A conjecture on isomorphism of strongly regular graphs [1]

A d-regular graph G = (V, E) on n vertices is called a strongly reqular graph, and
it is denoted by srg(n,d,l,m), if the following conditions are satisfied:

1. any two vertices i and j, such that {i,j} € E(G), are both adjacent to a
constant number [ of vertices (independent of the choice of the adjacent pair

{3, 7});
2. any two distinct vertices ¢ and j, such that {7, j} ¢ E(G), are both adjacent to

a constant number m of vertices (independent of the choice of the nonadjacent
pair {Z7 ]}) *

The adjacency matrix A(G) satisfies
AGQ)J =dJ and A%(G)+ (m—1DAG)+ (m —d)I =mJ,

where [, is the n x n identity matrix and .J,, is the n x n all-ones matrix.

Let us write .

AG) =) P,

=1

where Py, P, ..., P; are permutation matrices. We define the Grover walk matrix as

d

UG =P Fr-(Cael),

=1

where 5
Cd = [d - C—le

Notice that the matrix U(G) is real-orthogonal, i.e., UT(G)U(G) = U(G)UT(G) =
L.
Given an n x n real matrix M, let us denote by M the n X n matrix defined as

follows:
1, it M;; > 0;
+ _ ) ,J )
M5 = { 0, otherwise.
Recall that two graphs G = (V, E) and H = (W, F) are said to be isomorphic, and

in such a case we write G = H, whenever there is a bijection f : V(G) — V(H)
such that {i,j} € E(G) if and only if {f(i), f(j)} € FE(H), for every i,j € V(G).



Equivalently, G and H are isomorphic if and only if there is a permutation matrix
P such that
PA(G)PT = A(H).

The spectrum of a matrix M, denoted by Sy, is the multiset of the eigenvalues
of M. Clearly, if G = H then
Sa@) = Sawm)-

We ask the following question:
Problem 1 Let G and H be two srg(n,d,l,m). Then, G = H if and only if

Swae)+ = Swa(m))+-
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