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We analyze the criticality of an Ising Gross-Neveu-Yukawa (GNY) theory of Nψ Dirac fermion
valleys with intra- and inter-valley interactions, using a renormalization-group analysis in 4 − ϵ
space-time dimensions to one-loop order. The conventional GNY fixed point of decoupled valleys
is unstable against inter-valley fluctuations which are naturally present if the symmetry breaking is
driven by short-ranged interactions. At the new fixed point, the critical exponents differ from the
conventional GNY universality. Most importantly, Lorentz invariance is broken due to interference
effects resulting from the relative rotation between valley coordinate frames. In the limit of large
Nψ the critical fixed point with finite inter-valley coupling remains stable but Lorentz invariance is
asymptotically restored.

I. INTRODUCTION

Dirac fermions were first introduced in high-energy
physics as fields used to construct Lorentz-invariant La-
grangians within the Standard Model [1]. Massless Dirac
fermions also arise in condensed matter systems, such as
graphene [2], topological Weyl and Dirac semimetals in
three-dimensional solids [3], and in Dirac quantum spin
liquids [4, 5], where fermionic spinons emerge through
fractionalization of spin degrees of freedom. The emer-
gence of Dirac fermions in the low-energy spectra of quan-
tum material is a result of the underlying lattice symme-
tries, such as sublattice and point-group symmetries [1].

In the presence of sufficiently strong short-ranged re-
pulsive interactions, Dirac semimetals are known to be-
come unstable towards symmetry breaking, resulting in
the opening of a mass gap at the Dirac points. The type
of order depends on the nature of the microscopic inter-
actions, e.g. for the half-filled Hubbard model on the
honeycomb lattice with competing interactions, a vast
array of phases were found [6], including antiferromag-
netism, different types of charge order, Kekule phases,
and topological quantum Hall states.

The critical behavior of such quantum phase transi-
tions can be described by Gross-Neveu-Yukawa (GNY)
field theories similar to that which describes chiral sym-
metry breaking and spontaneous mass generation in high-
energy physics [7, 8]. In the condensed matter setting
[9–11], the bosonic order parameter field is introduced
through a Hubbard-Stratonovich decoupling of a four-
fermion vertex in the appropriate channel. The resulting
GNY theories can differ by the dimensionality, type of
Yukawa coupling in the fermion-flavor space and by the
number of order-parameter components.

The Nielsen-Ninomiya theorem requires chiral
fermions on a lattice to appear in pairs [12, 13]. How-
ever, this theorem relies on assumptions including
locality, hermiticity, periodicity, bilinearity, and chiral
symmetry [12]. Allowing long-range hopping relaxes
the locality assumption. For example, SLAC fermions
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FIG. 1. (a) Hexagonal Brillouin zone with Dirac valleys at the
three M points, as observed at the topological phase transi-
tion of the Kitaev QSL in magnetic field along the [111] di-
rection [16–19]. The directors n̂i determine the orientation of
the local coordinate frames. (b) Generalization to Nψ Dirac
points, where the directors of neighboring valleys enclose an
angle of θ = π/Nψ.

[14, 15] provide a construction in which the fermion-
doubling problem is circumvented while chiral symmetry
remains preserved.

Furthermore, recent studies [16–19] of the Kitaev hon-
eycomb model in a magnetic field along the [111] direc-
tion showed that at the topological phase transition the
spinon gap closes at the three M points of the hexagonal
Brillouin zone [see Fig. 1(a)]. Using a strong-coupling
renormalization-group (RG) analysis of the critical GNY
field theory with three Dirac valleys and both intra- and
inter-valley fluctuation fields [17], it was shown that the
inter-valley interactions change the universality of the
transition. Most importantly, they lead to a breaking of
Lorentz invariance through interference effects caused by
the different relative orientations of the local coordinate
frames.

In the study of symmetry-breaking phase transitions
of Dirac semimetals the coupling between valleys is usu-
ally neglected and the valley index is simply included in
the number of featureless fermion flavors, justifying large
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N approximations. However, the quantum phase transi-
tions are typically driven by short-range interactions such
as local Hubbard repulsions. The locality of interactions
on the lattice will necessarily lead to inter-valley coupling
in momentum space.

In this article we will investigate an Ising GNY field
theory of Nψ Dirac valleys with both intra- and inter-
valley fluctuation fields. We use an ϵ expansion below
3 + 1 space-time dimensions to systematically study the
RG flow in the space of the two Yukawa couplings and
relevant bosonic interaction vertices. Our results show
that the Lorentz invariant GNY fixed point with decou-
pled valleys is unstable against inter-valley coupling, re-
sulting in a new critical fixed point where both Yukawa
couplings are finite and Lorentz invariance is broken.

The remainder of this paper is organized as follows. In
Sec. II we introduce the Ising GNY theory of Nψ Dirac
valleys with bosonic inter- and intra-valley fluctuation
fields and various bosonic interaction vertices. In Sec. III
we present our RG analysis of the theory. We derive ex-
pressions for the anomalous dimensions of the fields and
the dynamical critical exponent, and RG equations for
the boson velocities, Yukawa couplings and bosonic ver-
tices in 4 − ϵ dimensions to one-loop order. Finally, we
derive the RG equations for the mass terms of the fluc-
tuation fields, allowing us to compute correlation-length
exponents. The results deduced from the RG analysis
are presented in Sec. IV and discussed in Sec. V.

II. EFFECTIVE FIELD THEORY

Our model is motivated by the low-energy behavior at
the field-driven topological phase transition of the Ki-
taev model, which shows three Dirac valleys at the M
points in the hexagonal Brillouin zone, as illustrated in
Fig. 1(a), and necessarily contains both intra- and inter-
valley interactions [17]. Here we will study a continuum
field theory with an arbitrary number of Nψ ≥ 3 coupled
valleys [Fig. 1(b)]. The orientations of the local coordi-
nate frames of the valleys are described by the directors
n̂i. We introduce an additional relativistic momentum
direction to facilitate a 4− ϵ expansion.

The zero-temperature free Dirac fermion action is
given by

S0[ψ̄,ψ] =

Nψ∑
i=1

∫
k⃗

ψ̄i(k⃗)
{
− ik0 + [(n̂i × ê3) · k]γ1

+(n̂i · k)γ2 + (ê3 · k)γ3
}
ψi(k⃗), (1)

where k⃗ = (k0,k)
T is the four-component frequency-

momentum vector, i labels the Dirac valleys, and we use
gamma matrices γµ in pseudo-spin space. The valleys
have rotated coordinate frames to one another, described
by directors n̂i = (− sin θi, cos θi, 0)

T in the kx-ky plane,
where θi = iπ/Nψ, and ê3 = (0, 0, 1)T is the unit vector
along kz.

We will next consider a Yukawa coupling of the Dirac
fermions to an Ising order parameter field. Since the
interactions are short ranged, both inter- and intra-
valley fluctuations will be important. On the full two-
dimensional Brillouin zone the fluctuations in the mass
channel are of the form Φ(Q)ψ̄(K)γ4ψ(K+Q), where we
have dropped the dependence on frequencies for brevity.
In the low-energy theory, we consider momentum patches
close to the M points, K = Mi + k, and define ψ(K) =
ψ(Mi + k) ≡ ψi(k). For the momentum transfer we
write Q = Qij + q where Qij = Mj − Mi and q is
small. Defining the intra-valley fluctuation fields (i = j)
as Φ(Qii+q) = Φ(q) = ϕ(q) and the inter-valley fluctu-
ation fields (i ̸= j) as Φ(Qij + q) = φij(q), the Yukawa
couplings can be written as

Sg =
gϕ√
Nψ

Nψ∑
i=1

∫
k⃗,q⃗

ϕ(q⃗) ψ̄i(k⃗)γ4ψi(k⃗ + q⃗), (2)

+gφ

Nψ∑
i=1

∫
k⃗,q⃗

{
φi,i+1(q⃗) ψ̄i(k⃗)γ4ψi+1(k⃗ + q⃗)

+φi+1,i(q⃗) ψ̄i+1(k⃗)γ4ψi(k⃗ + q⃗)
}
. (3)

We have rescaled the intra-valley Yukawa coupling gϕ by

a factor of
√
Nψ since the same boson field couples to all

valleys. We further assume that only neighboring valleys
are coupled to reduce the number of coupling constants.

The bosonic fluctuation fields satisfy ϕ∗(k⃗) = ϕ(−k⃗) and

φ∗
i,i+1(k⃗) = φi+1,i(−k⃗). The quadratic actions for the

bosonic fluctuation fields are given by

S0[ϕ, φ] =
1

2

∫
q⃗

[
q20 + c2ϕ(q

2
1 + q22) + q23

]
|ϕ(q⃗)|2 (4)

+
1

2

Nψ∑
i=1

∫
q⃗

[
q20 + c2φ(q

2
1 + q22) + q23

]
|φi,i+1(q⃗)|2.

The independent in-plane velocities cϕ and cφ are re-
quired to account for the interference effects due to the
rotation of local coordinate frames. The quartic inter-
action vertices of the bosonic fluctuation fields are given
by

Sλ =

∫
k⃗1 ,⃗k2 ,⃗k3 ,⃗k4

δ(k⃗1 + k⃗2 + k⃗3 + k⃗4)

×
{
λϕ ϕ(k⃗1)ϕ(k⃗2)ϕ(k⃗3)ϕ(k⃗4)

+λφ

Nψ∑
i=1

φi,i+1(k⃗1)φi+1,i(k⃗2)φi,i+1(k⃗3)φi+1,i(k⃗4)

+λ̃

Nψ∑
i=1

ϕ(k⃗1)ϕ(k⃗2)φi,i+1(k⃗3)φi+1,i(k⃗4)
}
. (5)
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FIG. 2. Feynman diagrams that correspond to (a) fermionic
self-energy corrections, (b) bosonic self-energy corrections,
and (c) the renormalization of the Yukawa vertices. The
solid lines represent fermionic Grassmann fields, wiggly lines
bosonic intra- and inter-valley fluctuation fields.

III. RENORMALIZATION GROUP ANALYSIS

We perform a renormalization-group (RG) analysis
of the action S[ψ̄,ψ, ϕ, φ] = S0[ψ̄,ψ] + S0[ϕ, φ] +
Sg[ψ̄,ψ, ϕ, φ] + Sλ[ϕ, φ] to one-loop order to obtain the
scale dependence of the Yukawa couplings gϕ and gφ, the
velocities cϕ and cφ, and the bosonic interaction vertices

λϕ, λφ and λ̃. To do so, we integrate out UV modes
from the infinitesimal frequency-momentum shell below
the cut-off Λ,

Λe−dℓ ≤ |q⃗| ≤ Λ, (6)

followed by a rescaling of frequency and momenta,

k1,2 → e−dℓk1,2, k0,3 → e−zdℓk0,3, (7)

and fields,

ψ → e−∆ψ/2dℓψ, ϕ → e−∆ϕ/2dℓϕ, φ → e−∆φ/2dℓφ. (8)

The momentum component k3, perpendicular to the
plane of Dirac valleys, scales in the same way as frequency
k0, while z denotes the dynamical exponent.

A. Fermion Self-Energy Corrections

We start by computing the fermion self-energy correc-
tions dΣi to the inverse fermion propagator at valley i,
corresponding to the diagram shown in Fig. 2(a). The
contributions from intra- and inter-valley fluctuations are
given by the following integrals over the infinitesimal
frequency-momentum shell defined in Eq. (6),

dΣi(k⃗) = −gϕ
2

Nψ

∫ >

q⃗

Gϕ(q⃗)γ4Gi(k⃗ + q⃗)γ4 (9)

−g2φ

∫ >

q⃗

Gφ(q⃗)γ4[Gi−1 +Gi+1](k⃗ + q⃗)γ4,

where

Gi(k⃗) =
ik0 + [(n̂i × ê3) · k]γ1 + (n̂i · k)γ2 + (ê3 · k)γ3

k⃗2
(10)

is the fermion Green function in valley i and

Gϕ/φ(q⃗) =
1

q20 + c2ϕ/φ(q
2
1 + q22) + q23

(11)

are the bosonic fluctuation propagators. Performing a

Taylor expansion in outer frequency and momenta k⃗ to
linear order, the fermion self-energy can be written in the
form

dΣi(k⃗) = −ik0Σ0dℓ+ [(n̂i × ê3) · k]γ1Σ1dℓ

+(n̂i · k)γ2Σ2dℓ+ (ê3 · k)γ3Σ3dℓ, (12)

with shell integrals Σµdℓ that can be easily computed us-
ing four-dimensional spherical coordinates, q0 = q cosϕ1,
q3 = q sinϕ1 cosϕ2, q1 = q sinϕ1 sinϕ2 cosϑ, and q2 =
q sinϕ1 sinϕ2 sinϑ over the range ϕ1, ϕ2 ∈ [0, π], ϑ ∈
[0, 2π] and q ∈ [Λe−dℓ,Λ] with volume element dV =
q3 sin2 ϕ1 sinϕ2 dϕ1 dϕ2 dϑ dq. The resulting self-energy
coefficients are

Σ0 = Σ3 =
gϕ

2Λc
Nψ

f0(c
2
ϕ) + 2g2φΛcf0(c

2
φ), (13)

Σ1 = Σ2 =
gϕ

2Λc
Nψ

f1(c
2
ϕ) + 2g2φΛcf1(c

2
φ) cos(θ). (14)

The inter-valley contribution to Σ1,2 contains a factor
cos(θ), where θ is the angle between neighboring Dirac
valleys. This arises from the relation n̂i−1 + n̂i+1 =
2 cos(θ)n̂i.
For brevity, we have defined Λc = S4/(2π)

4 with
S4 = 2π2 the surface area of the four-dimensional unit
sphere. This factor appears in all shell integrals and can
be scaled out of the theory by rescaling the Yukawa cou-
plings, g2 → g2/Λc and bosonic interactions, λ → λ/Λc,
which we will use in the following.
The functions f0 and f1 are defined through two-

dimensional angular integrals, e.g.

f0(c
2) =

1

π

∫ π

0

dϕ1

∫ π

0

dϕ2
sin4 ϕ1 sin

3 ϕ2

1− (1− c2) sin2 ϕ1 sin
2 ϕ2

=
−(1− c2)− ln c2

(1− c2)2
, (15)

and f1(c
2) = 1 − c2f0(c

2). Note that limc2→1 fi(c
2) =

1/2.
Under RG our free fermion action must remain invari-

ant after including the loop corrections and the rescaling
of frequency, momenta and fields. This leads to the si-
multaneous equations

−3z − 2−∆ψ +Σ0 = 0, (16)

−2z − 3−∆ψ +Σ1 = 0, (17)

from which we obtain the dynamical exponent,

z = 1 + Σ0 − Σ1

= 1 +
gϕ

2

Nψ

[
f0(c

2
ϕ)− f1(c

2
ϕ)
]

+2g2φ
[
f0(c

2
φ)− f1(c

2
φ) cos(θ)

]
, (18)
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and the fermion anomalous dimension,

ηψ = 3Σ1 − 2Σ0

=
gϕ

2

Nψ

[
3f1(c

2
ϕ)− 2f0(c

2
ϕ)
]

+2g2φ
[
3f1(c

2
φ) cos(θ)− 2f0(c

2
φ)
]
, (19)

where the fermion field rescales with ∆ψ = −5 + ηψ.

B. Boson Propagator Renormalization

The corrections to the boson propagators are described
by the Feynman Diagrams in Fig. 2(b). The resulting
self-energy corrections to the propagators of the intra-
and inter-valley fluctuations are given by

Πϕ(q⃗)dℓ =
g2ϕ

NψΛc

Nψ∑
i=1

∫ >

k⃗

Gi(k⃗)γ4Gi(k⃗ + q⃗)γ4 (20)

= 2g2ϕ|q⃗|2dℓ,

Πφ(q⃗)dℓ = 2
g2φ
Λc

∫ >

k⃗

Gi(k⃗)γ4Gi+1(k⃗ + q⃗)γ4 (21)

= 4g2φ
[
q20 + cos(θ)(q21 + q22) + q23

]
dℓ,

where we have performed a Taylor expansion to second
order in the external frequency and momenta q⃗ and sub-
tracted the q⃗ = 0 contribution for regularization. Con-
tractions of the bosonic interaction vertices only con-
tribute to the mass renormalization of the fluctuation
fields, which will be considered later.

Combining with the rescaling and requiring that the
coefficients of the q20 and q23 terms in the propagators re-
main constant under the RG, we obtain ∆ϕ = −4z −
2 + 2g2ϕ and ∆φ = −4z − 2 + 4g2φ for the scaling di-
mensions of the intra- and inter-valley fluctuation fields.
From Eq. (18) for the dynamical exponent z it follows
that ∆ϕ/φ = −6 + ηϕ/φ with anomalous dimensions

ηϕ = 2g2ϕ − 4
gϕ

2

Nψ

[
f0(c

2
ϕ)− f1(c

2
ϕ)
]

(22)

−8g2φ
[
f0(c

2
φ)− f1(c

2
φ) cos(θ)

]
,

ηφ = 4g2φ − 4
gϕ

2

Nψ

[
f0(c

2
ϕ)− f1(c

2
ϕ)
]

(23)

−8g2φ
[
f0(c

2
φ)− f1(c

2
φ) cos(θ)

]
.

With the above conventions, the velocity renormaliza-
tion is determined by the RG equations

dc2ϕ
dℓ

= 2(z − 1)c2ϕ + 2g2ϕ(1− c2ϕ), (24)

dc2φ
dℓ

= 2(z − 1)c2φ + 4g2φ
[
cos(θ)− c2φ

]
, (25)

where z = z(c2ϕ, c
2
φ, gϕ, gφ) is defined in Eq. (18).
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(c)

FIG. 3. Feynman diagrams that correspond to the renor-
malization of bosonic interaction vertices by the (a) Yukawa
couplings and (b) the bosonic interactions. (c) Diagrams that
generate mass terms of the bosonic fluctuation fields.

C. Renormalization of the Yukawa Couplings

The Yukawa couplings are renormalized by diagrams
shown in Fig. 2(c). The loop correction to the intra-valley
Yukawa coupling gϕ is given by

dgϕ =
g3ϕ

NψΛc

∫ >

q⃗

Gϕ(q⃗)Gi(q⃗)γ4Gi(q⃗)γ4 (26)

+
2gϕg

2
φ

3Λc

∫ >

q⃗

Gφ(q⃗)Gi(q⃗)γ4Gi(q⃗)γ4

= −
g3ϕ
Nψ

[
f0(c

2
ϕ) + f1(c

2
ϕ)
]
dℓ

−2gϕg
2
φ

3

[
f0(c

2
φ) + f1(c

2
φ)
]
dℓ,

while the corrections for the inter-valley Yukawa coupling
gφ is

dgφ =
g3φ
2Λc

∫ >

q⃗

Gφ(q⃗)Gi(q⃗)γ4(Gi−1 +Gi+1)(q⃗)γ4 (27)

+
g2ϕgφ

6NψΛc

∫ >

q⃗

Gϕ(q⃗)Gi(q⃗)γ4(Gi−1 +Gi+1)(q⃗)γ4

= −g3φ
[
f0(c

2
φ) cos(θ) + f1(c

2
φ)
]
dℓ

−
g2ϕgφ

3Nψ

[
f0(c

2
ϕ) cos(θ) + f1(c

2
ϕ)
]
dℓ.

Combining with the rescaling and inserting the expres-
sions for z (18), ηψ (19), ηϕ (22) and ηφ (23), we obtain
the following RG equations in 4 − ϵ space-time dimen-
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sions,

dg2ϕ
dℓ

= ϵg2ϕ − 2

[
1 +

f0(c
2
ϕ) + 2f1(c

2
ϕ)

Nψ

]
g4ϕ (28)

−4

3

[
f0(c

2
φ) + f1(c

2
φ) [1 + 3 cos(θ)]

]
g2ϕg

2
φ,

dg2φ
dℓ

= ϵg2φ − 2

3Nψ

[
f0(c

2
ϕ) cos(θ) + 4f1(c

2
ϕ)
]
g2ϕg

2
φ (29)

−2
[
2 + f0(c

2
φ) cos(θ) + f1(c

2
φ) [1 + 2 cos(θ)]

]
g4φ.

Note that the bosonic interaction vertices λϕ, λφ, and

λ̃ don’t contribute to the renormalization of the Yukawa
couplings and critical boson propagators.

D. Renormalization of Boson Vertices

The renormalization of the quartic bosonic interaction
vertices is given by the diagrams shown in Fig 3 (a) and
(b). Their calculation is straightforward and results in
the following set of coupled RG equations,

dλϕ
dℓ

= ϵλϕ + 2(z − 1)λϕ − 4g2ϕλϕ (30)

+
1

Nψ
g4ϕ −

36

c2ϕ
λ2
ϕ −

Nψ

2c2φ
λ̃2,

dλφ
dℓ

= ϵλφ + 2(z − 1)λφ − 8g2φλφ (31)

+
1

3
[cos(2θ) + 4 cos(θ)− 1] g4φ − 10

c2φ
λ2
φ − 1

c2ϕ
λ̃2,

dλ̃

dℓ
= ϵλ̃+ 2(z − 1)λ̃− 2(g2ϕ + 2g2φ)λ̃ (32)

+
2

3Nψ
[cos(θ) + 3] g2ϕg

2
φ − 6

c2ϕ
λϕλ̃− 2

c2φ
λφλ̃

−4ρ(c2ϕ, c
2
φ)λ̃

2,

where z = z(c2ϕ, c
2
φ, gϕ, gφ), as defined in Eq. (18). The

function

ρ(c2ϕ, c
2
φ) =

ln(c2ϕ/c
2
φ)

c2ϕ − c2φ
(33)

in the RG equation for λ̃ arrises from angular integration.
Note that in the limit c2φ → c2ϕ the function approaches

the value 1/c2ϕ.

E. Mass Renormalization and Correlation-Length
Exponents

Finally, we compute the renormalization of the masses
m2
ϕ and m2

φ of the fluctuation fields by the bosonic in-
teraction vertices, corresponding to the diagrams shown
in Fig. 3(c). Combining the loop corrections with the
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P0

<latexit sha1_base64="BYa6Z3Jlq6rRVjahLySoxJFnN6Q=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0ja0lbwUPDisaL9gDaUzXbTLt1swu5GKKU/wYsHRbz6i7z5b9y0EVT0wcDjvRlm5vkxZ0o7zoeVW1vf2NzKbxd2dvf2D4qHRx0VJZLQNol4JHs+VpQzQduaaU57saQ49Dnt+tOr1O/eU6lYJO70LKZeiMeCBYxgbaTb1pAMiyXHvmhUaxUHObazRErKlUatjtxMKUGG1rD4PhhFJAmp0IRjpfquE2tvjqVmhNNFYZAoGmMyxWPaN1TgkCpvvjx1gc6MMkJBJE0JjZbq94k5DpWahb7pDLGeqN9eKv7l9RMdNLw5E3GiqSCrRUHCkY5Q+jcaMUmJ5jNDMJHM3IrIBEtMtEmnYEL4+hT9Tzpl263Z1ZtqqXmZxZGHEziFc3ChDk24hha0gcAYHuAJni1uPVov1uuqNWdlM8fwA9bbJ2zbjeU=</latexit>

Pc

FIG. 4. RG flow of the intra- and inter-valley Yukawa cou-
plings gϕ and gφ for Nψ = 3 valleys. For other Nψ the
same qualitative behavior is observed. The critical GNY fixed

point P
(1)
m in the GNY theory of decoupled valleys is unsta-

ble against inter-valley coupling, leading to the formation of
a new critical fixed point Pc.

rescaling, to leading order, we obtain coupled RG equa-
tions

d

dℓ

(
m2
ϕ

m2
φ

)
=

 2− ηϕ − 12λϕ
c2ϕ

− λ̃
c2φ

− λ̃
c2ϕ

2− ηφ − 8λφ
c2φ

(
m2
ϕ

m2
φ

)
,

(34)
where the anomalous dimensions ηϕ and ηφ are given
in Eqs. (22) and (23), respectively. The eigenvalues of
the above 2x2 coefficient matrix, evaluated at the critical
fixed point, correspond to the inverse correlation-length
exponents 1/ν1 and 1/ν2.

IV. RESULTS

Since the bosonic interaction vertices λϕ, λφ, and λ̃ do
not contribute to the renormalization of the Yukawa cou-
plings or critical boson propagators, we first analyze the
RG flow and fixed point behavior of the RG equations
for the boson velocities c2ϕ (24), c2φ (25) and Yukawa cou-

plings g2ϕ (28), g2φ (29).
For any given number Nψ ≥ 3 of Dirac fermion valleys

with a corresponding angle θ = π/Nψ between adjacent
valleys, we numerically determine the fixed points of the
four coupled RG equations. The values of c2ϕ, c2φ, g2ϕ
and g2φ at the critical fixed point are then inserted into
Eqs. (18), (19), (22) and (23) to determine the dynamical
critical exponent z and the anomalous dimensions ηψ, ηϕ
and ηφ of the fermion and boson fields.
In addition to the non-interacting fixed point P0 we
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<latexit sha1_base64="L/u3RcU1a+qbEBhJOhmcb6iNMUk=">AAAB+3icbVDLSgNBEJyNrxhfMR69DAbBU9yVoB48BLx4jGAekF3C7KQ3GTL7YKZXDCG/4sWDIl79EW/+jbPJHjSxoJuiqpvpKT+RQqNtf1uFtfWNza3idmlnd2//oHxYaes4VRxaPJax6vpMgxQRtFCghG6igIW+hI4/vs38ziMoLeLoAScJeCEbRiIQnKGR+uWKC8j6bqLFuQumy0ys2jV7DrpKnJxUSY5mv/zlDmKehhAhl0zrnmMn6E2ZQsElzEpuqiFhfMyG0DM0YiFobzq/fUZPjTKgQaxMRUjn6u+NKQu1noS+mQwZjvSyl4n/eb0Ug2tvKqIkRYj44qEglRRjmgVBB0IBRzkxhHElzK2Uj5hiHE1cJROCs/zlVdK+qDmXtfp9vdq4yeMokmNyQs6IQ65Ig9yRJmkRTp7IM3klb9bMerHerY/FaMHKd47IH1ifPymZlIQ=</latexit> ⌘  
/✏

<latexit sha1_base64="Rk2OsBD1PgDMs0g+sNhqgeOJULE=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoMQm7AbglooBGwsI5gHZNdldjKbDJmdHWZmAyGksPFXbCwUsfUj7PwbJ8kWmnjgwuGce7n3nlAwqrTjfFu5tfWNza38dmFnd2//wD48aqkklZg0ccIS2QmRIoxy0tRUM9IRkqA4ZKQdDm9mfntEpKIJv9djQfwY9TmNKEbaSIFd9IhGgScUheV+4I2QFAP6UIXX0DkL7JJTceaAq8TNSAlkaAT2l9dLcBoTrjFDSnVdR2h/gqSmmJFpwUsVEQgPUZ90DeUoJsqfzJ+YwlOj9GCUSFNcw7n6e2KCYqXGcWg6Y6QHatmbif953VRHl/6EcpFqwvFiUZQyqBM4SwT2qCRYs7EhCEtqboV4gCTC2uRWMCG4yy+vkla14p5Xane1Uv0qiyMPiuAElIELLkAd3IIGaAIMHsEzeAVv1pP1Yr1bH4vWnJXNHIM/sD5/AIR9lrM=</latexit>
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<latexit sha1_base64="Li+uj68ubilJDIHKAczomF3pg0o=">AAACBHicbZC7SgNBFIZn4y3G26plmsEgxCbshqAWCgEbywjmAtl1OTuZTYbMXpiZDYSQwsZXsbFQxNaHsPNtnCRbaOIPAx//OYcz5/cTzqSyrG8jt7a+sbmV3y7s7O7tH5iHRy0Zp4LQJol5LDo+SMpZRJuKKU47iaAQ+py2/eHNrN4eUSFZHN2rcULdEPoRCxgBpS3PLDpUgeckA4bLfc8ZgdD4UMXX2DrzzJJVsebCq2BnUEKZGp755fRikoY0UoSDlF3bSpQ7AaEY4XRacFJJEyBD6NOuxghCKt3J/IgpPtVODwex0C9SeO7+nphAKOU49HVnCGogl2sz879aN1XBpTthUZIqGpHFoiDlWMV4lgjuMUGJ4mMNQATTf8VkAAKI0rkVdAj28smr0KpW7PNK7a5Wql9lceRREZ2gMrLRBaqjW9RATUTQI3pGr+jNeDJejHfjY9GaM7KZY/RHxucPcwCWqA==</latexit>

⌘�(g
2
' = 0)

<latexit sha1_base64="HasiBxpgEV8wd4ro+yukY6zIFXc=">AAACFHicbVDLSgNBEJyNrxhfUY9eBoMgKHFXggp6CHjxGME8IBuW2UknGTI7O8zMBsKSj/Dir3jxoIhXD978GyePQ4wWNBRV3XR3hZIzbVz328ksLa+srmXXcxubW9s7+d29mo4TRaFKYx6rRkg0cCagapjh0JAKSBRyqIf927FfH4DSLBYPZiihFZGuYB1GibFSkD/xwZDAlz125oPUjMfiFPvXU3VA1LwR5Atu0Z0A/yXejBTQDJUg/+W3Y5pEIAzlROum50rTSokyjHIY5fxEgyS0T7rQtFSQCHQrnTw1wkdWaeNOrGwJgyfq/ERKIq2HUWg7I2J6etEbi/95zcR0rlopEzIxIOh0USfh2MR4nBBuMwXU8KElhCpmb8W0RxShxuaYsyF4iy//JbXzondRLN2XCuWbWRxZdIAO0THy0CUqoztUQVVE0SN6Rq/ozXlyXpx352PamnFmM/voF5zPH93KnrY=</latexit> ⌘ �
/
✏,

⌘ '
/✏

(c)

<latexit sha1_base64="XqY3UoDMdv62bvP8VKs4ZuOVwHY=">AAAB73icdVDLSgNBEOyNrxhfUY9eBoPgadlNNomCh4AXjxHMA5I1zE4myZDZ2XVmVghLfsKLB0W8+jve/BsnD0FFCxqKqm66u4KYM6Ud58PKrKyurW9kN3Nb2zu7e/n9g6aKEklog0Q8ku0AK8qZoA3NNKftWFIcBpy2gvHlzG/dU6lYJG70JKZ+iIeCDRjB2kht0uvGI3Zb7OULjl1yzquuixzbcyvlUtmQiuNViyXk2s4cBVii3su/d/sRSUIqNOFYqY7rxNpPsdSMcDrNdRNFY0zGeEg7hgocUuWn83un6MQofTSIpCmh0Vz9PpHiUKlJGJjOEOuR+u3NxL+8TqIHZ37KRJxoKshi0SDhSEdo9jzqM0mJ5hNDMJHM3IrICEtMtIkoZ0L4+hT9T5pF263Y3rVXqF0s48jCERzDKbhQhRpcQR0aQIDDAzzBs3VnPVov1uuiNWMtZw7hB6y3TxJJj/8=</latexit>

c2
�

<latexit sha1_base64="MXnCg4u4Us6mNmnGcPYkxjjf3eY=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4Gmamta3gouDGZQX7gOlYMmmmDc0kQ5IplNLPcONCEbd+jTv/xkxbQUUPXDiccy/33hMmjCrtOB9Wbm19Y3Mrv13Y2d3bPygeHrWVSCUmLSyYkN0QKcIoJy1NNSPdRBIUh4x0wvF15ncmRCoq+J2eJiSI0ZDTiGKkjeTjfm+CZDKi916/WHLsy3rVu/CgYztOzStXM+LVKl4ZukbJUAIrNPvF995A4DQmXGOGlPJdJ9HBDElNMSPzQi9VJEF4jIbEN5SjmKhgtjh5Ds+MMoCRkKa4hgv1+8QMxUpN49B0xkiP1G8vE//y/FRH9WBGeZJqwvFyUZQyqAXM/ocDKgnWbGoIwpKaWyEeIYmwNikVTAhfn8L/Sduz3apdua2UGlerOPLgBJyCc+CCGmiAG9AELYCBAA/gCTxb2nq0XqzXZWvOWs0cgx+w3j4BgPORZw==</latexit>

c2
'

<latexit sha1_base64="XRSWsP5zOXoA6rOlxbtoBnnXQq0=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4Gmamta3gouDGZQX7gOlYMmnahmaSIckUytDPcONCEbd+jTv/xkxbQUUPXDiccy/33hPGjCrtOB9Wbm19Y3Mrv13Y2d3bPygeHrWVSCQmLSyYkN0QKcIoJy1NNSPdWBIUhYx0wsl15nemRCoq+J2exSSI0IjTIcVIG8kf9XtTJOMxvff6xZJjX9ar3oUHHdtxal65mhGvVvHK0DVKhhJYodkvvvcGAicR4RozpJTvOrEOUiQ1xYzMC71EkRjhCRoR31COIqKCdHHyHJ4ZZQCHQpriGi7U7xMpipSaRaHpjJAeq99eJv7l+Yke1oOU8jjRhOPlomHCoBYw+x8OqCRYs5khCEtqboV4jCTC2qRUMCF8fQr/J23Pdqt25bZSalyt4siDE3AKzoELaqABbkATtAAGAjyAJ/BsaevRerFel605azVzDH7AevsEhyuRaw==</latexit>

g2
'

<latexit sha1_base64="wuWLJfs91muWLnDbMdvUfBgwqXg=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4GjLTsa3gouDGZQX7gHYsmTTThmYyY5IRytCfcONCEbf+jjv/xvQhqOiBC4dz7uXee4KEM6UR+rByK6tr6xv5zcLW9s7uXnH/oKXiVBLaJDGPZSfAinImaFMzzWknkRRHAaftYHw589v3VCoWixs9Sagf4aFgISNYG6kz7PeSEbt1+8USst3zqgFEtueWax4ypHLmVFEZOjaaowSWaPSL771BTNKICk04VqrroET7GZaaEU6nhV6qaILJGA9p11CBI6r8bH7vFJ4YZQDDWJoSGs7V7xMZjpSaRIHpjLAeqd/eTPzL66Y6rPkZE0mqqSCLRWHKoY7h7Hk4YJISzSeGYCKZuRWSEZaYaBNRwYTw9Sn8n7Rc26nY3rVXql8s48iDI3AMToEDqqAOrkADNAEBHDyAJ/Bs3VmP1ov1umjNWcuZQ/AD1tsnLtGQEg==</latexit>

g2
�

<latexit sha1_base64="CAD+Ro3NdFCWNTL+dxnPSnn4dZ0=">AAACAXicbZDLSgMxFIbP1Futt1E3gptgEeqmzJSiLhQKblxWsBdox5JJM21o5kKSKZShbnwVNy4UcetbuPNtTKez0NYfAl/+cw7J+d2IM6ks69vIrayurW/kNwtb2zu7e+b+QVOGsSC0QUIeiraLJeUsoA3FFKftSFDsu5y23NHNrN4aUyFZGNyrSUQdHw8C5jGClbZ65tGg142G7KGCSprGWKSXa+usZxatspUKLYOdQREy1XvmV7cfktingSIcS9mxrUg5CRaKEU6nhW4saYTJCA9oR2OAfSqdJN1gik6100deKPQJFErd3xMJ9qWc+K7u9LEaysXazPyv1omVd+kkLIhiRQMyf8iLOVIhmsWB+kxQovhEAyaC6b8iMsQCE6VDK+gQ7MWVl6FZKdvn5epdtVi7yuLIwzGcQAlsuIAa3EIdGkDgEZ7hFd6MJ+PFeDc+5q05I5s5hD8yPn8AkxuVqw==</latexit>
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<latexit sha1_base64="EtPKCPQVCjyJtvkIUT5qHLRcEgE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqAcPAS+eJIJ5QLKE2clsMmYey8ysEJb8gxcPinj1f7z5N06SPWhiQUNR1U13V5RwZqzvf3uFldW19Y3iZmlre2d3r7x/0DQq1YQ2iOJKtyNsKGeSNiyznLYTTbGIOG1Fo5up33qi2jAlH+w4oaHAA8liRrB1UvOu100M65UrftWfAS2TICcVyFHvlb+6fUVSQaUlHBvTCfzEhhnWlhFOJ6VuamiCyQgPaMdRiQU1YTa7doJOnNJHsdKupEUz9fdEhoUxYxG5ToHt0Cx6U/E/r5Pa+CrMmExSSyWZL4pTjqxC09dRn2lKLB87golm7lZEhlhjYl1AJRdCsPjyMmmeVYOL6vn9eaV2ncdRhCM4hlMI4BJqcAt1aACBR3iGV3jzlPfivXsf89aCl88cwh94nz94eo8O</latexit>

N 
<latexit sha1_base64="EtPKCPQVCjyJtvkIUT5qHLRcEgE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqAcPAS+eJIJ5QLKE2clsMmYey8ysEJb8gxcPinj1f7z5N06SPWhiQUNR1U13V5RwZqzvf3uFldW19Y3iZmlre2d3r7x/0DQq1YQ2iOJKtyNsKGeSNiyznLYTTbGIOG1Fo5up33qi2jAlH+w4oaHAA8liRrB1UvOu100M65UrftWfAS2TICcVyFHvlb+6fUVSQaUlHBvTCfzEhhnWlhFOJ6VuamiCyQgPaMdRiQU1YTa7doJOnNJHsdKupEUz9fdEhoUxYxG5ToHt0Cx6U/E/r5Pa+CrMmExSSyWZL4pTjqxC09dRn2lKLB87golm7lZEhlhjYl1AJRdCsPjyMmmeVYOL6vn9eaV2ncdRhCM4hlMI4BJqcAt1aACBR3iGV3jzlPfivXsf89aCl88cwh94nz94eo8O</latexit>

N 

<latexit sha1_base64="EtPKCPQVCjyJtvkIUT5qHLRcEgE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqAcPAS+eJIJ5QLKE2clsMmYey8ysEJb8gxcPinj1f7z5N06SPWhiQUNR1U13V5RwZqzvf3uFldW19Y3iZmlre2d3r7x/0DQq1YQ2iOJKtyNsKGeSNiyznLYTTbGIOG1Fo5up33qi2jAlH+w4oaHAA8liRrB1UvOu100M65UrftWfAS2TICcVyFHvlb+6fUVSQaUlHBvTCfzEhhnWlhFOJ6VuamiCyQgPaMdRiQU1YTa7doJOnNJHsdKupEUz9fdEhoUxYxG5ToHt0Cx6U/E/r5Pa+CrMmExSSyWZL4pTjqxC09dRn2lKLB87golm7lZEhlhjYl1AJRdCsPjyMmmeVYOL6vn9eaV2ncdRhCM4hlMI4BJqcAt1aACBR3iGV3jzlPfivXsf89aCl88cwh94nz94eo8O</latexit>

N 
<latexit sha1_base64="EtPKCPQVCjyJtvkIUT5qHLRcEgE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqAcPAS+eJIJ5QLKE2clsMmYey8ysEJb8gxcPinj1f7z5N06SPWhiQUNR1U13V5RwZqzvf3uFldW19Y3iZmlre2d3r7x/0DQq1YQ2iOJKtyNsKGeSNiyznLYTTbGIOG1Fo5up33qi2jAlH+w4oaHAA8liRrB1UvOu100M65UrftWfAS2TICcVyFHvlb+6fUVSQaUlHBvTCfzEhhnWlhFOJ6VuamiCyQgPaMdRiQU1YTa7doJOnNJHsdKupEUz9fdEhoUxYxG5ToHt0Cx6U/E/r5Pa+CrMmExSSyWZL4pTjqxC09dRn2lKLB87golm7lZEhlhjYl1AJRdCsPjyMmmeVYOL6vn9eaV2ncdRhCM4hlMI4BJqcAt1aACBR3iGV3jzlPfivXsf89aCl88cwh94nz94eo8O</latexit>

N 

<latexit sha1_base64="FdGnqyyKmaiEPc0GKfpTm/Pqm30=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4GjLt2FZwUXDjsoJtlc5QMmnahiaZIckIZehXuHGhiFs/x51/Y/oQVPTAhcM593LvPVHCmTYIfTi5ldW19Y38ZmFre2d3r7h/0NZxqghtkZjH6jbCmnImacsww+ltoigWEaedaHw58zv3VGkWyxszSWgo8FCyASPYWOkuoAb3gkSzXrGE3PJ5zQIi1y9X6j6ypHrm1VAFei6aowSWaPaK70E/Jqmg0hCOte56KDFhhpVhhNNpIUg1TTAZ4yHtWiqxoDrM5gdP4YlV+nAQK1vSwLn6fSLDQuuJiGynwGakf3sz8S+vm5pBPcyYTFJDJVksGqQcmhjOvod9pigxfGIJJorZWyEZYYWJsRkVbAhfn8L/SbvselXXv/ZLjYtlHHlwBI7BKfBADTTAFWiCFiBAgAfwBJ4d5Tw6L87rojXnLGcOwQ84b59YnpDG</latexit>⌘ 

<latexit sha1_base64="yaoRCoKWSsolyjHnp7bASEDsGuY=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4GjLt2FZwUXDjsoJtlc5QMmmmDU0yQ5IRSulXuHGhiFs/x51/Y/oQVPTAhcM593LvPVHKmTYIfTi5ldW19Y38ZmFre2d3r7h/0NZJpghtkYQn6jbCmnImacsww+ltqigWEaedaHQ58zv3VGmWyBszTmko8ECymBFsrHQXUIN7QTpkvWIJueXzmgVErl+u1H1kSfXMq6EK9Fw0Rwks0ewV34N+QjJBpSEca931UGrCCVaGEU6nhSDTNMVkhAe0a6nEgupwMj94Ck+s0odxomxJA+fq94kJFlqPRWQ7BTZD/dubiX953czE9XDCZJoZKsliUZxxaBI4+x72maLE8LElmChmb4VkiBUmxmZUsCF8fQr/J+2y61Vd/9ovNS6WceTBETgGp8ADNdAAV6AJWoAAAR7AE3h2lPPovDivi9acs5w5BD/gvH0CR+eQuw==</latexit>⌘�

<latexit sha1_base64="DrUlDrBgOzS7QMeXzArSLksfp2Q=">AAAB83icdVDLSsNAFJ34rPVVdelmsAiuQpLWtoKLghuXFewDmlAm00k7dDIZZiaFEvobblwo4tafceffOGkrqOiBC4dz7uXee0LBqNKO82GtrW9sbm0Xdoq7e/sHh6Wj445KUolJGycskb0QKcIoJ21NNSM9IQmKQ0a64eQm97tTIhVN+L2eCRLEaMRpRDHSRvJ9otHAnyIpxnRQKjv2VaPmXXrQsR2n7lVqOfHqVa8CXaPkKIMVWoPSuz9McBoTrjFDSvVdR+ggQ1JTzMi86KeKCIQnaET6hnIUExVki5vn8NwoQxgl0hTXcKF+n8hQrNQsDk1njPRY/fZy8S+vn+qoEWSUi1QTjpeLopRBncA8ADikkmDNZoYgLKm5FeIxkghrE1PRhPD1KfyfdDzbrdnVu2q5eb2KowBOwRm4AC6ogya4BS3QBhgI8ACewLOVWo/Wi/W6bF2zVjMn4Aest0+hQpIU</latexit>⌘'
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FIG. 5. (a) Intra- and inter-valley Yukawa coupling constants
g2ϕ and g2φ at the critical fixed point Pc as a function of the
number Nψ of Dirac valleys. For comparison, the Nψ de-
pendence of the critical Yukawa g2ϕ(g

2
φ = 0) in a theory of

decoupled valleys is shown in black. (b) The dynamical ex-
ponent z and velocities cϕ and cφ of intra- and inter-valley
fluctuations as a function of Nψ. Note that we have rescaled
the order ϵ correction to z by a factor of 20. The anoma-
lous dimensions ηψ of the fermion field and ηϕ and ηφ of the
bosonic fluctuations fields are shown in panels (c) and (d),
respectively.

find two metastable critical points, P
(1)
m (g2ϕ ̸= 0, g2φ = 0)

and P
(2)
m (g2ϕ = 0, g2φ ̸= 0), and a stable critical point

Pc(g
2
ϕ ̸= 0, g2φ ̸= 0), as illustrated in Fig. 4 for Nψ = 3.

The behavior remains qualitatively the same for larger
values of Nψ.

In Fig. 5(a) the values of the Yukawa couplings g2ϕ, g
2
φ

at the critical point Pc are shown as a function of Nψ, in

comparison to the value g2ϕ at the GNY fixed point P
(1)
m

of decoupled valleys (g2φ = 0). For large Nψ, we obtain
analytic expressions up to order 1/Nψ,

g2ϕ ≃ 7ϵ

24

(
1− 83

72Nψ

)
, g2φ ≃ ϵ

8

(
1− 35

72Nψ

)
. (35)

As shown in Fig. 5(b), the velocities at Pc take values
c2ϕ > 1 and c2φ < 1 and the dynamical exponent z > 1
for all values of Nψ, indicating a breaking of Lorentz
invariance. In the limit Nψ → ∞, Lorentz invariance is
restored, c2ϕ, c

2
φ → 1 and z → 1. Note that the corrections

to the asymptotic values are of order 1/N2
ψ and arise

from the expansion of the factors cos(θ) = cos(π/Nψ).
This shows that the breaking of Lorentz invariance is a
consequence of the misalignment of the coordinate frames
of neighboring Dirac valleys.
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FIG. 6. (a) Critical values of the bosonic interactions λϕ, λφ,

and λ̃ at the GNY fixed point Pc as a function of Nψ. For
comparison, the coupling strength λϕ(g

2
φ = 0) of the ϕ4 vertex

in the GNY theory with decoupled valleys is shown in black.
(b) The correlation length exponents ν1 and ν2 as a function
of Nψ.

The Nψ dependence of the anomalous dimension ηψ of
the fermion field and of the anomalous dimensions ηϕ and
ηφ of the fluctuation fields at Pc is shown in Figs. 5 (c)
and (d), respectively. In the limit Nψ → ∞ the anoma-
lous dimensions approach finite, non-zero values, given
by the expressions

ηψ ≃ ϵ

8

(
1− 49

72Nψ

)
(36)

for the fermion anomalous dimension and

ηϕ ≃ 7ϵ

12

(
1− 83

72Nψ

)
, ηφ ≃ ϵ

2

(
1− 35

72Nψ

)
(37)

for the boson anomalous dimensions.

We now turn our attention to the coupled RG equa-
tions (30), (31) and (32) for the bosonic vertices λϕ, λφ
and λ̃. For any givenNψ, we insert the numerically deter-
mined values of the Yukawa couplings g2ϕ, g

2
φ and boson

velocities c2ϕ, c
2
φ at the stable critical point Pc, as well

as the resulting value of the dynamical exponent z. We
then numerically determine all non-trivial fixed points
for (λϕ, λφ, λ̃) and analyze their stability. For Nψ ≥ 4
we find one stable fixed point of the boson interactions.
However, for Nψ = 3 the stable fixed point is lost, which
could be an artifact of the perturbative RG treatment
and may change at higher-loop order. The runaway flow
could also indicate first-order behavior.

In Fig. 6(a), the values of λϕ, λφ and λ̃ are shown as
a function of Nψ ≥ 4 and compared to the value of λϕ
in the GNY theory of decoupled Dirac valleys (g2φ = 0).
Their asymptotic behavior for large Nψ is described by
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the expressions

λϕ ≃ 245(4
√
30− 11)ϵ

96(5 + 2
√
30)2Nψ

, (38)

λφ ≃ ϵ

4
√
30

[
1− 7(30− 6

√
30)

432Nψ

]
, (39)

λ̃ ≃ 35ϵ

6(5 + 2
√
30)Nψ

. (40)

Finally, for Nψ ≥ 4, where a stable critical point ex-
ists, we compute the inverse correlation length exponents
ν−1
1 and ν−1

2 of bosonic fluctuations from the eigenvalues
of the 2x2 matrix in Eq. (34), evaluated at the critical
point. The resulting behavior is shown in Fig. 6(b) and
the asymptotic forms are given by

ν−1
1 = 2− ϵ

[
15 + 2

√
30

30
− 7(3 + 2

√
30)

432Nψ

]
, (41)

ν−1
2 = 2− ϵ

[
7

12
− 7(634007 + 120960)

311904Nψ

]
. (42)

V. DISCUSSION

In this work, we have investigated the effects of
inter-valley coupling on the quantum criticality of Dirac
fermions. Interactions between different Dirac valleys in
momentum space are unavoidable since phase transitions
are typically driven by short range interactions in an un-
derlying lattice model [6]. Our work was motivated by
the occurrence of a field-driven topological phase transi-
tion in the Kitaev QSL, at which Dirac points of emergent
fermions form at the three M points in the Brillouin zone
[16–19].

We have analyzed an Ising GNY theory with intra-
and inter-valley fluctuations, using a momentum shell RG
and performing an ϵ expansion below four space-time di-
mensions to one-loop order. In contrast to the previous
large-N RG approach in 2+1 dimensions [17], where a

GNY fixed point with finite inter-valley coupling is pos-
tulated and scale invariance of the Yukawa couplings at
criticality utilized, the present 4− ϵ expansion allows for
an unbiased analysis of the scale dependence of intra- and
inter-valley Yukawa couplings.
We have generalized to a situation of Nψ ≥ 3 Dirac

valleys arranged on a ring in momentum space, with a
relative angle θ = π/Nψ between the coordinate frames
of neighboring valleys. For simplicity, we have restricted
inter-valley interactions to adjacent valleys to reduce the
number of coupling constants. We have numerically de-
termined fixed points and critical exponents for any given
value of Nψ and derived analytic expressions in the large-
Nψ limit up to order 1/Nψ.
In the absence of inter-valley coupling, gφ = 0, we re-

cover the standard 4− ϵ results for the Ising GNY theory
[8–10]. However, our results show that the critical fixed
point in the GNY theory of decoupled valleys is unsta-
ble against small inter-valley coupling, resulting in a new
critical fixed point Pc with finite intra- and inter-valley
Yukawa couplings.
At Pc the critical exponents are significantly differ-

ent from those of the conventional GNY theory. Most
importantly, the dynamical exponent acquires a value
z > 1, indicating the breaking of Lorentz invariance.
This is a result of interference effects from the relative
rotation of coordinate frames of adjacent valleys. In the
large-Nψ limit, Lorentz-violating effects are progressively
suppressed, and the velocities of the bosonic fluctuation
fields as well as the dynamical exponent asymptotically
approach 1. In this limit, we further find that both
Yukawa couplings flow to finite values, while only the
inter-valley quartic vertex remains finite, with all other
quartic couplings vanishing. The critical exponents ap-
proach finite values that differ from those of the purely
intra-valley GNY theory [8–10]. This demonstrates that
the inclusion of inter-valley couplings leads to a univer-
sality class distinct from that of the standard Ising GNY
theory.
In future studies it would be interesting to investigate

the effects of inter-valley coupling at higher-loop order
and to consider different order-parameter symmetries. In
the context of U(1) Dirac QSL one could also include
the gauge fields via minimal coupling and study their
interplay with intra- and inter-valley fluctuations.
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[15] T. C. Lang and A. M. Läuchli, Phys. Rev. Lett. 123,

137602 (2019).
[16] S.-S. Zhang, G. B. Halász, and C. D. Batista, Nature

Communications 13, 399 (2022).
[17] S. Thiagarajan, C. Watson, T. Yzeiri, H. Hu, B. Uchoa,
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