Secs. V B and V C, respectivelypresenting results for

The partial molar volumey of solute orv 5 of solventis  the chemical potentials and partial molar volumes. In Sec.
the change of volume of the system when one atom of X ok/ D, we then combine the results with seismic data to obtain

Ais added at constant pressure and temperature. The valpnstraints on the chemical composition and temperature of

lowed by further thermodynamic integrations betweenabe
initio and reference systems.

C. Partial molar volumes in the liquid and solid
solutions

umes are related to the chemical potentials by the Earth’s core.
vx=(ux/P)1c,s VA= (Al IP)7c,- (400 A. General techniques
We note that the total volume of the system is given\by Our ab initio calculations are based on the well estab-

=Nyvx+Nava. As for the chemical potentials, we find it lished DFT methods used in virtually ab initio investiga-
easier to consider the interconversion of solvent and soluteions of solid and liquid Fé&!"83-3%ncluding our own
and to work with the differencexa=vyx—v,. The liquid is  previous work on pure Fe and its solid and liquid alloys with
treated byab initio molecular dynamics in which the pres- S and O?"*14%4We employ the generalized gradient ap-
sure for a given volume is calculated during the simulationproximation for exchange-correlation energy, as formulated
(In our practical calculations, we work at constdhi The by Perdewet al,*? which is known to give very accurate
straightforward way of obtaining the dilute limit afy is  results for the low-pressure elastic, vibrational and magnetic
therefore to calculate the change of pressige resulting  properties of body-centered cubibco Fe, the bce-hcp
from the replacement of a chosen numbigrof atoms in the transition pressure, and the pressure—volume relation for hcp
pure solvent by X. The pressure change per atdp Fe up to over 300 GP¥:* There is also very recent evi-
=Ap/Ny then gives us x, by the relationvy,=Vép/B+. dence for their accuracy in predicting the high-pressure pho-
It is clearly possible to follow the same route for the non spectrum of hcp F&€ We use the ultrasoft pseudopoten-
solid. However, if the solid is treated by harmonic frequencytial implementatiofi* of DFT with plane-wave basis sets, an
calculations with or without thermodynamic integration for approach which has been demonstrated to give results for
the anharmonic contribution, then the partial molar volumessolid Fe that are virtually identical to those of all-electron

Downloaded 11 Apr 2002 to 128.40.44.2. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp



J. Chem. Phys., Vol. 116, No. 16, 22 April 2002 Ab initio chemical potentials 7133

DFT methods® Our calculations are performed using the
VASP code®® which is exceptionally stable and efficient for

metals. We implemented a scheme for the extrapolation of S

the charge density which increases the efficiency of the mo- _%_

lecular dynamics simulations by nearly a factor s Zhe <§

technical details of pseudopotentials, plane-wave cutoffs, g)

etc., are the same as in our previous wtrRll the calcula- ch

tions are performed neglecting magnetic moments, which is I

an %;Iprommatlon justified by the high pressure even for 0T T od o8 08 1

FeO: by

B. The liquid FIG. 1. The integrandU;—Uy), (eV unity appearing in the thermody-

o . . ] ) namic integration used to calculate the free energy chavige,Ny), when
Our ab initio molecular dynamics simulations on the lig- Ny atoms of pure solvent are converted into solute atoms, with total number

uid, which we used to calculat&/(N,Ny) and hence the of atoms in the systersN [see Eq(23)]. Results shown refer to oxygen
chemical potentials, were all performed on systems of 6£0ute forNx=12 andN=64. Filled circles show values computed frai

. . . . . Initio molecular dynamics simulations, with bars indicating statistical errors.
atoms, with a time step of 1 fs and withpoint sampling of e is a polynomial fit to the computed values.
the electronic Brillouin zone. In our previous calculations on
pure liquid Fe'® we showed thaf-point sampling on a 67-
atom cell underestimates the free energy-0 meV/atom; numerical results folW(N,Ny)/Ny for X=S, Si and O, to-
this is a completely negligible error for present purposes. Thgether with the linear least-square fit of E&4), are reported
calculations were done @t=7000 K and at the volume/atom in Fig. 2, and the resulting values at& ,u;A andb are given
V/IN=6.97 A/atom, which for pure Fe gives a pressure ofin Table I.
370 GPa. This pressure is somewhat higher than the ICB As explained in Sec. IV A, thé values have to be cor-
pressure of 330 GPY.The temperature is also higher than rected as in Eq(28) in order to obtain\y, and this requires
that at the ICB; oumb initio melting curve gives a melting the partial molar volumesy. We obtain the partial molar
temperature oF~6350 K (or ~6200 K after the correction volumes from the simulations just described by studying the
due to our estimate of likely DFT errgr§ at the ICB pres- pressure change resulting from the replacememN,pftoms
sure of 330 GPa, which is already higher than some othein the pure liquid by atoms of X at constant volume—this is
estimate$®4” But we shall see below that depression of straightforward, since the pressure is automatically calcu-
freezing point due to impurity partitioning lowers this by a lated during the constant-volume simulations. We find that
further ~700 K. We have made rough estimates which showwithin the statistical errors the change of pressure is linear in
that the difference between 7000 K and our estimated ICEy for all three impurity species. We then use the fact that
temperature is unlikely to change the chemical potentials of y—v 5= (v/B+)(dp/dcy)t; for Bt we use the bulk modu-
S and Si by more than 0.1 eV and that of O by more than 0.3
eV, which will have no significant effect on our conclusions.
The difference of pressures should also make little differ- N ?“‘l:““f e ISili[wnl A ?Xylsj" .
ence.

We have used thermodynamic integration to calculate 25'_ ‘ 25‘_ 25;} _

W(N,Ny) for the three solute elements S, Si, and O Kgr
=3, 6, and 12, corresponding to mole fractions of 4.7%, _
9.4%, and 18.8%. In doing this, we have aimed to choose thez
number of\ values large enough and the duration of the
simulation at each value long enough to give a precision on r 10 1r B
W(N,Ny)/Nx of ~0.05 eV for S and Si ane-0.1 eV for O. i 17 17 £
In principle, appropriate equilibration time should be dis- o 1T i .
carded from the simulations, but in practice we found that r a0 17
ignoring equilibration does not affect the results within the 05 P 2% T E
statistical error. To illustrate how the thermal avergts e 1T / 1 }
—Uyg), in Eq. (23) depends on, we display this quantity in 0 T T s % e T YRR
Fig. 1 at five equally spacexd values for the oxygen system
with Ny=12. We see that the dependence )ois not far
from linear. Using Simpson’s rule to perform the integral, weFIG. 2. IThe calculated frge_ energ|y CharWéN,Nﬁ Whllen Nxbaton;s of
H d pure solvent are converted Into solute atoms, with total number of atoms in

compared results fOW(N'NX)/Nx using the ﬂ\./e)\ Vall_JeS the system=N. Quantity plotted iSW(N,Ny)/Ny (eV unit9 as a function
0.0, 0.25, 0.50, 0.75, and 1.00 with those obtained using onlyt concentratiore, = Ny /N for liquid and solid solutions of S, Si, and O in
the three values of 0.0, 0.5, and 1.0, and found that theye. Filled circles are results for liquid, with bars indicating statistical errors,
differ by less than the statistical error. Since the replacemerfind straight dotted line being a least-squares fit to these data. Continuous
of E by O is a greater perturbation than that of Fe by S or SFUrves for S and Si show results for solid solution obtained from Monte

y 9 b . S e y arlo calculations based ab initio free energy of nearest-neighbor inter-
(see below, we have taken this as JUSt|f|cfat!0n for using only action. Open circle with error bar is result for O in solid from thermody-
three \ values in all the thermodynamic integrations. Our namic integration.

W(N,Nx)/Nx

P PN I B
15 02 0 005 01 015 02

Concentration
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TABLE I. Calculated chemical potentia(gV units and partial atomic vol-  gbtain the full force constant matrixwWe displace the atom
umesvy (A3 unity) of solutes XS, Si, and O in liquid and hcp solid Fe at by ~0.015 A in each direction, which is known to be small
conditions close to those of the Earth’s c¢see text Chemical potential of ) L .
X is represented at low mole fractian by gux=kgT In Cx+ 1y » With & enough to ensure accurate I.|near|ty between forces anq dis-
linearized agiy=u}+ xCx . The quantityuls is pl— x, with u the  Placements. For the calculations where one Fe is substituted
chemical potential of pure solvent Rey, is vx—vre, With vgethe volume  with S or Si, the symmetry is much reduced, and the number
per atom in pure Fe. The meaning of the calculated quabtityused to of atoms to be displaced is 15, with the total number of

obtain\y is explained in Sec. IV A. Superscrigtands indicate liquid and independent displacements being 33. For the systems with

solid two solute atoms, the symmetry of the system is reduced
Solute S Si o even further, and we need to displace 20 atoms in all possible
Ll 35:005 2 35002 6.25:02 d?re_ctions, for a total_ of 60 displacements. There are two
bl, 313 1.86 5.6 distinct ways of putting two S or Si atoms on nearest-
vya -0.32 -0.32 -2.72 neighbor sites: the first has both sites in the same basal plane,
A'XTS 6.15 3.6 3.25 and the second has them in adjacent basal planes. Within our
gSXA §-g5i0-05 5-2&0-02 —3.65£0.2 errors, we cannot detect the free energy difference between
s 0.3 0.3 o35 the two arrangements. Since the zero temperature value of
>\§A 59 27 the differencevy — v is very small, we have not attempted
i — s —0.25+0.04 —0.05-0.02 —26+0.2 to calculate its high temperature value in the harmonic ap-

proximation, and we report in Table | the zero temperature
value. The correction tay is negligible anyway and can be
o ) ) ignored.

lus of the pure liquid, which we know from our previous For sulfur and silicon we neglect anharmonic correc-
work 8 The calculated  values are 6.65, 6.65, and 428 A ions. In our previous work on pure R&ef. 9 we showed

for S, Si, and O, respectively, compared with the volume peghat 4t ICB conditions the anharmonic contribution to the
atom in the pure liquid of 6.97 & We note that S and Si e energy is roughly 60 meV/atom. In this case we are
have almost exactly the same volume as Fe, but that theoncered with free energy differences between the pure Fe
volume of O is considerably smaller. Using thesevalues system and a system where one of the Fe atoms has been

in Eq. (28), we now obtain the results fory given in Table g pstituted with X, so the difference of the relative anhar-
. We see that the difference betweemand is very small  monjic contributions to the free energies is presumably
for sulfur and silicon, as expected, but is substantial for oXysmaller than that.

gen. Our calculated values ofuls and \§ at v=6.97
A3/atom andT=7000 K are reported in Table I.
C. The solid

The available evidence strongly indicates that the stable, Oxygen
crystal structure of Fe at the pressures and temperatures of ] ) . ]
the Earth’s core is hexagonal close packech),*and thisis ~ AS eémphasized above and in previous W&B’Ubsn_t”'
the structure adopted in our calculations. We first present oufonal O in hcp Fe is highly anharmonic, because O is con-
calculations for S and Si, and then summarize briefly ougiderably smaller than Fe and has great freedom of move-
results for the more complex case of O, which have alread{’€nt, so that the harmonic approximation is completely

been reported elsewhere. inadequate for calculatedr,. We gave a brief summary in
Sec. IV B of the thermodynamic integration techniques used
1. Sulfur and silicon to do the calculations. The numerical result fof-, at v

The calculations are performed on X4x2 hcp super- =6.97 AS/atom andT=7000 K is reported in Table I. We
cell containing 64 atoms, with ax@x2 Monkhorst—Pack have not attempted to calculatg for X=0, since this would
grid of electronick-points which give free energies con- be extremely demanding, and turns out to be unnecessary in
verged within a few meV/atom. In our calculations on theOur analysis of core composition.
static zero-temperature lattice, we find that when a single Fe  TO calculatevo— v in the solid we have repeated the
is replaced by Si or Si at constant volume, the relaxation ofalculations at different volumes and numerically differenti-
neighboring atoms is very small, and the pressure change &f€d the results, as described in Sec. IV C. The valuggof
also small. For the atomic volume=6.97 A%atom, the par- ~Vre s reported in Table I.
tial molar volumes calculated without lattice vibrations give
the differencesvs=vege=—0.32 andvg—ve=—0.32 A,
which are extremely small compared with,. We assume
that these differences will not be significantly effected by = Some crucial features of our results are immediately
thermal effects. clear from Table I; the liquid—solid differenge), — ulS is

We now turn to the harmonic frequencies, and w,  negative in all cases; its magnitude is somewhat smaller than
needed for the harmonic difference of chemical potentialkgT for S and Si, but is much bigger tha@gT for O. This
wid™see Eq(30)]. We calculate these using a supercell ofimplies that the solutes will all partition from solid to liquid,
64 atoms in all calculations. For the pure Fe system only twas expected; but the partitioning will be weak for S and Si
independent displacements of a single atom are needed &nd very strong for O.

D. Core composition and temperature
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To see the implications in more detail, consider the cas@ABLE Il. Estimated molar percentages of sulfur, silicon, and oxygen in the
of EelS. If we postulate that the core is an Fe/S binary anoyEarth’s solid inner core and liquid outer core obtained by combirdhg
) . S initio calculations and seismic data. Sulfur/silicon entries refer to total per-
then we can estimate the mole fractiogin the outer core

. ) oS centages of sulfur and/or silicon.
by noting that the density of pure liquid iron at the ICB

pressure is~6% higher than the values obtained from seis- Solid Liquid
mic data®® We therefore add sulfur to the liquid until the ~syiur/silicon 8525 10:25
density is reduced to the required value, which giegs  Oxygen 0.2:0.1 8.0:2.5

=0.16. Now if we ignored the dependencewof on concen-
tration, then the valugul — uS=—0.25 eV would give
c¥/ck=0.66, so thati=0.11. However, the positiveg val-
ues mean that bol;H'S andug increase strongly with increas- =6200-6350 K for pure Fe ap=330 GPa® we obtain the

ing mole fraction of S, and this will tend to equalize the moleestimateT,.g~5600 K for the temperature at the boundary
fractions in solid and liquid. If we solve Eq4) self-  between inner and outer core. This is quite close to estimates
consistently forcg with the givenck, we findci=0.14. But  that have been made in other wdyJhe implications of our

a 14% mole fraction of S in the inner core is completelytemperature and chemical composition results for the under-
incompatible with the seismic measurements. We can use trgtanding of the Earth’s dynamics and past history will be
cg volume together with the partial molar volureg to cal- ~ explored elsewhere.

culate the change of density of the solid due to dissolved S,

and hence the ICB density discontinuity. We find the discon-

tinuity is increased from the pure-Fe value of 1.8% up toVI. DISCUSSION AND CONCLUSIONS

2.7+0.5%, which is still much less than the seismic value of We have shown the practical feasibility of calculatin
4.5+0.5%. This means that the binary Fe/S alloy can be P Y 9

. -completelyab initio chemical potentials in liquids and solids,
ruled out as a model for core composition. The argument is L ; S
nd hence thab initio treatment of chemical equilibrium

still stronger for Si, since the chemical potentials in solid ano@etween coexisting phases. The practical benefits of being

liquid are even more similar than for S. We conclude that the : )
. . able to do such calculations have also been illustrated by
binary Fe/Si model must also be ruled out.

For O, the situation is the opposite. The difference Ofshowmg how they can help to improve our understanding of

. S : a controversial and important chemical-equilibrium problem
chemical potentials in liquid and solid has the very large. : .

1l ts N .27in the earth sciences. We note that, although the calculations
value ug e o re= — 2.6 eV, which implies a strong parti-

tioning from solid to liquid. If we repeat our analysis of the 2'¢. demanding at present because of the need to perform

¢ 9 densit 'tr? th ’ tial pl | b y find substantiabb initio molecular dynamics simulations, the un-
outer-core density wi e.palr 1al mofar volumsg, we fin derlying concepts are rather straightforward, and represent a
that an oxygen mole fraction,=0.18 is needed to match

. . . s simple extension of well-known classical techniques.
the density of the outer core. E_qua_tlcin) then givesco In conclusion, we want to stress that the techniques
=0.003, so that the O concentration in the inner core is Vergy,, 4 have rather wide applications. Although we have cho-
small. With our calculated ¢ value, we then find an ICB

S L g sen to focus on the partitioning of impurities between coex-
density discontinuity of 7.80.2%, which is markedly larger isting solid and liquid phases, the methods could equally

than the seismic value. A binary Fe/O model can thus also b\?/ell be used to study partitioning between liquid phases, or

ruled out. , , o between solid phases. The ability to calculatb initio
Although all the binary models fail, the seismic data canchemical potentials in liquids also makes it possible to con-

clearly be accounted for by ternary or quaternary alloys Oftemplate theab initio calculation of the solubility of solids,

the three impuritieshb initio calculations on such liquid and 4,4 or gases in liquids. The practical application of these
solid alloys would certainly be feasible with the methods we;j,. is likely to be limited only by the need to find economi-

have developed, but would need a considerably greater e, ihermodynamic integration paths for transforming chemi-
fort. If we assume for the moment that the different impuri- .| species into each other

ties do not affect each other’s chemical potentials, we can

use our present results to construct a model for the core

composition. We have seen that S and Si alone cannot % CKNOWLEDGMENTS
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