AN OPEN-BOUNDARY, TIME-DEPENDENT TECHNIQUE FOR CALCULATING CURRENTS IN NANOWIRES

D. R. Bowler^{1,2}

david.bowler@ucl.ac.uk

Andrew P. Horsfield^1

a.horsfield@ucl.ac.uk 1Department of Physics and Astronomy, University College London, Gower Street, London

WC1E 6BT, United Kingdom 2London Centre for Nanotechnology, University College London, Gower St, London WC1E 6BT

Abstract In this paper we briefly review the current state of models for computing electrical conduction in nanoscale devices, highlighting the progress made, but also some limitations still present. We then summarise our recent novel theory that allows the simultaneous evolution of the electronic and ionic degrees of freedom to be modelled within the Ehrenfest approximation in the presence of open boundaries. We describe our practical implementation using tight binding and use this theory to investigate steady-state conduction through an atomic scale device. We then use the model to investigate two systems not accessible with other contemporary techniques: the response of a nano-device to a rapidly varying external field, and non-adiabatic molecular dynamics in the presence of a current.

1. Introduction

Advances in experimental techniques mean that it is now possible to measure the current flowing through individual molecules, atomic-scale wires and other systems where carriers have a quantum mechanically coherent history through the sample. When modelling such systems it is conventional to consider the system (or device) to be in contact with two macroscopic reservoirs, with some thermal equilibrium population of carriers deep within them. The connection between the device and the reservoirs is made by some form of tapering lead.

The theory and calculation of conductance for such nanoscale and mesoscopic systems was transformed by two key observations due to Landauer:

The potential drop across a conductor can be viewed as arising from the self-consistent build-up of carriers, rather than the current arising from the applied electric field [1] (this paper has been reprinted in a more accessible journal [2])

The conductance of a device can be calculated from the electron transmission through it [3]

A brief overview of these ideas and their development is given in a review [4].

If we have a device with a number of transverse eigenstates, then the conductance (G) can be found using: G = 2e^2 h Tr ( tt^† ) , (1)

where t is the transmission matrix for the device. This formula can be derived by taking the zero-frequency limit of the Kubo formula [5], though more generally, it can be derived for systems with interacting (or non-interacting) electrons using the non-equilibrium Keldysh formalism [6]. One important effect on transmission and the calculation of conductance considered is the narrowing of the leads [7, 8] which has a significant effect on the scattering states.

This formalism has been developed and extended in many more directions than can be addressed here. Here we just note one extension that we consider particularly important: it has been generalised to multi-terminal samples [9].

The accurate calculation of the transmission matrix is perhaps the key problem. It can be found in terms of Green’s functions and terms coupling the leads to the device [6]: Tr ( tt^† ) = Tr [Γ_LG^rΓ_RG^a] , (2)

where Γ_{R(L)} is the coupling to the right (left) lead and G^{r(a)} is the retarded (advanced) Green’s function for the device.

Various electronic structure techniques have been applied to the calculation of the Green’s functions, the transmission coefficients and the current in the system. They include tight binding methods [10–18], some of which have been extended to include the important effects of self-consistency [13, 17–20]. There are now increasing numbers of calculations based on density functional theory (DFT) techniques [21–29] exploiting different basis functions.

Using these formalisms it is possible to calculate some of the effects of the current on the device, notably current-induced forces which can be found from tight binding [30] and DFT [31]. However, any molecular dynamics carried out on the atoms under the influence of these forces is necessarily adiabatic. There have been some initial attempts to model the effect of current-induced heating [32, 33], though these are perturbative in nature. The charging and deformation of molecules (including formation of defects such as solitons) has been considered to some extent [17, 18]. However, these are all adiabatic solutions, following the Born-Oppenheimer approximation. There are also recent theories which address the fundamental questions of how electronic structure is modified in the presence of a current [34, 35].

There are, however, problems with the present modelling techniques. There is good evidence that charged defects will have important roles in charge transport for conjugated polymers [18, 36] and solid state wires [37, 38], which involve highly non-linear effects due to electron-phonon coupling. These require a method that can handle the electrons and ions on an equal footing. A problem with wider implications is that first principles methods based on static DFT are challenged by the well-documented errors that it introduces for excited states. It is still an open question, but it is entirely possible the current carrying states may not be correctly modelled. A technique based on time-dependent density functional theory would have the advantage of standing on solid foundations.

To overcome the limitations of current methods, a different approach is required in which the ions and electrons evolve together in time in a consistent matter. Moving into the time domain allows us to exploit the benefits of timedependent DFT for describing excited states and transient effects, and to introduce non-adiabatic terms which make possible modelling of heating of the ions as a result of the current flow.

There are a number of possible approaches to modelling non-adiabatic effects of widely varying complexity [39–41]. Here we consider the simplest in which the ions move along unique classical trajectories on which the atomic forces are determined by the Hellmann-Feynman [31] forces (the Ehrenfest, or mean field, approximation). That is, we neglect all quantum contributions to ionic motion.

The Ehrenfest method for closed systems has a long history, but we have extended it to open systems to allow an electric current to flow [42]. Below we describe a time-dependent formalism that is suitable for tight binding models implemented using density matrices. We have focused on tight binding because it is the simplest quantum mechanical model of electron motion that can deliver quantitative results [43]. We favour density matrices over wave functions and Green’s functions because they provide a very compact description of the state of all the electrons [44, 45], and have proven very useful in the static description of materials in the context of linear scaling methods [46]. However, it is important to note that they have one particular limitation, namely that those parts of the density matrix treated explicitly must have a finite range if they are to be used in practical calculations. This is elaborated on below.

Figure 1. This circuit is the paradigm used to and build a model to describe the creation of an electric current. The capacitor represents the non-equilibrium source of charge, and the resistor the device through which we wish to drive the current.

2. Physical Model

The paradigmatic system that we use to construct a model of current flow is shown in Fig. 1. It consists of a capacitor in series with a resistor, forming a complete circuit. For times t < 0, an external potential is applied to the left-hand side of the circuit so that there is an excess of electrons on this side and a deficit on the right-hand side. Most of the net charge will appear on the capacitor so as to minimise the total energy. Formally, this applied external potential arises from a chemical potential for the electrons that differs on the left and right of the system. This can be shown simply by minimising the total energy subject to the constraint that there are more electrons on the left than on the right.

At time t = 0, the external potential is removed and the charge is now free to move, and in the process will attempt to remove the imbalance in the charge. This leads to a current flow through the resistor, witch in turn produces a potential drop across it. Let us define Ψ_0 to be the many-body wave function for time t ≤ 0 and let the many-body Hamiltonian for t ≥ 0 be Ĥ. The wave function for t ≥ 0 (Ψ(t)) is then given by Ψ(t) = exp(Ĥt/ih̄)Ψ_0, provided Ĥ does not depend on time. Note that this Hamiltonian includes both ionic and electronic degrees of freedom, and so is able to describe the full response of the ions to the electronic current.

In the absence of dissipation we will obtain oscillatory solutions whose frequency spectrum is governed by the energy spectrum of the Hamiltonian. However, if RC >> t >> h̄/W (where W is the range of eigenvalues of Ĥ contributing to Ψ_0), there will be a quasi-steady-state. It is this time range in which we are interested.

We now make the following important observation which allows us to perform practical calculations. In the quasi-steady-state regime, the potential in the wires does not vary strongly, and most of the potential drop therefore occurs across the resistor. This allows us to focus on the resistor alone, and to treat the capacitor and most of the wire as an external charge source or sink, which can be modelled by open boundary conditions. This is very similar in spirit to the Landauer approach in which only the transmission coefficient for the device needs to be evaluated.

The above formalism cannot be implemented directly because of the huge computational cost associated with such a many-body problem. The first simplifying step is to reduce the many-body electron problem to a single particle one. Provided we are willing to treat the ions in a mean field approach, which we are in this case, then we are free to describe the electrons using timedependent density functional theory [47]. The key equations that we need are: n(⃗r, t) = ∑ n f_n|ψ_n(⃗r, t)|^2 Ĥ_{ks}ψ_n(⃗r, t) = ih̄ ∂ ∂t ψ_n(⃗r, t) Ĥ_{ks} = T̂ + V̂_{eI} + V̂_{Ha}[n] + V̂_{xc}[n] M_I d^2 ⃗R_I dt^2 = −⃗∇_I V_{II} − ∫ d⃗r n(⃗r, t)⃗∇_I V_{eI} (3) Here, n(⃗r, t) is the charge density, f_n is the orbital occupancy, ψ_n(⃗r, t) is an eigenfunction of the Kohn-Sham hamiltonian Ĥ_{ks}, T̂ is the kinetic energy operator, V̂_{eI} is the electron-ion interaction, V̂_{Ha} is the Hartree (electrostatic) interaction, V̂_{xc} is the exchange and correlation potential, V̂_{II} is the ion-ion repulsion, M_I is the mass of ion I and ⃗R_I is its position. Note that V̂_{xc} is nonlocal in time. It is certainly possible to work directly with these equations (once suitable approximations for V̂_{xc} have been made). However, we prefer to work with the single particle density matrix ρ(⃗r, ⃗r^′), where ρ(⃗r, ⃗r^′) = ∑ n ψ_n(⃗r)f_nψ^∗_n(⃗r^′). (4) It is straightforward to write down the equation of motion for the density matrices using Eqs (3) and (4)and to recast the equation of motion for the ions: ih̄ ∂ρ̂ ∂t = [Ĥ_{ks}, ρ̂] (5) M_I d^2 ⃗R_I dt^2 = −⃗∇_I V_{II} − T r{ρ̂⃗∇_IĤ_{ks}} (6) where we have moved to operator notation.

Continuing in the spirit of reducing complexity to increase computational efficiency, we approximate DFT by tight binding. Further, if we use orthogonal tight binding we can replace operators in our previous equations with matrices.

We will thus continue to use the operator notation with the new understanding that the operators will be represented by tight binding matrices.

As we indicated earlier on, we would like to concentrate our calculations only on the device and treat the environment in an implicit manner. To do this we separate the system into the device and the environment, which means we must divide Eq. (5) into components corresponding to device (designated by the subscript D), environment (designated by the subscript E) and the coupling between the two. We also introduce a damping term for the environment which makes it behave as a nearly equilibrium bath of electrons. This produces the following equations: ih̄ ∂ρ̂_D ∂t = [Ĥ_D, ρ̂_D] + (Ĥ_{DE}ρ̂_{ED} − ρ̂_{DE}Ĥ_{ED}) ih̄ ∂ρ̂_{DE} ∂t = Ĥ_Dρ̂_{DE} − ρ̂_DĤ_{DE} + Ĥ_{DE}ρ̂_E − ρ̂_{DE}Ĥ_E ih̄ ∂ρ̂_E ∂t = [Ĥ_E , ρ̂_E ] + (Ĥ_{ED}ρ̂_{DE} − ρ̂_{ED}Ĥ_{DE})

− 2ih̄Γ(ρ̂_E − ρ̂_{ref} ). (7)

There is a closed form solution for the density matrix for the environment. If we assume that Ĥ_E is independent of time and define the driver terms Ĝ_E and Ĝ^{(0)}_E by ih̄Ĝ_E = (Ĥ_{ED}ρ̂_{DE} −ρ̂_{ED}Ĥ_{DE}) and 0 = [Ĥ_E , ρ̂_E (0)]+ih̄Ĝ^{(0)}_E − 2ih̄Γ(ρ̂_E (0) − ρ̂_{ref} ), we find the following solution for Eq. (7) for the environment:

ρ̂_E (t) = ρ̂_E(0) + ∫_t 0 dx Ô(x) ( Ĝ_E (t − x) − Ĝ^{(0)}_E ) Ô^†(x) (8)

where Ô(t) = e^{−Γt}e^{ĤE t/ih̄}. For the parts of the density matrix belonging to the device and its coupling to the environment we treat the time evolution explicitly.

As a testbed for this formalism we now develop a very simple model system. It consists of two semi-infinite leads attached to a device. The lead on the left is at a different potential from that on the right. Each lead is represented by a linear chain of atoms with one orbital per atom. There are therefore two parameters that characterise the Hamiltonian for each lead: the on-site energy (a) and hopping integral between the nearest neighbour sites (b). We take b to be the same on the left and on the right. The bias is applied through the difference in onsite energies on the two sides: a_L − a_R.

The non-locality in time of Eq. (8) adds considerably to the cost of performing a calculation. However, from Fig. 2 we see that the evolution operator decays rapidly with time. We could thus approximate this by a function the goes strictly to zero outside some cut-off time. This is consistent with keeping the damping term in Eq. (7). If the evolution operator is truncated in time, it becomes truncated in space as well. This corresponds to the fact that a wave packet can travel only a limited distance in a finite time.

Figure 2. The solid line is the variation with time of the matrix element of the time evolution operator corresponding to the first atom in the environment. There is no damping (Γ = 0). The decay corresponds to the propagation of a wavepacket down the wire. The dashed line is the exponential damping factor with Γ = 1.0fs^{−1} .

The final quantities that we need to define in order to completely characterise the environment are the initial and reference density matrices (ρ̂_E (0) and ρ̂_{ref} ), both of which we take to be equal to the density matrix for the infinite wire (with the device present) in its ground state in the absence of a bias.

To complete our model system we need to introduce a device. The simplest device consists of only one atom. If we give this atom a high on-site energy it behaves as a barrier to current flow. The one-dimensional potential profile for this system is given in Fig. 3.

Figure 3. The energy profile for the model system. The energy axis on the left shows the positions of the onsite energies in the left lead (aL), the right lead (aR) and the device (aD).

3. Results

As a check on the method described here, we can compute the conductivity of this system using the Landauer method. For this we need the transmission coefficient which can be found straightforwardly from Schrödinger’s equation.

Figure 4. The variation of current into the device as a function of time. Note that it reaches a stable steady state. For the first 30 fs no bias was applied. The bias of -0.1V was then turned on over a period of 10 fs.

In our tight binding formalism, the wave function on the left-hand side has the form ψ_n = e^{ikn} + Re^{−ikn}, where ψ_n is the wave function evaluated at site n. On the right it has the form ψ_n = T e^{iqn}. Applying Schrödinger’s equation ( ∑ j H_{ij}ψ_j = εψ_i) to the left and right leads and the device gives T = 2 sin(k)/(sin(q) + sin(k) + i(a_R + a_L − 2a_D)/2b) where a_L and a_R are the on-site matrix elements on the left and right respectively, and a_D is that for the device atom. For the special case of a half filled band and infinitessimal bias we get the following conductivity

g = 2e^2 h ( 1 + [ a_D − a_L 2b ]_2)−1 . (9)

If we have a bias of 0.1V, and the hopping and barrier height are both 1eV, we get a current of about 6.2μA.

The time dependence of the current is shown in Fig. 4. We see that our time dependent scheme leads to stable steady currents.

One class of phenomena that our time-dependent formalism allows us to study is transient effects in the presence of rapidly changing external potentials. In Fig. 5 we show the effect of applying a voltage to the device atom, rather like the gate voltage in a field-effect transistor. The current responds smoothly and is reduced when the voltage is applied.

The transient effects seen in the current are proportional to the first derivative of the gate voltage. This is easy to understand by considering a hydrodynamic analogy. If you had some kind of large piston at the base of a canal full of water, then the rising gate voltage would correspond to the piston moving upwards from the base of the canal. This will displace water, with the amount being displaced per second being proportional to the rate at which the piston rises. Locally the displaced water will look like a current.

Figure 5. The current into (solid line) and out of (dashed line) the device while a gate-like voltage is applied. The voltage is turned on at 40 fs, over 5 fs, held for 50 fs, and then turned off, again over 5 fs. (a) Voltage applied. (b) Current.

To investigate heating effects, once a steady-state current has been achieved we perform molecular dynamics on the device atom. The position of the atom is allowed to evolve according to Eq. (6). To monitor the heating we follow the evolution of the kinetic energy of the device atom with time. In Fig. 6 we show the effects of two different applied biases. Fig. 6(a) shows that with a bias of -0.1V, we have cooling, while Fig. 6(b) shows that a bias of -1.0V gives gradual heating of the system. These heating results will be discussed in more detail in future work.

Figure 6. Plots showing kinetic energy of single atom device over time with bias (a) -0.1V (b) -1.0V. Molecular dynamics was started after a steady-state current was achieved, at 60 fs.

In conclusion, we have presented a time-dependent technique which allows evolution of electronic and ionic degrees of freedom for an open system. It offers a number of possible improvements over static methods. These include the ability to study transient behaviour and non-adiabatic processes, as well as possibly providing a framework for an improved density functional description of current carrying electrons. We have implemented the method using tight binding, and demonstrated transient behaviour, and both heating and cooling for a one dimensional metallic wire.

Acknowledgments

The financial support of the IRC on nanotechnology for APH and of the Royal Society for DRB, and very useful conversations with Tchavdar Todorov, Andrew Fisher and Marshall Stoneham are gratefully acknowledged.

References

[1] Landauer, R. (1957). Spatial variation of currents and fields due to localized scatterers in metallic conduction. IBM J. Res. Dev., 1:223–231.

[2] Landauer, R. (1996). Spatial variation of currents and fields due to localized scatterers in metallic conduction. J. Math. Phys, 37(10):5259–5268.

[3] Landauer, R. (1970). Electrical resistance of disordered one-dimensional lattices. Phil.

Mag., 21:863–867.

[4] Imry, Y. and Landauer, R. (1999). Conductance viewed as transmission. Rev. Mod. Phys., 71(2):S306–S312.

[5] Fisher, D. S. and Lee, P. A. (1981). Relation between conductivity and transmission matrix. Phys. Rev. B, 23(12):6851–6854.

[6] Meir, Y. and Wingreen, N. S. (1992). Landauer formula for the current through an interacting electron region. Phys. Rev. Lett., 68(16):2512–2515.

[7] Landauer, R. (1989). Conductance determined by transmission: probes and quantised constriction resistance. J. Phys.: Condens. Matter, 1(12):8099–8110.

[8] Payne, M. C. (1989). Electrostatic and electrochemical potentials in quantum transport.

J. Phys.: Condens. Matter, 1(8):4931–4938.

[9] Büttiker, M. (1986). Four-terminal phase-coherent condcuctance. Phys. Rev. Lett., 57(14):1761–1764.

[10] Todorov, T. N. (2002). Tight-binding simulation of current-carrying nanostructures. J.

Phys.: Condens. Matter, 14:3049–3084.

[11] Samanta, M. P., Tian, W., Datta, S., Henderson, J. I., and Kubiak, C. P. (1996). Electronic conduction through organic molecules. Phys. Rev. B, 53(12):R7626–7629.

[12] Sanvito, S., Lambert, C. J., Jefferson, J. H., and Bratkovsky, A. M. (1999). General Green’s-function formalism for transport calculations with spd hamiltonians and giant magnetoresistance in Co- and Ni-based magnetic multilayers. Phys. Rev. B, 59(18):11936–11948.

[13] Yaliraki, S. N. and Ratner, M. A. (1999). Molecule-interface coupling effects on electronic transport in molecular wires. J. Chem. Phys., 109(12):5036–5043.

[14] Mujica, V., Kemp, M., and Ratner, M. (1994). Electron conduction in molecular wires. I.

A scattering formalism. J. Chem. Phys., 101(8):6849–6855.

An open-boundary, time-dependent technique for calculating currents in nanowires11

[15] Sirvent, C., Rodrigo, J. G., Vieira, S., Jurczyszyn, L., Mingo, N., and Flores, F. (1996).

Conductance step for a single-atom contact in the scanning tunneling microscope: Noble and transition metals. Phys. Rev. B, 53(23):16086–16090.

[16] Nardelli, M. B. (1999). Electronic transport in extended systems: Application to carbon nanotubes. Phys. Rev. B, 60(11):7828–7833.

[17] Emberly, E. G. and Kirczenow, G. (2000). Multiterminal molecular wire systems: A self-consistent theory and computer simulations of charging and transport. Phys. Rev. B, 62(15):10451–10458.

[18] Emberly, E. G. and Kirczenow, G. (2001). Current-driven conformational changes, charging, and negative differential resistance in molecular wires. Phys. Rev. B, 64:125318.

[19] Mujica, V., Roitberg, A. E., and Ratner, M. (2000). Molecular wire conductance: Electrostatic potential spatial profile. J. Chem. Phys., 112(15):6834–6839.

[20] Tian, W., Datta, S., Hong, S., Reifenberger, R., Henderson, J. I., and Kubiak, C. P. (1998).

Conductance spectra of molecular wires. J. Chem. Phys., 109(7):2874–2882. [21] Lang, N. (1995). Resistance of atomic wires. Phys. Rev. B, 52(7):5335–5342. [22] Ness, H. and Fisher, A. J. (1997). Nonperturbative evaluation of STM tunneling probabilities from ab initio calculations. Phys. Rev. B, 56(19):12469–12481.

[23] Kobayashi, N., Aono, M., and Tsukada, M. (2001). Conduction channels of Al wires at finite bias. Phys. Rev. B, 64:121402(R).

[24] Brandbyge, M., Mozos, J.-L., Ordejón, P., Taylor, J., and Stokbro, K. (2002). Densityfunctional method for nonequilibrium electron transport. Phys. Rev. B, 65(16):165401.

[25] Taylor, J., Guo, H., and Wang, J. (2001). Ab initio modeling of quantum transport properties of molecular electronic devices. Phys. Rev. B, 63(24):245407.

[26] Damle, P. S., Ghosh, A. W., and Datta, S. (2001). Unified description of molecular conduction: From molecules to metallic wires. Phys. Rev. B, 64:201403.

[27] Palacios, J. J., Pérez-Jiménez, A. J., Louis, E., and Vergés, J. A. (2001). Fullerene-based molecular nanobridges: A first-principles study. Phys. Rev. B, 64:115411.

[28] Di Ventra, M. and Lang, N. D. (2001). Transport in nanoscale conductors from first principles. Phys. Rev. B, 65:045402.

[29] Nardelli, M. B., Fattebert, J.-L., and Bernholc, J. (2001). O(N) real-space method for ab initio quantum transport calculations: application to carbon nanotube-metal contacts. Phys. Rev. B, 64:245423.

[30] Todorov, T. N., Hoekstra, J., and Sutton, A. P. (2000). Current-induced forces in atomicscale conductors. Phil. Mag. B, 80(3):421–455.

[31] Di Ventra, M. and Pantelides, S. T. (2000). Hellmann-Feynman theorem and the definition of forces in quantum time-dependent and transport problems. Phys. Rev. B, 61(23):16207–16212.

[32] Todorov, T. N. (1998). Local heating in ballistic atomic-scale contacts. Phil. Mag. B, 77(4):965–973.

[33] Montgomery, M. J., Todorov, T. N., and Sutton, A. P. (2002). Power dissipation in nanoscale conductors. J. Phys.: Condens. Matter, 14(13):5377–5389.

[34] Baer, R. and Neuhauser, D. (2003). Many-body scattering formalism of quantum molecular conductance. Chem. Phys. Lett., 374(5-6):459–463.

[35] Kosov, D. S. (2003). Kohn-Sham equations for nanowires with direct current. J. Chem.

Phys., 119(1):1–5.

[36] Ness, H. and Fisher, A. J. (1999). Quantum inelastic conductance through molecular wires. Phys. Rev. Lett., 83(2):452–455.

[37] Bowler, D. R. and Fisher, A. J. (2001). Small polaron formation in dangling-bond wires on the Si(001) surface. Phys. Rev. B, 63:035310.

[38] Todorovic, M., Fisher, A. J., and Bowler, D. R. (2002). Diffusion of a polaron in dangling bond wires on Si(001). J. Phys.:Condens. Matter, 14(7):L749–L755.

[39] Kohen, D., Stillinger, F. H., and Tully, J. C. (1998). Model studies of nonadiabatic dynamics. J. Chem. Phys., 109(12):4713–4725.

[40] Billing, G. D. (1999). Time-dependent quantum dynamics in a Gauss-Hermite basis. J.

Chem. Phys., 110(12):5526–5537.

[41] Kapral, R. and Ciccotti, G. (1999). Mixed quantum-classical dynamics. J. Chem. Phys., 110(18):8919–8929.

[42] Horsfield, A. P., Bowler, D. R., and Fisher, A. J. (2003). An open-boundary Ehrenfest model of current induced heating in nanowires. Phys. Rev. Lett., submitted.

[43] Goringe, C. M., Bowler, D. R., and Hernández, E. (1997). Tight-binding modelling of materials. Rep. Prog. Phys., 60(12):1447–1512.

[44] McWeeny, R. (1960). Some recent advances in density matrix theory. Rev. Mod. Phys., 32:335–369.

[45] He, L. and Vanderbilt, D. (2001). Exponential decay properties of Wannier functions and related quantities. Phys. Rev. Lett., 86(23):5341–5344.

[46] Goedecker, S. (1999). Linear scaling electronic structure methods. Rev. Mod. Phys., 71(4):1085–1123.

[47] Calvayrac, F., Reinhard, P.-G., Suraud, E., and Ullrich, C. A. (2000). Nonlinear electron dynamics in metal clusters. Physics Reports, 337(6):493–579.