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We analyze the criticality of an Ising Gross-Neveu-Yukawa (GNY) theory of Ny Dirac fermion
valleys with intra- and inter-valley interactions, using a renormalization-group analysis in 4 — €
space-time dimensions to one-loop order. The conventional GNY fixed point of decoupled valleys
is unstable against inter-valley fluctuations which are naturally present if the symmetry breaking is
driven by short-ranged interactions. At the new fixed point, the critical exponents differ from the
conventional GNY universality. Most importantly, Lorentz invariance is broken due to interference
effects resulting from the relative rotation between valley coordinate frames. In the limit of large
Ny the critical fixed point with finite inter-valley coupling remains stable but Lorentz invariance is

asymptotically restored.

I. INTRODUCTION

Dirac fermions were first introduced in high-energy
physics as fields used to construct Lorentz-invariant La-
grangians within the Standard Model [1]. Massless Dirac
fermions also arise in condensed matter systems, such as
graphene [2], topological Weyl and Dirac semimetals in
three-dimensional solids [3], and in Dirac quantum spin
liquids [4, 5], where fermionic spinons emerge through
fractionalization of spin degrees of freedom. The emer-
gence of Dirac fermions in the low-energy spectra of quan-
tum material is a result of the underlying lattice symme-
tries, such as sublattice and point-group symmetries [1].

In the presence of sufficiently strong short-ranged re-
pulsive interactions, Dirac semimetals are known to be-
come unstable towards symmetry breaking, resulting in
the opening of a mass gap at the Dirac points. The type
of order depends on the nature of the microscopic inter-
actions, e.g. for the half-filled Hubbard model on the
honeycomb lattice with competing interactions, a vast
array of phases were found [6], including antiferromag-
netism, different types of charge order, Kekule phases,
and topological quantum Hall states.

The critical behavior of such quantum phase transi-
tions can be described by Gross-Neveu-Yukawa (GNY)
field theories similar to that which describes chiral sym-
metry breaking and spontaneous mass generation in high-
energy physics [7, 8]. In the condensed matter setting
[9-11], the bosonic order parameter field is introduced
through a Hubbard-Stratonovich decoupling of a four-
fermion vertex in the appropriate channel. The resulting
GNY theories can differ by the dimensionality, type of
Yukawa coupling in the fermion-flavor space and by the
number of order-parameter components.

The Nielsen-Ninomiya theorem requires chiral
fermions on a lattice to appear in pairs [12, 13]. How-
ever, this theorem relies on assumptions including
locality, hermiticity, periodicity, bilinearity, and chiral
symmetry [12]. Allowing long-range hopping relaxes
the locality assumption. For example, SLAC fermions
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FIG. 1. (a) Hexagonal Brillouin zone with Dirac valleys at the
three M points, as observed at the topological phase transi-
tion of the Kitaev QSL in magnetic field along the [111] di-
rection [16-19]. The directors 7a; determine the orientation of
the local coordinate frames. (b) Generalization to Ny Dirac
points, where the directors of neighboring valleys enclose an
angle of 6§ = w/Ny.

[14, 15] provide a construction in which the fermion-
doubling problem is circumvented while chiral symmetry
remains preserved.

Furthermore, recent studies [16-19] of the Kitaev hon-
eycomb model in a magnetic field along the [111] direc-
tion showed that at the topological phase transition the
spinon gap closes at the three M points of the hexagonal
Brillouin zone [see Fig. 1(a)]. Using a strong-coupling
renormalization-group (RG) analysis of the critical GNY
field theory with three Dirac valleys and both intra- and
inter-valley fluctuation fields [17], it was shown that the
inter-valley interactions change the universality of the
transition. Most importantly, they lead to a breaking of
Lorentz invariance through interference effects caused by
the different relative orientations of the local coordinate
frames.

In the study of symmetry-breaking phase transitions
of Dirac semimetals the coupling between valleys is usu-
ally neglected and the valley index is simply included in
the number of featureless fermion flavors, justifying large
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N approximations. However, the quantum phase transi-
tions are typically driven by short-range interactions such
as local Hubbard repulsions. The locality of interactions
on the lattice will necessarily lead to inter-valley coupling
in momentum space.

In this article we will investigate an Ising GNY field
theory of Ny Dirac valleys with both intra- and inter-
valley fluctuation fields. We use an € expansion below
3 + 1 space-time dimensions to systematically study the
RG flow in the space of the two Yukawa couplings and
relevant bosonic interaction vertices. Our results show
that the Lorentz invariant GNY fixed point with decou-
pled valleys is unstable against inter-valley coupling, re-
sulting in a new critical fixed point where both Yukawa
couplings are finite and Lorentz invariance is broken.

The remainder of this paper is organized as follows. In
Sec. II we introduce the Ising GNY theory of Ny Dirac
valleys with bosonic inter- and intra-valley fluctuation
fields and various bosonic interaction vertices. In Sec. IT1
we present our RG analysis of the theory. We derive ex-
pressions for the anomalous dimensions of the fields and
the dynamical critical exponent, and RG equations for
the boson velocities, Yukawa couplings and bosonic ver-
tices in 4 — € dimensions to one-loop order. Finally, we
derive the RG equations for the mass terms of the fluc-
tuation fields, allowing us to compute correlation-length
exponents. The results deduced from the RG analysis
are presented in Sec. IV and discussed in Sec. V.

II. EFFECTIVE FIELD THEORY

Our model is motivated by the low-energy behavior at
the field-driven topological phase transition of the Ki-
taev model, which shows three Dirac valleys at the M
points in the hexagonal Brillouin zone, as illustrated in
Fig. 1(a), and necessarily contains both intra- and inter-
valley interactions [17]. Here we will study a continuum
field theory with an arbitrary number of Ny > 3 coupled
valleys [Fig. 1(b)]. The orientations of the local coordi-
nate frames of the valleys are described by the directors
n;. We introduce an additional relativistic momentum
direction to facilitate a 4 — € expansion.

The zero-temperature free Dirac fermion action is
given by

So[tp, ] —iko + [(7; % &3) - klm

Z / ok
(i R)ve + (&5 R)vs pun(R), (1)

where k = (ko, k)T is the four-component frequency-
momentum vector, ¢ labels the Dirac valleys, and we use
gamma matrices 7y, in pseudo-spin space. The valleys
have rotated coordinate frames to one another, described
by directors fi; = (—sin;, cos6;,0)” in the k,-k, plane,
where 0; = im /Ny, and &3 = (0,0,1)7 is the unit vector
along k.

We will next consider a Yukawa coupling of the Dirac
fermions to an Ising order parameter field. Since the
interactions are short ranged, both inter- and intra-
valley fluctuations will be important. On the full two-
dimensional Brillouin zone the fluctuations in the mass
channel are of the form ®(Q)(K)y41(K+Q), where we
have dropped the dependence on frequencies for brevity.
In the low-energy theory, we consider momentum patches
close to the M points, K = M, + k, and define (K) =
P(M; + k) = (k). For the momentum transfer we
write Q = Q;; + q where Q;; = M; — M; and q is
small. Defining the intra-valley fluctuation fields (i = j)
as ®(Qi; +q) = ©(q) = ¢(q) and the inter-valley fluctu-
ation fields (i # j) as ®(Q;; +q) = ¢;;(q), the Yukawa
couplings can be written as

Sg = Z/ ¢ @wz '7411b1(k + ‘nv (2)
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We have rescaled the intra-valley Yukawa coupling g4 by
a factor of \/]\Tp since the same boson field couples to all
valleys. We further assume that only neighboring valleys
are coupled to reduce the number of coupling constants.
The bosonic fluctuation fields satisfy ¢*(k) = ¢(—k) and
<p;§i+1(12) = <,0¢+1,i(—E)- The quadratic actions for the
bosonic fluctuation fields are given by
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The independent in-plane velocities ¢4 and c, are re-
quired to account for the interference effects due to the
rotation of local coordinate frames. The quartic inter-
action vertices of the bosonic fluctuation fields are given
by
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FIG. 2. Feynman diagrams that correspond to (a) fermionic
self-energy corrections, (b) bosonic self-energy corrections,
and (c) the renormalization of the Yukawa vertices. The
solid lines represent fermionic Grassmann fields, wiggly lines
bosonic intra- and inter-valley fluctuation fields.

III. RENORMALIZATION GROUP ANALYSIS

We perform a renormalization-group (RG) analysis

of the action S[tp, 1,0, 0] = Solth, ] + Solo,¢] +
Syl 1, b, @] + Sx[9, ] to one-loop order to obtain the
scale dependence of the Yukawa couplings g4 and g, the
velocities cg and ¢y, and the bosonic interaction vertices

Ags Ap and X. To do so, we integrate out UV modes
from the infinitesimal frequency-momentum shell below
the cut-off A,
Ae™™ < gl < A, (6)
followed by a rescaling of frequency and momenta,
k1o — e %k o, koz — e kg 3, (7)
and fields,
P e B gy R[22, (8)
The momentum component k3, perpendicular to the

plane of Dirac valleys, scales in the same way as frequency
ko, while z denotes the dynamical exponent.

A. Fermion Self-Energy Corrections

We start by computing the fermion self-energy correc-
tions d3; to the inverse fermion propagator at valley 1,
corresponding to the diagram shown in Fig. 2(a). The
contributions from intra- and inter-valley fluctuations are
given by the following integrals over the infinitesimal
frequency-momentum shell defined in Eq. (6),

am(h) = 5 / G @1G(F + D (9)
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is the fermion Green function in valley ¢ and

1
Gop(q) =
v a5 + 3, (a7 +a3) + a3

(11)

are the bosonic fluctuation propagators. Performing a
Taylor expansion in outer frequency and momenta k to
linear order, the fermion self-energy can be written in the
form

d2i(k) = —ikoSodl + [(7; x &3) - k]y1E1dl
+(7i - k)y2X2dl + (€3 - k)ysEadl, (12)

with shell integrals ¥,d¢ that can be easily computed us-
ing four-dimensional spherical coordinates, gy = ¢q cos ¢1,
g3 = gsin ¢y cos ¢z, g1 = gsin ¢y sin @ cos?, and ¢ =
gsin ¢ sin g sin over the range ¢1,¢2 € [0,7], ¥ €
[0,27] and ¢ € [Ae~9 A] with volume element dV =
¢° sin? ¢y sin ¢o depy dpo d¥ dq. The resulting self-energy
coefficients are

2Ac
Yo = M3 = %wao(ci) + QQZAch(C?a), (13)

2

B = % = B0 () + 2020 () cos(0).(14)
The inter-valley contribution to ;s contains a factor
cos(f), where 6 is the angle between neighboring Dirac
valleys. This arises from the relation n;_1 + ;41 =
2 cos(f)n;.

For brevity, we have defined A, = S4/(2m)* with
Sy = 272 the surface area of the four-dimensional unit
sphere. This factor appears in all shell integrals and can
be scaled out of the theory by rescaling the Yukawa cou-
plings, g — g%/A. and bosonic interactions, A — \/A.,
which we will use in the following.

The functions fy and f; are defined through two-
dimensional angular integrals, e.g.

T ™ o4 a3
folc?) = 1/0 d¢1/0 d@lf(l““ P80 o

s — ¢2)sin” ¢y sin? ¢y

2 2
_ (1—1¢%) lnc7 (15)
(1—¢?)?
and fi(c®) = 1—cfo(c?).
1/2.

Under RG our free fermion action must remain invari-
ant after including the loop corrections and the rescaling
of frequency, momenta and fields. This leads to the si-
multaneous equations

Note that lim.z_,; fi(Cz) =

32 Ayt = 0, (16)
—22—3—A¢+21 = 0, (17)

from which we obtain the dynamical exponent,

Z = 1—|—20—21
2
- 1+% [fo(c3) — f(c2)]

+293 [fo(cl) = fi(c3) cos(0)] (18)



and the fermion anomalous dimension,
Thy = 321 - 220
9¢2 2 2
+2gi [3f1 (ci) cos(6) — 2f0(ci)] , (19)

where the fermion field rescales with Ay = —5 4 ny.

B. Boson Propagator Renormalization

The corrections to the boson propagators are described
by the Feynman Diagrams in Fig. 2(b). The resulting
self-energy corrections to the propagators of the intra-
and inter-valley fluctuations are given by

Ny

Iy(9)de = NwA Z/ Gi(k)v4Gy(F + §)va (20)
2 (> . .
H<p((j’)d€ = 2A—W/E G;(k)v1Giv1(k + Qv (21)

492 (g8 + cos(0)(qF + 3) + 3] dt,

where we have performed a Taylor expansion to second
order in the external frequency and momenta ¢ and sub-
tracted the ¢ = 0 contribution for regularization. Con-
tractions of the bosonic interaction vertices only con-
tribute to the mass renormalization of the fluctuation
fields, which will be considered later.

Combining with the rescaling and requiring that the
coefficients of the ¢2 and ¢3 terms in the propagators re-
main constant under the RG, we obtain Ay = —4z —
24 2g7 and A, = —4z — 2 4 4g7, for the scaling di-
mensions of the intra- and inter-valley fluctuation fields.
From Eq. (18) for the dynamical exponent z it follows

that Ay , = —6 + 14/, with anomalous dimensions
g
Ng = 29¢ 41\2 [fo( - C¢} (22)
—892 [fo(c2) = fi(e )005(9)]
f1 C¢ ] (23)

Ne = 49<,;—4 [fo
,&% [fo(c) fi(e )cos(@)]

With the above conventions, the velocity renormaliza-
tion is determined by the RG equations

dcg 2 2 2
de, 2 2 2
o = 2(z — 1) +4g2 [cos() — 3], (25)

where z = z(ci, 2, 94, 9,) is defined in Eq. (18).

@

FIG. 3. Feynman diagrams that correspond to the renor-
malization of bosonic interaction vertices by the (a) Yukawa
couplings and (b) the bosonic interactions. (c) Diagrams that
generate mass terms of the bosonic fluctuation fields.

C. Renormalization of the Yukawa Couplings

The Yukawa couplings are renormalized by diagrams
shown in Fig. 2(c). The loop correction to the intra-valley
Yukawa coupling g4 is given by

s = §o / Gol@GDNG @ (20)

2949,

+ 3, /@ Go(DGi(§)V1Gi(Q)v4

while the corrections for the inter-valley Yukawa coupling
g is

dgo = 5= | Co@GDM(Git + G (@ (2)

2 >
6?\?52 [ Gy (DGi(D)V4(Giz1 + Gig1)(D)va
e Jq
= —gf; [fo(ci) cos(0) + fl(ci)] ¢

g‘“"” [ fo(c2) cos(8) + fa(c2)] d.

+

Combining with the rescaling and inserting the expres-
sions for z (18), ny (19), ns (22) and 7, (23), we obtain
the following RG equations in 4 — € space-time dimen-



sions,

dg;, ) folc2) +2f1(c2)

Bl )20 I L. A 2
aw ~ e + Ny 9e (28)

2 () + A1) 1+ Beos(6)] g2o?,

dgf, 2 2 2 2 2 2

o = e~ m [fo(%) cos(0) +4f, (c¢)] 959, (29)
-2 [2 + fo(Ci) cos(0) + fl(ci) 1+ 2005(9)]] gf;.

Note that the bosonic interaction vertices g, Ay, and

X don’t contribute to the renormalization of the Yukawa
couplings and critical boson propagators.

D. Renormalization of Boson Vertices

The renormalization of the quartic bosonic interaction
vertices is given by the diagrams shown in Fig 3 (a) and
(b). Their calculation is straightforward and results in
the following set of coupled RG equations,

dAy
= Pet20E-1A - 4950 (30)
Loy 365 Nygo
Bl S AT P
NI T @ T g
X, )
o €A +2(2 — DA, — 892, (31)
1 10 1 -
+3 [cos(260) + 4 cos(0) — 1] gy — 2 A2 - ?AZ’
14 @
d\ . < .
v EA+2(2 — 1A —2(gg + 29,)A (32)
6.~ 2. <
2 2

74[)(635, C?p)j‘27

where z = z(ci,ci,gqg,g(p), as defined in Eq. (18). The
function

In(c2/c2)
oot = (33)
©

in the RG equation for X arrises from angular integration.
Note that in the limit ci — ci the function approaches

2
the value 1/c;.

E. Mass Renormalization and Correlation-Length
Exponents

Finally, we compute the renormalization of the masses
m7 and m?, of the fluctuation fields by the bosonic in-
teraction vertices, corresponding to the diagrams shown

in Fig. 3(c). Combining the loop corrections with the
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FIG. 4. RG flow of the intra- and inter-valley Yukawa cou-
plings g4 and g, for Ny = 3 valleys. For other Ny the
same qualitative behavior is observed. The critical GNY fixed
point Pr(nl) in the GNY theory of decoupled valleys is unsta-
ble against inter-valley coupling, leading to the formation of
a new critical fixed point P..

rescaling, to leading order, we obtain coupled RG equa-

tions
d(mé) B (mg,)
ANl U SR A Y
(34)

where the anomalous dimensions 74 and 7, are given
in Egs. (22) and (23), respectively. The eigenvalues of
the above 2x2 coefficient matrix, evaluated at the critical
fixed point, correspond to the inverse correlation-length
exponents 1/v1 and 1/vs.

gnw‘ >

IV. RESULTS

Since the bosonic interaction vertices Ay, Ay, and A do
not contribute to the renormalization of the Yukawa cou-
plings or critical boson propagators, we first analyze the
RG flow and fixed point behavior of the RG equations
for the boson velocities ¢, (24), 2, (25) and Yukawa cou-
plings g?b (28), gi (29).

For any given number Ny, > 3 of Dirac fermion valleys
with a corresponding angle § = /Ny, between adjacent
valleys, we numerically determine the fixed points of the
four coupled RG equations. The values of ci, ci, gi
and ¢2 at the critical fixed point are then inserted into
Egs. (18), (19), (22) and (23) to determine the dynamical
critical exponent z and the anomalous dimensions 7y, 74
and 7, of the fermion and boson fields.

In addition to the non-interacting fixed point Py we
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FIG. 5. (a) Intra- and inter-valley Yukawa coupling constants
gi and gi at the critical fixed point P. as a function of the
number Ny of Dirac valleys. For comparison, the N, de-
pendence of the critical Yukawa gﬁ(gi = 0) in a theory of
decoupled valleys is shown in black. (b) The dynamical ex-
ponent z and velocities ¢4 and ¢, of intra- and inter-valley
fluctuations as a function of Ny. Note that we have rescaled
the order € correction to z by a factor of 20. The anoma-
lous dimensions 7y of the fermion field and 74 and 7, of the
bosonic fluctuations fields are shown in panels (c) and (d),
respectively.

find two metastable critical points, Pr(nl)(gi #* 0,g<2p =0)

and R(nz)(gﬁ5 = 0,93J # 0), and a stable critical point
Pc(gi #+ O,Qi # 0), as illustrated in Fig. 4 for Ny, = 3.
The behavior remains qualitatively the same for larger
values of Ny.

In Fig. 5(a) the values of the Yukawa couplings g7, g2
at the critical point P, are shown as a function of Ny, in
comparison to the value gi at the GNY fixed point P7(nl )

of decoupled valleys (g?{J = 0). For large Ny, we obtain
analytic expressions up to order 1/Ny,

9 | T€ 83 2 _€(; 3

9o = 94 (1 72Nw> P Je Ty (1 72N¢) - (3)

As shown in Fig. 5(b), the velocities at P, take values
¢z > 1and ¢ < 1 and the dynamical exponent z > 1
for all values of Ny, indicating a breaking of Lorentz
invariance. In the limit Ny, — oo, Lorentz invariance is
restored, ci, c?o — 1 and z — 1. Note that the corrections
to the asymptotic values are of order 1 /Ni and arise
from the expansion of the factors cos(f) = cos(m/Ny).
This shows that the breaking of Lorentz invariance is a
consequence of the misalignment of the coordinate frames
of neighboring Dirac valleys.
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FIG. 6. (a) Critical values of the bosonic interactions Ag, Ay,
and )\ at the GNY fixed point P. as a function of Ny. For
comparison, the coupling strength >\<1>(93: = 0) of the ¢* vertex
in the GNY theory with decoupled valleys is shown in black.
(b) The correlation length exponents v and v as a function
of Nw .

The Ny dependence of the anomalous dimension 7, of
the fermion field and of the anomalous dimensions 14 and
n, of the fluctuation fields at P, is shown in Figs. 5 (c)
and (d), respectively. In the limit N, — oo the anoma-
lous dimensions approach finite, non-zero values, given
by the expressions

€ 49
~ (1o 2
w1~ ) (36)

for the fermion anomalous dimension and

Te 83 € 35
~ (o 22 SR 37
12( 72Nw>’”” 2( 72N¢,> (87)

for the boson anomalous dimensions.

U

We now turn our attention to the coupled RG equa-
tions (30), (31) and (32) for the bosonic vertices Ag, A,

and A. For any given IV, we insert the numerically deter-

mined values of the Yukawa couplings g3, g2 and boson

velocities cé, cf, at the stable critical point P,, as well

as the resulting value of the dynamical exponent z. We
then numerically determine all non-trivial fixed points
for (Mg, Ay, A) and analyze their stability. For N, > 4
we find one stable fixed point of the boson interactions.
However, for Ny, = 3 the stable fixed point is lost, which
could be an artifact of the perturbative RG treatment
and may change at higher-loop order. The runaway flow
could also indicate first-order behavior.

In Fig. 6(a), the values of Ay, A, and A are shown as
a function of IV, > 4 and compared to the value of Ay
in the GNY theory of decoupled Dirac valleys (gi =0).
Their asymptotic behavior for large Ny, is described by



the expressions
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Finally, for N, > 4, where a stable critical point ex-
ists, we compute the inverse correlation length exponents
vyt and v ' of bosonic fluctuations from the eigenvalues
of the 2x2 matrix in Eq. (34), evaluated at the critical
point. The resulting behavior is shown in Fig. 6(b) and
the asymptotic forms are given by

15+ 2v30  7(3 +2/30)
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V. DISCUSSION

In this work, we have investigated the effects of
inter-valley coupling on the quantum criticality of Dirac
fermions. Interactions between different Dirac valleys in
momentum space are unavoidable since phase transitions
are typically driven by short range interactions in an un-
derlying lattice model [6]. Our work was motivated by
the occurrence of a field-driven topological phase transi-
tion in the Kitaev QSL, at which Dirac points of emergent
fermions form at the three M points in the Brillouin zone
[16-19].

We have analyzed an Ising GNY theory with intra-
and inter-valley fluctuations, using a momentum shell RG
and performing an e expansion below four space-time di-
mensions to one-loop order. In contrast to the previous
large-N RG approach in 241 dimensions [17], where a

GNY fixed point with finite inter-valley coupling is pos-
tulated and scale invariance of the Yukawa couplings at
criticality utilized, the present 4 — € expansion allows for
an unbiased analysis of the scale dependence of intra- and
inter-valley Yukawa couplings.

We have generalized to a situation of Ny > 3 Dirac
valleys arranged on a ring in momentum space, with a
relative angle § = 7/N,, between the coordinate frames
of neighboring valleys. For simplicity, we have restricted
inter-valley interactions to adjacent valleys to reduce the
number of coupling constants. We have numerically de-
termined fixed points and critical exponents for any given
value of IV, and derived analytic expressions in the large-
N, limit up to order 1/N,.

In the absence of inter-valley coupling, g, = 0, we re-
cover the standard 4 — e results for the Ising GNY theory
[8-10]. However, our results show that the critical fixed
point in the GNY theory of decoupled valleys is unsta-
ble against small inter-valley coupling, resulting in a new
critical fixed point P, with finite intra- and inter-valley
Yukawa couplings.

At P, the critical exponents are significantly differ-
ent from those of the conventional GNY theory. Most
importantly, the dynamical exponent acquires a value
z > 1, indicating the breaking of Lorentz invariance.
This is a result of interference effects from the relative
rotation of coordinate frames of adjacent valleys. In the
large- Ny, limit, Lorentz-violating effects are progressively
suppressed, and the velocities of the bosonic fluctuation
fields as well as the dynamical exponent asymptotically
approach 1. In this limit, we further find that both
Yukawa couplings flow to finite values, while only the
inter-valley quartic vertex remains finite, with all other
quartic couplings vanishing. The critical exponents ap-
proach finite values that differ from those of the purely
intra-valley GNY theory [8-10]. This demonstrates that
the inclusion of inter-valley couplings leads to a univer-
sality class distinct from that of the standard Ising GNY
theory.

In future studies it would be interesting to investigate
the effects of inter-valley coupling at higher-loop order
and to consider different order-parameter symmetries. In
the context of U(1) Dirac QSL one could also include
the gauge fields via minimal coupling and study their
interplay with intra- and inter-valley fluctuations.
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