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A variational geometrical approach is applied to find the characteristic shape of the Möbius strip made of an inextensible
rectangular sheet.

1 Introduction

The Möbius strip, obtained by taking a rectangular strip of plastic or paper, twisting one end through 180◦, and then joining
the ends, is the canonical example of a one-sided surface (Fig. 1). Such a physical Möbius strip, when left to itself, adopts a
characteristic shape independent of the type of material (sufficiently stiff for gravity to be ignorable).

This shape is well described by a developable surface that minimises the deformation energy, which is entirely due to
bending. We assume that the material obeys Hooke’s linear law for bending. Thus, the energy is proportional to the integral
of the non-zero principal curvature squared over the surface of the strip, which is taken to be an isometric embedding of a
rectangle into 3D space.

The problem of finding the equilibrium shape of a narrow Möbius strip was first formulated in 1930 by M. Sadowsky
who turned it into a 1D variational problem represented in a form that is invariant under Euclidean motions [1, 2]. Later
W. Wunderlich generalised this formulation to a strip of finite width [3]. Although several geometrical constructions of
developable Möbius strips have been proposed, the problem was solved only recently [4].

Here we show an efficient way to derive the governing equations by applying an invariant geometrical approach based on
the variational bicomplex formalism. While this method can be applied to a much wider class of problems, a developable strip
model provides a graphical example of its use. Then we specify the boundary conditions that correspond to the Möbius strip
topology and solve the boundary value problem numerically for a range of width-to-length ratios.

2 Theory of deformation of an inextensible plate

The elastic energy of a Kirchhoff-Love plate of thickness 2h � 1 may be decomposed as Vtotal = hṼmem + h3Ṽbend, where
the first (membrane) term is due to change of distances on the midsurface of the plate and the second (bending) term accounts
for an isometric deformation of that surface. In the limit h → 0, stretching becomes expensive compared to bending and we
may assume that the deformation is isometric. Thus, for a naturally flat plate its Gaussian curvature remains zero, i.e. the
shape of the plate is a developable surface.

We consider an isometric embedding into 3D space of a flat strip bounded by two parallel straight lines

x(s, t) = r(s) + t [b(s) + η(s) t(s)] , τ(s) = η(s)κ(s), s = [0, L], t = [−w, w],

where κ(s), τ(s) are the curvature and torsion of the centreline r(s), resp., t(s) = r
′(s) is the tangent vector and b(s) the

binormal; prime denotes differentiation with respect to the arc length s. Let the principal curvatures of the surface be κ1 and
κ2(≡ 0). Then the bending energy can be expressed as
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where D = 2h3E
3(1−ν2) is the flexural rigidity, E is Young’s modulus, ν is Poisson’s ratio [3]. For an infinitesimally narrow strip,

as w → 0, we have g(κ, η, η′) → 2κ2
(
1 + η2

)2
[1, 2]. To find the equilibrium shape of the strip, we minimise the bending

energy, i.e. we arrive at the one-dimensional variational problem V → min.

3 Variational problem in invariant form

Having a variational problem expressed in Euclidean-invariant form, it is possible to directly write down the associated Euler-
Lagrange equations in terms of the differential invariants, i.e. the curvature, torsion and their arc-length derivatives [5]. For
example, for the planar elastica functional

∫
κ2 ds, the Euler-Lagrange equation is κ′′ + 1

2κ3 = 0.
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