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Importance of excited bound states in harmonic generation
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We discuss the mechanism of harmonic generation for a one-dimensional model atom with several bound
states in a strong, driving laser field. We extract the bound- and continuum-components of the harmonic
radiation and investigate their temporal and spectral characteristics. We compare the bound-bound contribu-
tions from a fully numerical solution of the Schinger equation with the results from a two-level atom, and
study the influence of effective ionization rates in the latter. In the generation of the low harmonics, bound-
bound transitions play a decisive role. However, a two-level atom model is not adequate for reproducing their
characteristics. High-harmonic generation is almost entirely determined by bound-continuum transitions, the
transitions involving the ground state being domin&8t.050-294{8)11009-7

PACS numbd(s): 32.80.Rm

[. INTRODUCTION several bound states are involved, and to include information
about their phasén other words, the complementary tem-
Radiation of high harmonics from atoms driven by strongporal structure of the harmonigswith the eventual aim of
laser fields is at present a subject of growing interest, mainlypeing able to control this emission for tailoring harmonic
for the potential applications of the emitted tunable, shortpulses of desired characteristics. The atomic harmonic gen-
pulse, high-brilliance, coherent, high-frequency radiation.eration results are the basis of further computations of the
The atomic process of high-harmonic generatiovhere  propagation of harmonic radiation: phase matching is most
“high” means more than 10th order and up to over 100thsensitive on the intensity dependence of the emitted atomic
ordey is at present modeled most successfully by a “three-harmonics[8]. The models we consider have been and are
step” physical picturg1-3]. This model explains most of widely used in such propagation studi&g: although a 1D
the experimentally observed spectral featydsnamely the atom does not yield quantitatively accurate rates, it contains
extended “plateau” consisting of many harmonics with the essential physics of the problefim linearly polarized
comparable intensities, and its sharp high-frequency “cutiaser ligh}. We base our discussion on the fully numerical
off,” which are clearly in contradiction with perturbative solution of the time-dependent Schinger equation, which
theories concerning the external laser field. Within this pic-we regard as the full, “benchmark’” solution. This approach
ture, the “first step” is ionization, the “second step” is has the advantage that it includes all bound-bound, bound-
propagation of the free electron in the laser field, and thecontinuum, and continuum-continuum transitions, thus incor-
“third step” is the collision between the returning electronic porating time-dependent effects such as ground- and excited-
wave packet driven by the external laser field and the atomistate depletion, ionization, and recombination. As a first step
core potential. The result of this collision is harmonic gen-we must define and isolate the different mechanisms and
eration. Around this main idefl], three-step theoretical investigate their contribution to harmonic generation. To first
models for harmonic generation were develof®@], where  approximation, we project the time-dependent wave function
just a single-bound-state atom is taken into account, thuento the field-free bound states, the remainder being an ef-
neglecting transitions between atomic bound states. The préective time-dependent continuum.
dicted maximum energy of the harmonics at the “cutoff” is  Using spectral and time-frequency analysis, we perform a
scmoﬁ=|sol+3.17up, which corresponds to the maximal detailed investigation of the radiation emitted by the atom.
quasiclassical rescattering energy of the electfeg|, being  The case of a system with two bound states and a continuum
the ionization potential antd , the ponderomotive energy. is investigated in detail and compared with a two-level atom
However, harmonic spectra can also be described within enodel. In previous worf10] we considered the case of an
completely different physical picture, namely a driven two-atom with asingle bound state. We used time-frequency
level atom[5,6], for which bound-continuum transitions do analysis in order to compare the fully time-dependent solu-
not exist. Recently, however, the inclusion of a “three-step-tion of the Schrdinger equation with the three-step model
like” recombination mechanism in the bound-state popula{2]. The time profiles of the plateau and cutoff harmonics
tions of a two-level atom was able to reproduce a plateau andiere strikingly similar for both models, corresponding to the
sharp cutoff ath wqo+3.1J,,, wheree;—eo=7%w;qis the  semiclassical return times for the electronic wave packet. In
energy differencg7]. the present case, however, for an atom supporting more than
In the present paper, we address the question of whethene field-free bound state, such a coincidence is not always
the two pictures of rescattering and bound-level transition®bserved, especially for the lower order plateau harmonics.
can be compatible and what are their respective ranges of The paper is organized as follows: in Sec. Il we discuss
applicability concerning harmonic generation, for atoms withthe theoretical methods used, namely the time-dependent
several bound states. The goal of these studies is to gaprojections, the wavelet transform, and a two-level atom
some insight in the process of generation of harmonics whemodel with and without ionization. In Sec. Ill we present our
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results. We have taken several model potentials to investi- . —dV(x)
gate two bound states in a short-range poterigak. Il A), Xbb(t):nz Ch(DCh(t){ m ax
,m
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one deeply bound and many weakly bound states in a long-

)
range (soft Coulomb potential (Sec. Il B), several deeply )
bound (and many weakly boundstates in a deep soft- +E(1) 2 [Ca(d)[?, )
Coulomb potentialSec. 111 C), and the same potential as in .

Sec. Il C, but with its Coulomb tails cut ofSec. Il D). In —dV(x)
Sec. IV we state our conclusions. Xpo(H) =2, 2 Re{cn(t)< ¢C(t)‘ ax ’n” (6)
n
Il. THEORETICAL METHODS and

A. Fully time-dependent projections

As our point of reference we take a fully time-dependent Xec ) ={SeOX] ¢c(t))- @
numerical computation, solving the ScHioger equation for TheE(t) term in Eq.(2) contributes only to an enhancement
a one-dimensional model atom in a time-dependent externah the fundamental in the spectrum of the full acceleration.
laser field. We consider both short- and long-range potentialslowever, for the bound-bound and continuum-continuum
supporting more than one field-free bound state. The onezontributions(4) and(6), there is a somewhat artificial intro-
dimensional case is particularly interesting and widely usedluction of a term proportional to the field. This term does,
for modeling harmonic generation in linear polarizatidd], however, not introduce any important contributions, as will
since it requires much less computer time than threebe shown in Sec. Ill.
dimensional computations, being therefore amenable to an It should be noted that each term of the expansions above
expedient, and accurate numerical solution. Furthermore, this in general not invariant under unitary transformations.
use of a short-range potential implies a very good applicabilThis can be easily verified by applying a transformat®n
ity for three-step models. on |(t)), such that the wave function in the new represen-
We use atomic units throughout. The time propagation igation is written as|y=(t))=Z|#(t)). For the amplitudes
performed in the velocity gauge, using the standard finiteC,(t) one obtains
difference Crank-Nicolson method. The time-dependent
Hamiltonian is

cna<t>=j§0<n|E|J>C,-<t>+<n|E|¢c<t>>, (8)

2

p
H= 2 PAL+V(x). @ with the continuum being
The vector potential of the driving laser field is in the dipole |pe=())=|p=(1))— >, Chz(t)|n). 9
approximationA(t) = A(t)cos, t), with A(t) its envelope. "
The electric field is therE(t) = —dA(t)/dt. In Eq. (1) the The nondiagonal terms correspond to couplings between

purely time-dependent phase teAf(t) has been eliminated gifferent basis states introduced by the transformation. If
through a unitary t_ransfomatlon. The emission Spectrum ighese couplings are zero, E) is diagonal and therefore
taken to be proportional to the modulus square of the Fouriggach contribution to the time-dependent spectra remains in-
transform of the dipole acceleration, which is calculated Usyariant. This is the case of, for instance, purely time-

ing Ehrenfest's theorerfil2]. The dipole acceleration opera- gependent transformations. Under gauge transformations, for

tor is instance=Z =e~ AW (from the velocity gauge to the length
dV(x) gauge, th_e nonzero couplings_ can lead to different results
X=— +E(D). ) [13]. Particularly in the velocity gauge, we could observe
dx unphysical behavior for the amplitud€s,(t). Therefore we

) ) always performed the transformation to the length gauge be-
The time-dependent wave functig(t)) can be expanded fore calculating our projections numerically. The misleading

into the field-free-bound-state basis results obtained using the velocity gauge are presented and
discussed in Sec. Ill E. Obviously, the expansion infeek-
|¢(t)>:2 Co(D)|n)+] de()), (3) free bound-state basis yields just an approximate picture for
n the bound-state subspace, since in a real atom the higher

excited bound states are strongly distorted by the field and
where the bound states are denoted|by, the remaining coupled to the continuum. Moreover, the projections

continuum part of the wave func.:tion Hyp.(t)) anq CP(t) (¢(t)|n>(n|§|m)(m|¢(t)> are not equivalent to the respec-
=(nly(t)). The average dipole acceleratiorX(t)  tive second temporal derivatives of the dipole length projec-

=<<p(t)|§<|¢(t)) can therefore be split into tions, d( ¢ (t)|n)(n|x|m)(m|y(t))/dt?, since the projection
) operatorgn)(n| do not commute with the full Hamiltonian
(PO X (1)) =Xpp(1) + Xpo(t) + X (), (4 (D). Therefore, for an atom with two bound states, a direct

comparison betweenr,(t) of Eq. (5) and the dipole accel-
with the bound-bound, bound-continuum, and continuum-eration of a two-level atom is questionable. This error is not
continuum contributions being, respectively, introduced if we compare the bound-bound projections and
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the two-level atom dipole in the length form, used as a test iwhereD; andD, are adapted as discussed in Sec. lll. Equa-
Sec. Il A. tion (16) will now be solved with the energies, replaced by
the complex quantities,=&,—i y,(t)/2. Harmonic genera-

B. Two-level atom tion is due to transitions involving the time-dependent
dressed states, whose energies are obtained by diagonalizing
the Hamiltonian(11). The instantaneous transition frequency
ebetween these dressed levels is given by

We shall address now the driven two-level atom case
with and without ionization, with the objective of comparing
the power spectra obtained in this physical picture with th
bound-bound contributions from the full 1D atom, as dis- wop(t)={eq—&1—i[ yo(t) — y1(t)1/2}2+ 4x3,E(1)2)Y2
cussed in the preceding subsection. For a “closéuynion- (19
izing) two-level atom in an external fiel&(t), the time-
dependent wave function and Hamiltonian are given
respectively{14], by

The cutoff frequency is the maximal value of [Rgp(t)]
15,6]. The energy width introduced by ionization in principle
can cause an increase in the cutoff frequency. Furthermore,
_ harmonics can be generated by the nonlinearity introduced
t))=Cy(t)|0)+C(1)|1 10
[#(1)=Co(0]0) + Co(D[L) (10 by the functional forms ofy, and ;.

and , .
C. Fourier and wavelet analysis
H=Ha+H,. 11 By calculating the power spectra, all the temporal infor-
] mation about harmonic generation is lost. Certain features of
The amplitude<C,(t), n=0,1 areC(t)=(n|y(t)) , as de-  harmonic generation that are present in, for instance, three-
fined in the preceding section. The indices 0 and 1 relatestep modelg17] can only be revealed by a time-frequency
respgctiv.ely,'to the ground and excited state. The atomi‘énalysis. Several groupg9,10,21 have employed time-
Hamiltonian is resolved spectra for analyzing the time dependence of har-
_ monic generation. These spectra are obtained by performing
Ha=10)e0(0] +[1)e(1], (12 a Fourier transform with a temporally restricted envelope.
with &, the field-free energies, such thak|n)=e,|n). The We choosg the time width of the wi.ndow fun_ction narrower
atom-field interaction is represented by than a period of the' external laser field. In.thls way the.con-
tribution from a particular group of harmonics to the emitted
Hi=—x10E(1)(]1)(0]+]0)(1]), (13) radiation can be determined. This procedure differs slightly
from the time-frequency analysis performed by most groups
X10 being the matrix elementl|x|0). The dipole moment [9,21], which take this width larger than the laser peribd

and acceleration operators are given, respectively, by =27/ w_ in order to investigate the time profile of a single
. specific harmonic. In principle, the harmonic generation pro-

X7 =X10(|1)(0[+[0)(1]) (14  cess is almost periodic, with the period of the driving laser

frequency, or rather with half this period. This periodicity is

and observed only approximately in the results that follow, due

“ - ) to turn-on transient and ionization effects in the actual com-
X7L=—wioXtL + 2010 10E(1) (]0)(0[—[1)(1]), (15  putation.
We perform a wavelet transform with a Gaussian window

with the energy differencan;=c,—¢0. The amplitudes fynction (Gabor transforr) which is given by
C,(t) are the solution of the following system of coupled

differential equations: W(t,t",Q,0)=exd — (t—t")/o?]lexdiQt’], (20
d({Co €0 X106E(1)\ [ Co of width o and centered at a harmonic frequenty
i— = . 16 _ . . .
'dt( Cl) (XloE(t) e )(Cl) (16) aSNwL. The wavelet transform of a functidi(t) is defined

We solved EQq.(16) numerically using a standard fourth- +oo
order Runge-Kutta method. W(t,Q,a)zf dt’' f(t")W(t,t',Q,0). (21
Introducing now ionization6,15|, we choose an atom o

with a ground state in the tunneling ionization regime andrhe ysyal Fourier transform, in which all temporal informa-
the excited state in the over-the-barrier ionization regimeyion is lost. is obtained forr—so. Just as for the time-

with time-dependent ioniz.ati(.)n rates, respectivelyt) and dependent dipole in Sec. Il A, one can split the time-
v1(t). The ground-state ionization rate was chosen as th@ependent power spectra into the corresponding bound-
quasistatic tunneling formulglé] for the one-dimensional phoynd, bound-continuum, and  continuum-continuum

case contributions. We thus obtain the wavelet transform of the
dipole acceleratiori4) and its projections,
¥o() =Dy exp(~ D, /|E(D)]), azn 9P “) proj
» () [2= [Wp(1) |2+ [Wie(1) |2+ [We(1)]?
whereD; and D, are positive real parameters. For the ex-
cited state we took + 2R Whp(1) Whe() + Wh (D) WE(1)

y1(t)=D3 exp(—D,4/|E(1)|?), (18 + Won(OWe(D}, (22
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FIG. 1. Power spectra for the short-range Gaussian potential s 5 Bound-state populations. Solid heavy lines: full time-

(23} apd its two-level atom model. Dotted line: full acceleration; dependent computation for the short-range Gaussian potential.
SO“? “.ne: b(l)unc:-contlr?uulm 'part'; squares. bf:)u?d-bound palrt; Ubashed heavy lines: two-level atom with ionization. Solid and dot-
a;lngﬁs. tWOT eve itcr)nm' '?]C uding ;:)nlzancﬁfvrt e latter twc:{_ orlw_y ted light lines: full time-dependent calculation with projections in
the harmonic peak heights are shown, connected by a thin line 0 \e|ocity gaugéSee 11l B. The upper curves are for the ground

S ) state, the lower ones for the excited state.
where not only the separate contributions but also their rela-

tive phases play an important role, since there are cross

terms e[ﬂe 5th, and the resonance peak around the transit®n

—|1). Harmonic spectra with an extended plateau structure

are only observed for much higher intensities, where any real
1. RESULTS AND DISCUSSION atom would ionize practically instantaneously and the two-
level atom description is unrealistic. These results are not
shown in the figure.

In order to test the two-level atom against the fully time-  As a further step, we introduce ionization rates for the
dependent solution of the Scldinger equation, we chose a bound-state populations as stated in Sec. || B. The tunnel
Gaussian short-range potential formula for the ground state yield®;=0.72 and D,

=0.665 in Eq.(17). For the excited state we choofk,

Vo(x) = ~0.76 exj§—x“/4). @3 _po05 andD,=0.0026 in Eq.(18). The harmonic spectrum
) ) ) obtained in this case is very different from the full solution
This potential supports two field-free bound statess@t  spectrum or from the bound-bound part of the full solution.
—0.499 a.u. and;=-0.099 a.u. We consider an external Harmonics up to the 9th are visible, which is in agreement
field of frequency w =0.05 a.u. and amplitudeEy  with Eq. (19), but these harmonics are much weaker than
=0.08 a.u., which is clearly in the tunneling regime for the those of the full result. We conclude that the driven two-level
ground state. These conditions are comparable to the onggom is not a good model for computing the harmonic re-
considered ir{6], i.e., ground state in the tunneling regime, sponse, not even for the low harmonics, which can be ex-
excited state in the over-the-barrier regime, and dipole magracted as the bound-bound part of the spectrum. A strongly
trix element(0|x|1)=1.066 a.u. According to the three-step nonlinear ionization rate within the two-level atom model
models, the expected cutoff for the present case should be gin enhance the harmonics and prolong the plateau, but then
=49, which is in very good agreement with the spec-the field-dependent ionization rate does not reproduce the
trum for the full acceleration, shown as the dotted line in Fig.full solution’s time dependence for the populations of the
1. In fact, the dotted line beyond the harmonic 21 superposesound states, obtained by the time-dependent projection onto
exactly on the solid line, which gives only the bound-the unperturbed states, shown in Fig. 2. Actually, the rate
continuum part of the spectrum, resulting from(t), Eq.  y1(E(t)) of Eq. (18) for the excited state is just an ad hoc
(6). At low energy the bound-continuum part underestimatesadjusted quantity since a tunnel formula is not too appropri-
the full results, while the bound-bound part gives the domi-ate for this state whose binding energy=—0.099 a.u. is
nant contribution. The bound-bound spectrum presents anly 24w, . Choosing a step function as a model of the
completely different cutoff(at roughly =35w,) and no over-the-barrier ionization process yields more harmonics
clear indication of a plateau, in contrast to the full dipole since it is more nonlinedi6], but it is arguably less realistic.
acceleration. The ground- and excited-state populations depicted in Fig.

In order to verify whether these features correspond to & show reasonably similar behavior for the full solution and
two-level atom, we compare the bound-bound part with thehe two-level atom model. The excited-state population of
corresponding two-level atom, with and without ionization. the full solution is quasiperiodic in time, with a zero at the
Without taking ionization into account, we do not observe atimes for which the field is zero. There are small dipfter
plateau structure at all in the emission spectra for the fieldhe second cycleat the times for which the field is maximal.
parameters above. In fact, the only peaks observed corrdhe small dips in the excited-state population are mirrored
spond to the fundamental, a few very weak harmotugsto by corresponding peaks in the ground-state population These

A. Short-range potential
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dips, which are absent in the two-level atom results, are ar
indication that a nonlinear process is taking place around the
peak field intensity, which involves just the two bound states.
Both the full and the two-level atom calculations contain

irreversible ionization, partially over-the-barrier ionization,

the excited state having the function of an intermediate state
between the ground state and the continuum, and partially
tunneling ionization. It must be noted that, even though re-
combination is present in the bound state part of the time- 00
evolution for the full results, the bound-bound part of the
spectrum in Fig. 1 does not exhibit the cutoff at
wyot 3.1, observed by 7].

The time-frequency wavelet gives a more detailed analy-z
sis of the harmonic generation process, including in part the>.9
harmonics’ phase information. In FigqaB—3(d), we present
results obtained for low harmonics taking a time width
o=0.1T. In Fig. 3a), we plot the wavelet transform fdR
=7, . In this case, the main contribution to harmonic gen-
eration within a field cycle for the full solution occurs close
to the field peak. The full and the bound-bound contributions
have very similar shapes, the same amplitudes, and coinci
dent peaks. However, the bound-bound wavelet transform o
the fully time-dependent computation and the two-level atom
wavelet transform are remarkably different. The two-level
atom results exhibit peaks at0.5T modulo T/2, that is,
when the fieldE(t) is zero. The full or the bound-bound
results have also a small shouldertat0.5T mod T/2, but 0.0
their main peak is 90° out of phase with the two-level-atom
results, being at=0.25T mod T/2. In order to test whether
this discrepancy is introduced by the fact that the projection FIG. 3. Wavelet analysis of the time-dependent dipole over one
operators onto the bare bound states do not commute wittycle of the driving laser field for the short-range Gaussian poten-
the full Hamiltonian(1), we performed the same calculation tial. (a) and(c)—(f) give the dipole acceleration, where@s gives
using the bound-bound projections and the two-level atonthe dipole length(a) and(b) Q=7w, 0=0.1T; (c) Q=15 ; (d)
dipole, both in theength form; the result is shown in Fig. Q=170 ; (6] Q=37w_, 0=0.024T (plateau harmonigs (f)

3(b). The bound-bound contributions from the full solution &=49,, o=0.1T (cutoff harmonics Solid line: full dipole ac-

in the length and acceleration forms in pais and (b) ex- celeration. Dashed line: bound-bound contributions. Dotted line:
hibit peaks at the same times. This shows that the error inPound-continuum contributions. Dotted-dashed line(anand (b)
troduced by the fact thdfn)(n|,H]#0 is of no qualitative results_ from the two-le_vel atom with |on|zat|of|_nult_|plled by
importance in this situation. Once more, the two-level atom3000; in () and (f) continuum-ground-state contributions.

results in part(b) present peaks at times different from the

Xpp- The shape and location of the peaks obtained for thé&reversible ionization Since the frequency is low, the wave
two-level atom are not sensitive to variations in the ioniza-packet follows adiabatically the Stark eigenstate of the po-
tion ratesyy and ;. tential, which is distorted by the slowly time-varying electric

These results, together with the large difference in thdield. The largest field gives rise to the largest dipole and also
magnitude of the harmonics, visible in Fig. 1, strongly sug-to the largest harmonic components in this dipole. The gen-
gest that the process of generation of these low harmoniasration of harmonics of the bound part can also be viewed as
must be quite different in the two cases, even though the fularising from a “charge oscillation” of the wave packet be-
results are recovered in their two-bound-state projectiongween dipoles of opposite parity in the atom. The same
The generation of harmonics within the two-level-atommechanism leads to even more dramatically visible effects in
model has been investigated by Gauttetyal. [18]. They  the emission of harmonics from a diatomic molecule when
conclude that harmonics occur due to a crossing between trensidering the two lowest bound even- and odd-parity states
two dressed states. The wavelet transform for the parametef$9,20. Classically, an electron driven by the field over a
used in[18] exhibits indeed well-localized sharp peakstat few a.u.(the spatial extension of the bound statesdl gain
=0.5T mod T/2. In our present case, however, the timethe largest energy when the field is largest. This suggests that
width of the avoided crossing between the two dressed levelthe harmonics generated by this process should occur around
becomes comparable (although still smaller tharthe laser the peak of the fieldE(t), an observation that is also in
field period and thus the peaks are no longer so sharp. Faccord with a calculation of the phase, for the molecular case
the full 1D atom results, on the other hand, the field is driv-[20]. The small but sharp peaks close to maximum field ob-
ing the bound part of the electronic wave packet primarilyserved in the full solution populatior(&ig. 2) are a further
within the two lowest bound states, as can be seen in Fig. 8vidence for this mechanism. The time between the two
(the slow decrease in the ground-state population is due temall peaks in the excited-state population, of about 10 a.u.,

0.8

041
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Harmonic

7.20 7I.40 7‘.60
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is equal to the time it takes for a classical particle to bethe potential shape, to the single-bound-state short-range po-
accelerated by the field from rest to a distance correspondinigntial discussed ifiL0], since in the presence of the external
to the shift of the charge cloud at peak field. In our model field the excited states are strongly coupled to the continuum.
we observed a related spatial displacement in the peak of tHeor the parameters stated above, the cutoff predicted by the
probability distribution of the bound-state part of the wavethree-step model is & =45w, .

function, |#p(t))=Co(t)|0)+Cy(t)|1), which occurs In [10] a striking agreement between the wavelet trans-
roughly within this time interval. It is only a small part of the forms for the ground-state-continuum projection and the full
wave packet that performs this motigwhile the majority  acceleration was observed, at the cutoff and for the whole
simply follows the field adiabaticallybut this is the signifi- plateau region. These results are in agreement with a com-
cant part producing the lower plateau harmonics. Thigutation[23] for a three-dimensional long-range SAE model
mechanism is not taken into account in the two-level-atominvolving ultrashort pulses, at the cutoff harmonics, and also

model. with the results if17]. The present result@ot shown for
Considering now the wavelet transform centered at theéhe plateau and cutoff regions are again in agreement with
low-frequency end of the plateau harmonid3= 15w/, these calculations, showing their generic, potential-

shown in Fig. 8c), one observes that the full wavelet hasindependent nature for an effective single-bound-state atom.
significant contributions from both the bound-continuum andAs in the short-range case adressefili), the main wavelet
the bound-bound parts. Increasing the center wavelength jupeak corresponds to a return time of abioa0.45T, periodic
slightly, to)=17w, , the bound-bound part rapidly loses its over 0.50. If the high-lying excited states are taken into
importance. In Fig. @), the bound-continuum and the full account, we obtain a spurious peak EBtt)=E, for the
wavelet almost coincide, the bound-bound contributions novibound-continuum wavelet. This feature is also observed in
being out of phase with the full solution. Thus the dominantthe next subsectioflll C). We regard it as unphysical, since
contribution in the full results shifts from the bound-bound a projection onto a field-free bound-state basis is not a good
part for the low harmonics to the bound-continuum part, overmpproximation for the weakly bound states.
just a few harmonics, as is evident also from Fig. 1.
Finally, in Figs. 3e) and 3f) we analyze the plateau and
cutoff regions. In Fig. &), we consider a window function
of time width o= 0.024T centered af) = 37w, , SO that most After discussing harmonic generation for models with just
of the plateau harmonics are included. For this situation, w@ne or two bound states, we now wish to address the ques-
Observe a near-perfect Coincidence between the bounai.on Of Whether the SpeCtI’a| featureS Observed are present fOI’
continuum (dotted line and the full (solid line) results, in  an atom with more than two strongly bound states.
accord with the results in Fig. 1. The main contributions to We considera=0.76 andg=1.1 in the potential24),
the bound-continuum part come from the ground-statefesulting in a ground-state energy &f=—0.501 a.u. This
continuum transitior{dotted-dashed line case differs from the one considered in Sec. Il B in the sense
Fig. 3(f) shows the wavelet transform for the cutoff har- that also the first and second excited states, of energies, re-
monics, ) =49, , with time width ¢=0.1T. Here the full  spectively,e;=-0.199 a.u. and,=—0.108 a.u., are rela-
result and the contributions involving the ground-state-tively deeply bound and strongly couplétthe dipole matrix
continuum transitiongdotted-dashed lineand the bound- elements between the states are, respectivedx|1)

continuum transitions, .(t) are almost identical. The peak = 1-19 and(1x|2)=3.02). The cutoff for this potential is,
in part(f) corresponds to the classical return time of an elecith the field parameters taken as in Sec. Il A, @t
tron with maximum kinetic energgsee, e.g/;17] or [10] and =490, .
references thereinWe observed small variations in the po- " Fig. 4, for the part of the spectrum above the 13th
sition of this peak betweet=0.4T and t=0.5T, which is harmon!p, we observe a perfect agreement between the spec-
reasonable since this return time is very sensitive toward§um of X, (t) including the three most deeply bound states
small variations in the electron energy, as discussdd7  (¢) and the full acceleration spectru@). The inclusion of
For all cases, the continuum-continuum transitions yield veryjhe higher excited state$h) makes the agreement much
small contributions, in accord with the analysis[82]. worse, indicating the inadequacy of the field-free basis for
this intensity regime. The bound-bound transitions involving
only the three strongly bound statéh exhibit a cutoff at a
much lower frequency, the term proportionalE¢t) in Eq.

In the following two subsections, in order to investigate (2) modifying only the background in this case. The har-
the influence of the potential shape on harmonic generatiormonic intensities are much lower than those of the full result.

we consider model atoms with the widely used soft Coulombrhe spectrum of,,(t) involving all the bound statee)
potential (their number is finite within our discretizatipryields a
_ smeared out cutoff, which is also observed 6}y Moreover,

Ve(X)=—al(x/B)*+1] (24) we observe that the spectra corresponding to continuum-
ground-state transitions are at least two orders of magnitude
We take ®=0.38 andB=0.76, which leads to one bound higher than bound-continuum spectra involving only the ex-
state of energy,=—0.19 a.u. and several weakly bound cited bound state parts. The harmonic yields from these con-
states (binding energies of the order of 186 a.u. and tributions decrease with increasing bound-state energy. This
smalle) in an external field of amplitudE,=0.08 a.u. and is shown in Fig. 4f), where the contributions from the tran-
frequencyw, =0.05 a.u. This case is very close, apart fromsitions involving the continuum and the bound st are

C. Deep long-range potential

B. Shallow long-range potential



2996 FIGUEIRA de MORISSON FARIA, D&R, AND SANDNER PRA 58

] T T T T T 1.0 T T T T T T T :‘-_ T
o - . :
; O
08| il i .
| R @
-20 v " -
®
— I (X 1
o %
m —
S -0 i 2
o ¥ © g
E o . =
c R . ©
:<EU . ; 1.0 T T T T
= -60 ke
o ’J $ ® %00 0% o o @ 2 (b)
o . e > .
o A ‘ L o7} I .
- M (o) c Do
* g %
$e®s o6 o ® o0 . .
° o %o o e o o0, _ H .
0 ) £osf o -
-100 . 1 L 1 L 1
0 20 40 60 [
« 3 1 AR | N > L L
Harmonic number 7.00 7.20 7.40 7.60 7.80 8.00
FIG. 4. Power spectra of the time-dependent dipole acceleration t (cycles)

for the deep Coulomb potentiala) full acceleration;(b) bound-

continuum part;(c) bound-continuum part from the three most  FIG. 5. Wavelet analysis of the time-dependent dipole accelera-
deeply bound stategd) bound-bound part from the three most tion over one cycle of the driving laser field for the deep Coulomb
deeply bound statesg) bound-bound part(f) bound-continuum  potential.(a) Plateau harmonic€) =37w, , 0=0.027T; (b) cutoff

part for the second excited state only. All subsequent curves haviearmonics{)=51w, , c=0.108T. Solid line: full dipole accelera-
been shifted by—15 y-axis units from their respective upper tion. Dashed line: bound-continuum contributions from the three
neighbors. The harmonic peak heights from cu(sehave been most deeply bound states. Dotted line: bound-continuum contribu-
repeated as the filled circles for all other five curves, as a point ofions.

reference and bound-bound transitions, and it is difficult to draw con-

o clusions about which mechanism plays the most important
presented. The contributions to thec spectrum from the role. This is clearly observed in the wavelet transform cen-
first excited statel) are one to two orders of magnitude tered at the 7th harmoni@ot shown. In this case, the wave-
smaller than those involving the ground state. Similar resultset transform no longer exhibits th&/2 periodicity of the
were obtained by24] in a time-dependent computation, in driving field but there are other time scales present, presum-
which the initial atomic state was taken as a coherent supeably due to resonant processes involving several bound
position of the ground and lowest metastable excited statytomic states. Concerning the termgy,(t), which is pro-
Indeed, in three-step models for high-harmonic generatioportional to the field, as briefly mentioned in Sec. Il A it
the excited bound states are usually neglected, which is jusntroduces an overenhancement of the peak at maximum
tified in view of the present results. field (t=0.25T modulo 0.5) when all the bound states are

The corresponding wavelet analysis in Fig. 5 shows thataken into account. The reason is that the projections on all
the bound-continuum part, which includes only the lowestthese states become large for maximal field. If just the three
three bound states, and the full acceleration yield almost inmost deeply bound states are taken into account, the term in
distinguishable wavelet transforms for ba#) and(b). The  E(t) plays no important role in the wavelet transforms, the
bound-continuum part including all bound states is also irresult with and without this term being almost identical.
agreement with the other two sets of results, apart from &oreover, even though the excited stafé$ and |2) are
spurious peak at maximal fieldt£0.25T modulo 0.9).  strongly coupled, the wavelet transform xf(t) for only
This spuriougunphysical peak is due to the contribution of the two or only the three most deeply bound states present no
the high-lying excited states in the time-dependent projecsignificant difference.
tions. This peak is not present in the harmonics of energy
higher than the cutoff, indicating that it arises only from the D. Effects of the Coulomb tail
high-plateau harmonics. Once more, in pdr), the cutoff

. ) : In order to investigate quantitatively the effects of the
return timet=0.4T is recovered for the full acceleration and lon 9 d y

. g-range Coulomb tails in the deep Couomb potential of
Xpe(t)- Sec. llI C, we now discuss and compare results obtained

For the lower-energy part of the spectra, however, thewith the same potential, where the Coulomb tails have been
harmonics appear to be a “mixture” of bound-continuum cut off,
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For regions close to the atomic core, this expression yieldsg I w i‘ ALl \ l l s oe
the deep Coulomb potentialc from Sec. lliC. For|x| ~ Z 1 i ‘ l‘ | (o
>ay, its tails are cut off smoothly. We tak&,=5, n=6, =3 ‘ Lk Ad ekt |‘ “ T4 a8e
andL=2ag, ag being the excursion amplitude of the elec- = °T Nl é-l | "" i
tron (ay=Eq/w?=32). Thus within its excursion amplitude, A M‘ ”MM m"ﬁ‘
the electronic wave packet will experience a very different L TLE TGN
0 10 20 30 40 50 60 70 80

potential tail betwed/c andV+. For the parameters above,
the ground-state energy, of Vy is the same as the one for
V¢ (Sec. IO, while the first and second excited states’ FIG. 6. Power spectra of the dipole acceleration for the Gauss-
energies ofV; are ate;=—0.192 ande,=—0.063. The ian potential. All projectiongbut one, see beloware performed in
energies of the higher excited bound states are of coursge velocity gauge. Solid line: spectrum of the full acceleration
quite different between the two potentialélso the matrix  (same as in Fig. )1 Filled squares: bound-bound contribution.
element<1|x|2> is very different) The truncated potential Circles: bound-continuum contribution. Crossed diamonds:
V7 has only a finite number of bound states, seven within ougontinuum-continuum  contribution.  Triangles:  continuum-
discretization. We apply exactly the same field pulse as fofontinuum contribution from length-gauge projection.

the previous results shown.

The effects of Coulomb tails on harmonic generationpotential, discussed in Fig. 3. This suggests that the nonpe-
spectra have been discussed in several papers b#bfe riodic wavelet yield ofV for the low harmonics is inherent
Mainly, however, these discussions were concerned with ekp the long-range tail of Eq24). However, for the potential
liptically polarized driving fields, investigating harmonic en- (25) it is not clear whether the low harmonics are originated
ergies close to the ionization ener@threshold” harmon-  py the bound-bound or bound-continuum transitions, since

ics). Unusual ellipticity dependence was observed, whos@oth contributions present well-defined maxima at peak-field
origin was usually surmised to lie in the dominant effect oftimes.

excited bound states. Coulomb corrections to the free wave- For the plateau region, fd = 37w, andoc=0.027T, V¢
packet evolution within the context of multiphoton ionization again exhibits much less structured temporal profiles than
and above-thresholthigh photoelectron energymultipho- v, this time dominated by a peak near OI5@t the cutoff,
ton ionization have also been addresg2@], again mainly in  finally, very similar wavelet yields are obtained fgk and
the context of elliptical polarization and thus concerned WithVC’ once more indicating the potential-independent nature
wave-packet spreading transverse to its principal excursiogf the cutoff harmonics. The cutoff return time is slightly
amplitude. In the present study, we are uniquely concerneghifted between the different sets of results:yields 0.4,
with thelongitudinal spreading of ouf1D) wave packet in a V7 yields 0.4, while V gave 0.45 [10] for the (single
linearly polarized laser field. Even within this restricted CON-peak of the temporal signal. The width of the peak, however,
text, one should expect quantitative differences in the harg much larger than these differences, and thus the wavelet
monic yield, since the Coulomb tails affect atomic ionization cgnnot really(neither in practice nor in principleresolve
[26] and the spreading of the electronic wave packet. such a small difference. According to our analysis, the long-
When comparing the harmonic generation spectra fromange tail of the Coulomb potential influences mainly low-
Vc and Vy, there are no major differences visible on the gng threshold harmonics, and, depending on the potential in
scale of Fig. 4(the results fotVy are not shown in the fig- question, might affect particular groups of plateau harmon-
ure). However, there are quantitative differences of aboufcs. The effect of truncating or not the long-range potential,

one order of magnitude. Thé; harmonics at the cutoff are eyen quantitatively, does not have a significant influence on
slightly (a factor 2 to 3 lower than the/ harmonics. On the the cutoff harmonics.

other hand, there are a few groups of harmonics, in the pla-

teau (around the 35thand at thresholdaround the 11th

where theV; harmonics are about one to two orders of mag- E. Gauge dependence

nitude higher than th&'c harmonics. Again, there is perfect  as discussed in Sec. Il A, the time-dependent projections

agreement between the full and thg(t) high-energy spec- are gauge-dependent and one has to be careful about the

tra for V, where only the lowest three bound states arechoice of gauge. In the present low-frequency region, the

taken. projections make sense only when taken in the length gauge,
We now consider the wavelet transforms for the two setsas has also been argued[Rv] and[28]. In this subsection,

of results. For the low harmonics, fol=7w, and ¢  we present misleading results obtained in the velocity gauge

=0.108T, we observe that the results for are much less as an example. We take the short-range potential from Sec.

structured than the results fMc. The results forvy are 1l A, which has two deeply bound states, and calculate the

dominated by a single smooth peak, near U.,2periodic  time-dependent projections in the velocity gauge. In this

modulo T/2, as was the case for the short-range Gaussiaoase, the plateau- and cutoff-structure is recovered also for

Harmonic number
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» highly excited bound states do not play a significant role.
When observing 3D effects, however, as for example in the
ellipticity dependence of harmonic generati®5|, the po-
tential tails may become important. For atoms with more
than one bound state, both the bound-bound and the
continuum-bound transitions play a role in the harmonic gen-
eration process. The generation of high harmonics corre-
sponds to a three-step physical picture, in which the main
contributions within a field cycle correspond to the semiclas-
74 7.6 sical return times, even for long-range potentials. For all the
t (cycles) potentials studied, only the bound-free transitions originate a
_ _ cutoff at the semiclassical energyy,| +3.17U,,. Both spec-
FIG. 7. Wavelet transform of the time-dependent dipole accelyrg| ang time-frequency analysis demonstrate that the main
eration fo_r the Gaussian potential. The_ projections are performed iRontributions to high-harmonic generation come from transi-
the velocity gauge(a Plateau harmonicd) =37w , =0.024T. 4, < involving the ground state. This shows that the elec-

(b) Cutoff harmonics {1=43w, , o=0.1T. Solid line: full dipole e \yaye packet not only rescatters with the atomic poten-
acceleration. Dashed line: bound-continuum contributions. Dotted.

line: bound-bound contributions. Dotted-dashed line: continuum-lalbbu:hrea”t)r/] recr:)mzlng]s t? thehgrounq state. to be th
continuum contributions. n e other hana, € Iow harmonics appear 10 be e

result of several mechanisms, depending very much on the
the Xpp(t) Spectrum. This can be seen in Fig. 6, where the'potential in question. Our analysis shows that indeed the ex-
bb ' C cited bound states play a significant role in the properties of

spectra foixpp(t), Xpe(t), andx(t) |n the \'/’elocity gauge aré hese lower harmonics, in agreement with the interpretation
presented. The full line gives the “exact” result, the same a f some of the results if25,26

the dashed line in Fig. 1. The key point of the present figure
is that the various projection contributioft®ound-bound and
bound-continuurmare much larger than the full resulthe
continuum-continuum contribution is roughly of the order of
magnitude of the full result This indicates that the projec- t
tions in the velocity gauge cannot be expected to yield muclg
physical information individually, since they cancel each
other to a large extent when summed to give the full result

— 1 - T T T maximum field strengthE(t)=E,. These results are obvi-
09 F - (a) ously unphysical, when viewed in a quasistatic field picture.
i ':; :I‘. n i This justifies the gauge transformation introduced in the
0.7 IT:“-"E :'E I:'-I . present analysis. Stud_ies.concerning the gauge dependence
{,: -: -:I:.: :-,-". | of tlme-dependent prOJectlons were also performed 2%}
04 -E E Z :. ” } 1;_ within the context of population transfer.
— e s o : .
£ HEa HE ¥ 4 IV. CONCLUSIONS
S o2y i3 i :
g ' We wish to draw the following qualitative conclusions on
§ high-harmonic generation, based on the results within our
o 0.0 projection method.
;—f — There is no significant qualitative influence on either low-
o 09 . or high-harmonic generation from the long-range shape of
é (b) the potential. In other words, for long-range potentials, the
©
I

Specifically, for an atom with only two deeply bound
states, the bound-bound transitions play the dominant role in
the generation of harmonics at the low-energy side of the
plateau. Similar results were also obtained B}y However,
he plateau and cutoff ab,y+3Up reported in this publica-
ion are absent in our computation. It should be noted that we
do take recombination into account for the amplitu@gét).
. X Only in the velocity gauge, for which the time dependence of
Moreover, perfprmmg the wavelet analysis fqrthe present,q ground- and excited state populations yields unphysical
case, shown n Fig.(@ for the plateau harmonics, one ob- results, are a plateau and a cutoff within this frequency re-
serves that thex,,(t) contribution is similar to the fulk(t),  gime observed. The mechanism of harmonic generation in a
whereas the,(t) wavelet is completely out of phase with two-level atom leads to a temporal structure in the low-
the full result. This appears to lead to the conclusion that, foharmonic generation, which is completely out of phase with
atoms with strongly coupled bound states, the bound-bounthe main process of harmonic generation in a spatially ex-
transitions play a very important role in the generation oftended atom.
plateau harmonics. However, it must be noted that, as shown In the low-frequency regime we observe strikingly differ-
in Fig. 7(b), all the contributiongalthough most prominently ent bound-bound and two-level atom spectra and wavelet
the bound-free contributionreproduce the return timé¢  transforms. The spectra can be made to appear more similar
=0.5T at the cutoff. if one chooses much higher ionization rates in the two-level
Considering the ground-state and excited-state populaatom model. This indicates that the high-frequency compo-
tions obtained by projecting the velocity-gauge wave funcnents in the amplitude€,(t) of the bound states from the
tion, shown as the thin lines in Fig. 2, the former presentdull solution are very different from the corresponding com-
maxima for timest=0.25T modulo 0.5, corresponding to ponents in the amplitudes from the two-level atom model,
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due to the contribution of the continuum states in the dynamharmonic frequency increases, the three-step model becomes
ics of the driven atom, even though the dynamics involveghe appropriate picture for the high-harmonic generation pro-
primarily only a charge oscillation between the lowest twocess.
bound states. A critical influence of the bound-state popula-
tion transfers on harmonic generation was also observed by
[29], as well as ionization-related effects in the bound-state
population dynamics. C.F.M.F. was supported by the DAAD and M.D. was sup-
For the particular case of an atom with only two stronglyported in part by the Deutsche Forschungs—Gemeinschaft.
coupled bound states, we conclude that the low harmonicshe authors are grateful to W. Becker, E. Conejero Jarque,
are not well represented by a two-level atom. Even the inand L. Plaja for useful discussions. We are indebted to R.
sertion of effective ionization rates yields a completely inap-Kopold and W. Becker for suggesting the mechanism of
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