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Abstract
It is shown how ab initio techniques based on density functional theory can be used to calculate the chemical
potentials of the leading candidate impurity elements (S, O and Si) in the Earth's solid inner core and liquid outer core.
The condition that these chemical potentials be equal in the solid and liquid phases provides values for the ratios of the
impurity mol fractions in the inner and outer core. By combining the estimated ratios with ab initio values for the
impurity molar volumes in the two phases, and demanding that the resulting density discontinuity across the inner-core
boundary agree with free-oscillation data, we obtain estimates for the concentrations of S, O and Si in the core. The
results show that O partitions much more strongly than S and Si from solid to liquid, and indicate that the presence of O
in the core is essential to account for seismic measurements. We suggest that if compositional convection drives the
Earth's magnetic field, then the presence of O may be essential for this compositional convection. ß 2002 Elsevier
Science B.V. All rights reserved.
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Ever since the discovery of the Earth's core 90
years ago, its composition and temperature have
been controversial. The work of Birch [1] and
others in the 1950s made it clear that the core
consists mainly of iron with a minor fraction of
nickel, but that unidenti¢ed light impurities must
also be present, since the density of the core is
signi¢cantly lower than that of iron: modern estimates [2^5] indicate that the outer core is lower
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in density by 5^10%, and the inner core by 2^3%.
The main obstacle to further progress has been
the lack of reliable thermodynamic data for the
relevant iron alloys under core conditions, and it
has been stressed recently [6] that ab initio calculations of thermodynamic functions can make an
important contribution. We show here how ab
initio calculations of the chemical potentials of
the main impurity candidates can provide strong
new constraints on both the composition and the
temperature of the core, and we present numerical
values both for the impurity mol fractions in the
inner and outer core and for the temperature at
the inner-core/outer-core boundary (ICB).
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Cosmochemical abundances of the elements,
combined with models of the Earth's history, limit
the possible impurities to a few candidates [2].
The most often discussed are S, O and Si, and
we shall con¢ne ourselves to these three here,
though C and H have sometimes been proposed
[2]. Our strategy for constraining the impurity
fractions and the temperature is based on the
fact that the solid inner core has grown from
the liquid outer core over many hundreds of millions of years, so that the solid and liquid should
be in thermodynamic equilibrium at the ICB. This
implies that the chemical potentials of Fe and of
each impurity must be equal on the two sides of
the ICB.
If the core consisted of pure Fe, equality of the
chemical potential (Gibbs free energy in this case)
would tell us only that the temperature at the ICB
is equal to the melting temperature Tm of Fe at
the ICB pressure of 330 GPa. With impurities
present, equality of the chemical potentials for
each impurity element imposes a relation between
the mol fractions in the liquid and the solid, so
that with S, O and Si we have three such relations. But these three relations must be consistent
with the accurate values of the mass densities in
the inner and outer core deduced from seismic
and free-oscillation data [7^9]. We shall show
that ab initio results for the densities and chemical
potentials in the liquid and solid Fe/S, Fe/O and
Fe/Si alloys determine with useful accuracy the
mol fraction of O and the sum of the S and Si
mol fractions in the outer and inner core, as well
as giving the temperature at the ICB.
The chemical potential WX of a solute X in
a solid or liquid solution is conventionally
expressed as WX = W2X +kB T ln aX , where W2X is
a constant and aX is the activity [10]. To
re£ect the fact that aX becomes equal to the mol
fraction cX in the dilute limit cX C0, it is common
practice to write aX = QX cX , where the activity
coe¤cient QX has the property QX C1 as cX C0.
The chemical potential can therefore be expressed
as:

W X  W 2X  kB T ln Q X cX   W 2X  kB T ln Q X 
kB T ln cX

1

which we rewrite as:

W X  W~ X  kB T ln cX

2

~ 2X +kB T ln QX . It is helpful to focus
where W~ X = W
on the quantity W~ X for two reasons: ¢rst, because
it is a convenient quantity to obtain by ab initio
calculations [6]; second, because at low concentrations the activity coe¤cient QX will deviate
only weakly from unity by an amount proportional to cX , and by the properties of the logarithm
~ X.
the same will be true of W
By Eq. 2, equality of the chemical potentials WlX
and WsX in coexisting liquid and solid (superscripts
l and s, respectively) then requires that:
l

W~ X  kB T ln clX  W~ sX  kB T ln csX

3

or equivalently:
~ sX =kB T
csX =clX  exp  W~ lX 3 W

4

This means that the ratio of the mol fractions
csX and clX of X in the solid and liquid solution is
determined by the liquid and solid thermodynam~ sX . Although liquid^solid
ic quantities W~ lX and W
equilibrium in the Fe/S and Fe/O systems has
been experimentally studied up to pressures of
around 60 GPa [11,12], there seems little prospect
~ lX 3 W
~ sX for Fe
of obtaining experimental data for W
alloys at the much higher ICB pressure. However,
we have shown recently that the fully ab initio
~ lX and W
~ sX is technically feasible
calculation of W
[6].
Our ab initio methods employ density functional theory (DFT) implemented using pseudopotentials and plane-wave basis sets (for a non-technical review, see e.g. [13]). Virtually all ab initio
work on Earth's core materials has been based
on DFT, and recent work indicates that with
the ultra-soft type of pseudopotential employed
here the pseudopotential/plane-wave technique
has essentially the same accuracy as all-electron
methods such as FLAPW (full-potential linearised
augmented plane-wave) or PAW (projector augmented wave) when applied to iron [14,15]. DFT
calculations using the generalised-gradient approximation (GGA) for exchange-correlation energy [16] have been shown to give very accurate
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results for the low-pressure elastic, vibrational
and magnetic properties of body-centred cubic
(b.c.c.) Fe, the b.c.c.Ch.c.p. (hexagonal close
packed) transition pressure, and the pressure^volume relation for h.c.p. Fe up to over 300 GPa
[15,17,18] ; they also appear to give good predictions of the phonon density of states of h.c.p. Fe
up to Earth's core pressures [19]. The present calculations were performed with the VASP code
[20], which is exceptionally stable and e¤cient
for metals. Technical details of the pseudopotentials, plane-wave cut-o¡s etc. for Fe and the Fe/S
and Fe/O alloys are the same as in our previous
work [21,22]; the pseudopotentials and cut-o¡ for
the Fe/Si system are based on the same principles.
The GGA of Perdew et al. [16] is used throughout.
Our techniques for making ab initio calculations of chemical potentials and densities in liquid
and solid alloys have been reported earlier [6], and
we summarise them only brie£y here. The chemical potential WX of chemical component X can be
de¢ned as the change of Helmholtz free energy
when one atom of X is introduced into the system
at constant temperature T and volume V. In ab
initio simulation, it is awkward to introduce a
new atom, but the awkwardness can be avoided
~ X3W
~ Fe , which is the free energy
by calculating W
change vF when an Fe atom is replaced by an
X atom. For the liquid, this vF is computed by
applying the technique of `thermodynamic integration' [23] to the (hypothetical) process in which
an Fe atom is continuously transmuted into an
X atom, as described in [6]. Results for WS for
liquid Fe/S at T = 7000 K and P = 370 GPa were
reported earlier [6]. We have now performed calculations for O and Si at the same thermodynamic condition, and our WX results for all three impurities in liquid Fe/X are summarised in Table 1.
Technical details of our ab initio molecular dynamics simulations on liquid Fe/O and Fe/Si
were similar to those of [6]: simulations were performed at constant volume and temperature on
systems of 64 atoms; the duration of the simulations after equilibration was typically 6 ps in order to reduce statistical errors to an acceptable
level; the number of thermodynamic integration
points used in transmuting Fe into X was 3, and
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Table 1
Calculated chemical potentials (eV units) of impurities in the
Earth's liquid outer core and solid inner core
Impurity

2l
W2s
X 3WX

VlX

VsX

Sulphur
Silicon
Oxygen

0.25 þ 0.04
0.05 þ 0.02
2.6 þ 0.2

6.15 þ 0.2
3.6 þ 0.1
3.25 þ 1.3

5.9 þ 0.2
2.7 þ 0.1

~ X +kB T ln cX of impurity X is repChemical potential WX = W
resented at low mol fraction cX by the linearised form
W~ X = W2X +VX cX , with superscripts l and s indicating liquid
and solid.

we carefully checked the adequacy of these numbers of points. To account for the dependence of
W~ X on mol fraction cX , we report it in the low~ X = W2X +VX cX . As menconcentration regime as W
~ X retioned after Eq. 2, this representation of W
£ects the weak deviation of the activity coe¤cient
QX from unity at low cX . Table 1 reports values of
W2X and VX , with superscripts l and s indicating
liquid and solid.
The chemical potential di¡erence W~ X 3 W~ Fe of X
dissolved substitutionally in h.c.p. Fe is readily
computed in the low-concentration limit, assuming the harmonic approximation for lattice vibrations. The Helmholtz free energy di¡erence
vFrvU3TvS when an Fe atom is replaced by
an X atom is vU, the di¡erence of total energies
of the non-vibrating equilibrium systems, minus
TvS, where vS is the di¡erence of vibrational
entropies, which is readily obtained from the ab
initio vibrational frequencies of the Fe/X and Fe
systems. We shall see that the low-concentration
limit su¤ces for the O impurity, but not for S and
~ X3W
~ Fe that is linear in
Si. To obtain the term in W
cX , we employ calculations on the Fe system containing nearest-neighbour pairs of X atoms, as
described earlier [6]. All the indications are that
the harmonic approximation is good for S and Si.
However, it is very poor for substitutional O, because the small size of the O atom gives it a large
vibrational freedom [24]. The use of thermodynamic integration to account for the large anharmonicity of O in calculating W~ O 3 W~ Fe was reported recently [24]. Our ab initio results for WX
for the Fe/X solid solutions, again for 7000 K and
370 GPa, are also shown in Table 1, where we
report values of W2X and VX in the linearised ex-
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pansion W~ X = W2X +VX cX . (Technical details of the
calculations on the solid Fe/Si alloy were the same
as those of [6] on Fe/S; speci¢cally, calculations
were performed on systems of 64 atoms and the
phonons were calculated using our implementation of the small displacement method [25].)
These results reveal a major qualitative di¡erence between O and the other two impurities : For
~ X is almost the same in the solid and
S and Si, W
the liquid, the di¡erences being at most 0.3 eV,
i.e. markedly smaller than kB Tv0.5 eV; but for
O the di¡erence of W~ X between solid and liquid is
V2.6 eV, which is much bigger than kB T. This
means that added O will partition strongly into
the liquid, but added S or Si will have similar
concentrations in the two phases.
We now consider the density changes caused by
alloying. In general, the density of the binary solid
or liquid system is b = [(13cX ) mFe +cX mX ]/v,
where the mean volume per atom v is given by
v = [(13cX ) vFe +cX vX ], with mFe , mX the atomic
masses of Fe and X and vFe , vX the partial atomic
volumes, given by vFe r(DWFe /DP)T; cX and
vX r(DWX /DP)T; cX . The partial atomic volumes
can be thought of as the change of volume of
the whole system when one atom of Fe or X is
added at constant P and T, so that vX 3vFe is the
volume change when one Fe atom is replaced by
an X atom. Equivalently, the pressure change
when one atom of Fe is replaced by X at constant
volume is given by (vX 3vFe ) BT /V, where BT is the
isothermal bulk modulus and V is the total volume. For the liquid, we obtain vX 3vFe from the
pressure change NP in a constant-(V,T) simulation
when NX of the Fe atoms are replaced by X
atoms, which is given by NPv(vX 3vFe )BT NX /V.
Estimates were reported earlier [21,22] for the S
and O mol fractions required to give the observed
density reduction relative to pure liquid Fe. We
summarise these estimates and our new results for
liquid Fe/Si by stating that vX for S, Si and O has
î 3 , compared with
the values 6.65, 6.65 and 4.25 A
î 3.
the volume per atom in pure liquid Fe of 6.97 A
Once again, O di¡ers markedly from S and Si,
since vO is considerably less than vFe , whereas vS
and vSi are almost the same as vFe . Our calculations show that S and Si create little strain in the
h.c.p. lattice, and the volume per atom is essen-

tially the same as that of Fe. This is not true for
î 3 . (This volume is
O, where we ¢nd vO = 4.65 A
obtained by calculating WO at two nearby pressures and estimating vO r(DWO /DP)T; cO by ¢nite
di¡erence.) Interestingly, O has a larger volume
in the solid than in the liquid. This is expected,
because the Fe neighbours in the liquid can accommodate themselves to the smaller size of the
O atom, but the rigidity of the lattice hinders this
accommodation in the solid.
We now use our numerical results for chemical
potentials and densities to determine whether the
known densities in the liquid and solid core can
be accounted for by any binary Fe/X model with
X = S, O or Si. (Since the core contains Ni, we
should strictly consider (Fe,Ni)/X models. However, the mol fraction of Ni is believed to be only
V10^12% [26], and the Fe and Ni atoms have
almost the same masses and electronic properties,
so for present purposes we commit only small
errors by ignoring the presence of Ni. In particular, the replacement of 10% of Fe atoms by Ni
will change the density of both solid and liquid by
only V0.5%, and the Fe/Ni ratio should be almost identical in the two phases, so the presence
of Ni should not a¡ect our arguments about partitioning of light impurities between inner and
outer core.) In studying the densities, we must
pay careful attention to possible errors both in
the measured densities and in our ab initio results.
The densities of the liquid and solid core are
bl = 12 166 and bs = 12 764 kg m33 , with a probable error of þ 1% [7^9]. The relative density discontinuity (bs 3bl )/bs across the ICB is quite
tightly constrained by free-oscillation data, which
give (bs 3bl )/bs = 0.045 þ 0.005 [8,9]. Recent ab initio calculations of the melting properties of pure
Fe at ICB pressures [27,28] agree in giving a density change on melting of only ca. 1.7%, which
suggests the need for a strong partitioning of impurities from solid to liquid to explain the value
of (bs 3bl )/bs in the real core. The density of pure
liquid Fe at P = 330 GPa and the corresponding
Tm of 6700 K given by our original ab initio melting curve [27] is 12 908 kg m33 , i.e. 6.1% higher
than the known liquid core density. However, in
the 2 years since [27] was published we have improved our ab initio calculations of the free en-
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ergy of solid Fe, and we have obtained independent ab initio results for Tm using the coexistence
approach of [28]. The revised Tm value at P = 330
GPa that emerges from this more recent work is
6350 K (or 6200 K after a correction due to our
estimate of likely DFT errors), as will be reported
elsewhere [29]. There will be a depression of melting point due to the impurities, which we estimate
below to be 600^700 K. We therefore provisionally take the temperature at the ICB to be 5600 K.
Since the expansion coe¤cient of the liquid is
1.05U1035 K31 (this value is the result of our
calculations, in agreement with the estimates of
[3]), we estimate the density of pure liquid Fe at
ICB (P,T) to be 13 059 kg m33 . As a ¢nal correction, we note that our DFT calculations overestimate the density of low-T/high-P h.c.p. Fe by
V0.7%, and we assume that this error will carry
over to the liquid, so that our best estimate of bl
for pure Fe at ICB (P,T) is 12 968 kg m33 , i.e.
6.6% higher than the liquid core density.
Using our calculated partial volumes of S, Si
and O in the binary liquid alloys, we ¢nd that
the required mol fractions required to reproduce
the liquid core density are 16, 14 and 18% respectively (Fig. 1, panel (a) displays our predicted liquid density bl as a function of clX compared with
the seismic density). Our calculated chemical potentials in the binary liquid and solid alloys then
give mol fractions in the solid of 14, 14 and 0.2%
respectively (see Fig. 1, panel (b)). Finally, our
partial volumes in the binary solids give density
discontinuities of 2.7 þ 0.5, 1.8 þ 0.5 and 7.8 þ
0.2% respectively (Fig. 1, panel (c)). As expected,
for S and Si, the discontinuities are considerably
smaller than the known value of 4.5 þ 0.5% ; for
O, the discontinuity is markedly greater than the
known value. We conclude that none of the binary systems can account for the discontinuity
quantitatively. However, it clearly can be accounted for by O together with either or both of
S and Si. Ab initio calculations on general quaternary alloys containing Fe, S, O and Si will clearly
be feasible in the future, but currently they are
too demanding, so for the moment we assume
that the chemical potential of each impurity species is una¡ected by the presence of the others.
Our estimated mol fractions needed to account
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Fig. 1. Liquid and solid impurity mol fractions clX and csX of
impurities X = S, Si and O, and resulting densities of the inner and outer core predicted by ab initio simulations. Solid,
dashed and chain curves represent S, Si and O respectively.
(a) Liquid density bl (kg m33 units); horizontal dotted line
shows density from seismic data [7^9]. (b) Mol fractions in
solid resulting from equality of chemical potentials in solid
and liquid (Eq. 4). (c) Relative density discontinuity Nb/bl at
the ICB; the horizontal dotted line represents free-oscillation
data [8,9].

for the ICB density discontinuity, reported in Table 2, show that we must have V8% of O in the
outer core and a slightly larger amount of S and/
or Si.
With our calculated impurity chemical potentials, we can now use the Gibbs^Duhem relation
[10] to compute the change of Fe chemical potential caused by the impurities in the solid and liquid. By requiring the chemical potential of Fe in
the two phases to be equal, we obtain the change
vT of Tm relative to that of pure Fe. Our estimate
is vT = 3700 þ 100 K. Tm of pure Fe at ICB pressure has long been controversial, but almost all
modern estimates, including recent ab initio calculations, cluster in the range 5300^6700 K (for a

EPSL 6066 22-1-02

D. Alfe© et al. / Earth and Planetary Science Letters 195 (2002) 91^98

96

review of experimental work, see [30]; ab initio
values are reported in [27^29]). Our own ab initio
value of the ICB Tm of 6200^6350 K [29], is in
good agreement with that inferred from shock
data (for a discussion, see [29] and references
therein), which are, however, still at variance
with the DAC data of Boehler [31]. Our vT value
therefore implies an ICB temperature of ca. 5600
K, interestingly in close agreement with the value
of 5700 K inferred from very recent ab initio calculations on the elasticity properties of the inner
core [32].
The heart of our results is the weak partitioning
of S and Si and the strong partitioning of O from
solid into liquid. The mechanism of this e¡ect is
rather simple. The atoms S and Si have about the
same size as Fe, and substitute for Fe in the crystal lattice without appreciable strain; their coordination numbers in the Fe/S and Fe/Si liquid
alloys [21] are about the same (V13) as the coordination number of Fe. By contrast, the small O
atom replaces Fe in the lattice rather uneasily [24],
and is unable to bond e¡ectively with its neighbours, but yet is too large to be accommodated
interstitially. In the Fe/O liquid [22], O has a considerably smaller coordination number of V9,
and this makes the bonding with its neighbours
more e¡ective in the liquid. The consequence is
that O is thermodynamically much more stable
in the liquid than in the solid. The strong partitioning of O may be important for another reason. It is widely believed that the Earth's magnetic
¢eld is powered by compositional convection
[33,34], i.e. convection driven by the release of
light elements into the liquid as the inner core
grows by freezing of the outer core. If O is, indeed, the only credible impurity that partitions
strongly, then the presence of O may be indispenTable 2
Estimated molar percentages of sulphur, silicon and oxygen
in the solid inner core and liquid outer core obtained by
combining ab initio calculations and seismic data
Sulphur/silicon
Oxygen

Solid

Liquid

8.5 þ 2.5
0.2 þ 0.1

10 þ 2.5
8.0 þ 2.5

Sulphur/silicon entries refer to total percentages of sulphur
and/or silicon.

sable for the generation of the magnetic ¢eld. A
quantitative analysis of compositional convection
and its in£uence on the geodynamo requires a
detailed consideration of the entropic and enthalpic e¡ects of the crystallisation of the inner
core, and we shall report separately on this [35].
In spite of the strong partitioning of O, our
calculations require an O mol fraction of
V0.3% in the inner core. At ¢rst sight, this appears to con£ict with the earlier ¢nding [36] that
substitutional O dissolved in close-packed Fe at
core pressures is thermodynamically unstable with
respect to decomposition into Fe and FeO. This
¢nding was based on ab initio calculation of the
enthalpy of formation vH of the Fe13x Ox solid
solution from Fe and FeO perfect crystals, and
our own recent ab initio work [22,24] found that
vH has a large positive value of V4 eV, which is
similar to that found in [36]. This large value
arises from the small size of the O atom and its
ine¡ective bonding to its neighbours in the solid
solution. However, it has also become clear recently that the loose ¢t of substitutional O in
the Fe lattice leads to extremely large entropic
e¡ects at core temperatures [24], which are probably su¤cient to stabilise the solid solution at
concentrations of up to V3%. In view of this,
we do not believe that there is any objection to
our proposed inner-core O concentration.
We have deliberately avoided geochemical arguments, since we regard them as less certain
than the physical data of seismology. However,
geochemistry may ultimately be able to give guidance about the ratio of S and Si, which our methods cannot determine. Because of the high volatility of S, a high S content in the core is di¤cult
to reconcile with the observed depletion in the
Earth of less volatile elements like K and Zn.
From the mantle abundance of Zn, it was argued
by Dreibus and Palme [37] that the core cannot
contain more than V3 mol% of S. If this were
correct, then our results (Table 2) would require
the presence of V7 mol% of Si together with V8
mol% of O. It is not entirely clear whether Si and
O can coexist in the core without precipitating to
form SiO2 , but future ab initio calculations should
be able to help with this question. We note that
the model of Alle©gre et al. [38], based on the as-
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sumption of a chondritic Earth composition, also
calls for the simultaneous presence of substantial
amounts of Si and O. At present, we do not believe there is a ¢rm basis for making de¢nitive
statements about the S/Si ratio.
In summary, the requirement that the densities
of the inner and outer cores be reproduced provides two constraints on the mol fractions of impurities, and we have shown how ab initio calculation of densities and chemical potentials allows
these constraints to be exploited; restricting the
impurity candidates to S, Si and O, we ¢nd that
the outer core must contain V8 mol% of O and a
similar amount of S and/or Si; the need for the
presence of O stems from the similarity of sizes of
the S, Si and Fe atoms, and the markedly smaller
size of O; we estimate the temperature at the inner-core/outer-core boundary to be ca. 5600 K.
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