
Computational Materials Science 50 (2011) 2732–2735
Contents lists available at ScienceDirect

Computational Materials Science

journal homepage: www.elsevier .com/locate /commatsci
A simple tight-binding model for the study of 4d transition metals under pressure

C. Cazorla a,⇑, D. Alfè b,c,d,e, M.J. Gillan c,d,e

a Institut de Ciència de Materials de Barcelona (ICMAB-CSIC), 08193 Bellaterra, Spain
b Dept. of Earth Sciences, University College London, London WC1E 6BT, UK
c Thomas Young Centre at University College London, London WC1E 6BT, UK
d London Centre for Nanotechnology, University College London, London WC1H 0AH, UK
e Dept. of Physics and Astronomy, University College London, London WC1E 6BT, UK

a r t i c l e i n f o
Article history:
Received 29 March 2011
Accepted 18 April 2011
Available online 7 May 2011
0927-0256/$ - see front matter � 2011 Elsevier B.V. A
doi:10.1016/j.commatsci.2011.04.030

⇑ Corresponding author. Tel.: +34 605958137.
E-mail address: ccazorla@icmab.es (C. Cazorla).
a b s t r a c t

Recently we have developed a simple tight-binding (TB) model of transition metals in the region near the
middle of the 4d-series tuned to mimic molybdenum. The energetic, structural and melting properties
deriving from this model are quite close to those obtained in previous first-principles work on Mo. TB
approaches, reasonably accurate but computationally less demanding than first-principles calculations,
therefore can be used to perform systematic analysis on the physical properties of transition metals
across the 4d-series over wide thermodynamic ranges. Here we present a series of TB parametrizations
designed to emulate the behavior of niobium, technetium, ruthenium, rhodium and palladium under
extreme conditions of pressure and temperature. Our simple TB model is composed of two basic contri-
butions to the energy: first, the pairwise repulsion due to Fermi exclusion, and second, the d-band bond-
ing energy described in terms of an electronic density of states that depends on structure. The parameters
of the model are adjusted to fit the dependence on pressure of the d-band width and the zero-tempera-
ture equation of state of the element in question. Calculated TB phonon spectra compare very well with
ab initio results and experimental data, and the stable crystal structure in all transition metals at equilib-
rium is correctly predicted.

� 2011 Elsevier B.V. All rights reserved.
1. Introduction

The physics of transition metals (TM) at low temperatures and
pressures is well understood as result of an early combination of
experiments, first-principles calculations and simple models [1–
4]. Recent advances on experimental techniques and first-princi-
ples calculations might lead to similar understanding of TM at high
temperatures and Mbar pressures but present information on the
phase diagrams of interest is rather fragmentary and conflicting
[5–9]. Many years ago, shock wave (SW) measurements provided
the first experimental P � T points on the melting lines of TM (Fe,
Mo, Ta and W) in the Mbar regime [10,11]; lately, static compres-
sion techniques based on the diamond anvil cell (DAC) were used
to fully map out the solid–liquid phase boundary of Fe, Mo, Ta,
W, V and Y at pressures and temperatures up to �100 GPa and
�4000 K [12]. Strikingly, huge discrepancies appeared among the
sets of SW and DAC melting data amounting to several thousand
K in some cases and DAC providing always the lowest melting
curves. On the theoretical side, modeling of melting curves
from first-principles (FP) started more than 10 years ago [13,14].
Metals like Fe, Mo and Ta have been investigated with these
ll rights reserved.
techniques and so far FP calculations appear to support the correct-
ness of SW measurements. Some explanations based on quite di-
verse arguments have been proposed in order to rationalize the
origins of such dramatic disagreements, however, general consen-
sus on this matter still lacks within the high-pressure research
community.

In a recent work [15] we have developed a simple tight-binding
(TB) model for transition metals with parameters tuned to mimic
molybdenum at high pressures and which reproduces closely pre-
vious first-principles results. In general, TB approaches are reason-
ably accurate and computationally less demanding than FP
calculations so that one can use them to map out systematic trends
in elements of a same family. Here, we present a series of TB para-
metrizations based on the same simple model as introduced in [15]
and designed to render the behavior of niobium, technetium,
ruthenium, rhodium and palladium under extreme thermody-
namic conditions. It is our intention to use these models in the near
future to study systematically the melting properties of 4d-TM and
so help to resolve the conflicting discrepancies cited above. Besides
of this our aim, the TB potentials presented in this article may be
useful to other researchers who pursue to perform studies on TM
which typically are computationally very expensive with FP tech-
niques (e.g. energetics of crystal defects, molecular dynamics
simulations and reproduction of shock-wave compression effects
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Table 1
TB parameters tuned to reproduce the behavior of 4d-TM from equilibrium up to
pressures of 400 GPa.

Element Ar (eV) Rr (Å) Ab (eV) Rb (Å) Nd

Nb (bcc) 817.1988 0.4250 14.5720 1.0134 3.4
Mo (bcc) 3164.3454 0.3350 18.5745 0.8950 4.3
Tc (hcp) 3736.5815 0.3200 18.2814 0.8500 5.7
Ru (hcp) 10388.3830 0.2800 53.7246 0.6200 6.9
Rh (fcc) 20997.6673 0.2500 146.8910 0.4850 8.5
Pd (fcc) 69254.1517 0.2150 202.5752 0.4500 9.7
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in matter, to name a few). The results presented in this modeling
work, therefore, are of interest to a broad scientific audience.

The remainder of this article is organized as follows. In Section
2, we summarize the methodology and technicalities in our calcu-
lations. Next, we present our TB modeling results on 4d-TM ele-
ments and finalize by providing the discussion and conclusions
in Section 4.
2. Method and technicalities

Details of our TB model and fitting procedure are reported in
[15] so here we just review the essential ideas. The total energy Utot

for a system of N atoms with positions ri is expressed as :

Utotðr1; r2; . . . ; rNÞ ¼
1
2

X

i–j

VREPðrijÞ þ UTBðr1; r2; . . . ; rNÞ; ð1Þ

where rij = jri � rjj, VREP(r) = Arexp(�r/Rr) is a pairwise potential rep-
resenting the electronic repulsion due to Fermi exclusion and UTB

stands for the attractive d-band bond energy and electronic thermal
effects. In order to simplify the calculations, we consider only elec-
tronic d-band states (i.e., xy, yz,zx, x2 + y2 and 3z2 � r2) in the TB
Hamiltonian matrix elements h iajHjjbi and assume the canonical
ratios ddr:ddp:ddd = �6:4:�1 on them. TB matrix elements
hiajHjjbi represent hopping integrals between electronic d-orbitals
a and b centred in atoms i and j, respectively, and they are assumed
to decrease exponentially with the interatomic distance rij accord-
ing to Abexp(�rij/Rb). The zero-temperature value of the d-band
bond energy UTB corresponds to the sum of single-electron energies
spanned over occupied states that is obtained from direct diagonal-
ization of the TB Hamiltonian matrix; finite-temperature effects
then can be included using the Fermi–Dirac occupation distribution
function and expression of the electronic entropy. To fix the value of
parameters Ab and Rb we require the second moment of the TB
density of states (DOS) to agree with the volume dependent d-band
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Fig. 1. Zero-temperature equation of state of Nb, Ru and Rh as obtained with the TB m
curves (dashed lines) and experimental data (dots) from Ref. [19] are shown for compa
second moment as obtained with DFT. In order to reproduce the en-
ergy difference between the Fermi level EF and bottom of the d-
band we also treat the number of d-electrons Nd as an adjustable
parameter [16]. With the value of parameters Ab, Rb and Nd fixed,
parameters Ar and Rr are chosen so as to reproduce as closely as pos-
sible the P(V) curve obtained with DFT and experimental data
whenever possible. In all cases, cut-off distances for the atomic pair-
wise interactions are set to Rcut = 4.9 Å. To apply this procedure, we
have performed DFT calculations using the full-potential linearized
augmented plane-wave method (FP-LAPW) as implemented in the
WIEN2k code [17] and with the generalized gradient approximation
for the exchange-correlation energy due to Wu and Cohen [18].
Technical parameters in our calculations have been set so as to en-
sure convergence of the total energy to less than 1 meV/atom. A
pressure interval of 400 GPa has been considered throughout our
analysis. We refer the interested reader to works [4,15] where full
details of our FP-LAPW and TB calculations are provided.

3. Results

In Table 1, we report the value of the TB parameters that better
reproduce the behavior of Nb, Mo, Tc, Ru, Rh and Pd at equilibrium
and high pressures according to the strategy explained in the pre-
vious section. As can be seen from Figs. 1 and 2, very good agree-
ment between these simple models and first-principles
calculations (coinciding with experimental data) is achieved for
the zero-temperature equation of state. With regard to the elec-
tronic d-band features, in Mo for example the second moment of
the DFT d-DOS (see Tables 2 and 3) amounts to 7.2 (23.7) eV2 at
zero-pressure (P = 350 GPa) while the value of the corresponding
TB d-DOS is 7.3 (21.3) eV2. The energy difference between the Fer-
mi energy level and bottom of the d-band at zero pressure
(P = 350 GPa) is calculated to be 5.9 (10.8) and 5.9 (10.9) eV with
DFT and TB, respectively. Equivalent good TB reproducibility of
DFT d-band energy results is found also in the rest of TM consid-
ered (see Tables 2 and 3).

In order to assess the reliability of the TB parametrizations
introduced in this work we calculated the vibrational phonon
spectrum of Mo, Tc and Pd at the corresponding experimental
equilibrium volumes, and compared them with DFT calculations
of our own and room-temperature experimental data. DFT pho-
non frequencies were obtained using the projector augmented-
wave (PAW) technique as given by the VASP code [22],
exchange-correlation energy approximation due to Perdew et al.
[23], and the atomic small-displacement method as implemented
in the PHON code [24]. A simulation supercell containing 64(96)
particles was used for the phonon calculations in the bcc and
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odel and parametrizations presented in this work (solid lines). Calculated DFT P(V)
rison. Volume is units of Å3 per atom.



Table 2
TB (DFT) d-band features calculated at zero-pressure. The d-band width is defined as
Wd ¼ Et

d � Eb
d , where Et

d and Eb
d are the top and bottom single-electron energy levels,

respectively. The second d-band moment is defined as lð2Þ ¼
R1
�1ð�� lð1ÞÞ2gð�Þd�=N,

where � represents the single-electron energy spectrum, g(�) the Fermi–Dirac
occupation distribution function, lð1Þ ¼

R1
�1 �gð�Þd�=N and N ¼

R1
�1 gð�Þd�.

Element Eb
d (eV) Et

d (eV) Wd (eV) l(2) (eV2)

Nb (bcc) �5.5 (�4.1) 5.0 (6.1) 10.5 (10.2) 7.1 (7.1)
Mo (bcc) �6.3 (�5.6) 4.8 (4.8) 11.1 (10.4) 7.3 (7.2)
Tc (hcp) �5.5 (�6.8) 4.0 (3.2) 9.5 (10.0) 6.6 (6.5)
Ru (hcp) �6.3 (�5.6) 4.8 (5.0) 11.1 (10.6) 7.3 (7.2)
Rh (fcc) �5.1 (�7.0) 3.5 (2.3) 8.6 (9.3) 5.5 (5.2)
Pd (fcc) �6.3 (�5.6) 4.8 (4.9) 11.1 (10.5) 7.3 (7.2)

Table 3
TB (DFT) d-band features calculated at P = 350 GPa. The d-band width is defined as
Wd ¼ Et

d � Eb
d , where Et

d and Eb
d are the top and bottom single-electron energy levels,

respectively. The second d-band moment is defined as lð2Þ ¼
R1
�1ð�� lð1ÞÞ2gð�Þd�=N,

where � represents the single-electron energy spectrum, g(�) the Fermi–Dirac
occupation distribution function, lð1Þ ¼

R1
�1 �gð�Þd�=N and N ¼

R1
�1 gð�Þd�.

Element Eb
d (eV) Et

d (eV) Wd (eV) l(2) (eV2)

Nb (bcc) �11.0 (�10.4) 9.0 (12.2) 20.0 (22.6) 23.9 (28.5)
Mo (bcc) �10.7 (�11.0) 7.7 (9.4) 18.4 (20.4) 21.3 (23.7)
Tc (hcp) �9.5 (�11.0) 6.8 (6.7) 16.3 (17.7) 20.4 (24.1)
Ru (hcp) �9.2 (�11.2) 6.5 (4.2) 15.7 (15.4) 20.1 (18.8)
Rh (fcc) �10.0 (�12.7) 7.0 (2.2) 17.0 (14.9) 18.1 (15.4)
Pd (fcc) �8.9 (�11.8) 6.1 (1.1) 15.0 (12.9) 14.3 (11.2)

 0

 1

 2

 3

 4

 5

 6

 7

 8

 9

0 0.5 1 0.5 0 0.5

Fr
eq

ue
nc

y 
(T

H
z)

 q 

(q,0,0) (q,q,q) (q,q,0)

Mo

Fig. 3. TB phonon frequencies of Mo (dashed lines) calculated at the experimental
equilibrium volume. Corresponding DFT phonon spectra (solid lines) and experi-
mental room-temperature data (dots) from Ref. [25] are shown for comparison.
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Fig. 2. Zero-temperature equation of state of Mo, Tc and Pd as obtained with the TB model and parametrizations presented in this work (solid lines). Calculated DFT P(V)
curves (dashed lines) and experimental data (dots) from Refs. [20,21] are shown for comparison. Volume is units of Å3 per atom.
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Fig. 4. TB phonon frequencies of Tc (dashed lines) calculated at the experimental
equilibrium volume. Corresponding DFT phonon spectra (solid lines) and experi-
mental room-temperature data (dots) from Ref. [26] are shown for comparison.
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fcc (hcp) crystal structures. In Figs. 3–5 we plot the results of our
calculations in Mo (bcc structure, V = 15.55 Å3/atom), Tc (hcp
structure, V = 14.21 Å3/atom) and Pd (fcc structure, V = 14.70 Å3/
atom), respectively. In general, good TB reproducibility of the
computed first-principles vibrational phonon frequencies and
experimental data can be claimed.

We carried out a further test in which we analyzed the relative
stability of the bcc, fcc and hcp phases in Nb, Mo, Tc, Ru, Rh and Pd
at equilibrium as predicted by the present TB parametrizations.
The outcomes of this test are represented in Fig. 6. It is found that
the stable crystal structure is predicted correctly in all the ele-
ments considered (e.g. bcc in Nb and Mo, hcp in Tc and Ru, and
fcc in Rh and Pd). Nevertheless, we note that the value of the cal-
culated TB energy differences DE among the various crystal struc-
tures do not reproduce closely those obtained with DFT. For
instance, the energy difference between the hcp and bcc phases
in Nb amounts to 0.6 eV when calculated with DFT whereas is
0.2 eV with TB. Seemingly, there exists a discrepancy of 0.18 eV
among the TB and DFT fcc–bcc energy values calculated in Pd. This
lack of agreement is not surprising since only one crystal structure
per element is considered in our TB fitting strategy. We note how-
ever that reproducibility of DFT DE results can be improved by
slightly varying the value of Nd while keeping the value of the rest
of TB parameters fixed.
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4. Discussion and conclusions

In a recent work [15], we have proved that the TB model and fit-
ting procedure reviewed in this article can reproduce fairly the
melting properties of bcc Mo obtained with first-principles meth-
ods and up to pressures of 400 GPa. In this work, we present anal-
ogous TB parametrizations for transition metals Nb, Tc, Ru, Rh and
Pd and prove similar notable agreement with respect to first-prin-
ciples calculations and experimental data. Therefore, it is likely
that the melting properties deriving from these models can be used
to map out systematic trends across the 4d-TM series with reliabil-
ity while keeping the computational cost of the calculations within
reasonably affordable limits. In fact, it is our intention to carry out
this type of study in the near future.
The TB modeling presented in this article can be used to explore
properties and physical phenomena in TM, other than melting,
which simultaneously require from accurate description of the
electronic d-bond features and a large number of atoms to be sim-
ulated. Examples include: the energetics and dynamics of crystal-
line defects (line and planar), simulation of shock-wave matter
compression, modeling of ablation in metals, etc. Very interest-
ingly, it has been proposed recently an explanation for the DAC
low-temperature melting line in tantalum (also in conflict with
SW data and FP calculations) based on a thermally activated and
shear-induced structural transformation from bcc to an anisotropic
Bingham-like plastic flow [28]. In that study, Wu et al. perform
extensive non-hydrostatic molecular dynamics simulations using
a many-body interatomic potential developed for applications of
Ta across wide temperature and pressure ranges [29]. An interest-
ing test which could further generalize the conclusions drawn by
Wu et al. in [28] may consist in performing similar molecular
dynamics simulations using the 4d-TM TB model and parametriza-
tions provided in this manuscript. Work in this direction is already
in progress.
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