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We investigate the nature of the topological quantum phase transition between the gapless and
gapped Kitaev quantum spin liquid phases away from the exactly solvable point. The transition
is driven by anisotropy of the Kitaev couplings. At the critical point the two Dirac points of the
gapless Majorana modes merge, resulting in the formation of a semi-Dirac point with quadratic and
linear band touching directions. We derive an effective Gross-Neveu-Yukawa type field theory that
describes the topological phase transition in the presence of additional magnetic interactions. We
obtain the infrared scaling form of the propagator of the dynamical Ising order parameter field and
perform a renormalization-group analysis. The universality of the transition is found to be different
to that of symmetry-breaking phase transitions of semi-Dirac electrons. However, as in the electronic
case, the Majorana fermions acquire an anomalous dimension, indicative of the breakdown of the
fractionalized quasiparticle description.

The spin-1/2 honeycomb Kitaev model [1] [Fig. 1(a)]
has been at the forefront of research into quantum spin
liquids (QSLs) [2–4] since it is exactly solvable after frac-
tionalizing the spin operators into a set of Majorana
fermions [1, 5, 6]. Some of these correspond to local bond
excitations which are linked to Z2 fluxes through the pla-
quettes of the honeycomb lattice. Since the fluxes are
conserved, the Kitaev model can be diagonalized for each
flux configuration, resulting in a non-interacting Hamil-
tonian for the remaining Majorana fermion species. In
the ground state, zero-flux sector, this results in a Dirac
dispersion identical to that of electrons in graphene.

Anisotropy of the Kitaev couplings can drive a topo-
logical phase transition from a gapless to a gapped Z2

Kitaev QSL [1]. In the regime of large anisotropy, the
latter can be mapped to the toric code model which ex-
hibits anyonic excitations and plays an important role
in the context of quantum computation and quantum
error correction [7]. Approaching the topological phase
transition from the gapless QSL side, the Dirac points of
the gapless Majorana bands move along the edge of the
Brillouin zone [Fig. 1(b)] and eventually merge, forming
a semi Dirac point with a quadratic and a linear band
touching direction. For larger anisotropies the spectrum
becomes gapped. This behavior is very similar to the
topological phase transition proposed to occur for elec-
trons in strained honeycomb lattices [8–10] and was ob-
served experimentally in black phosphorus [11, 12].

At first glance, the bond-directional exchange of the
Kitaev model seems artificial, but it was realized that
because of strong spin-orbital mixing [13, 14], the Kitaev
model can be approximately realized in layered honey-
comb iridates [15–21] and the halide α-RuCl3 [22–24].
Although in these materials the additional magnetic in-
teractions are still slightly too large, leading to magnetic
ordering at low temperatures, the experimental realiza-
tion of a Kitaev QSL is certainly within reach.

In the presence of additional magnetic interactions,
such as Heisenberg or Gamma couplings [3, 25], the

model is no longer exactly solvable since the flux plaque-
tte operators do not commute with the full Hamiltonian
and the gapped Majorana modes, which correspond to
flux excitations, acquire dynamics. While the selection
of magnetically ordered states crucially depends on the
nature of the additional couplings, the topological phase
transition between the gapless and gapped Kitaev QSLs
is expected to be universal.
In this Letter we analyze the nature of the topological

quantum phase transition away from the exactly solvable
point. To achieve this we perform a renormalization-
group (RG) analysis of the effective Gross-Neveu-Yukawa
(GNY) quantum field theory that describes the coupling
of the dynamical Ising order parameter field to the gap-
less Majorana fermion semi-Dirac modes.
Instead of starting with the generic form of the effective

field theory, we explicitly derive it for a specific micro-
scopic model. Our starting point is the Kitaev model
with couplings Kγ > 0 along nearest-neighbour bonds
⟨i, j⟩γ (γ = x, y, z), perturbed by an antiferromagnetic
nearest-neighbor Ising exchange J > 0 [26, 27],

Ĥ =
∑

γ=x,y,z

∑
⟨i,j⟩γ

Kγ σ̂
γ
i σ̂

γ
j + J

∑
⟨i,j⟩

σ̂zi σ̂
z
j . (1)

Here the operators σ̂γi denote spin-1/2 operators in
units of ℏ/2, satisfying the spin-commutation algebra

[σ̂αi , σ̂
β
j ] = 2δijϵαβγ σ̂

γ
i . In order to drive a topological

phase transition, we allow for anisotropy Kz > Kx =
Ky = K. For J = 0, the topological phase transition is
known to occur at Kz/K = 2 [1].

We map this Kitaev-Ising model to a Hamiltonian
in terms of spinless fermions, using a two-dimensional
Jordan-Wigner transformation (JWT) with a string
operator along the one-dimensional contour shown in
Fig. 1(c). The mapping, which was used as an alternative
way to obtain the exact solution of the pure Kitaev model
[5], is defined as σ̂zn = 1 − 2ĉ†nĉn = (ĉ†n + ĉn)(ĉ

†
n − ĉn),

σ̂xn = D̂n(ĉ
†
n + ĉn) and σ̂yn = iD̂n(ĉ

†
n − ĉn). Here n la-
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FIG. 1. (a) Illustration of the bond-directional Ising ex-
changes Kγ σ̂

γ
i σ̂

γ
j along the bonds γ = x, y, z of the honey-

comb Kitaev model. The unit cell contains two lattice sites
(A,B) and is spanned by a1,2 = (±

√
3

2
, 3
2
). (b) As a function

of anisotropy (Kz−K)/K the Dirac points of the gapless Ma-
jorana bands move along the edge of the Brillouin zone and
merge at the topological phase transition between the gapless
and gapped QSL states. (c) Snake string operator used for
the two-dimensional Jordan-Wigner transformation.

bels the position along the string and the string operator

D̂n =
∏
ℓ<n(1−2ĉ†ℓ ĉℓ) is required to match the spin com-

mutation and fermion anti-commutation relations. The
x and y bonds on the honeycomb lattice are nearest-
neighbour bonds along the string. Although the coupling
terms along these bonds involve spin components σ̂x and
σ̂y, the property D̂nD̂n+1 = 1 − 2ĉ†nĉn ensures that the
fermionized Hamiltonian remains local in the sense that
no terms beyond nearest-neighbor coupling arise. The
z bonds connect spins that are not nearest neighbors
along the snake string. As a result, any Hamiltonian
that involves couplings between the x or y spin compo-
nents along the z bonds would become non-local. This
however is not the case for the Kitaev Ising model (1).

In terms of Majorana fermions ψ̂A(r) = i[ĉ†A(r) −
ĉA(r)], η̂A(r) = ĉ†A(r) + ĉA(r), ψ̂B(r) = ĉ†B(r) + ĉB(r)

and η̂B(r) = i[ĉ†B(r)− ĉB(r)] the Hamiltonian is

Ĥ = −iK
∑
r

∑
i=1,2

ψ̂A(r)ψ̂B(r+ ai)

+J
∑
r

∑
i=1,2

[iψ̂A(r)ψ̂B(r+ ai)] [iη̂A(r)η̂B(r+ ai)]

+(Kz + J)
∑
r

[iψ̂A(r)ψ̂B(r)] [iη̂A(r)η̂B(r)], (2)

where {ψ̂α(r), ψ̂α′(r′)} = {η̂α(r), η̂α′(r′)} = 2δα,α′δr,r′

and {ψ̂α(r), η̂α′(r′)} = 0.
Even for the pure Kitaev model, J = 0, this seems
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FIG. 2. Mean-field phase diagram as a function of the
anisotropy (Kz − K)/K and the Ising exchange J/K. The
evolution of the Majorana fermion spectrum across the topo-
logical phase transition between the gapless and gapped quan-
tum spin liquid phases is shown in the insets.

to be an interacting problem. However, in this case
the η̂ Majorana fermions only live on isolated z bonds
and the bond operators B̂z(r) = iη̂A(r)η̂B(r), which
have eigenvalues ±1, commute with the Hamiltonian,
[B̂z(r), Ĥ] = 0. In the absence of flux excitations we

can replace all operators B̂z(r) with the negative eigen-
value. This results in a non-interacting Hamiltonian

for the ψ̂ Majorana fermions with energy dispersion
ϵψ,±(k) = ±|Kz + K(eik·a1 + eik·a2)|. For Kz/K < 2
we obtain gapless excitations with a pair of Dirac points.
These merge at Kz/K = 2 into a semi-Dirac point at
Ks = (0, 2π3 ). For Kz/K > 2 the spectrum is gapped.
For non-zero J the η̂ Majorana fermions acquire dy-

namics and [B̂z(r), Ĥ] ̸= 0. In this case the model is
no longer exactly solvable. An approximate phase di-
agram of the Kitaev-Ising model can be obtained using
mean-field theory [27], where the bond expectation values

Aγ = ⟨iψ̂A(r)ψ̂B(r + δγ)⟩ and Bγ = ⟨iη̂A(r)η̂B(r + δγ)⟩
(δx = a1, δy = a2, δz = 0), as well as the staggered

magnetization m = ⟨iψ̂A(r)η̂A(r)⟩ = −⟨iψ̂B(r)η̂B(r)⟩ are
determined self-consistently. This results in the phase di-
agram shown in Fig. 2.
As expected, a relatively small Ising exchange J leads

to a first-order transition to an antiferromagnetic state.
Importantly, a continuous topological phase transition
between a gapless and a gapped Kitaev QSL still occurs
for sufficiently small J . The insets of Fig. 2 show the
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evolution of the mean-field dispersion across this transi-

tion. While the gapless ψ̂ Majorana modes behave in the
same way as for the pure anisotropic Kitaev model, a key
difference is that the gapped η̂ modes become dispersive.

In order to understand the nature of the topological
quantum phase transition, it is essential to include fluc-
tuations beyond mean-field theory, arising from the inter-
action vertex. We recast the problem using a Grassmann
path integral with action

S =

∫
k

ψ†
k

(
−ik0 −iξ∗k
iξk −ik0

)
ψk +

∫
k

η†
k

(
−ik0 −iλ∗k
iλk −ik0

)
ηk

+
∑
γ

gγ
∑
r

∫
τ

[iψA(r, τ)ψB(r+ δγ , τ)]

× [iηA(r, τ)ηB(r+ δγ , τ)], (3)

where τ denotes imaginary time, k the two-dimensional
momentum, k0 frequency, and k = (k0,k). The com-
plex functions ξk =

∑
γ aγe

ikδγ and λk =
∑
γ bγe

ikδγ are

linked to the mean-field dispersions, ϵψ,±(k) = ±|ξk| and
ϵη,±(k) = ±|λk|, respectively. We have written the inter-
actions as gγ , for brevity. Because of symmetry gx = gy,
ax = ay and bx = by. Note that bz/bx,y > 2 since the η
Majorana fermion bands are gapped.

As next step we integrate out the gapped Majorana
modes η, which results in an effective interactions for the
gapless ψ Majorana fermions,

Sint =
∑
αβγ

ργαβ

∑
r

∫
τ

[iψA(r− δα + δγ , τ)ψB(r+ δγ , τ)]

× [iψA(r, τ)ψB(r+ δβ , τ)], (4)

ργαβ =
1

2

∑
ϵ

gαgβbγbϵ

∫
q

e−iq(δα+δβ−δγ−δϵ)

(q20 + |λq|2)2
, (5)

with α ̸= γ and β ̸= γ. The different types of interac-
tions ργαβ are visualized in Fig. 3 and correspond to the

coupling of bond operators Âα and Âβ linked through a
γ bond.
It is important to stress that for J = 0 we obtain gx =

gy = 0 and bx = by = 0 since interactions are restricted
to the z bonds and the η bands are dispersionless. In this
case all interactions ργαβ are equal to zero and we obtain
a theory of non-interaction ψ Majorana fermions.
As the final step we perform a Hubbard-Stratonovich

decoupling of the interactions. For reasons that will be-
come clear later, we only need to work out the cou-
pling between the dynamical order-parameter field and
the semi-Dirac Majorana fermions. The form of the
coupling can be obtained more easily from a mean-field

decoupling with ϕγ(r) = ⟨iψ̂A(r)ψ̂B(r + δγ)⟩. This re-

sults in
∑

r,γ Ωγ(r)[iψ̂A(r)ψ̂B(r + δγ)], where the fields

Ωγ(r) are certain combinations of ϕγ(r), e.g. Ωz(r) =
2(ρxzz + ρ

y
zz)ϕz(r)+2ρyxzϕx(r)+2ρxyzϕy(r). After Fourier

transform and expansion around the semi-Dirac point
Ks = (0, 2π3 ) we obtain the Yukawa coupling term of
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FIG. 3. Illustration of the interaction terms between the
bond-operators Âij = iψ̂iψ̂j of the gapless Majorana modes

ψ̂, obtained after integrating the gapped modes η̂.

the low energy field theory,

SY [ϕ, ψ̄,ψ] =
g√
N

∫
k,q

ϕ(q)ψ̄(k)σyψ(k + q), (6)

where σy denotes a Pauli matrix in sublattice space and
the Ising fluctuation field is given by g√

N
ϕ(q) = Ωz(q)−

Ωx(q)−Ωy(q). Note that we generalized to N flavours of
semi-Dirac fermions and scaled the coupling accordingly.
Expanding the quadratic part S0[ψ̄,ψ] of the action (3)
around Ks we obtain

S0[ψ̄,ψ] =

∫
k

ψ̄k
[
−ik0 + kLσx +

(
k2Q +∆

)
σy
]
ψk,

(7)

where kL = 3aky and kQ =
√
3a
2 qx (a = ax = ay) are

the rescaled momenta along the linear and quadratic di-
rections, respectively and ∆ = az − 2a is the tuning pa-
rameter of the topological phase transition, where ∆ = 0
at the critical point. As one might have anticipated, the
dynamical bosonic fluctuation field ϕ(q) in SY (6) cou-
ples in the same way as the static tuning parameter ∆ in
S0 (7). The bosonic action S[ϕ] that is generated under
perturbative RG is of the conventional Ginzburg-Landau
form. However, this neglects the non-analytic bosonic
self-energy correction Π(q) due to the Landau damping
of the order parameter fluctuations by gapless fermionic
particle-hole fluctuations. Since Π(q) dominates over the
regular terms in the IR, it is crucial to use the quadratic
bosonic action

S0[ϕ] =

∫
k

ϕ(−k)G−1
ϕ (k)ϕ(k) (8)

with G−1
ϕ (q) = Π(q) as starting point for subsequent

perturbative RG calculation [28]. Using the correct in-
frared (IR) scaling form of the propagator, the fluc-
tuation corrections under RG are independent of the



4
QUANTUM CRITICALITY OF SEMI-DIRAC FERMIONS IN … PHYSICAL REVIEW B 100, 155101 (2019)

FIG. 2. Polarization bubble diagram describing the IR regulator
of the bosonic propagator and the self-energy correction of the
bosons in the momentum shell.

For the multicomponent order parameters of the SDW
and superconducting phases, the polarization is diagonal,
!i j (q⃗) = !(q⃗)δi j , reflecting the underlying O(3) and U(1)
symmetries. In the limit of small q0, qx and at qy = 0, the
leading term is [25]

!IR(q⃗) = Nf g2

√
2m
v

(
q2

0 + v2q2
x

) 1
4 , (23)

where Nf is the number of fermion flavors. This contribution
to the kernel of Sφ regularizes the bosonic propagator in the
IR at the critical surface (m2

φ = 0),

G−1
φ (q⃗) = Nf g2

√
2m
v

(
q2

0 + v2q2
x

) 1
4 + c2

yq2
y . (24)

C. Self-energy and vertex corrections

Using the propagators (22) and (24) for fermionic and
bosonic fields, respectively, we can now go beyond the tree
level scaling and extract one-loop corrections to the propa-
gators and the Yukawa coupling. As mentioned before, the
bosonic φ4 is irrelevant and can be dropped.

We first concern ourselves with the one-loop renormal-
ization of the regularized bosonic propagator (24). The only
component that is of interest is in the qy direction as the
dependence on linear momentum and frequency directions in
the propagator comes from the IR, which is not renormalized
under the RG. The one-loop bosonic self-energy is depicted
in Fig. 2 and takes the form

!>(q⃗) = g2

2
Tr

∫ >

k⃗
YiGψ (k⃗)YiGψ (k⃗ + q⃗), (25)

where
∫ >

k⃗ means integration over the UV modes within
the frequency-momentum shell of width %z dℓ, as defined
in Eq. (13). Note that in the above expression, the order
parameter field component i is not summed over and that
the result is the same for all components. The leading terms
of the self-energy have the form !>(q⃗) = !0q2

0 + !xq2
x +

!yq2
y + !m2

φ
. Expanding the fermionic propagator to second

order in qy, then performing the coordinate transformation
(16) and integrating over the energy shell, we find that the
renormalization of the c2

y coefficient is given by

d
(
c2

y

)
= 2Nf

11
21π2

√
2m
v

g2

√
%

zdℓ ≡ !yzdℓ. (26)

Although the mass of the bosons m2
φ also runs in the RG flow,

for now it will be fine tuned to zero at the critical surface.
We will address the renormalization of m2

φ in detail later on
in Secs. III F and III G, when we examine the vicinity of the
quantum multicritical point.

FIG. 3. (a) Self-energy correction to the fermionic propagator in
one loop. (b) Vertex correction diagram to the Yukawa coupling.
The bosonic propagator is represented by the wavy line while the
fermionic propagator by the straight line.

Next, we turn our attention to the one-loop fermionic self-
energy [Fig. 3(a)], which is equal to

"(k⃗) = −g2
Nb∑

i

∫ >

q⃗
Gφ (q⃗)YiGψ (k⃗ + q⃗)Yi. (27)

After shell integration, it takes the form

"(k⃗) = s0 ⊗
[

(0(k0σ
0 + vkxσ

x ) + (y
k2

y

2m
σy

]

zdℓ, (28)

where

(0 = Nb

2Nf
F1

(
2Nf

√
2mg2

vc2
y

√
%

)
, (29)

(y = Nb

2Nf
F2

(
2Nf

√
2mg2

vc2
y

√
%

)
, (30)

with (x = (0, and

F1(x) = 1
4π2

∫ π
2

0
dθ

(cos θ )
3
2 sin θ

x−1 cos θ +
√

sin θ
, (31)

F2(x) = 1
4π2

∫ π
2

0
dθ

cos 2θ + 2 cos 4θ

x−1 cos θ +
√

sin θ

sin θ√
cos θ

(32)

are defined as integral functions.
The renormalization of the Yukawa vertex at one-loop

order is obtained from the diagram shown in Fig. 3(b) with
the external frequencies and momenta set to zero,

$i = g3
Nb∑

j

∫ >

q⃗
Gφ (q⃗)Y jGψ (q⃗)YiGψ (q⃗)Y j . (33)

The matrix $i is proportional to the Yukawa matrix Yi, $i =
g* Yizdℓ, where we have absorbed a factor of g2 in the
definition of *. Performing the shell integral we obtain

* = −2 − Nb

2Nf
F3

(
2Nf

√
2mg2

vc2
y

√
%

)

(34)

with

F3(x) = 1
4π2

∫ π
2

0
dθ

1

x−1 cos θ +
√

sin θ

sin θ√
cos θ

. (35)

Note that the vertex correction to the Yukawa coupling g
has opposite sign for the CDW (Nb = 1) and SDW (Nb = 3)
instabilities and vanishes in the case of a superconductor
(Nb = 2), as reported in previous studies [27].
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FIG. 2. Polarization bubble diagram describing the IR regulator
of the bosonic propagator and the self-energy correction of the
bosons in the momentum shell.

For the multicomponent order parameters of the SDW
and superconducting phases, the polarization is diagonal,
!i j (q⃗) = !(q⃗)δi j , reflecting the underlying O(3) and U(1)
symmetries. In the limit of small q0, qx and at qy = 0, the
leading term is [25]

!IR(q⃗) = Nf g2

√
2m
v

(
q2

0 + v2q2
x

) 1
4 , (23)

where Nf is the number of fermion flavors. This contribution
to the kernel of Sφ regularizes the bosonic propagator in the
IR at the critical surface (m2

φ = 0),

G−1
φ (q⃗) = Nf g2

√
2m
v

(
q2

0 + v2q2
x

) 1
4 + c2

yq2
y . (24)

C. Self-energy and vertex corrections

Using the propagators (22) and (24) for fermionic and
bosonic fields, respectively, we can now go beyond the tree
level scaling and extract one-loop corrections to the propa-
gators and the Yukawa coupling. As mentioned before, the
bosonic φ4 is irrelevant and can be dropped.

We first concern ourselves with the one-loop renormal-
ization of the regularized bosonic propagator (24). The only
component that is of interest is in the qy direction as the
dependence on linear momentum and frequency directions in
the propagator comes from the IR, which is not renormalized
under the RG. The one-loop bosonic self-energy is depicted
in Fig. 2 and takes the form

!>(q⃗) = g2

2
Tr

∫ >

k⃗
YiGψ (k⃗)YiGψ (k⃗ + q⃗), (25)

where
∫ >

k⃗ means integration over the UV modes within
the frequency-momentum shell of width %z dℓ, as defined
in Eq. (13). Note that in the above expression, the order
parameter field component i is not summed over and that
the result is the same for all components. The leading terms
of the self-energy have the form !>(q⃗) = !0q2

0 + !xq2
x +

!yq2
y + !m2

φ
. Expanding the fermionic propagator to second

order in qy, then performing the coordinate transformation
(16) and integrating over the energy shell, we find that the
renormalization of the c2

y coefficient is given by

d
(
c2

y

)
= 2Nf

11
21π2

√
2m
v

g2

√
%

zdℓ ≡ !yzdℓ. (26)

Although the mass of the bosons m2
φ also runs in the RG flow,

for now it will be fine tuned to zero at the critical surface.
We will address the renormalization of m2

φ in detail later on
in Secs. III F and III G, when we examine the vicinity of the
quantum multicritical point.

FIG. 3. (a) Self-energy correction to the fermionic propagator in
one loop. (b) Vertex correction diagram to the Yukawa coupling.
The bosonic propagator is represented by the wavy line while the
fermionic propagator by the straight line.

Next, we turn our attention to the one-loop fermionic self-
energy [Fig. 3(a)], which is equal to

"(k⃗) = −g2
Nb∑

i

∫ >

q⃗
Gφ (q⃗)YiGψ (k⃗ + q⃗)Yi. (27)

After shell integration, it takes the form

"(k⃗) = s0 ⊗
[

(0(k0σ
0 + vkxσ

x ) + (y
k2

y

2m
σy

]

zdℓ, (28)

where

(0 = Nb

2Nf
F1

(
2Nf

√
2mg2

vc2
y

√
%

)
, (29)

(y = Nb

2Nf
F2

(
2Nf

√
2mg2

vc2
y

√
%

)
, (30)

with (x = (0, and

F1(x) = 1
4π2

∫ π
2

0
dθ

(cos θ )
3
2 sin θ

x−1 cos θ +
√

sin θ
, (31)

F2(x) = 1
4π2

∫ π
2

0
dθ

cos 2θ + 2 cos 4θ

x−1 cos θ +
√

sin θ

sin θ√
cos θ

(32)

are defined as integral functions.
The renormalization of the Yukawa vertex at one-loop

order is obtained from the diagram shown in Fig. 3(b) with
the external frequencies and momenta set to zero,

$i = g3
Nb∑

j

∫ >

q⃗
Gφ (q⃗)Y jGψ (q⃗)YiGψ (q⃗)Y j . (33)

The matrix $i is proportional to the Yukawa matrix Yi, $i =
g* Yizdℓ, where we have absorbed a factor of g2 in the
definition of *. Performing the shell integral we obtain

* = −2 − Nb

2Nf
F3

(
2Nf

√
2mg2

vc2
y

√
%

)

(34)

with

F3(x) = 1
4π2

∫ π
2

0
dθ

1

x−1 cos θ +
√

sin θ

sin θ√
cos θ

. (35)

Note that the vertex correction to the Yukawa coupling g
has opposite sign for the CDW (Nb = 1) and SDW (Nb = 3)
instabilities and vanishes in the case of a superconductor
(Nb = 2), as reported in previous studies [27].
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FIG. 2. Polarization bubble diagram describing the IR regulator
of the bosonic propagator and the self-energy correction of the
bosons in the momentum shell.

For the multicomponent order parameters of the SDW
and superconducting phases, the polarization is diagonal,
!i j (q⃗) = !(q⃗)δi j , reflecting the underlying O(3) and U(1)
symmetries. In the limit of small q0, qx and at qy = 0, the
leading term is [25]

!IR(q⃗) = Nf g2

√
2m
v

(
q2

0 + v2q2
x

) 1
4 , (23)

where Nf is the number of fermion flavors. This contribution
to the kernel of Sφ regularizes the bosonic propagator in the
IR at the critical surface (m2

φ = 0),

G−1
φ (q⃗) = Nf g2

√
2m
v

(
q2

0 + v2q2
x

) 1
4 + c2

yq2
y . (24)

C. Self-energy and vertex corrections

Using the propagators (22) and (24) for fermionic and
bosonic fields, respectively, we can now go beyond the tree
level scaling and extract one-loop corrections to the propa-
gators and the Yukawa coupling. As mentioned before, the
bosonic φ4 is irrelevant and can be dropped.

We first concern ourselves with the one-loop renormal-
ization of the regularized bosonic propagator (24). The only
component that is of interest is in the qy direction as the
dependence on linear momentum and frequency directions in
the propagator comes from the IR, which is not renormalized
under the RG. The one-loop bosonic self-energy is depicted
in Fig. 2 and takes the form

!>(q⃗) = g2

2
Tr

∫ >

k⃗
YiGψ (k⃗)YiGψ (k⃗ + q⃗), (25)

where
∫ >

k⃗ means integration over the UV modes within
the frequency-momentum shell of width %z dℓ, as defined
in Eq. (13). Note that in the above expression, the order
parameter field component i is not summed over and that
the result is the same for all components. The leading terms
of the self-energy have the form !>(q⃗) = !0q2

0 + !xq2
x +

!yq2
y + !m2

φ
. Expanding the fermionic propagator to second

order in qy, then performing the coordinate transformation
(16) and integrating over the energy shell, we find that the
renormalization of the c2

y coefficient is given by

d
(
c2

y

)
= 2Nf

11
21π2

√
2m
v

g2

√
%

zdℓ ≡ !yzdℓ. (26)

Although the mass of the bosons m2
φ also runs in the RG flow,

for now it will be fine tuned to zero at the critical surface.
We will address the renormalization of m2

φ in detail later on
in Secs. III F and III G, when we examine the vicinity of the
quantum multicritical point.

FIG. 3. (a) Self-energy correction to the fermionic propagator in
one loop. (b) Vertex correction diagram to the Yukawa coupling.
The bosonic propagator is represented by the wavy line while the
fermionic propagator by the straight line.

Next, we turn our attention to the one-loop fermionic self-
energy [Fig. 3(a)], which is equal to

"(k⃗) = −g2
Nb∑

i

∫ >

q⃗
Gφ (q⃗)YiGψ (k⃗ + q⃗)Yi. (27)

After shell integration, it takes the form

"(k⃗) = s0 ⊗
[

(0(k0σ
0 + vkxσ

x ) + (y
k2

y

2m
σy

]

zdℓ, (28)

where

(0 = Nb

2Nf
F1

(
2Nf

√
2mg2

vc2
y

√
%

)
, (29)

(y = Nb

2Nf
F2

(
2Nf

√
2mg2

vc2
y

√
%

)
, (30)

with (x = (0, and

F1(x) = 1
4π2

∫ π
2

0
dθ

(cos θ )
3
2 sin θ

x−1 cos θ +
√

sin θ
, (31)

F2(x) = 1
4π2

∫ π
2

0
dθ

cos 2θ + 2 cos 4θ

x−1 cos θ +
√

sin θ

sin θ√
cos θ

(32)

are defined as integral functions.
The renormalization of the Yukawa vertex at one-loop

order is obtained from the diagram shown in Fig. 3(b) with
the external frequencies and momenta set to zero,

$i = g3
Nb∑

j

∫ >

q⃗
Gφ (q⃗)Y jGψ (q⃗)YiGψ (q⃗)Y j . (33)

The matrix $i is proportional to the Yukawa matrix Yi, $i =
g* Yizdℓ, where we have absorbed a factor of g2 in the
definition of *. Performing the shell integral we obtain

* = −2 − Nb

2Nf
F3

(
2Nf

√
2mg2

vc2
y

√
%

)

(34)

with

F3(x) = 1
4π2

∫ π
2

0
dθ

1

x−1 cos θ +
√

sin θ

sin θ√
cos θ

. (35)

Note that the vertex correction to the Yukawa coupling g
has opposite sign for the CDW (Nb = 1) and SDW (Nb = 3)
instabilities and vanishes in the case of a superconductor
(Nb = 2), as reported in previous studies [27].
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FIG. 4. (a) Fermionic polarization bubble diagram that gives
rise to the non-analytic IR propagator of the bosonic fluc-
tuation field. Panels (b) and (c) show the diagram that con-
tribute to the perturbative renormalization of the free-fermion
action and the Yukawa coupling, respectively.

choice of the ultraviolet (UV) cut-off scheme and there-
fore universal [29]. The bosonic self energy Π(q) =
g2/N

∫
k
Tr [Gψ(k)σyGψ(k + q)σy] is obtained by calcu-

lating the fermion polarization bubble digram [Fig. 4(a)]
over the full range of frequencies and momenta where the
non-analyticity arrises from the IR contribution (k → 0).
Unfortunately, for the case of semi-Dirac fermions this
integral cannot be computed analytically. Following the
procedure in Ref. [29], we obtain

Π(q) =
g2

8π2
|qQ|F

(
q20 + q2L
q4Q

)
, (9)

where the function F (u) for u ∈ [0,∞) is defined through
the integral

F (u) =

∫ 1

0

dt

∫ ∞

−∞
dp

×
[
(p+ 1)4 + p2(p+ 1)2 + (1− t)u

(p+ 1)4t+ p4(1− t) + t(1 + t)u
− 2

]
.(10)

The field theory S0[ψ̄,ψ] + S0[ϕ] + SY [ϕ, ψ̄,ψ] for
the topological phase transition between the gapless and
gapped Kitaev QSL states is very similar to the GNY the-
ory that describes the quantum criticality of semi-Dirac
fermions in 2+1 dimensions due to spontaneous symme-
try breaking [29–33]. A key difference, however, is that
for the symmetry-breaking transitions the Yukawa cou-
pling is through the σz channel, which upon condensation
of the order parameter results in the opening of a conven-
tional mass gap in the fermion spectrum. The different
form of the Yukawa coupling (6) through σy changes the
form of the IR propagator Gϕ(q) and of perturbative RG
diagrams, resulting in distinct critical behavior.

To set up the RG calculation, we consider shells in
frequency-momentum space, ϵ2 = k20 +k

2
L+k

4
Q with cut-

off ϵ ≤ Λ and integrate out modes from the infinitesimal
shell Λe−dℓ ≤ ϵ ≤ Λ, followed by a rescaling k0 → k0e

−dℓ,
kL → kLe

−dℓ and kQ → kQe
−zQdℓ to the old cut-off.

Note that at tree-level zQ = 1/2. We further rescale the

fields as ψ → ψe−(∆ψ/2)dℓ and ϕ→ ϕe−(∆ϕ/2)dℓ.
The fermionic self energy correction Σ(k)dℓ =

−g2/N
∫ >
q
Gϕ(q)σyGψ(k + q)σy, which corresponds to

the diagram in Fig. 4(b), is of the same form as the orig-
inal kernel in S0[ψ̄,ψ],

Σ(k)dℓ =
[
Σ0(−ik0σ0 + kLσx) + (ΣQk

2
y +Σ∆∆)σy

]
dℓ,
(11)

zQ ν−1
∆ ηψ ηϕ

1
2
− 0.0674

N
1− 0.5823

N
0.2185

N
− 1.0298

N

TABLE I. Critical exponents for the topological phase tran-
sition between the gapless and gapped Kitaev QSL phases in
(2+1) dimensions, calculated to one-loop order.

where the coefficients are evaluated as [34]

Σ0 =
1

2N

∫ ∞

0

du
1

(u+ 1)2F (u)
≈ 0.1511

N
, (12)

ΣQ = − 1

2N

∫ ∞

0

du
u2 − 12u+ 3

(u+ 1)3F (u)
≈ 0.0163

N
, (13)

Σ∆ = − 1

2N

∫ ∞

0

du
u− 1

(u+ 1)2F (u)
≈ −0.4312

N
. (14)

From the diagram shown in Fig. 4(c) be obtain the cor-

rection Ωσydℓ = (g2/N)
∫ >
q
Gϕ(q)σyGψ(q)σyGψ(q)σy

to the Yukawa coupling matrix, where the shell integral
gives Ω = Σ∆.
From the perturbative RG corrections we can extract

critical exponents. Demanding that the fermion propa-
gator at the transition (∆ = 0) remains scale invariant,
we obtain the scaling exponent zQ = 1

2 + 1
2ΣQ − 1

2Σ0

of the quadratic momentum direction kQ relative to the
linear directions k0 and kL, and the scaling dimension
∆ψ = − 7

2 + 3
2Σ0 − 1

2ΣQ = − 7
2 + ηψ of the Majorana

fermion field, where ηψ denotes the anomalous dimen-
sion. The correlation length exponent ν∆ of the topolog-
ical phase transition is defined through the RG equation
for ∆, ∂ℓ∆ = (1−Σ0+Σ∆)∆ = ν−1

∆ ∆. Finally, imposing
that the Yukawa coupling g remains scale invariant, we
obtain the scaling dimension of the bosonic fluctuation
field, ∆ϕ = −3 + ηϕ with ηϕ = 2Ω− Σ0 − ΣQ.
The resulting numerical values of the critical exponents

are summarized in Table I. For completeness, let us also
investigate the relevance of the ϕ4 vertex at the topologi-
cal phase transition. At tree-level, the scaling dimension
of the coefficient is equal to [λ] = −3(2 + zQ) − 2∆ϕ =
−3/2, demonstrating that the vertex is strongly irrele-
vant and hence can be neglected.

To summarize, we have derived the effective field the-
ory for the topological quantum phase transition between
the gapless and gapped Kitaev QSL phases. For the pure,
exactly solvable Kitaev model the problem reduces to a
free-fermion field theory. Away from the exactly solv-
able point, the field theory is of the GNY type and de-
scribes the coupling between an Ising fluctuation field
to the gapless semi-Dirac Majorana fermion modes. We
determined the critical exponents from an RG analysis
and demonstrated that the universality of the topological
phase transition is different to that describing symmetry-
breaking phase transitions of semi-Dirac fermions.

The exponent ν∆ is linked to the opening of the energy
gap in the Majorana fermion spectrum, ∆ ∼ (δ−δc)ν∆ , as
well as to the separation of the Dirac points on the gap-
less QSL side, (δk) ∼ (δc−δ)ν∆/2. It could in principle be
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determined experimentally by measuring the evolution of
the magnetic excitation continuum across the topological
phase transition. However, it remains a challenge to re-
alize the topological phase transition in experiment since
uniaxial strain would not only affect the anisotropy of the
Kitaev couplings but also distort the lattice, resulting in
an increase of other magnetic exchange couplings.

The Kiteav QSL is a novel and exotic state of matter

due to its long range entanglement and the fractionaliza-
tion of spin degrees of freedom into Majorana fermions.
Our work shows that the quantum criticality associated
with a topological phase transition adds another layer
of complexity. At the transition the emergent Majorana
fermions acquire an anomalous dimension, indicative of a
breakdown of the quasiparticle picture and the formation
of a Majorana non-Fermi liquid state.
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