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The deformation of slender structures (i.e., structures that are much longer in one direction than in
the other two directions) may be described by elastic rod theory if one is interested in phenomena
on length scales much larger than the lateral dimensions of the structure. A simplified version of
this theory, beam theory, suffices if only small deformations need to be considered. Many traditional
structural engineering applications are adequately modelled by a beam: bridges and buildings are
simply not designed to suffer large deformations. But in other applications of structural mechanics
deformations may be large, meaning that nonlinear geometric effects have to be taken into account.
In these cases full (nonlinear) rod theory is the theory of choice. Besides engineering applications this
approach is also increasingly being applied to molecular biology, for instance in the study of DNA
packing and supercoiling. Aided by the improved experimental techniques for manipulating structures
at the micro- and nanoscale, there is great activity in the application of mechanical models to biological
filaments.

Mathematically, a rod is modelled as a curve in space, i.e., a one-dimensional object, with effective
mechanical properties such as bending and torsional stiffnesses [1]. Although the problems considered
are often statics problems, mathematically they have a strong relation with problems in dynamics:
arclength along the rod plays a role similar to that of time in a dynamical system (ordinary differ-
ential equation). In its simplest form this analogy (so called Kirchhoff’s Dynamic Analogy [19]) is
seen between the deformations of an elastic strut (or Euler elastica) and the motions of a swinging
pendulum. A similar, albeit less well known, analogy exists between a twisted rod and a spinning top,
and precession of the top then corresponds to a helical deformation of the rod. Thus the extensive field
of rigid-body dynamics can be brought to bear on the deformation of slender structures. Important
tools in this research are therefore modern analytical as well as numerical techniques from nonlinear
dynamics. This includes techniques for dealing with chaotic dynamics, which in rods takes the form
of ‘spatial chaos’ [12]. For a sufficiently long intrinsically straight rod the energetically favourable
deformation is a localised one in which the structure tends to the trivial, flat, state towards the ends
of the rod. This state is described by a homoclinic solution of the dynamical system, i.e., a solution
that connects a saddle point (describing the straight rod) to itself [13, 10]. Such homoclinic solutions
are characteristic of many chaotic systems and have been the focus of intensive research in recent years
(e.g., [3, 4]).

Engineering problems where rod theory is applied include the looping of ocean cables [7] and the
buckling of oilwell dring strings [26]. Drill strings nowadays can be over 5 km long; they are confined
to narrow (possibly curved) boreholes, and therefore present the problem of structural deformation
and buckling in the presence of a constraining surface. Transitions in the buckling shape of the drill
string, for instance from a snaky to a helical pattern, are known to occur but still poorly understood.
For a twisted rod in permanent contact with a cylinder critical loads have been found at which the
rod collapses into a helical shape [10].

The same model for a rod on a cylinder describes the supercoiling of a DNA molecule into a
so-called plectoneme, a plied structure in which two strands wind around each other. The problem
of this ply is one of a rod winding on the outside (rather than the inside) of a cylinder, namely the
cylinder, of radius equal to the radius of the rod, on which the strand centrelines wind [6, 24]. There
is also a relation with chromatin fibres in which DNA coils around protein (histone) cores in the first
stage of the DNA compaction process [21].



There is great interest in the application of elastic rod theory to the supercoiling and packing
of DNA molecules (see [22] for a review) and proteins such as collagen. Owing to its double helical
nature, DNA is unusually stiff (in both bending and torsion) for a polymer, and hence well described
by a rod. During cell divisions, DNA is packaged into a small volume where elastic forces compete
with electrostatic forces. This packaging has to happen in an orderly fashion so that the process can
be undone in a reliable way for the next cycle of DNA replication to take place. A similar packaging
process occurs in bacteriophages. A bacteriophage is a virus that infects bacteria. It typically consists
of a head (or capsid) with several tails. The capsid acts as a vesicle containing tightly packed genetic
material (either closed or open strands of DNA) that, once the virus is in contact with a bacterial
cell, is injected into the cell, where it gets transcribed by the bacterial biosynthetic machinery [15, 18].
Bacteriophages can be viewed as model systems for animal cell viruses, and much research effort is
being put into getting a better understanding of this packaging of DNA (e.g., [20, 17]).

Models of plied structures have also been used to get a better understanding of the stability of
twisted textile yarns [9, 25]. Yarn spun from staple fibres such as wool or cotton is held together by
twist. To stably wind the spun yarn on bobbins additional twist needs to be inserted. To twist a
yarn it is necessary to subject it to an axial torque. A model of the process must therefore include
the bending and torsional stiffness of the yarn, i.e., describe the yarn as a rod, not a string [8]. The
production speed of most yarn spinning processes is limited by the rate at which twist can be inserted.
If the balance between feed-through speed, spindle speed and applied tension is not right, then twist-
induced instabilities (snarls) occur, which may lead to undesirable imperfections in the final fabric or
to yarn breakage and a costly waste of time.

Rods with intrinsic curvature [5] are good models for helical filaments, which in biology occur
for instance in the form of metastable cholesterol ribbons in the process of gallstone formation in
gallbladder bile [28]. These helices occur in two distinctive forms: a high and a low pitch state.
In [23] a tension-induced switching between two stable helical states of different pitch was observed
experimentally. Rod theory predicts that this stretching instability only occurs in helices whose radius
to pitch ratio is sufficiently large and whose torsional stiffness exceeds its bending stiffness [16]. It
also predicts a further instability under torsional loading which gives rise to what may be called
twisted ribbons [11]. At other critical loads non-helical solutions are found to emerge. This latter
critical behaviour is related to the chaotic nature of the underlying nonlinear equilibrium equations.
A further consequence of this spatial chaos is the existence of a multitude of localised forms for helical
springs familiar from telephone cords.

The study of strings and rods in a magnetic field is of interest to electrodynamic space tethers. A
space tether is a long cable used to connect spacecraft to each other or to other orbiting bodies such as
space stations, boosters, payload, etc. in order to transfer energy and momentum [2]. Electrodynamic
tethers have been proposed in various forms and are generally believed to hold great potential for
future space missions. One purpose of such tethers is to bring down space debris (derelict spacecraft,
etc.), which is threatening future space flight. An example is the so-called Short Electrodynamic
Tether (SET) proposed by the European Space Agency [27]. Electrodynamic tethers interact with the
earth’s magnetic field in order to create an electric current along the tether. This is made possible by
electric devices called contactors, attached at the ends of the tether, which emit or absorb electrons in
the surrounding space plasma, thereby closing the electric circuit. As a result of the current induced
according to Faraday’s Law an electrodynamic force is generated that can be used to thrust or drag
the system without the need for chemical fuel. Unlike the majority of tethers, which can be treated
as cables, the prototype SET is designed to withstand torsional and bending forces so that it can be
spun in order to get an ideal relative orientation where the tether interacts efficiently with the earth’s
magnetic field. Therefore, the SET, and similar tethers, need to be modelled as spinning rods (not
cables) [14].



References

1]
2]

3]

[10]

[11]

[12]

S.S. Antman, Nonlinear Problems of FElasticity (Springer-Verlag, Berlin, 1995).

V.V. Beletsky, E.M. Levin, Dynamics of Space Tether Systems, Advances in the Astronautical
Sciences Volume 83 (American Astronautical Society, 1993).

A.R. Champneys, Homoclinic orbits in reversible systems and their applications in mechanics,
fluids and optics, Physica D 112, 158-186 (1998).

A.R. Champneys, G.W. Hunt, J.M.T. Thompson (eds), Localization and Solitary Waves in Solid
Mechanics (World Scientific, Singapore, 1999).

A.R. Champneys, G.H.M. van der Heijden, J.M.T. Thompson, Spatially complex local-
ization after one-twist-per-wave equilibria in twisted circular rods with initial curvature,
Phil. Trans. R. Soc. Lond. A 355, 2151-2174 (1997).

B.D. Coleman, D. Swigon, Theory of supercoiled elastic rings with self-contact and its application
to DNA plasmids, J. Elasticity 60, 173-221 (2000).

J. Coyne, Analysis of the formation and elimination of loops in twisted cable, IEEFE J. Ocean. Eng.
15, 72-83 (1990).

W.B. Fraser, D.M. Stump, Yarn twist in the ring-spinning balloon, Proc. R. Soc. Lond. A 454,
707723 (1998).

W.B. Fraser, D.M. Stump, Twist in balanced-ply structures, Journal of the Textile Institute 89,
485-497 (1998).

G.H.M. van der Heijden, The static deformation of a twisted elastic rod constrained to lie on a
cylinder, Proc. R. Soc. Lond. A 457, 695-715 (2001).

G.H.M. van der Heijden, paper in preparation.

G.H.M. van der Heijden, A.R. Champneys, J.M.T. Thompson, The spatial complexity of localised
buckling in rods with non-circular cross-section, SIAM J. Appl. Math. 59, 198-221 (1999).

G.H.M. van der Heijden, J.M.T. Thompson, Helical and localised buckling in twisted rods: a
unified analysis of the symmetric case, Nonlinear Dynamics 21, 71-99 (2000).

G.H.M. van der Heijden, J. Valverde, Instability of a whirling conducting rod in the presence of a
magnetic field, in: Proc. of the 5th EUROMECH Nonlinear Dynamics Conference (ENOC 2005),
7-12 August 2005, Eindhoven, The Netherlands, D.H. van Campen, M.D. Lazurko, W.P.J.M. van
den Oever (eds), pp. 2624-2633, ISBN 90-386-2667-3 (CD).

W. Jiang, J. Chang, J. Jakana, P. Weigele, J. King, W. Chiu, Structure of epsilonl5 bacterio-
phage reveals genome organization and DNA packaging/injection apparatus, Nature 439, 612-616
(2006).

D.A. Kessler, Y. Rabin, Stretching instability of helical springs, Phys. Rev. Lett. 90, 024301
(2003).

W.S. Klug, M. Ortiz, A director-field model of DNA packaging in viral capsids,
J. Mech. Phys. Solids 51, 1815-1847 (2003).

G.C. Lander, L. Tang, S.R. Casjens, E.B. Gilcrease, P. Prevelige, A. Poliakov, C.S. Potter,
B. Carragher, J.E. Johnson, The structure of an infectious P22 virion shows the signal for headful
DNA packaging, Science 312, 1791-1795 (2006).



[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

[27]

28]

A.E.H. Love, A Treatise on the Mathematical Theory of Elasticity, 4th ed. (Cambridge University
Press, 1927).

P.K. Purohit, M.M. Inamdar, P.D. Grayson, T.M. Squires, J. Kondev, R. Phillips, Forces during
bacteriophage DNA packaging and ejection, Biophys. J. 88, 851-866 (2005).

H. Schiessel, The physics of chromatin, J. Phys.: Condens. Matter 15, R699-R774 (2003).

T. Schlick, Modeling superhelical DNA: recent analytical and dynamic approaches
Curr. Opin. Struct. Biol. 5, 245-262 (1995).

B. Smith, Y.V. Zastavker & G.B. Benedek, Tension-induced straightening transition of self-
assembled helical ribbons, Phys. Rev. Lett. 87, 278101 (2001).

J.M.T. Thompson, G.H.M. van der Heijden, S. Neukirch, Supercoiling of DNA plasmids: me-
chanics of the generalized ply, Proc. R. Soc. Lond. A 458, 959-985 (2002).

C.-D. Tran, G.H.M. van der Heijden, D.G. Phillips, Application of topological conservation to
model key features of zero-torque multi-ply yarns, submitted to the Journal of the Textile Insti-
tute.

R.W. Tucker, C. Wang, An integrated model for drill-string dynamics, J. Sound Vibr. 224, 123—
165 (1999).

J. Valverde, J.L. Escalona, J. Mayo, J. Dominguez, Dynamic analysis of a light structure in outer
space: Short Electrodynamic Tether, Multibody System Dynamics 10, 125-146 (2003).

Y.V. Zastavker, N. Asherie, A. Lomakin, J. Pande, J.M. Donovan, J.M. Schnur & G.B. Benedek,
Self-assembly of helical ribbons, Proc. Nat. Acad. Sci. USA 96, 7883-7887 (1999).



