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Abstract.Inmostcasesthehexagonal
packingoffibrousstructuresextremizes
theenergyofinteractionbetweenstrands.
Ifthestrandsarenotstraight,thenitisstill
possibletoformaperfecthexaticbundle.
Conditionsunderwhichtheperfecthexag-
onalpackingofcurvedtubularstructures
mayexistareformulated.Ofparticularin-
terestareclosedbundleslikeDNAtoroids
orspools.Theclosureorreturncon-

straintsofthebundleresultinanallow-
ablegroupofautomorphismsofthecross-
sectionalhexagonallattice.Thestructure
ofthisgroupisexplored.Examplesof
anopenhelical-likeandclosedtoroidal-
likebundlesarepresented.Apossible
implicationonacondensationofDNAin
toroidsanditspackinginsideaviralcap-
sidisbrieflydiscussed[1].

Introduction
Itisknownthatthedensestpackingofin-
finitestraightcylindersishexagonalwhen
alltheiraxesareparallel[2].Itevi-
dentlycorrespondstohexagonalpacking
ofdisksinaplane.Thehexagonalpack-
ingoftubularobjectsoccursinnumerous
instancesatnanotomacroscale.Among
examplestherearenanotubes[3],high
densitycolumnarhexaticliquidcrystalline
DNAmesophases[4]andothers.Inmost
cases,thispackingextremizestheinter-
actionenergybetweenfilaments.Geo-
metrically,itmeansthatallpairsofneigh-
bouringaxesarelocatedatconstantdis-
tancetoeachother.

Insomeinstances,thefilamentsarenot
straight.Then,thenaturalquestionarises
ofwhetheritisstillpossibletoreachthe
samemaximaldensityofpacking.Ifyes,
thenthesecondquestioncanbeformu-
latedas:whatisthesetofconfigurations
ofinfinite(orclosed)tubesthathavethe
maximaldensity?Byatube(oratubu-
larneighbourhood)hereweunderstand
thesetofallpointsinspacewhosedis-
tancefromthesmoothaxialcurvedoes
notexceedtheconstantthicknessradius.
Wecansetthescalebyfixingthisra-
diusto1.Moreoverwewillassumethat
theglobalcurvatureoftheaxesislessor
equalto1.Thus,thetubescannotover-
lap,buttheyareperfectlyflexible.Itwill

beshowninthefollowingthatthedensest
packingclassincludescurvilinearaxes,
whichshouldberelativelyparallel.Thisim-
pliesthatanarbitrarysmalltwistofone
axisaroundanotherimmediatelydestroys
thehexagonalpacking.

Acomplicatedstructureariseswhenthe
tubesareincontactwiththemselves.An
importantexampleisacondensationof
DNAintoroids[5,6,7]oraDNAarrange-
mentinsideofviralcapsids[8,9,10].
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Thesepicturesaretakenfrom[7].They
showcryoelectronmicrographsofDNA
toroidswiththeplaneofthetoroid(col-
umna)approximatelycoplanarwiththe
microscopeimageplane(top-view)and
(columnb)orthogonaltothemicroscope
imageplane(edge-view).Hexagonal
packingofDNAisclearlyseenontheright
figure(A).

Unconstrainedtubepacking
Westartwithconsiderationofaperfect
tubeofsomelengthwithaxisr0(s),sbe-
ingthearclengthparametrization.Letthe
tubebeinacontinuouscontactwiththe
maximalallowednumberofothertubesof
thesamethickness.Thisnumberequals
6[11],thusitmaybesaidthatthetubes
arehexagonallypacked.Denotetheaxes
oftheneighbouringtubesbyrj(s),j=
1,...,6.Wecanchoosethesamepara-
metrizationforallthetubessuchthatfor
everysthepointsrj(s),j=1,...,6are
theclosesttothecentralaxisr0(s)and
theylieintheverticesofaregulartrian-
gularlattice.

Thevectorfieldmj0(s)≡rj(s)−r0(s)
isrelativelyparallel[12].Itimpliesthat
thereisnotwistofvectorsmj0(s)about

thecentralaxis.Wecanaddmorelay-
ersofthetubesinthesamemanneras
firstsixtubes.Proceedingthiswaywillal-
lowustobuildabundleofparalleltubes
thatfillupsomedomaininspace.The
hexagonalpackingprovidesthemaximal
densityinthisdomain.

Letusnowobtainanequationthatgov-
ernsthepositionoftheneighbouringtube
foragivencentralaxis.Weomittheindex
jforclarity.Since‖m‖=const(=2),we
canwrite
dm

ds
=ω×m,(1)

andthevectorωmayberepresentedas
ω=ω1m+ω2T×m[11],wherewede-
notebyT=dr

dsthetangenttothecentral
axis.

Bydefinition,thevectormconnectsthe
closestpointsontwocurves,whichim-
pliesm·T=0.Differentiatingthisequa-
tionandfurthersubstituteeq.(1)fordm

ds,
wecometoω2m2=m·dT

ds,or,with
thehelpoftheSerret-Frenetequations,
ω2m2=κm·N.whereNistheprincipal
normaltor(s)andκthecurvatureofthis

curve.Finally,theequationfortheorien-
tationvectormcanbegiventheform

dm

ds
=−κ(m·N)T.(2)

Thisisthemainequationthatdescribes
thearrangementoftubesinthehexago-
nallypackedbundle.

Remark.Inthecontinuumlimit,theelasticFrank-Oseenenergydensity

e=
1

2
K1[∇·T]2+

1

2
K2[T·(∇×T)]2+

1

2
K3[T×(∇×T)]2

reducestotheterm1
2K3κ2,withK3beingthebendingrigidity.
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EXAMPLE:aregularhelicalcurve:r(s)=
(cosas,sinas,

√
1−a2s),0≤a≤1.Equa-

tion(2)transformstothesystem
dξ

ds
=aη,

dη

ds
=a(a2−1)ξ,

dmz

ds
=a2√

1−a2ξ,(3)
andthefirsttwocomponentsofthevector
m=(mx,my,mz)areexpressedasmx=
ξcosas−ηsinas,my=ξsinas+ηcosas.
Theexplicitsolutionofeq.(3)iseasyto
find:

ξ=c1cosτs+c2sinτs,

η=
√

1−a2(c2cosτs−c1sinτs),

mz=a(c1sinτs−c2cosτs),
whereτ=a

√
1−a2isthetorsionand

m2=c2
1+c2

2.Thefigureshowsabun-
dleofsixtubesarrangedatconstantdis-
tancefromthecentraltube(shownin
blue)andfromtheneighbours.Atevery
sectionwhichisorthogonaltotheiraxes
thecrossingpointsformthehexagonal
lattice.Thetubesareshownthinnerto
easerepresentation.

Cycledbundles
Inthiswork,particularattentionisgiven
toclosedbundlesofhexagonallypacked
tubes.Theclosednessconditionimposes
astrictconstraintonthewholestructure.
Indeed,takeanorthogonalcross-section
ofthebundle.Then,westudythemap-
pingofthe2Dhexagonallatticeinthe
cross-sectionontoitself.Theautomor-
phismsthatpreserveboththedistances
andtheconnectivityformadiscreteinfi-
nitegroup.
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Theautomorphismgroupofthelatticeis
finitelygeneratedbythefollowingsetof
transformations:
1.anidentitymap,

2.translationsalongthelatticevectorse1
ande2(fig.d),

3.arotationthrough1
3πaroundtheorigin

(figs.a,b,c),

4.arotationthrough2
3πaround

1
3(e1+e2)(fig.e),

5.arotationthroughπaround1
2e1(fig.f).

Thisallowsustocharacterizeallpossible
closedhexagonallypackedbundles:the
writhingnumber[13]ofeachaxisthatreal-
izesthemappingshouldequaln/6,where
nisinteger.Herearetheexamples:

Theperfectlypackedbundlemadeupof
twoclosedtubes(cf.case(a)).Thecore
(dark)makesoneturnandthesecond
tubewindssixtimes.Thecolourvaria-
tioncodesthearclength.Thetubesare
shownthinnertoeaserepresentation.

Theperfectlypackedbundlethatcorre-
spondstocase(f).

Undercertainconditions,theDNA
toroidsmaydeformtakingonawarped
shape[14].Generally,thisdeformation
affectstheinterstranddistancesandthe
interactionenergybetweenstrands.This
effectmayinfluencethetwist-bendinsta-
bilityoftheDNAcondensates[15].A
perfectlypackedstructuremayhaveits
overallshapethatcloselyresemblesthe
warpedDNAtoroids.

Left.Theperfectlypackedbundlemade
upoffourclosedtubes(cf.case(e)).The
tubesareshownthinnertoeaserepre-
sentation.Right.TheDNAbundlelooks
liketwistedskeinofyarn(anelectronmi-
crographfrom[14]).

Concludingremarks
Itisshownthatcurvilineartubularfila-
mentsmaybepackedinthemostcom-
pactwayinsomespatialdomain.Sucha
packingextremizestheinteractionenergy
betweenneighbouringfilamentsanditis
onlypossibleifthebundleistwist-free.

Anequationisderivedthatgovernsthe
relativepositionsofthetubesinthe
hexagonalbundle.

Particularattentionisgiventocycled
arrangementsofthetubes.Thecorre-
spondingautomorphismsofthehexago-

nallatticeinthecross-sectionareclassi-
fied.

Thecycledstructuresareonlypossibleif
thewritheofthecentralaxisisn/6,nanin-
teger.Theautomorphismgroupstructure
forbidsacycledhexagonallypackedbun-
dlemadeupwithasinglefilament:frus-
trationisinevitable(cf.[16]).

Theresultsareofauniversalnatureand
areapplicabletovariousfibrousstruc-
tures,inparticular,toacondensationof
DNAintoroidsaswellastoitspacking
insidetheviralcapsids.
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