INTRODUCTION

We study the relationship between the rank-1
quantum chromatic number and other graph pa-
rameters: the orthogonal rank, the chromatic num-
ber and the zero-error entanglement-assisted chan-
nel capacity.

THE COLORING GAME

Let G be a graph. Alice gets a vertex u and Bob
gets a vertex v from V(G). They output colors c(u)
and c(v) respectively, from a set of k£ allowed colors.

They win the game if the following holds:
e u=1v=clu) =c(v)
e (u,v) e E(G)=a#p

Classically, the minimum k£ such that the play-
ers win the coloring game with certainty is the chro-
matic number y(G). If the players share entangle-
ment, the minimum £k is called quantum chromatic
number xq(G).

The rank-1 quantum chromatic number,

X((Jl)(G), is an upper bound x,(G), obtained by re-
stricting player’s measurements to be rank-1 pro-
jectors. It turns out that XE,” (G) is the minimum k&
such that there exist orthonormal bases {|av:) }icx]

for all v € V(G), satisfying:
® (Qyi,ay5) =0, Vi # j,Vv € V(G)
® (y;,0y;) =0, Vi,V(u,v) € E(G).

OTHER DEFINITIONS

that there exists a orthogonal representation of GG
in d dimensions (i.e. a function mapping adjacent
vertices to orthogonal vectors in C%).

Kochen-Specker (KS) set: a set § C C”
s.t. there is no marking function f:C" — {0,1}
satistfying that for all orthonormal bases b C §,
D ucp J (1) =1 (exactly one element is marked).

Weak KS set: aset S C C" s.t. for all marking
functions defined as above, there exist orthogonal
vectors u,v € S for which f(u) = f(v) = 1.

Orthogonal rank £(G): the minimum d such = that x(Gg) > 3. Suppose we are able to 3-color Gg,
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MAIN RESULTS

For all graphs G, we have the relation
§(G) < xy(G) <x(G).

Using Kochen-Specker sets, we show that the first
inequality is strict and we give a necessary and sufhi-
cient condition for the second inequality to be strict.

Theorem 1. There are graphs s.t. £(G) < X((Jl)(G).

Proof sketch. Let Gg be an orthogonality graph of a
KS set S C C°. We have £(Gg) = 3, and we claim

then we can build the marking function
flv) =1 c(v) =1.

Every orthonormal basis b C S is a clique in Gg, so
we have ) ., f(u) = 1, contradicting the assump-
tion that S is a KS set.

In [1] it is proven that X((Jl) = 3 if and only if
X = 3, so we conclude that Xél)(GS) > 3.

Theorem 2. For all graphs, Xgl)(G) < x(G@) if and
only if for all optimal rank-1 quantum colorings

S ={lay;) :veVielkl}
1s a weak Kochen-Specker set.

Proof sketch. = Let k = X((Jl)(G) < x(G). If S is
not a weak KOS set, there is a marking function f
that: marks one basis vector |a,;) per vertex and for

edges (u,v), f(lawi)) # f(layi)). Therefore there is
the following classical k-coloring:

c(v) =i f(lav)) = 1.
< Let X((Jl)(G) = k and assume that for all op-
timal rank-1 colorings, S is a weak KOS set. Now
suppose that also x(G) = k. Then for each v € V
with color 7, define the rank-1 quantum coloring

avi) = |i+ 7).

The set S is just the standard basis of C*, therefore
not a weak KS set, contradicting the assumption.

CHANNEL CAPACITY

We propose a new family of channels with one-
shot zero-error entanglement-assisted capacily, cg,
larger than the one-shot zero-error capacity, cy.

Let G be a graph on n vertices with Xél)(G) = k,
we define a channel N as follows:

e Confusability graph GLIK; (Cartesian prod-
uct of G and the complete graph on k vertices)

e Unique output symbol y, , for every pair of
confusable inputs (u, v).

Theorem 3. Let G be a graph with n vertices and

X (G) (G) = k. Then co(Ng) < n < cf(Ng).
Moreover, co(Ng) < a(G) - k.

Where a(G) is the independence number of G.
We prove the theorem by combining together the
properties of weak KS sets, a protocol by Cubitt et
al. |3| and a classic theorem by Vizing.

Also, using this theorem and a known bound by
Frankl and Rodl, we have the following corollary:.

Corollary 1. For all Hadamard graphs €2,,, there
is an exponential gap between c§(Nq, ) and co(Nq, ).

CONCLUSIONS

We have shown the connection between Kochen-
Specker sets and the graph coloring games.

An open question is to find a “converse” for
Theorem 2. Is there a way, starting from a weak
Kochen-Specker set, to exhibit a graph with a sep-

aration between y and X((Jl)?
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