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We investigate the nature of the topological phase transition of the antiferromagnetic Kitaev
model on the honeycomb lattice in the presence of a magnetic field along the [111] direction. The
field opens a topological gap in the Majorana fermion spectrum and leads to a sequence of topo-
logical phase transitions before the field polarised state is reached. At mean field level the gap first
closes at the three M points in the Brillouin zone, where the Majorana fermions form Dirac cones,
resulting in a change of Chern number by three. An odd number of Dirac fermions in the infrared is
unusual and requires Berry curvature compensation in the UV, which occurs via topological, ring-
like hybridisation gaps with higher-energy bands. We perform a renormalisation-group analysis of
the topological phase transition at the three M points within the Yukawa theory, allowing for intra-
and inter-valley fluctuations of the spin-liquid bond operators. We find that the latter lead to a
breaking of Lorentz invariance and hence a different universality compared to the standard Ising
Gross-Neveu-Yukawa class.

I. INTRODUCTION

The celebrated Kitaev honeycomb model, a bond-
dependent Ising model, has an exactly solvable quantum
spin liquid (QSL) ground state after the spin-1/2 opera-
tors are fractionalised into Majorana fermions [1]. Many
efforts to realise this model in materials have utilised
spin–orbit coupling, as proposed by Jackeli and Khali-
ullin [2], for which honeycomb iridates [3–5] and α-RuCl3
[6–8] are promising candidates. However, these materials
display long-range zigzag antiferromagnetic (AFM) order
at low temperatures [9–11], which can be suppressed in
α-RuCl3 by applying a magnetic field [12, 13].

These observations have motivated various theoretical
and numerical investigations of the AFM Kitaev honey-
comb model with an applied field. As already demon-
strated in the seminal work by Kitaev [1], in third order
perturbation theory a small field h along [111] leads to the
opening of a topological gap ∆ ∼ h3 at the Dirac points
with Chern numbers C = ±1 of the dispersive Majorana
bands. Numerical investigations using exact diagonali-
sation (ED) and density matrix renormalisation group
(DMRG) reported a U(1) gapless intermediate phase [14–
16] sandwiched between the gapped non-Abelian QSL at
small fields and the topologically trivial fully polarised
phase at large fields. On the other hand, mean-field in-
vestigations [17, 18] and a variational approach [19] found
this intermediate phase to be gapped. It exhibits ring-
like low-energy excitations that might be mistaken for a
spinor Fermi-surface in numerical studies due to finite-
size effects [19]. While DMRG could in principle detect
gapless modes through the scaling behaviour of the en-
tanglement entropy, no convergence was found in the in-
termediate phase up to the largest system sizes currently
accessible [20].

Here we focus on the first topological transition, be-
tween the two gapped QSL phases. At this transition
the total Chern number of the positive bands was found
to change from Ctot = −1 in the QSL at small field to
Ctot = 2 in the intermediate phase [17–19]. Such a change
in Chern number by ∆C = 3 is consistent with a gap clos-
ing at the three M points in the Brillouin zone, as indeed
observed in previous mean-field studies [17, 18].

The presence of an odd number of Dirac cones at
the topological phase transition is unusual and sug-
gests the absence of fermion-doubling as described by
the Nielson-Ninomiya theorem [21–24]. In order to cir-
cumvent fermion-doubling it is generically necessary to
break at least one of the properties of the Hamiltonian
among locality, hermiticity, periodicity, bi-linearity and
chiral symmetry. One way is to construct SLAC fermions
[25] by introducing long-range hopping terms, which re-
sults in a single Dirac cone with singularities at the
Brillouin zone boundary [26–29]. Alternatively, one can
break the chiral symmetry explicitly [30–33]. For exam-
ple, in the Bernevig-Hughes-Zhang model [34] and Qi-
Wu-Zhang model [35], a Wilson term [30] acting like a
momentum-dependent mass is applied to obtain a single
Dirac cone at zero energy. The other Dirac cone is gapped
out and pushed into the UV regime. As we will show, the
gap closing at the threeM points at the field-driven topo-
logical phase transition of the Kitaev model is possible
because of a UV compensation of Berry curvature due to
ring-like hybridisation gaps between the low-energy band
and higher-energy Majorana fermion modes.

In order to understand the nature of the topological
phase transition we first briefly revisit the Majorana-
fermion parton mean-field theory. Our results are in
quantitative agreement with those of earlier mean-field
studies [17, 18]. In addition, we carefully analyse the

ar
X

iv
:2

50
9.

13
05

7v
1 

 [
co

nd
-m

at
.s

tr
-e

l]
  1

6 
Se

p 
20

25

https://arxiv.org/abs/2509.13057v1


2

role of hybridisation gaps and the redistribution of Berry
curvature from the UV to the infrared, thereby provid-
ing an understanding of why a gap closing at three M
points is possible. We further compute the edge states
from an armchair ribbon on the two sides of the topo-
logical phase transition. For h < hc, one chiral mode
exists on each edge, with chiral central charge of −1/2,
indicative of non-Abelian anyons and consistent with the
total Chern number Ctot = −1 for the positive energy
bands For h > hc, Ctot = 2 corresponds to two chiral
Majorana modes per edge, with central charge +1. Ac-
cording to Kitaev’s 16-fold way [1] the topological order
can be described by a chiral U(1) theory with Abelian
semion excitations. Therefore the ground state changes
from a gapped Z2 spin liquid to an Abelian U(1) chiral
spin liquid across hc.

We then use our mean-field results to identify the ef-
fective field theory at the topological phase transition
around the three M points and perform a RG calcula-
tion within the Gross-Neveu-Yukawa (GNY) approach
that is controlled by the number of fermion flavours N .
We account for fluctuations of the QSL bond-operators
for both intra-valley and inter-valley channels and derive
the quantum critical exponents to order 1/N . We show
that inter-valley fluctuations explicitly break Lorentz in-
variance, resulting in a dynamical exponent that departs
from z = 1. This suggests that the intermediate topo-
logical phase transition of the Kitaev QSL at high field
is not in the standard Ising GNY universality class.

The paper is organised in the following way: in Sec. II
we describe the AFM Kitaev model on the honeycomb
lattice in a magnetic field along [111]. In Sec. III we per-
form a non-perturbative mean-field calculation at finite
magnetic field and explicitly calculate the Chern num-
bers of individual bands, the distribution of Berry cur-
vature in the Brillouin zone, and the edge-state spectra
in a strip geometry. In Sec. IV we derive the effective
field theory of the topological phase transition and carry
out the RG analysis of the transition in the presence of
fluctuation fields. We derive the critical exponents and
characterise the universality class of the transition. In
Sec. V we summarise our results.

II. MODEL

We consider the AFM Kitaev model on the honeycomb
lattice, which is illustrated in Fig. 1(a). The key fea-
ture of this model is the bond-directional Ising exchange
where along each of the three different bonds of the hon-
eycomb lattice, labelled by γ = x, y, z, only the γ compo-
nents of the spin-1/2 operators are coupled. In addition,
the spins are subject to a magnetic field along the [111]
direction. The corresponding Hamiltonian can be writ-
ten as

Ĥ =
∑

r,γ=x,y,z

{
Kσ̂γa(r)σ̂

γ
b (r+δγ)−

h√
3

∑
s=a,b

σ̂γs (r)
}
, (1)
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FIG. 1. (a) Illustration of the Kitaev model on the honeycomb
lattice. The different bonds are labelled by γ = x, y, z and
shown in different colours. Along a bond of type γ only the γ
components of the spins are coupled. The unit cell is spanned
by the lattice vectors a1 and a2 and contains two sites of the
honeycomb lattice, labelled A and B. (b) High symmetry
points in the hexagonal Brillouin zone. For small [111] field
h a topological gap ∆ ∼ h3 opens at the two K points. At
larger field h = hc we observe a topological phase transition
with gap closing at the three M points. The unit vectors n̂i

parametrise the local coordinate frames at Mi.

where σ̂γs (r) are spin-1/2 operators on the sites s = a, b
in the unit cell r of the triangular lattice spanned by
a1,2 = (±

√
3/2, 3/2). Using these conventions, the lattice

vectors for the three different bonds are given by δx = a1,
δy = a2, and δz = 0. Measuring the spins in units of

ℏ/2, the spin commutator relations read [σ̂αs (r), σ̂
β
s′(r

′)] =
2δr,r′δs,s′ϵαβγ σ̂

γ
s (r).

In the absence of field, h = 0, the Kitaev model is
exactly solvable by expressing the spin operators in terms
of a set of four Majorana fermion operators η̂µs (r) (µ =
0, x, y, z),

σ̂γs (r) = iη̂0s(r)η̂
γ
s (r). (2)

The Majorana fermions satisfy the Clifford algebra
{η̂µs (r), η̂νs′(r′)} = 2δr,r′δs,s′δµ,ν and are subject to the
local constraints

η̂0s(r)η̂
γ
s (r) +

1

2
ϵαβγ η̂

α
s (r)η̂

β
s (r) = 0, (3)

in order to correctly represent the spin Hilbert space.
Although the Kitaev model is quartic in terms of the

Majorana fermions, an exact solution can be obtained
because the bond operators Âγ(r) = iη̂γa(r)η̂

γ
b (r + δγ),

which have eigenvalues ±1, are local and commute with
the Hamiltonian. As a consequence, it is sufficient to
diagonalise the quadratic Hamiltonian for the η̂0 Majo-
rana fermion for a given realisation of fluxes, which are
obtained by multiplying the corresponding bond opera-
tor eigenvalues around each plaquette. In the zero-flux
ground-state sector this results in the energy dispersion
±K|1+eik·a1+eik·a2 | for η̂0, with Dirac points at the cor-
ners K± of the hexagonal Brillouin zone [see Fig. 1(b)],
and three degenerate flat bands of the local η̂x, η̂y, and
η̂z Majorana fermions, shown in Fig. 2(a).
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<latexit sha1_base64="7pkIEModwux/agaCTOMpNANpoc8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hKqV6EghePFUwttKFstpt26WY37G6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvCjlTBvP+3ZKG5tb2zvl3cre/sHhUfX4pKNlpggNiORSdSOsKWeCBoYZTrupojiJOH2MJrdz//GJKs2keDDTlIYJHgkWM4KNlYLxje82B9Wa53oLoHXiF6QGBdqD6ld/KEmWUGEIx1r3fC81YY6VYYTTWaWfaZpiMsEj2rNU4ITqMF8cO0MXVhmiWCpbwqCF+nsix4nW0ySynQk2Y73qzcX/vF5m4uswZyLNDBVkuSjOODISzT9HQ6YoMXxqCSaK2VsRGWOFibH5VGwI/urL66RTd/2m27hv1Fr1Io4ynME5XIIPV9CCO2hDAAQYPMMrvDnCeXHenY9la8kpZk7hD5zPH6EAjd8=</latexit>

h = 1.6

<latexit sha1_base64="ZZjyqn/ec0Ex1OhJb1hz06LKYx4=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBiyUpRT0WvHisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2njet1Pa2Nza3invVvb2Dw6P3OOTjo5TRWibxDxWvRBrypmkbcMMp71EUSxCTrvh9C73u09UaRbLRzNLaCDwWLKIEWxy6WqQsKFb9WreAmid+AWpQoHW0P0ajGKSCioN4Vjrvu8lJsiwMoxwOq8MUk0TTKZ4TPuWSiyoDrLFrXN0YZURimJlSxq0UH9PZFhoPROh7RTYTPSql4v/ef3URLdBxmSSGirJclGUcmRilD+ORkxRYvjMEkwUs7ciMsEKE2PjqdgQ/NWX10mnXvOva42HRrVZL+IowxmcwyX4cANNuIcWtIHABJ7hFd4c4bw4787HsrXkFDOn8AfO5w+3fo39</latexit>�⇡ <latexit sha1_base64="cjM4wdSVobJng8BcJqk50NDABvU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD/1EDMoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u/rlUYtj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP03bjcY=</latexit>⇡

<latexit sha1_base64="cjM4wdSVobJng8BcJqk50NDABvU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD/1EDMoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u/rlUYtj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP03bjcY=</latexit>⇡

<latexit sha1_base64="ZZjyqn/ec0Ex1OhJb1hz06LKYx4=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBiyUpRT0WvHisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2njet1Pa2Nza3invVvb2Dw6P3OOTjo5TRWibxDxWvRBrypmkbcMMp71EUSxCTrvh9C73u09UaRbLRzNLaCDwWLKIEWxy6WqQsKFb9WreAmid+AWpQoHW0P0ajGKSCioN4Vjrvu8lJsiwMoxwOq8MUk0TTKZ4TPuWSiyoDrLFrXN0YZURimJlSxq0UH9PZFhoPROh7RTYTPSql4v/ef3URLdBxmSSGirJclGUcmRilD+ORkxRYvjMEkwUs7ciMsEKE2PjqdgQ/NWX10mnXvOva42HRrVZL+IowxmcwyX4cANNuIcWtIHABJ7hFd4c4bw4787HsrXkFDOn8AfO5w+3fo39</latexit>�⇡
<latexit sha1_base64="ZZjyqn/ec0Ex1OhJb1hz06LKYx4=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBiyUpRT0WvHisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2njet1Pa2Nza3invVvb2Dw6P3OOTjo5TRWibxDxWvRBrypmkbcMMp71EUSxCTrvh9C73u09UaRbLRzNLaCDwWLKIEWxy6WqQsKFb9WreAmid+AWpQoHW0P0ajGKSCioN4Vjrvu8lJsiwMoxwOq8MUk0TTKZ4TPuWSiyoDrLFrXN0YZURimJlSxq0UH9PZFhoPROh7RTYTPSql4v/ef3URLdBxmSSGirJclGUcmRilD+ORkxRYvjMEkwUs7ciMsEKE2PjqdgQ/NWX10mnXvOva42HRrVZL+IowxmcwyX4cANNuIcWtIHABJ7hFd4c4bw4787HsrXkFDOn8AfO5w+3fo39</latexit>�⇡ <latexit sha1_base64="cjM4wdSVobJng8BcJqk50NDABvU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD/1EDMoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u/rlUYtj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP03bjcY=</latexit>⇡ <latexit sha1_base64="ZZjyqn/ec0Ex1OhJb1hz06LKYx4=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBiyUpRT0WvHisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2njet1Pa2Nza3invVvb2Dw6P3OOTjo5TRWibxDxWvRBrypmkbcMMp71EUSxCTrvh9C73u09UaRbLRzNLaCDwWLKIEWxy6WqQsKFb9WreAmid+AWpQoHW0P0ajGKSCioN4Vjrvu8lJsiwMoxwOq8MUk0TTKZ4TPuWSiyoDrLFrXN0YZURimJlSxq0UH9PZFhoPROh7RTYTPSql4v/ef3URLdBxmSSGirJclGUcmRilD+ORkxRYvjMEkwUs7ciMsEKE2PjqdgQ/NWX10mnXvOva42HRrVZL+IowxmcwyX4cANNuIcWtIHABJ7hFd4c4bw4787HsrXkFDOn8AfO5w+3fo39</latexit>�⇡ <latexit sha1_base64="cjM4wdSVobJng8BcJqk50NDABvU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD/1EDMoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u/rlUYtj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP03bjcY=</latexit>⇡ <latexit sha1_base64="ZZjyqn/ec0Ex1OhJb1hz06LKYx4=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBiyUpRT0WvHisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2njet1Pa2Nza3invVvb2Dw6P3OOTjo5TRWibxDxWvRBrypmkbcMMp71EUSxCTrvh9C73u09UaRbLRzNLaCDwWLKIEWxy6WqQsKFb9WreAmid+AWpQoHW0P0ajGKSCioN4Vjrvu8lJsiwMoxwOq8MUk0TTKZ4TPuWSiyoDrLFrXN0YZURimJlSxq0UH9PZFhoPROh7RTYTPSql4v/ef3URLdBxmSSGirJclGUcmRilD+ORkxRYvjMEkwUs7ciMsEKE2PjqdgQ/NWX10mnXvOva42HRrVZL+IowxmcwyX4cANNuIcWtIHABJ7hFd4c4bw4787HsrXkFDOn8AfO5w+3fo39</latexit>�⇡ <latexit sha1_base64="cjM4wdSVobJng8BcJqk50NDABvU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD/1EDMoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u/rlUYtj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP03bjcY=</latexit>⇡<latexit sha1_base64="JYfoLL+WryZiCW+JTAn+FW8M7yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2lZoQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6IaCGS6F4CwVK/pBoTqNA8k4wvp75nUeujYjVPU4S7kd0qEQoGEUr3Y37T/1yxa26c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0m7VvUuqvXbeqVRy+Mowgmcwjl4cAkNuIEmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w9hnI3T</latexit>

kx

<latexit sha1_base64="nsQya823vYOkyzpY5bfB6PYFtLQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2g9oQ9lsJ+3SzSbsboRQ+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPJkvQj+hI8pAzaqz0MBlkg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcx/pQqw5nAWamfakwom9AR9iyVNELtTxenzsiFVYYkjJUtachC/T0xpZHWWRTYzoiasV715uJ/Xi814Y0/5TJJDUq2XBSmgpiYzP8mQ66QGZFZQpni9lbCxlRRZmw6JRuCt/ryOmnXqt5VtX5frzRqeRxFOINzuAQPrqEBd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AFjII3U</latexit>

ky

<latexit sha1_base64="JYfoLL+WryZiCW+JTAn+FW8M7yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2lZoQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6IaCGS6F4CwVK/pBoTqNA8k4wvp75nUeujYjVPU4S7kd0qEQoGEUr3Y37T/1yxa26c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0m7VvUuqvXbeqVRy+Mowgmcwjl4cAkNuIEmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w9hnI3T</latexit>

kx
<latexit sha1_base64="JYfoLL+WryZiCW+JTAn+FW8M7yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2lZoQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6IaCGS6F4CwVK/pBoTqNA8k4wvp75nUeujYjVPU4S7kd0qEQoGEUr3Y37T/1yxa26c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0m7VvUuqvXbeqVRy+Mowgmcwjl4cAkNuIEmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w9hnI3T</latexit>

kx
<latexit sha1_base64="JYfoLL+WryZiCW+JTAn+FW8M7yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2lZoQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6IaCGS6F4CwVK/pBoTqNA8k4wvp75nUeujYjVPU4S7kd0qEQoGEUr3Y37T/1yxa26c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0m7VvUuqvXbeqVRy+Mowgmcwjl4cAkNuIEmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w9hnI3T</latexit>

kx
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<latexit sha1_base64="ecmAwCtVeBGc9OEf5/k+JwKPHw0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUS9CwYvHirYW2lA220m7dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgY/B+GbmPz6h0jyWD2aSoB/RoeQhZ9RY6X507fbLFbfqzkFWiZeTCuRo9stfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mp07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGVn3GZpAYlWywKU0FMTGZ/kwFXyIyYWEKZ4vZWwkZUUWZsOiUbgrf88ipp16reRbV+V680ankcRTiBUzgHDy6hAbfQhBYwGMIzvMKbI5wX5935WLQWnHzmGP7A+fwBvDGNZg==</latexit>

h = 0
<latexit sha1_base64="t52Qbpgo1XEiannn/AKNeUCoGWE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hKUS9CwYvHCqYttKFstpt26WY37G6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvCjlTBvP+3ZKG5tb2zvl3cre/sHhUfX4pK1lpggNiORSdSOsKWeCBoYZTrupojiJOO1Ek7u533miSjMpHs00pWGCR4LFjGBjpWB867n1QbXmud4CaJ34BalBgdag+tUfSpIlVBjCsdY930tNmGNlGOF0VulnmqaYTPCI9iwVOKE6zBfHztCFVYYolsqWMGih/p7IcaL1NIlsZ4LNWK96c/E/r5eZ+CbMmUgzQwVZLoozjoxE88/RkClKDJ9agoli9lZExlhhYmw+FRuCv/ryOmnXXf/KbTw0as16EUcZzuAcLsGHa2jCPbQgAAIMnuEV3hzhvDjvzseyteQUM6fwB87nD5lqjdo=</latexit>

h = 0.2
<latexit sha1_base64="phQB8eqMA7L10QMaiJ051II9wVU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hKUS9CwYvHCqYttKFstpt26e4m7G6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvCjlTBvP+3ZKG5tb2zvl3cre/sHhUfX4pK2TTBEakIQnqhthTTmTNDDMcNpNFcUi4rQTTe7mfueJKs0S+WimKQ0FHkkWM4KNlYLxre96g2rNc70F0DrxC1KDAq1B9as/TEgmqDSEY617vpeaMMfKMMLprNLPNE0xmeAR7VkqsaA6zBfHztCFVYYoTpQtadBC/T2RY6H1VES2U2Az1qveXPzP62UmvglzJtPMUEmWi+KMI5Og+edoyBQlhk8twUQxeysiY6wwMTafig3BX315nbTrrn/lNh4atWa9iKMMZ3AOl+DDNTThHloQAAEGz/AKb450Xpx352PZWnKKmVP4A+fzB5fojdk=</latexit>

h = 1.0
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<latexit sha1_base64="7pkIEModwux/agaCTOMpNANpoc8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hKqV6EghePFUwttKFstpt26WY37G6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvCjlTBvP+3ZKG5tb2zvl3cre/sHhUfX4pKNlpggNiORSdSOsKWeCBoYZTrupojiJOH2MJrdz//GJKs2keDDTlIYJHgkWM4KNlYLxje82B9Wa53oLoHXiF6QGBdqD6ld/KEmWUGEIx1r3fC81YY6VYYTTWaWfaZpiMsEj2rNU4ITqMF8cO0MXVhmiWCpbwqCF+nsix4nW0ySynQk2Y73qzcX/vF5m4uswZyLNDBVkuSjOODISzT9HQ6YoMXxqCSaK2VsRGWOFibH5VGwI/urL66RTd/2m27hv1Fr1Io4ynME5XIIPV9CCO2hDAAQYPMMrvDnCeXHenY9la8kpZk7hD5zPH6EAjd8=</latexit>

h = 1.6
<latexit sha1_base64="MzmwkHD9Vwlh6YFUPBsuSszDHIs=">AAAB+nicdVDLSsNAFJ3UV62vVJduBovgKiRpbOtCKLhxWcE+oA1hMp00QycPZiZqqf0UNy4UceuXuPNvnLQVVPTAwOGcc7l3jp8yKqRpfmiFldW19Y3iZmlre2d3Ty/vd0SScUzaOGEJ7/lIEEZj0pZUMtJLOUGRz0jXH1/kfveGcEGT+FpOUuJGaBTTgGIkleTp5fA89PAApSlP7qBlOFVPr5jGWaNmn9rQNEyzbldrObHrjl1VCXOOClii5envg2GCs4jEEjMkRN8yU+lOEZcUMzIrDTJBUoTHaET6isYoIsKdzk+fwWOlDGGQcPViCefq94kpioSYRL5KRkiG4reXi395/UwGDXdK4zSTJMaLRUHGoExg3gMcUk6wZBNFEOZU3QpxiDjCUrVVUiV8/RT+Tzq2YdUM58qpNO1lHUVwCI7ACbBAHTTBJWiBNsDgFjyAJ/Cs3WuP2ov2uogWtOXMAfgB7e0TIn6TPQ==</latexit>

h = hc ⇡ 1.43
(a) (b) (c) (d) (e)

<latexit sha1_base64="WUHBPK7G7p0MXCDKThlgMGlOkTc=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZRESnVZcOOygn1AU8pketMOnUzCzESoofgrblwo4tb/cOffOGmz0NYDA4dz7uWeOX7MmdKO820V1tY3NreK26Wd3b39A/vwqK2iRFJo0YhHsusTBZwJaGmmOXRjCST0OXT8yU3mdx5AKhaJez2NoR+SkWABo0QbaWCfeBArxiNR8UKix36QTmYXA7vsVJ058Cpxc1JGOZoD+8sbRjQJQWjKiVI914l1PyVSM8phVvISBTGhEzKCnqGChKD66Tz9DJ8bZYiDSJonNJ6rvzdSEio1DX0zmUVUy14m/uf1Eh1c91Mm4kSDoItDQcKxjnBWBR4yCVTzqSGESmayYjomklBtCiuZEtzlL6+S9mXVrVdrd7Vyo57XUUSn6AxVkIuuUAPdoiZqIYoe0TN6RW/Wk/VivVsfi9GCle8coz+wPn8AlfWVSA==</latexit> ✏(
k
)

<latexit sha1_base64="D1yvEdeQAQytXer/mI7Uad1lurw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DXrwICZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5jc2t7Z38bmFv/+DwqHh80tJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbut59QaR7LBzNJ0I/oUPKQM2qs1LjvF0tu2V2ArBMvIyXIUO8Xv3qDmKURSsME1brruYnxp1QZzgTOCr1UY0LZmA6xa6mkEWp/ujh0Ri6sMiBhrGxJQxbq74kpjbSeRIHtjKgZ6VVvLv7ndVMT3vhTLpPUoGTLRWEqiInJ/Gsy4AqZERNLKFPc3krYiCrKjM2mYEPwVl9eJ62rslctVxqVUq2axZGHMziHS/DgGmpwB3VoAgOEZ3iFN+fReXHenY9la87JZk7hD5zPH6RfjM4=</latexit>

M
<latexit sha1_base64="Psw3+FNn3kEUHoixZN+NETzPvGk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DXgQvCZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5jc2t7Z38bmFv/+DwqHh80tJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbut59QaR7LBzNJ0I/oUPKQM2qs1LjvF0tu2V2ArBMvIyXIUO8Xv3qDmKURSsME1brruYnxp1QZzgTOCr1UY0LZmA6xa6mkEWp/ujh0Ri6sMiBhrGxJQxbq74kpjbSeRIHtjKgZ6VVvLv7ndVMT3vhTLpPUoGTLRWEqiInJ/Gsy4AqZERNLKFPc3krYiCrKjM2mYEPwVl9eJ62rslctVxqVUq2axZGHMziHS/DgGmpwB3VoAgOEZ3iFN+fReXHenY9la87JZk7hD5zPH6FXjMw=</latexit>

K
<latexit sha1_base64="ZQ8FM7Ju9imwyN8JSHfbMh9Aggg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DHvQYwcRAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVhLaI4kp3ImwoZ5K2LLOcdhJNsYg4fYjG1zP/4Ylqw5S8t5OEhgIPJYsZwdZJ7d4NFgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18FWZMJqmlkiwWxSlHVqHZ62jANCWWTxzBRDN3KyIjrDGxLqCSCyFYfnmVtC+qQb1au6tVGvU8jiKcwCmcQwCX0IBbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AVU9jvI=</latexit>

�
<latexit sha1_base64="ZQ8FM7Ju9imwyN8JSHfbMh9Aggg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DHvQYwcRAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVhLaI4kp3ImwoZ5K2LLOcdhJNsYg4fYjG1zP/4Ylqw5S8t5OEhgIPJYsZwdZJ7d4NFgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18FWZMJqmlkiwWxSlHVqHZ62jANCWWTxzBRDN3KyIjrDGxLqCSCyFYfnmVtC+qQb1au6tVGvU8jiKcwCmcQwCX0IBbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AVU9jvI=</latexit>

�
<latexit sha1_base64="D1yvEdeQAQytXer/mI7Uad1lurw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DXrwICZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5jc2t7Z38bmFv/+DwqHh80tJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbut59QaR7LBzNJ0I/oUPKQM2qs1LjvF0tu2V2ArBMvIyXIUO8Xv3qDmKURSsME1brruYnxp1QZzgTOCr1UY0LZmA6xa6mkEWp/ujh0Ri6sMiBhrGxJQxbq74kpjbSeRIHtjKgZ6VVvLv7ndVMT3vhTLpPUoGTLRWEqiInJ/Gsy4AqZERNLKFPc3krYiCrKjM2mYEPwVl9eJ62rslctVxqVUq2axZGHMziHS/DgGmpwB3VoAgOEZ3iFN+fReXHenY9la87JZk7hD5zPH6RfjM4=</latexit>

M
<latexit sha1_base64="Psw3+FNn3kEUHoixZN+NETzPvGk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DXgQvCZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5jc2t7Z38bmFv/+DwqHh80tJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbut59QaR7LBzNJ0I/oUPKQM2qs1LjvF0tu2V2ArBMvIyXIUO8Xv3qDmKURSsME1brruYnxp1QZzgTOCr1UY0LZmA6xa6mkEWp/ujh0Ri6sMiBhrGxJQxbq74kpjbSeRIHtjKgZ6VVvLv7ndVMT3vhTLpPUoGTLRWEqiInJ/Gsy4AqZERNLKFPc3krYiCrKjM2mYEPwVl9eJ62rslctVxqVUq2axZGHMziHS/DgGmpwB3VoAgOEZ3iFN+fReXHenY9la87JZk7hD5zPH6FXjMw=</latexit>

K
<latexit sha1_base64="ZQ8FM7Ju9imwyN8JSHfbMh9Aggg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DHvQYwcRAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVhLaI4kp3ImwoZ5K2LLOcdhJNsYg4fYjG1zP/4Ylqw5S8t5OEhgIPJYsZwdZJ7d4NFgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18FWZMJqmlkiwWxSlHVqHZ62jANCWWTxzBRDN3KyIjrDGxLqCSCyFYfnmVtC+qQb1au6tVGvU8jiKcwCmcQwCX0IBbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AVU9jvI=</latexit>

�
<latexit sha1_base64="ZQ8FM7Ju9imwyN8JSHfbMh9Aggg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DHvQYwcRAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVhLaI4kp3ImwoZ5K2LLOcdhJNsYg4fYjG1zP/4Ylqw5S8t5OEhgIPJYsZwdZJ7d4NFgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18FWZMJqmlkiwWxSlHVqHZ62jANCWWTxzBRDN3KyIjrDGxLqCSCyFYfnmVtC+qQb1au6tVGvU8jiKcwCmcQwCX0IBbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AVU9jvI=</latexit>

�
<latexit sha1_base64="D1yvEdeQAQytXer/mI7Uad1lurw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DXrwICZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5jc2t7Z38bmFv/+DwqHh80tJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbut59QaR7LBzNJ0I/oUPKQM2qs1LjvF0tu2V2ArBMvIyXIUO8Xv3qDmKURSsME1brruYnxp1QZzgTOCr1UY0LZmA6xa6mkEWp/ujh0Ri6sMiBhrGxJQxbq74kpjbSeRIHtjKgZ6VVvLv7ndVMT3vhTLpPUoGTLRWEqiInJ/Gsy4AqZERNLKFPc3krYiCrKjM2mYEPwVl9eJ62rslctVxqVUq2axZGHMziHS/DgGmpwB3VoAgOEZ3iFN+fReXHenY9la87JZk7hD5zPH6RfjM4=</latexit>

M
<latexit sha1_base64="Psw3+FNn3kEUHoixZN+NETzPvGk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DXgQvCZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5jc2t7Z38bmFv/+DwqHh80tJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbut59QaR7LBzNJ0I/oUPKQM2qs1LjvF0tu2V2ArBMvIyXIUO8Xv3qDmKURSsME1brruYnxp1QZzgTOCr1UY0LZmA6xa6mkEWp/ujh0Ri6sMiBhrGxJQxbq74kpjbSeRIHtjKgZ6VVvLv7ndVMT3vhTLpPUoGTLRWEqiInJ/Gsy4AqZERNLKFPc3krYiCrKjM2mYEPwVl9eJ62rslctVxqVUq2axZGHMziHS/DgGmpwB3VoAgOEZ3iFN+fReXHenY9la87JZk7hD5zPH6FXjMw=</latexit>

K
<latexit sha1_base64="ZQ8FM7Ju9imwyN8JSHfbMh9Aggg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DHvQYwcRAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVhLaI4kp3ImwoZ5K2LLOcdhJNsYg4fYjG1zP/4Ylqw5S8t5OEhgIPJYsZwdZJ7d4NFgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18FWZMJqmlkiwWxSlHVqHZ62jANCWWTxzBRDN3KyIjrDGxLqCSCyFYfnmVtC+qQb1au6tVGvU8jiKcwCmcQwCX0IBbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AVU9jvI=</latexit>

�
<latexit sha1_base64="ZQ8FM7Ju9imwyN8JSHfbMh9Aggg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DHvQYwcRAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVhLaI4kp3ImwoZ5K2LLOcdhJNsYg4fYjG1zP/4Ylqw5S8t5OEhgIPJYsZwdZJ7d4NFgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18FWZMJqmlkiwWxSlHVqHZ62jANCWWTxzBRDN3KyIjrDGxLqCSCyFYfnmVtC+qQb1au6tVGvU8jiKcwCmcQwCX0IBbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AVU9jvI=</latexit>

�
<latexit sha1_base64="D1yvEdeQAQytXer/mI7Uad1lurw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DXrwICZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5jc2t7Z38bmFv/+DwqHh80tJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbut59QaR7LBzNJ0I/oUPKQM2qs1LjvF0tu2V2ArBMvIyXIUO8Xv3qDmKURSsME1brruYnxp1QZzgTOCr1UY0LZmA6xa6mkEWp/ujh0Ri6sMiBhrGxJQxbq74kpjbSeRIHtjKgZ6VVvLv7ndVMT3vhTLpPUoGTLRWEqiInJ/Gsy4AqZERNLKFPc3krYiCrKjM2mYEPwVl9eJ62rslctVxqVUq2axZGHMziHS/DgGmpwB3VoAgOEZ3iFN+fReXHenY9la87JZk7hD5zPH6RfjM4=</latexit>

M
<latexit sha1_base64="Psw3+FNn3kEUHoixZN+NETzPvGk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DXgQvCZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5jc2t7Z38bmFv/+DwqHh80tJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbut59QaR7LBzNJ0I/oUPKQM2qs1LjvF0tu2V2ArBMvIyXIUO8Xv3qDmKURSsME1brruYnxp1QZzgTOCr1UY0LZmA6xa6mkEWp/ujh0Ri6sMiBhrGxJQxbq74kpjbSeRIHtjKgZ6VVvLv7ndVMT3vhTLpPUoGTLRWEqiInJ/Gsy4AqZERNLKFPc3krYiCrKjM2mYEPwVl9eJ62rslctVxqVUq2axZGHMziHS/DgGmpwB3VoAgOEZ3iFN+fReXHenY9la87JZk7hD5zPH6FXjMw=</latexit>

K
<latexit sha1_base64="ZQ8FM7Ju9imwyN8JSHfbMh9Aggg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DHvQYwcRAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVhLaI4kp3ImwoZ5K2LLOcdhJNsYg4fYjG1zP/4Ylqw5S8t5OEhgIPJYsZwdZJ7d4NFgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18FWZMJqmlkiwWxSlHVqHZ62jANCWWTxzBRDN3KyIjrDGxLqCSCyFYfnmVtC+qQb1au6tVGvU8jiKcwCmcQwCX0IBbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AVU9jvI=</latexit>

�
<latexit sha1_base64="ZQ8FM7Ju9imwyN8JSHfbMh9Aggg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DHvQYwcRAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVhLaI4kp3ImwoZ5K2LLOcdhJNsYg4fYjG1zP/4Ylqw5S8t5OEhgIPJYsZwdZJ7d4NFgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18FWZMJqmlkiwWxSlHVqHZ62jANCWWTxzBRDN3KyIjrDGxLqCSCyFYfnmVtC+qQb1au6tVGvU8jiKcwCmcQwCX0IBbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AVU9jvI=</latexit>

�
<latexit sha1_base64="D1yvEdeQAQytXer/mI7Uad1lurw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DXrwICZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5jc2t7Z38bmFv/+DwqHh80tJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbut59QaR7LBzNJ0I/oUPKQM2qs1LjvF0tu2V2ArBMvIyXIUO8Xv3qDmKURSsME1brruYnxp1QZzgTOCr1UY0LZmA6xa6mkEWp/ujh0Ri6sMiBhrGxJQxbq74kpjbSeRIHtjKgZ6VVvLv7ndVMT3vhTLpPUoGTLRWEqiInJ/Gsy4AqZERNLKFPc3krYiCrKjM2mYEPwVl9eJ62rslctVxqVUq2axZGHMziHS/DgGmpwB3VoAgOEZ3iFN+fReXHenY9la87JZk7hD5zPH6RfjM4=</latexit>

M
<latexit sha1_base64="Psw3+FNn3kEUHoixZN+NETzPvGk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DXgQvCZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5jc2t7Z38bmFv/+DwqHh80tJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbut59QaR7LBzNJ0I/oUPKQM2qs1LjvF0tu2V2ArBMvIyXIUO8Xv3qDmKURSsME1brruYnxp1QZzgTOCr1UY0LZmA6xa6mkEWp/ujh0Ri6sMiBhrGxJQxbq74kpjbSeRIHtjKgZ6VVvLv7ndVMT3vhTLpPUoGTLRWEqiInJ/Gsy4AqZERNLKFPc3krYiCrKjM2mYEPwVl9eJ62rslctVxqVUq2axZGHMziHS/DgGmpwB3VoAgOEZ3iFN+fReXHenY9la87JZk7hD5zPH6FXjMw=</latexit>

K
<latexit sha1_base64="ZQ8FM7Ju9imwyN8JSHfbMh9Aggg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DHvQYwcRAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVhLaI4kp3ImwoZ5K2LLOcdhJNsYg4fYjG1zP/4Ylqw5S8t5OEhgIPJYsZwdZJ7d4NFgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18FWZMJqmlkiwWxSlHVqHZ62jANCWWTxzBRDN3KyIjrDGxLqCSCyFYfnmVtC+qQb1au6tVGvU8jiKcwCmcQwCX0IBbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AVU9jvI=</latexit>

�
<latexit sha1_base64="ZQ8FM7Ju9imwyN8JSHfbMh9Aggg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DHvQYwcRAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVhLaI4kp3ImwoZ5K2LLOcdhJNsYg4fYjG1zP/4Ylqw5S8t5OEhgIPJYsZwdZJ7d4NFgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18FWZMJqmlkiwWxSlHVqHZ62jANCWWTxzBRDN3KyIjrDGxLqCSCyFYfnmVtC+qQb1au6tVGvU8jiKcwCmcQwCX0IBbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AVU9jvI=</latexit>

�
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FIG. 2. Evolution of the Majorana fermion mean-field spectrum along a high-symmetry path as a function of magnetic field h
along [111]. (a) Spectrum of the Kitaev model at h = 0, showing a dispersive Majorana band with Dirac cones at the K points
and three degenerate flat bands. (b) For small h a small gap ∆ ∼ h3 open at the K points and the dispersive band hybridizes
with the flat ones. All bands acquire non-zero Chern numbers, where C = −3 for the low-energy band. (c) At h = 1 a softening
at the M points becomes visible. The Chern numbers remain unchanged. (d) At the critical point h = hc ≈ 1.43 the gap closes
at the three M points. (e) Bands at h = 1.6. The Chern number of the low-energy band changes to C = 0 at h > hc ≈ 1.43,
indicating the presence of a topological phase transition.

III. MEAN-FIELD THEORY

A magnetic field along the [111] direction represents
the simplest way to break the exact solvability of the Ki-
taev model. For h > 0 the different Majorana fermions
hybridise and the plaquette operators no longer com-
mute with the Hamiltonian. As a first step we use self-
consistent mean-field theory to decouple the quartic Ma-
jorana fermion Hamiltonian, introducing the bond expec-
tation values

A = ⟨iη̂γa(r)η̂γb (r+ δγ)⟩,
B = ⟨iη̂0a(r)η̂0b (r+ δγ)⟩, (4)

which by symmetry take the same values on all nearest-
neighbour bonds. To account for effects of internal mag-
netic fields we also decouple in the local magnetisation
channel,

mγ =
m√
3
= ⟨iη̂0s(r)η̂γs (r)⟩. (5)

We treat the three local constraints (3) on average

through Lagrange multipliers λγ = λ/
√
3, with the addi-

tional contribution to the Hamiltonian,

Ĥλ = iK
λ√
3

∑
r,s,γ

{
η̂0s(r)η̂

γ
s (r) +

1

2
ϵαβγ η̂

α
s (r)η̂

β
s (r)

}
. (6)

In momentum space the mean-field Hamiltonian has
an 8-by-8 matrix structure (µ = 0, x, y, z and s = a, b).
In the following, we measure all energies in units of
the Kitaev coupling K. For given mean-field parame-
ters A,B,m and Lagrange parameter λ we can numeri-
cally diagonalise this matrix for each momentum k in the
Brillouin zone, resulting in 4 pairs of energy eigenvalues
±ϵi(k, A,B,m, λ) with ϵi ≥ 0 and a zero-temperature
mean-field energy per unit cell

E = −
4∑
i=1

∫
BZ

d2k

VBZ
ϵi(k, A,B,m, λ) + 3AB +m2, (7)

where VBZ stands for the area of the Brillouin zone. The
three equations ∂E/∂x = 0 with x = A,B,m can be con-
veniently solved using the standard iterative procedure.
However, at each iteration step we need to determine the
Lagrange multiplier λ by solving the integral equation
∂E/∂λ = 0 with bisection.

A. Mean-field results

For h = 0 the mean-field equations can be solved ana-
lytically and reproduce the exact solution of the Kitaev
model, shown in Fig. 2a. For small h a very small gap
opens at the K points, which is still barely visible at
h = 0.2 (see Fig. 2(b)). In addition, the hybridisation
between t he η̂0 and η̂γ Majorana fermions results in a
ring like gap feature around the K points. All bands
are topologically non-trivial and carry non-zero Chern
numbers. Previously, it was demonstrated that the [111]
field leads to a topological gap opening of the η̂0 Dirac
mode in third order perturbation theory [1]. Ignoring
hybridisation effects this then results in Chern numbers
C = ±1 of the gapped low energy η̂0 mode. While the
Chern numbers of all four positive bands still add up
to Ctot = −1, the formation of hybridisation gaps is re-
sponsible for a redistribution of Chern numbers between
bands, resulting in C = −3 for the low energy band.
Increasing the field further to h = 1 the gap at the

K points increases and a softening of the dispersion at
the M points is observed (see Fig. 2(c)). At the critical
field hc ≈ 1.43, the gap closes at the three M points as
shown in Fig. 2(d), which have massless Dirac low energy
quasiparticles. As pointed out earlier, an odd number
of Dirac points is unusual and only possible if additional
Berry curvature is located elsewhere in the Brillouin zone.
We address in detail the evolution of the distribution of
Berry curvature in the low energy band in Appendix A.
Beyond the critical field, h > hc ≈ 1.43, the gap re-

opens and the Chern number of the low energy band
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FIG. 3. Edge states calculated from an armchair ribbon at (a) h = 1.3 and (b) h = 1.5. Bands in blue (red) correspond to the
edge states at the left (right) edge. There is one chiral mode per edge for h < hc, and two chiral modes per edge for h > hc,
corresponding to the change of total Chern number from −1 to +2.

changes to C = 0 (see Fig. 2(e)), indicating the presence
of a topological phase transition of the low energy band
at h = hc. This results in a total Chern number for the
positive energy bands Ctot = +2. This critical field value
and the total Chern numbers around the phase transi-
tion are consistent with values reported in the literature
[17, 18], noting that since we measure spins in units of
ℏ/2 our field values are rescaled by a factor of two.

The change in total Chern number reflects a change
in the number of chiral Majorana edge states due to the
bulk-boundary correspondence. The edge modes of an
armchair ribbon at h = 1.3 and h = 1.5 are shown
in Fig. 3. The converged mean-field parameters of the
Hamiltonian are used in the calculation. For h < hc,
one chiral mode exists on each edge, with chiral central
charge of −1/2, indicative of non-Abelian anyons with
topological spin −π/8. For h > hc, the total Chern num-
ber Ctot = +2 corresponds to two chiral Majorana modes
per edge, with central charge +1. According to Kitaev’s
16-fold way [1], the topological order can be described
by a chiral U(1) theory with Abelian semion excitations.
Therefore the ground state changes from a gapped Z2

spin liquid to an Abelian U(1) chiral spin liquid across
hc.

IV. FIELD THEORETICAL ANALYSIS OF
TOPOLOGICAL PHASE TRANSITION

A. Effective Field Theory

At the topological phase transition the gap closes at
the three M points in the Brillouin zone, which we will
label by Mi (i = 1, 2, 3) in the following, as illustrated
in Fig. 1(b). In a small momentum region around these
points and for fields h close to hc the low energy Hamilto-
nian around Mi will have the conventional 2-by-2 spinor
matrix structure of a gapped Dirac point, where the gap
∆ ∼ (h− hc) is the same at all M points. By symmetry,

one would further expect that the Hamiltonians Ĥi at
each Mi are identical when expressed in the local coordi-
nate frame relative to the edge of the Brillouin zone with
normal vector n̂i (Fig. 1). The Hamiltonian matrices
should therefore take the form

Hi(k) = v∥[(n̂i × êz) · k]τx + v⊥(n̂i · k)τy +∆τz, (8)

where τγ are Pauli matrices in pseudo-spin space. We
confirmed this expected form numerically by projecting
the full mean-field Hamiltonian onto the low-energy sec-
tor at each Mi and treating (h−hc) and the momentum
shifts kx, ky away from Mi as small perturbations.
Our numerical results show a small anisotropy of Fermi

velocities, (v∥ − v⊥)/v⊥ ≈ 0.05. In the following we will
neglect this anisotropy and absorb the velocity v = v∥ =
v⊥ in a re-definition of k. Our RG analysis will indeed
confirm that v∥ = v⊥ at the critical fixed point.
The three Dirac Hamiltonians shown in Eq. (8) have

the topological charge sgn(∆)/2. The additional topo-
logical charge of −3/2 associated with the nodal line gap
around Γ is located at top of the low-energy band and re-
mains unchanged across the transition. This feature has
no direct effect on the nature of the topological phase
transition, other than permitting the emergence of an
odd number of Dirac cones in the IR via UV compensa-
tion. In the following we focus on the bulk properties in
the thermodynamic limit, in the absence of zero energy
edge modes.
Writing the partition function as a Grassmann path-

integral over Majorana fermion fields, the low-energy free
fermion action at the critical point (∆ = 0) is given by

S0[ψ̄,ψ] =

3∑
i=1

N∑
ν=1

∫
k⃗=(k0,k)

ψ̄iν(k⃗)
{
− ik0

+[(n̂i × êz) · k]τx + (n̂i · k)τy
}
ψiν(k⃗),(9)

where we have introduced the frequency momentum 3-

vector k⃗ = (k0,k), i = 1, 2, 3 labels the three M -point
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Dirac valleys, and we have generalised to ν = 1, . . . , N
replicas of the theory, enabling a systematic expansion in
1/(3N). The resulting fermion Green function at Mi is
given by

Gi(k⃗) =
ik0 + [(n̂i × êz) · k]τx + (n̂i · k)τy

k⃗2
. (10)

To understand the critical behaviour we need to in-
clude fluctuations beyond mean-field theory. The start-
ing point would be a Hubbard-Stratonovich decoupling of
the interaction terms in the initial lattice model, which,
at saddle-point level, reproduces the mean-field theory.
While the initial fluctuation fields couple to bond opera-
tors iη̂γa(r)η̂

γ
b (r + δγ) and iη̂0a(r)η̂

0
b (r + δγ), which lead

to a Yukawa coupling in the sublattice channel τy as
discussed in [36], here the Majorana fermions of differ-
ent flavours and on different sub-lattices mix under the
unitary transformation that diagonalises the mean-field
Hamiltonian. We will therefore obtain fluctuations in all
channels τγ of the new low-energy pseudo-spin space. In
general, most fluctuations will be gapped and can be ne-
glected. One exception is when the system is close to
a symmetry-breaking instability, in which case he cor-
responding fluctuations can become soft. Here we won’t
study such multi-criticality and only focus on the dynam-
ical fluctuations of the mass gap ∆ in the τz channel,
since it is the tuning parameter of the topological phase
transition at the quantum critical point (∆ = 0).

Since the interactions are short ranged, both inter- and
intra-valley fluctuations will be important. On the full
two-dimensional Brillouin zone the fluctuations in the
mass channel are of the form Φ(Q)ψ̄(K)τzψ(K + Q),
where we have dropped the dependence on frequencies,
for brevity. In the low-energy theory we only consider
momentum patches close to the M points, K = Mi + k,
and define ψ(K) = ψ(Mi+k) ≡ ψi(k). For the momen-
tum transfer we write Q = Qij+q where Qij = Mj−Mi

and q is small. Defining the intra-valley fluctuation fields
(i = j) as Φ(Qii+q) = Φ(q) = ϕ(q) and the inter-valley
fluctuation fields (i ̸= j) as Φ(Qij + q) = φij(q), the
Yukawa couplings can be written as

SY =
g√
3N

∑
i

∑
ν

∫
k⃗,q⃗

ϕ(q⃗)ψ̄iν(k⃗)τzψiν(k⃗ + q⃗) (11)

+
g̃√
6N

i̸=j∑
i,j

∑
ν

∫
k⃗,q⃗

φij(q⃗)ψ̄iν(k⃗)τzψjν(k⃗ + q⃗),

where g and g̃ are the strengths of the intra- and
inter-valley Yukawa couplings, respectively. Note that
φ∗
ij(q⃗) = φji(−q⃗). Finally, the quadratic actions for the

fluctuation fields are given by

S0[ϕ] =
1

2

∫
q⃗

D−1(q⃗)|ϕ(q⃗)|2 (12)

S0[φ] =
1

2

i<j∑
i,j

∫
q⃗

D̃−1(q⃗)|φij(q⃗)|2, (13)
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FIG. 2. Polarization bubble diagram describing the IR regulator
of the bosonic propagator and the self-energy correction of the
bosons in the momentum shell.

For the multicomponent order parameters of the SDW
and superconducting phases, the polarization is diagonal,
!i j (q⃗) = !(q⃗)δi j , reflecting the underlying O(3) and U(1)
symmetries. In the limit of small q0, qx and at qy = 0, the
leading term is [25]

!IR(q⃗) = Nf g2

√
2m
v

(
q2

0 + v2q2
x

) 1
4 , (23)

where Nf is the number of fermion flavors. This contribution
to the kernel of Sφ regularizes the bosonic propagator in the
IR at the critical surface (m2

φ = 0),

G−1
φ (q⃗) = Nf g2

√
2m
v

(
q2

0 + v2q2
x

) 1
4 + c2

yq2
y . (24)

C. Self-energy and vertex corrections

Using the propagators (22) and (24) for fermionic and
bosonic fields, respectively, we can now go beyond the tree
level scaling and extract one-loop corrections to the propa-
gators and the Yukawa coupling. As mentioned before, the
bosonic φ4 is irrelevant and can be dropped.

We first concern ourselves with the one-loop renormal-
ization of the regularized bosonic propagator (24). The only
component that is of interest is in the qy direction as the
dependence on linear momentum and frequency directions in
the propagator comes from the IR, which is not renormalized
under the RG. The one-loop bosonic self-energy is depicted
in Fig. 2 and takes the form

!>(q⃗) = g2

2
Tr

∫ >

k⃗
YiGψ (k⃗)YiGψ (k⃗ + q⃗), (25)

where
∫ >

k⃗ means integration over the UV modes within
the frequency-momentum shell of width %z dℓ, as defined
in Eq. (13). Note that in the above expression, the order
parameter field component i is not summed over and that
the result is the same for all components. The leading terms
of the self-energy have the form !>(q⃗) = !0q2

0 + !xq2
x +

!yq2
y + !m2

φ
. Expanding the fermionic propagator to second

order in qy, then performing the coordinate transformation
(16) and integrating over the energy shell, we find that the
renormalization of the c2

y coefficient is given by

d
(
c2

y

)
= 2Nf

11
21π2

√
2m
v

g2

√
%

zdℓ ≡ !yzdℓ. (26)

Although the mass of the bosons m2
φ also runs in the RG flow,

for now it will be fine tuned to zero at the critical surface.
We will address the renormalization of m2

φ in detail later on
in Secs. III F and III G, when we examine the vicinity of the
quantum multicritical point.

FIG. 3. (a) Self-energy correction to the fermionic propagator in
one loop. (b) Vertex correction diagram to the Yukawa coupling.
The bosonic propagator is represented by the wavy line while the
fermionic propagator by the straight line.

Next, we turn our attention to the one-loop fermionic self-
energy [Fig. 3(a)], which is equal to

"(k⃗) = −g2
Nb∑

i

∫ >

q⃗
Gφ (q⃗)YiGψ (k⃗ + q⃗)Yi. (27)

After shell integration, it takes the form

"(k⃗) = s0 ⊗
[

(0(k0σ
0 + vkxσ

x ) + (y
k2

y

2m
σy

]

zdℓ, (28)

where

(0 = Nb

2Nf
F1

(
2Nf

√
2mg2

vc2
y

√
%

)
, (29)

(y = Nb

2Nf
F2

(
2Nf

√
2mg2

vc2
y

√
%

)
, (30)

with (x = (0, and

F1(x) = 1
4π2

∫ π
2

0
dθ

(cos θ )
3
2 sin θ

x−1 cos θ +
√

sin θ
, (31)

F2(x) = 1
4π2

∫ π
2

0
dθ

cos 2θ + 2 cos 4θ

x−1 cos θ +
√

sin θ

sin θ√
cos θ

(32)

are defined as integral functions.
The renormalization of the Yukawa vertex at one-loop

order is obtained from the diagram shown in Fig. 3(b) with
the external frequencies and momenta set to zero,

$i = g3
Nb∑

j

∫ >

q⃗
Gφ (q⃗)Y jGψ (q⃗)YiGψ (q⃗)Y j . (33)

The matrix $i is proportional to the Yukawa matrix Yi, $i =
g* Yizdℓ, where we have absorbed a factor of g2 in the
definition of *. Performing the shell integral we obtain

* = −2 − Nb

2Nf
F3

(
2Nf

√
2mg2

vc2
y

√
%

)

(34)

with

F3(x) = 1
4π2

∫ π
2

0
dθ

1

x−1 cos θ +
√

sin θ

sin θ√
cos θ

. (35)

Note that the vertex correction to the Yukawa coupling g
has opposite sign for the CDW (Nb = 1) and SDW (Nb = 3)
instabilities and vanishes in the case of a superconductor
(Nb = 2), as reported in previous studies [27].
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FIG. 2. Polarization bubble diagram describing the IR regulator
of the bosonic propagator and the self-energy correction of the
bosons in the momentum shell.

For the multicomponent order parameters of the SDW
and superconducting phases, the polarization is diagonal,
!i j (q⃗) = !(q⃗)δi j , reflecting the underlying O(3) and U(1)
symmetries. In the limit of small q0, qx and at qy = 0, the
leading term is [25]

!IR(q⃗) = Nf g2

√
2m
v

(
q2

0 + v2q2
x

) 1
4 , (23)

where Nf is the number of fermion flavors. This contribution
to the kernel of Sφ regularizes the bosonic propagator in the
IR at the critical surface (m2

φ = 0),

G−1
φ (q⃗) = Nf g2

√
2m
v

(
q2

0 + v2q2
x

) 1
4 + c2
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y . (24)

C. Self-energy and vertex corrections

Using the propagators (22) and (24) for fermionic and
bosonic fields, respectively, we can now go beyond the tree
level scaling and extract one-loop corrections to the propa-
gators and the Yukawa coupling. As mentioned before, the
bosonic φ4 is irrelevant and can be dropped.

We first concern ourselves with the one-loop renormal-
ization of the regularized bosonic propagator (24). The only
component that is of interest is in the qy direction as the
dependence on linear momentum and frequency directions in
the propagator comes from the IR, which is not renormalized
under the RG. The one-loop bosonic self-energy is depicted
in Fig. 2 and takes the form

!>(q⃗) = g2

2
Tr

∫ >

k⃗
YiGψ (k⃗)YiGψ (k⃗ + q⃗), (25)

where
∫ >

k⃗ means integration over the UV modes within
the frequency-momentum shell of width %z dℓ, as defined
in Eq. (13). Note that in the above expression, the order
parameter field component i is not summed over and that
the result is the same for all components. The leading terms
of the self-energy have the form !>(q⃗) = !0q2

0 + !xq2
x +

!yq2
y + !m2

φ
. Expanding the fermionic propagator to second

order in qy, then performing the coordinate transformation
(16) and integrating over the energy shell, we find that the
renormalization of the c2

y coefficient is given by

d
(
c2

y

)
= 2Nf

11
21π2

√
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v
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√
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zdℓ ≡ !yzdℓ. (26)

Although the mass of the bosons m2
φ also runs in the RG flow,

for now it will be fine tuned to zero at the critical surface.
We will address the renormalization of m2

φ in detail later on
in Secs. III F and III G, when we examine the vicinity of the
quantum multicritical point.

FIG. 3. (a) Self-energy correction to the fermionic propagator in
one loop. (b) Vertex correction diagram to the Yukawa coupling.
The bosonic propagator is represented by the wavy line while the
fermionic propagator by the straight line.

Next, we turn our attention to the one-loop fermionic self-
energy [Fig. 3(a)], which is equal to

"(k⃗) = −g2
Nb∑

i

∫ >

q⃗
Gφ (q⃗)YiGψ (k⃗ + q⃗)Yi. (27)

After shell integration, it takes the form

"(k⃗) = s0 ⊗
[

(0(k0σ
0 + vkxσ

x ) + (y
k2

y

2m
σy

]

zdℓ, (28)

where

(0 = Nb

2Nf
F1

(
2Nf

√
2mg2

vc2
y

√
%

)
, (29)

(y = Nb

2Nf
F2

(
2Nf

√
2mg2

vc2
y

√
%

)
, (30)

with (x = (0, and

F1(x) = 1
4π2

∫ π
2

0
dθ

(cos θ )
3
2 sin θ

x−1 cos θ +
√

sin θ
, (31)

F2(x) = 1
4π2

∫ π
2

0
dθ

cos 2θ + 2 cos 4θ

x−1 cos θ +
√

sin θ

sin θ√
cos θ

(32)

are defined as integral functions.
The renormalization of the Yukawa vertex at one-loop

order is obtained from the diagram shown in Fig. 3(b) with
the external frequencies and momenta set to zero,

$i = g3
Nb∑

j

∫ >

q⃗
Gφ (q⃗)Y jGψ (q⃗)YiGψ (q⃗)Y j . (33)

The matrix $i is proportional to the Yukawa matrix Yi, $i =
g* Yizdℓ, where we have absorbed a factor of g2 in the
definition of *. Performing the shell integral we obtain

* = −2 − Nb

2Nf
F3

(
2Nf

√
2mg2

vc2
y

√
%

)

(34)

with

F3(x) = 1
4π2

∫ π
2

0
dθ

1

x−1 cos θ +
√

sin θ

sin θ√
cos θ

. (35)

Note that the vertex correction to the Yukawa coupling g
has opposite sign for the CDW (Nb = 1) and SDW (Nb = 3)
instabilities and vanishes in the case of a superconductor
(Nb = 2), as reported in previous studies [27].
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and superconducting phases, the polarization is diagonal,
!i j (q⃗) = !(q⃗)δi j , reflecting the underlying O(3) and U(1)
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where Nf is the number of fermion flavors. This contribution
to the kernel of Sφ regularizes the bosonic propagator in the
IR at the critical surface (m2

φ = 0),
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C. Self-energy and vertex corrections

Using the propagators (22) and (24) for fermionic and
bosonic fields, respectively, we can now go beyond the tree
level scaling and extract one-loop corrections to the propa-
gators and the Yukawa coupling. As mentioned before, the
bosonic φ4 is irrelevant and can be dropped.

We first concern ourselves with the one-loop renormal-
ization of the regularized bosonic propagator (24). The only
component that is of interest is in the qy direction as the
dependence on linear momentum and frequency directions in
the propagator comes from the IR, which is not renormalized
under the RG. The one-loop bosonic self-energy is depicted
in Fig. 2 and takes the form
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∫ >

k⃗
YiGψ (k⃗)YiGψ (k⃗ + q⃗), (25)

where
∫ >

k⃗ means integration over the UV modes within
the frequency-momentum shell of width %z dℓ, as defined
in Eq. (13). Note that in the above expression, the order
parameter field component i is not summed over and that
the result is the same for all components. The leading terms
of the self-energy have the form !>(q⃗) = !0q2

0 + !xq2
x +
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y + !m2

φ
. Expanding the fermionic propagator to second

order in qy, then performing the coordinate transformation
(16) and integrating over the energy shell, we find that the
renormalization of the c2
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φ also runs in the RG flow,

for now it will be fine tuned to zero at the critical surface.
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Next, we turn our attention to the one-loop fermionic self-
energy [Fig. 3(a)], which is equal to

"(k⃗) = −g2
Nb∑

i

∫ >

q⃗
Gφ (q⃗)YiGψ (k⃗ + q⃗)Yi. (27)

After shell integration, it takes the form

"(k⃗) = s0 ⊗
[

(0(k0σ
0 + vkxσ

x ) + (y
k2

y

2m
σy

]

zdℓ, (28)

where

(0 = Nb

2Nf
F1

(
2Nf

√
2mg2

vc2
y

√
%

)
, (29)

(y = Nb

2Nf
F2

(
2Nf

√
2mg2

vc2
y

√
%

)
, (30)

with (x = (0, and

F1(x) = 1
4π2

∫ π
2

0
dθ

(cos θ )
3
2 sin θ

x−1 cos θ +
√

sin θ
, (31)

F2(x) = 1
4π2

∫ π
2

0
dθ

cos 2θ + 2 cos 4θ

x−1 cos θ +
√

sin θ

sin θ√
cos θ

(32)

are defined as integral functions.
The renormalization of the Yukawa vertex at one-loop

order is obtained from the diagram shown in Fig. 3(b) with
the external frequencies and momenta set to zero,

$i = g3
Nb∑

j

∫ >

q⃗
Gφ (q⃗)Y jGψ (q⃗)YiGψ (q⃗)Y j . (33)

The matrix $i is proportional to the Yukawa matrix Yi, $i =
g* Yizdℓ, where we have absorbed a factor of g2 in the
definition of *. Performing the shell integral we obtain

* = −2 − Nb

2Nf
F3

(
2Nf

√
2mg2

vc2
y

√
%

)

(34)

with

F3(x) = 1
4π2

∫ π
2

0
dθ

1

x−1 cos θ +
√

sin θ

sin θ√
cos θ

. (35)

Note that the vertex correction to the Yukawa coupling g
has opposite sign for the CDW (Nb = 1) and SDW (Nb = 3)
instabilities and vanishes in the case of a superconductor
(Nb = 2), as reported in previous studies [27].
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FIG. 2. Polarization bubble diagram describing the IR regulator
of the bosonic propagator and the self-energy correction of the
bosons in the momentum shell.

For the multicomponent order parameters of the SDW
and superconducting phases, the polarization is diagonal,
!i j (q⃗) = !(q⃗)δi j , reflecting the underlying O(3) and U(1)
symmetries. In the limit of small q0, qx and at qy = 0, the
leading term is [25]

!IR(q⃗) = Nf g2

√
2m
v

(
q2

0 + v2q2
x

) 1
4 , (23)

where Nf is the number of fermion flavors. This contribution
to the kernel of Sφ regularizes the bosonic propagator in the
IR at the critical surface (m2

φ = 0),

G−1
φ (q⃗) = Nf g2

√
2m
v

(
q2

0 + v2q2
x

) 1
4 + c2

yq2
y . (24)

C. Self-energy and vertex corrections

Using the propagators (22) and (24) for fermionic and
bosonic fields, respectively, we can now go beyond the tree
level scaling and extract one-loop corrections to the propa-
gators and the Yukawa coupling. As mentioned before, the
bosonic φ4 is irrelevant and can be dropped.

We first concern ourselves with the one-loop renormal-
ization of the regularized bosonic propagator (24). The only
component that is of interest is in the qy direction as the
dependence on linear momentum and frequency directions in
the propagator comes from the IR, which is not renormalized
under the RG. The one-loop bosonic self-energy is depicted
in Fig. 2 and takes the form

!>(q⃗) = g2

2
Tr

∫ >

k⃗
YiGψ (k⃗)YiGψ (k⃗ + q⃗), (25)

where
∫ >

k⃗ means integration over the UV modes within
the frequency-momentum shell of width %z dℓ, as defined
in Eq. (13). Note that in the above expression, the order
parameter field component i is not summed over and that
the result is the same for all components. The leading terms
of the self-energy have the form !>(q⃗) = !0q2

0 + !xq2
x +

!yq2
y + !m2

φ
. Expanding the fermionic propagator to second

order in qy, then performing the coordinate transformation
(16) and integrating over the energy shell, we find that the
renormalization of the c2

y coefficient is given by

d
(
c2

y

)
= 2Nf

11
21π2

√
2m
v

g2

√
%

zdℓ ≡ !yzdℓ. (26)

Although the mass of the bosons m2
φ also runs in the RG flow,

for now it will be fine tuned to zero at the critical surface.
We will address the renormalization of m2

φ in detail later on
in Secs. III F and III G, when we examine the vicinity of the
quantum multicritical point.

FIG. 3. (a) Self-energy correction to the fermionic propagator in
one loop. (b) Vertex correction diagram to the Yukawa coupling.
The bosonic propagator is represented by the wavy line while the
fermionic propagator by the straight line.

Next, we turn our attention to the one-loop fermionic self-
energy [Fig. 3(a)], which is equal to

"(k⃗) = −g2
Nb∑

i

∫ >

q⃗
Gφ (q⃗)YiGψ (k⃗ + q⃗)Yi. (27)

After shell integration, it takes the form

"(k⃗) = s0 ⊗
[

(0(k0σ
0 + vkxσ

x ) + (y
k2
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σy
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zdℓ, (28)

where
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F1(x) = 1
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∫ π
2

0
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√
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F2(x) = 1
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0
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√
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(32)

are defined as integral functions.
The renormalization of the Yukawa vertex at one-loop

order is obtained from the diagram shown in Fig. 3(b) with
the external frequencies and momenta set to zero,

$i = g3
Nb∑

j

∫ >

q⃗
Gφ (q⃗)Y jGψ (q⃗)YiGψ (q⃗)Y j . (33)

The matrix $i is proportional to the Yukawa matrix Yi, $i =
g* Yizdℓ, where we have absorbed a factor of g2 in the
definition of *. Performing the shell integral we obtain

* = −2 − Nb
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(
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√
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y

√
%

)

(34)

with

F3(x) = 1
4π2

∫ π
2

0
dθ

1

x−1 cos θ +
√

sin θ

sin θ√
cos θ

. (35)

Note that the vertex correction to the Yukawa coupling g
has opposite sign for the CDW (Nb = 1) and SDW (Nb = 3)
instabilities and vanishes in the case of a superconductor
(Nb = 2), as reported in previous studies [27].
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of the bosonic propagator and the self-energy correction of the
bosons in the momentum shell.

For the multicomponent order parameters of the SDW
and superconducting phases, the polarization is diagonal,
!i j (q⃗) = !(q⃗)δi j , reflecting the underlying O(3) and U(1)
symmetries. In the limit of small q0, qx and at qy = 0, the
leading term is [25]
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where Nf is the number of fermion flavors. This contribution
to the kernel of Sφ regularizes the bosonic propagator in the
IR at the critical surface (m2

φ = 0),
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C. Self-energy and vertex corrections

Using the propagators (22) and (24) for fermionic and
bosonic fields, respectively, we can now go beyond the tree
level scaling and extract one-loop corrections to the propa-
gators and the Yukawa coupling. As mentioned before, the
bosonic φ4 is irrelevant and can be dropped.

We first concern ourselves with the one-loop renormal-
ization of the regularized bosonic propagator (24). The only
component that is of interest is in the qy direction as the
dependence on linear momentum and frequency directions in
the propagator comes from the IR, which is not renormalized
under the RG. The one-loop bosonic self-energy is depicted
in Fig. 2 and takes the form

!>(q⃗) = g2

2
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∫ >

k⃗
YiGψ (k⃗)YiGψ (k⃗ + q⃗), (25)

where
∫ >

k⃗ means integration over the UV modes within
the frequency-momentum shell of width %z dℓ, as defined
in Eq. (13). Note that in the above expression, the order
parameter field component i is not summed over and that
the result is the same for all components. The leading terms
of the self-energy have the form !>(q⃗) = !0q2

0 + !xq2
x +

!yq2
y + !m2

φ
. Expanding the fermionic propagator to second

order in qy, then performing the coordinate transformation
(16) and integrating over the energy shell, we find that the
renormalization of the c2

y coefficient is given by
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(
c2

y

)
= 2Nf
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Although the mass of the bosons m2
φ also runs in the RG flow,

for now it will be fine tuned to zero at the critical surface.
We will address the renormalization of m2

φ in detail later on
in Secs. III F and III G, when we examine the vicinity of the
quantum multicritical point.

FIG. 3. (a) Self-energy correction to the fermionic propagator in
one loop. (b) Vertex correction diagram to the Yukawa coupling.
The bosonic propagator is represented by the wavy line while the
fermionic propagator by the straight line.

Next, we turn our attention to the one-loop fermionic self-
energy [Fig. 3(a)], which is equal to

"(k⃗) = −g2
Nb∑

i

∫ >

q⃗
Gφ (q⃗)YiGψ (k⃗ + q⃗)Yi. (27)

After shell integration, it takes the form

"(k⃗) = s0 ⊗
[

(0(k0σ
0 + vkxσ

x ) + (y
k2

y

2m
σy

]

zdℓ, (28)

where
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2Nf
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(
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√
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√
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)
, (29)
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(
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√
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√
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)
, (30)

with (x = (0, and

F1(x) = 1
4π2

∫ π
2

0
dθ

(cos θ )
3
2 sin θ

x−1 cos θ +
√

sin θ
, (31)

F2(x) = 1
4π2

∫ π
2

0
dθ

cos 2θ + 2 cos 4θ

x−1 cos θ +
√

sin θ

sin θ√
cos θ

(32)

are defined as integral functions.
The renormalization of the Yukawa vertex at one-loop

order is obtained from the diagram shown in Fig. 3(b) with
the external frequencies and momenta set to zero,

$i = g3
Nb∑

j

∫ >

q⃗
Gφ (q⃗)Y jGψ (q⃗)YiGψ (q⃗)Y j . (33)

The matrix $i is proportional to the Yukawa matrix Yi, $i =
g* Yizdℓ, where we have absorbed a factor of g2 in the
definition of *. Performing the shell integral we obtain

* = −2 − Nb

2Nf
F3

(
2Nf

√
2mg2

vc2
y

√
%

)

(34)

with

F3(x) = 1
4π2

∫ π
2

0
dθ

1

x−1 cos θ +
√

sin θ

sin θ√
cos θ

. (35)

Note that the vertex correction to the Yukawa coupling g
has opposite sign for the CDW (Nb = 1) and SDW (Nb = 3)
instabilities and vanishes in the case of a superconductor
(Nb = 2), as reported in previous studies [27].
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of the bosonic propagator and the self-energy correction of the
bosons in the momentum shell.

For the multicomponent order parameters of the SDW
and superconducting phases, the polarization is diagonal,
!i j (q⃗) = !(q⃗)δi j , reflecting the underlying O(3) and U(1)
symmetries. In the limit of small q0, qx and at qy = 0, the
leading term is [25]
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where Nf is the number of fermion flavors. This contribution
to the kernel of Sφ regularizes the bosonic propagator in the
IR at the critical surface (m2

φ = 0),
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C. Self-energy and vertex corrections

Using the propagators (22) and (24) for fermionic and
bosonic fields, respectively, we can now go beyond the tree
level scaling and extract one-loop corrections to the propa-
gators and the Yukawa coupling. As mentioned before, the
bosonic φ4 is irrelevant and can be dropped.

We first concern ourselves with the one-loop renormal-
ization of the regularized bosonic propagator (24). The only
component that is of interest is in the qy direction as the
dependence on linear momentum and frequency directions in
the propagator comes from the IR, which is not renormalized
under the RG. The one-loop bosonic self-energy is depicted
in Fig. 2 and takes the form

!>(q⃗) = g2

2
Tr

∫ >

k⃗
YiGψ (k⃗)YiGψ (k⃗ + q⃗), (25)

where
∫ >

k⃗ means integration over the UV modes within
the frequency-momentum shell of width %z dℓ, as defined
in Eq. (13). Note that in the above expression, the order
parameter field component i is not summed over and that
the result is the same for all components. The leading terms
of the self-energy have the form !>(q⃗) = !0q2

0 + !xq2
x +

!yq2
y + !m2

φ
. Expanding the fermionic propagator to second

order in qy, then performing the coordinate transformation
(16) and integrating over the energy shell, we find that the
renormalization of the c2

y coefficient is given by
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(
c2

y

)
= 2Nf
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21π2

√
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v
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Although the mass of the bosons m2
φ also runs in the RG flow,

for now it will be fine tuned to zero at the critical surface.
We will address the renormalization of m2

φ in detail later on
in Secs. III F and III G, when we examine the vicinity of the
quantum multicritical point.

FIG. 3. (a) Self-energy correction to the fermionic propagator in
one loop. (b) Vertex correction diagram to the Yukawa coupling.
The bosonic propagator is represented by the wavy line while the
fermionic propagator by the straight line.

Next, we turn our attention to the one-loop fermionic self-
energy [Fig. 3(a)], which is equal to

"(k⃗) = −g2
Nb∑

i

∫ >

q⃗
Gφ (q⃗)YiGψ (k⃗ + q⃗)Yi. (27)

After shell integration, it takes the form

"(k⃗) = s0 ⊗
[

(0(k0σ
0 + vkxσ

x ) + (y
k2

y

2m
σy

]

zdℓ, (28)

where

(0 = Nb

2Nf
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(
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√
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√
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)
, (29)

(y = Nb

2Nf
F2

(
2Nf

√
2mg2

vc2
y

√
%

)
, (30)

with (x = (0, and

F1(x) = 1
4π2

∫ π
2

0
dθ

(cos θ )
3
2 sin θ

x−1 cos θ +
√

sin θ
, (31)

F2(x) = 1
4π2

∫ π
2

0
dθ

cos 2θ + 2 cos 4θ

x−1 cos θ +
√

sin θ

sin θ√
cos θ

(32)

are defined as integral functions.
The renormalization of the Yukawa vertex at one-loop

order is obtained from the diagram shown in Fig. 3(b) with
the external frequencies and momenta set to zero,

$i = g3
Nb∑

j

∫ >

q⃗
Gφ (q⃗)Y jGψ (q⃗)YiGψ (q⃗)Y j . (33)

The matrix $i is proportional to the Yukawa matrix Yi, $i =
g* Yizdℓ, where we have absorbed a factor of g2 in the
definition of *. Performing the shell integral we obtain

* = −2 − Nb

2Nf
F3

(
2Nf

√
2mg2

vc2
y

√
%

)

(34)

with

F3(x) = 1
4π2

∫ π
2

0
dθ

1

x−1 cos θ +
√

sin θ

sin θ√
cos θ

. (35)

Note that the vertex correction to the Yukawa coupling g
has opposite sign for the CDW (Nb = 1) and SDW (Nb = 3)
instabilities and vanishes in the case of a superconductor
(Nb = 2), as reported in previous studies [27].
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FIG. 2. Polarization bubble diagram describing the IR regulator
of the bosonic propagator and the self-energy correction of the
bosons in the momentum shell.

For the multicomponent order parameters of the SDW
and superconducting phases, the polarization is diagonal,
!i j (q⃗) = !(q⃗)δi j , reflecting the underlying O(3) and U(1)
symmetries. In the limit of small q0, qx and at qy = 0, the
leading term is [25]

!IR(q⃗) = Nf g2

√
2m
v

(
q2

0 + v2q2
x

) 1
4 , (23)

where Nf is the number of fermion flavors. This contribution
to the kernel of Sφ regularizes the bosonic propagator in the
IR at the critical surface (m2

φ = 0),

G−1
φ (q⃗) = Nf g2

√
2m
v

(
q2

0 + v2q2
x

) 1
4 + c2

yq2
y . (24)

C. Self-energy and vertex corrections

Using the propagators (22) and (24) for fermionic and
bosonic fields, respectively, we can now go beyond the tree
level scaling and extract one-loop corrections to the propa-
gators and the Yukawa coupling. As mentioned before, the
bosonic φ4 is irrelevant and can be dropped.

We first concern ourselves with the one-loop renormal-
ization of the regularized bosonic propagator (24). The only
component that is of interest is in the qy direction as the
dependence on linear momentum and frequency directions in
the propagator comes from the IR, which is not renormalized
under the RG. The one-loop bosonic self-energy is depicted
in Fig. 2 and takes the form

!>(q⃗) = g2

2
Tr

∫ >

k⃗
YiGψ (k⃗)YiGψ (k⃗ + q⃗), (25)

where
∫ >

k⃗ means integration over the UV modes within
the frequency-momentum shell of width %z dℓ, as defined
in Eq. (13). Note that in the above expression, the order
parameter field component i is not summed over and that
the result is the same for all components. The leading terms
of the self-energy have the form !>(q⃗) = !0q2

0 + !xq2
x +

!yq2
y + !m2

φ
. Expanding the fermionic propagator to second

order in qy, then performing the coordinate transformation
(16) and integrating over the energy shell, we find that the
renormalization of the c2

y coefficient is given by

d
(
c2

y

)
= 2Nf

11
21π2

√
2m
v

g2

√
%

zdℓ ≡ !yzdℓ. (26)

Although the mass of the bosons m2
φ also runs in the RG flow,

for now it will be fine tuned to zero at the critical surface.
We will address the renormalization of m2

φ in detail later on
in Secs. III F and III G, when we examine the vicinity of the
quantum multicritical point.

FIG. 3. (a) Self-energy correction to the fermionic propagator in
one loop. (b) Vertex correction diagram to the Yukawa coupling.
The bosonic propagator is represented by the wavy line while the
fermionic propagator by the straight line.

Next, we turn our attention to the one-loop fermionic self-
energy [Fig. 3(a)], which is equal to

"(k⃗) = −g2
Nb∑

i

∫ >

q⃗
Gφ (q⃗)YiGψ (k⃗ + q⃗)Yi. (27)

After shell integration, it takes the form

"(k⃗) = s0 ⊗
[

(0(k0σ
0 + vkxσ

x ) + (y
k2

y

2m
σy

]

zdℓ, (28)

where
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)
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with (x = (0, and

F1(x) = 1
4π2

∫ π
2

0
dθ

(cos θ )
3
2 sin θ

x−1 cos θ +
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sin θ
, (31)

F2(x) = 1
4π2

∫ π
2

0
dθ

cos 2θ + 2 cos 4θ

x−1 cos θ +
√

sin θ

sin θ√
cos θ

(32)

are defined as integral functions.
The renormalization of the Yukawa vertex at one-loop

order is obtained from the diagram shown in Fig. 3(b) with
the external frequencies and momenta set to zero,

$i = g3
Nb∑

j

∫ >

q⃗
Gφ (q⃗)Y jGψ (q⃗)YiGψ (q⃗)Y j . (33)

The matrix $i is proportional to the Yukawa matrix Yi, $i =
g* Yizdℓ, where we have absorbed a factor of g2 in the
definition of *. Performing the shell integral we obtain

* = −2 − Nb

2Nf
F3

(
2Nf

√
2mg2

vc2
y

√
%

)

(34)

with

F3(x) = 1
4π2

∫ π
2

0
dθ

1

x−1 cos θ +
√

sin θ

sin θ√
cos θ

. (35)

Note that the vertex correction to the Yukawa coupling g
has opposite sign for the CDW (Nb = 1) and SDW (Nb = 3)
instabilities and vanishes in the case of a superconductor
(Nb = 2), as reported in previous studies [27].
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FIG. 2. Polarization bubble diagram describing the IR regulator
of the bosonic propagator and the self-energy correction of the
bosons in the momentum shell.

For the multicomponent order parameters of the SDW
and superconducting phases, the polarization is diagonal,
!i j (q⃗) = !(q⃗)δi j , reflecting the underlying O(3) and U(1)
symmetries. In the limit of small q0, qx and at qy = 0, the
leading term is [25]

!IR(q⃗) = Nf g2
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where Nf is the number of fermion flavors. This contribution
to the kernel of Sφ regularizes the bosonic propagator in the
IR at the critical surface (m2

φ = 0),
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C. Self-energy and vertex corrections

Using the propagators (22) and (24) for fermionic and
bosonic fields, respectively, we can now go beyond the tree
level scaling and extract one-loop corrections to the propa-
gators and the Yukawa coupling. As mentioned before, the
bosonic φ4 is irrelevant and can be dropped.

We first concern ourselves with the one-loop renormal-
ization of the regularized bosonic propagator (24). The only
component that is of interest is in the qy direction as the
dependence on linear momentum and frequency directions in
the propagator comes from the IR, which is not renormalized
under the RG. The one-loop bosonic self-energy is depicted
in Fig. 2 and takes the form

!>(q⃗) = g2

2
Tr

∫ >

k⃗
YiGψ (k⃗)YiGψ (k⃗ + q⃗), (25)

where
∫ >

k⃗ means integration over the UV modes within
the frequency-momentum shell of width %z dℓ, as defined
in Eq. (13). Note that in the above expression, the order
parameter field component i is not summed over and that
the result is the same for all components. The leading terms
of the self-energy have the form !>(q⃗) = !0q2

0 + !xq2
x +

!yq2
y + !m2

φ
. Expanding the fermionic propagator to second

order in qy, then performing the coordinate transformation
(16) and integrating over the energy shell, we find that the
renormalization of the c2

y coefficient is given by

d
(
c2

y

)
= 2Nf

11
21π2

√
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√
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Although the mass of the bosons m2
φ also runs in the RG flow,

for now it will be fine tuned to zero at the critical surface.
We will address the renormalization of m2

φ in detail later on
in Secs. III F and III G, when we examine the vicinity of the
quantum multicritical point.

FIG. 3. (a) Self-energy correction to the fermionic propagator in
one loop. (b) Vertex correction diagram to the Yukawa coupling.
The bosonic propagator is represented by the wavy line while the
fermionic propagator by the straight line.

Next, we turn our attention to the one-loop fermionic self-
energy [Fig. 3(a)], which is equal to

"(k⃗) = −g2
Nb∑

i

∫ >

q⃗
Gφ (q⃗)YiGψ (k⃗ + q⃗)Yi. (27)

After shell integration, it takes the form

"(k⃗) = s0 ⊗
[

(0(k0σ
0 + vkxσ

x ) + (y
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]

zdℓ, (28)

where
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F1(x) = 1
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4π2
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are defined as integral functions.
The renormalization of the Yukawa vertex at one-loop

order is obtained from the diagram shown in Fig. 3(b) with
the external frequencies and momenta set to zero,

$i = g3
Nb∑

j

∫ >

q⃗
Gφ (q⃗)Y jGψ (q⃗)YiGψ (q⃗)Y j . (33)

The matrix $i is proportional to the Yukawa matrix Yi, $i =
g* Yizdℓ, where we have absorbed a factor of g2 in the
definition of *. Performing the shell integral we obtain

* = −2 − Nb
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√
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)

(34)

with

F3(x) = 1
4π2

∫ π
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1
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√
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sin θ√
cos θ

. (35)

Note that the vertex correction to the Yukawa coupling g
has opposite sign for the CDW (Nb = 1) and SDW (Nb = 3)
instabilities and vanishes in the case of a superconductor
(Nb = 2), as reported in previous studies [27].
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FIG. 2. Polarization bubble diagram describing the IR regulator
of the bosonic propagator and the self-energy correction of the
bosons in the momentum shell.

For the multicomponent order parameters of the SDW
and superconducting phases, the polarization is diagonal,
!i j (q⃗) = !(q⃗)δi j , reflecting the underlying O(3) and U(1)
symmetries. In the limit of small q0, qx and at qy = 0, the
leading term is [25]

!IR(q⃗) = Nf g2

√
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v

(
q2

0 + v2q2
x

) 1
4 , (23)

where Nf is the number of fermion flavors. This contribution
to the kernel of Sφ regularizes the bosonic propagator in the
IR at the critical surface (m2

φ = 0),
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φ (q⃗) = Nf g2

√
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(
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x

) 1
4 + c2
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C. Self-energy and vertex corrections

Using the propagators (22) and (24) for fermionic and
bosonic fields, respectively, we can now go beyond the tree
level scaling and extract one-loop corrections to the propa-
gators and the Yukawa coupling. As mentioned before, the
bosonic φ4 is irrelevant and can be dropped.

We first concern ourselves with the one-loop renormal-
ization of the regularized bosonic propagator (24). The only
component that is of interest is in the qy direction as the
dependence on linear momentum and frequency directions in
the propagator comes from the IR, which is not renormalized
under the RG. The one-loop bosonic self-energy is depicted
in Fig. 2 and takes the form

!>(q⃗) = g2

2
Tr

∫ >

k⃗
YiGψ (k⃗)YiGψ (k⃗ + q⃗), (25)

where
∫ >

k⃗ means integration over the UV modes within
the frequency-momentum shell of width %z dℓ, as defined
in Eq. (13). Note that in the above expression, the order
parameter field component i is not summed over and that
the result is the same for all components. The leading terms
of the self-energy have the form !>(q⃗) = !0q2

0 + !xq2
x +

!yq2
y + !m2

φ
. Expanding the fermionic propagator to second

order in qy, then performing the coordinate transformation
(16) and integrating over the energy shell, we find that the
renormalization of the c2

y coefficient is given by
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(
c2

y

)
= 2Nf

11
21π2

√
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v
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√
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Although the mass of the bosons m2
φ also runs in the RG flow,

for now it will be fine tuned to zero at the critical surface.
We will address the renormalization of m2

φ in detail later on
in Secs. III F and III G, when we examine the vicinity of the
quantum multicritical point.

FIG. 3. (a) Self-energy correction to the fermionic propagator in
one loop. (b) Vertex correction diagram to the Yukawa coupling.
The bosonic propagator is represented by the wavy line while the
fermionic propagator by the straight line.

Next, we turn our attention to the one-loop fermionic self-
energy [Fig. 3(a)], which is equal to

"(k⃗) = −g2
Nb∑

i

∫ >

q⃗
Gφ (q⃗)YiGψ (k⃗ + q⃗)Yi. (27)

After shell integration, it takes the form

"(k⃗) = s0 ⊗
[

(0(k0σ
0 + vkxσ

x ) + (y
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]

zdℓ, (28)

where
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are defined as integral functions.
The renormalization of the Yukawa vertex at one-loop

order is obtained from the diagram shown in Fig. 3(b) with
the external frequencies and momenta set to zero,

$i = g3
Nb∑

j

∫ >

q⃗
Gφ (q⃗)Y jGψ (q⃗)YiGψ (q⃗)Y j . (33)

The matrix $i is proportional to the Yukawa matrix Yi, $i =
g* Yizdℓ, where we have absorbed a factor of g2 in the
definition of *. Performing the shell integral we obtain

* = −2 − Nb
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with
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. (35)

Note that the vertex correction to the Yukawa coupling g
has opposite sign for the CDW (Nb = 1) and SDW (Nb = 3)
instabilities and vanishes in the case of a superconductor
(Nb = 2), as reported in previous studies [27].
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FIG. 2. Polarization bubble diagram describing the IR regulator
of the bosonic propagator and the self-energy correction of the
bosons in the momentum shell.

For the multicomponent order parameters of the SDW
and superconducting phases, the polarization is diagonal,
!i j (q⃗) = !(q⃗)δi j , reflecting the underlying O(3) and U(1)
symmetries. In the limit of small q0, qx and at qy = 0, the
leading term is [25]

!IR(q⃗) = Nf g2

√
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v

(
q2

0 + v2q2
x

) 1
4 , (23)

where Nf is the number of fermion flavors. This contribution
to the kernel of Sφ regularizes the bosonic propagator in the
IR at the critical surface (m2

φ = 0),
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) 1
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C. Self-energy and vertex corrections

Using the propagators (22) and (24) for fermionic and
bosonic fields, respectively, we can now go beyond the tree
level scaling and extract one-loop corrections to the propa-
gators and the Yukawa coupling. As mentioned before, the
bosonic φ4 is irrelevant and can be dropped.

We first concern ourselves with the one-loop renormal-
ization of the regularized bosonic propagator (24). The only
component that is of interest is in the qy direction as the
dependence on linear momentum and frequency directions in
the propagator comes from the IR, which is not renormalized
under the RG. The one-loop bosonic self-energy is depicted
in Fig. 2 and takes the form

!>(q⃗) = g2

2
Tr

∫ >

k⃗
YiGψ (k⃗)YiGψ (k⃗ + q⃗), (25)

where
∫ >

k⃗ means integration over the UV modes within
the frequency-momentum shell of width %z dℓ, as defined
in Eq. (13). Note that in the above expression, the order
parameter field component i is not summed over and that
the result is the same for all components. The leading terms
of the self-energy have the form !>(q⃗) = !0q2

0 + !xq2
x +

!yq2
y + !m2

φ
. Expanding the fermionic propagator to second

order in qy, then performing the coordinate transformation
(16) and integrating over the energy shell, we find that the
renormalization of the c2

y coefficient is given by

d
(
c2

y

)
= 2Nf

11
21π2

√
2m
v

g2

√
%

zdℓ ≡ !yzdℓ. (26)

Although the mass of the bosons m2
φ also runs in the RG flow,

for now it will be fine tuned to zero at the critical surface.
We will address the renormalization of m2

φ in detail later on
in Secs. III F and III G, when we examine the vicinity of the
quantum multicritical point.

FIG. 3. (a) Self-energy correction to the fermionic propagator in
one loop. (b) Vertex correction diagram to the Yukawa coupling.
The bosonic propagator is represented by the wavy line while the
fermionic propagator by the straight line.

Next, we turn our attention to the one-loop fermionic self-
energy [Fig. 3(a)], which is equal to

"(k⃗) = −g2
Nb∑

i

∫ >

q⃗
Gφ (q⃗)YiGψ (k⃗ + q⃗)Yi. (27)

After shell integration, it takes the form

"(k⃗) = s0 ⊗
[

(0(k0σ
0 + vkxσ

x ) + (y
k2
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]

zdℓ, (28)

where
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with (x = (0, and

F1(x) = 1
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2

0
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(cos θ )
3
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√
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, (31)
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√
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are defined as integral functions.
The renormalization of the Yukawa vertex at one-loop

order is obtained from the diagram shown in Fig. 3(b) with
the external frequencies and momenta set to zero,

$i = g3
Nb∑

j

∫ >

q⃗
Gφ (q⃗)Y jGψ (q⃗)YiGψ (q⃗)Y j . (33)

The matrix $i is proportional to the Yukawa matrix Yi, $i =
g* Yizdℓ, where we have absorbed a factor of g2 in the
definition of *. Performing the shell integral we obtain
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with

F3(x) = 1
4π2
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1
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√
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. (35)

Note that the vertex correction to the Yukawa coupling g
has opposite sign for the CDW (Nb = 1) and SDW (Nb = 3)
instabilities and vanishes in the case of a superconductor
(Nb = 2), as reported in previous studies [27].
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FIG. 2. Polarization bubble diagram describing the IR regulator
of the bosonic propagator and the self-energy correction of the
bosons in the momentum shell.

For the multicomponent order parameters of the SDW
and superconducting phases, the polarization is diagonal,
!i j (q⃗) = !(q⃗)δi j , reflecting the underlying O(3) and U(1)
symmetries. In the limit of small q0, qx and at qy = 0, the
leading term is [25]
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where Nf is the number of fermion flavors. This contribution
to the kernel of Sφ regularizes the bosonic propagator in the
IR at the critical surface (m2

φ = 0),
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C. Self-energy and vertex corrections

Using the propagators (22) and (24) for fermionic and
bosonic fields, respectively, we can now go beyond the tree
level scaling and extract one-loop corrections to the propa-
gators and the Yukawa coupling. As mentioned before, the
bosonic φ4 is irrelevant and can be dropped.

We first concern ourselves with the one-loop renormal-
ization of the regularized bosonic propagator (24). The only
component that is of interest is in the qy direction as the
dependence on linear momentum and frequency directions in
the propagator comes from the IR, which is not renormalized
under the RG. The one-loop bosonic self-energy is depicted
in Fig. 2 and takes the form

!>(q⃗) = g2

2
Tr

∫ >

k⃗
YiGψ (k⃗)YiGψ (k⃗ + q⃗), (25)

where
∫ >

k⃗ means integration over the UV modes within
the frequency-momentum shell of width %z dℓ, as defined
in Eq. (13). Note that in the above expression, the order
parameter field component i is not summed over and that
the result is the same for all components. The leading terms
of the self-energy have the form !>(q⃗) = !0q2

0 + !xq2
x +

!yq2
y + !m2

φ
. Expanding the fermionic propagator to second

order in qy, then performing the coordinate transformation
(16) and integrating over the energy shell, we find that the
renormalization of the c2

y coefficient is given by
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Although the mass of the bosons m2
φ also runs in the RG flow,

for now it will be fine tuned to zero at the critical surface.
We will address the renormalization of m2

φ in detail later on
in Secs. III F and III G, when we examine the vicinity of the
quantum multicritical point.

FIG. 3. (a) Self-energy correction to the fermionic propagator in
one loop. (b) Vertex correction diagram to the Yukawa coupling.
The bosonic propagator is represented by the wavy line while the
fermionic propagator by the straight line.

Next, we turn our attention to the one-loop fermionic self-
energy [Fig. 3(a)], which is equal to

"(k⃗) = −g2
Nb∑

i

∫ >

q⃗
Gφ (q⃗)YiGψ (k⃗ + q⃗)Yi. (27)

After shell integration, it takes the form

"(k⃗) = s0 ⊗
[

(0(k0σ
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]
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where
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with (x = (0, and
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∫ π
2

0
dθ

(cos θ )
3
2 sin θ

x−1 cos θ +
√

sin θ
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are defined as integral functions.
The renormalization of the Yukawa vertex at one-loop

order is obtained from the diagram shown in Fig. 3(b) with
the external frequencies and momenta set to zero,

$i = g3
Nb∑

j

∫ >

q⃗
Gφ (q⃗)Y jGψ (q⃗)YiGψ (q⃗)Y j . (33)

The matrix $i is proportional to the Yukawa matrix Yi, $i =
g* Yizdℓ, where we have absorbed a factor of g2 in the
definition of *. Performing the shell integral we obtain
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(34)

with

F3(x) = 1
4π2
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1
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√

sin θ
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cos θ

. (35)

Note that the vertex correction to the Yukawa coupling g
has opposite sign for the CDW (Nb = 1) and SDW (Nb = 3)
instabilities and vanishes in the case of a superconductor
(Nb = 2), as reported in previous studies [27].
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FIG. 2. Polarization bubble diagram describing the IR regulator
of the bosonic propagator and the self-energy correction of the
bosons in the momentum shell.

For the multicomponent order parameters of the SDW
and superconducting phases, the polarization is diagonal,
!i j (q⃗) = !(q⃗)δi j , reflecting the underlying O(3) and U(1)
symmetries. In the limit of small q0, qx and at qy = 0, the
leading term is [25]

!IR(q⃗) = Nf g2

√
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0 + v2q2
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) 1
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where Nf is the number of fermion flavors. This contribution
to the kernel of Sφ regularizes the bosonic propagator in the
IR at the critical surface (m2

φ = 0),
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C. Self-energy and vertex corrections

Using the propagators (22) and (24) for fermionic and
bosonic fields, respectively, we can now go beyond the tree
level scaling and extract one-loop corrections to the propa-
gators and the Yukawa coupling. As mentioned before, the
bosonic φ4 is irrelevant and can be dropped.

We first concern ourselves with the one-loop renormal-
ization of the regularized bosonic propagator (24). The only
component that is of interest is in the qy direction as the
dependence on linear momentum and frequency directions in
the propagator comes from the IR, which is not renormalized
under the RG. The one-loop bosonic self-energy is depicted
in Fig. 2 and takes the form

!>(q⃗) = g2

2
Tr

∫ >

k⃗
YiGψ (k⃗)YiGψ (k⃗ + q⃗), (25)

where
∫ >

k⃗ means integration over the UV modes within
the frequency-momentum shell of width %z dℓ, as defined
in Eq. (13). Note that in the above expression, the order
parameter field component i is not summed over and that
the result is the same for all components. The leading terms
of the self-energy have the form !>(q⃗) = !0q2

0 + !xq2
x +

!yq2
y + !m2

φ
. Expanding the fermionic propagator to second

order in qy, then performing the coordinate transformation
(16) and integrating over the energy shell, we find that the
renormalization of the c2

y coefficient is given by
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(
c2

y

)
= 2Nf
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√
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v
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zdℓ ≡ !yzdℓ. (26)

Although the mass of the bosons m2
φ also runs in the RG flow,

for now it will be fine tuned to zero at the critical surface.
We will address the renormalization of m2

φ in detail later on
in Secs. III F and III G, when we examine the vicinity of the
quantum multicritical point.

FIG. 3. (a) Self-energy correction to the fermionic propagator in
one loop. (b) Vertex correction diagram to the Yukawa coupling.
The bosonic propagator is represented by the wavy line while the
fermionic propagator by the straight line.

Next, we turn our attention to the one-loop fermionic self-
energy [Fig. 3(a)], which is equal to

"(k⃗) = −g2
Nb∑

i

∫ >

q⃗
Gφ (q⃗)YiGψ (k⃗ + q⃗)Yi. (27)

After shell integration, it takes the form

"(k⃗) = s0 ⊗
[

(0(k0σ
0 + vkxσ

x ) + (y
k2

y

2m
σy

]

zdℓ, (28)

where

(0 = Nb

2Nf
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√
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)
, (29)
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)
, (30)

with (x = (0, and

F1(x) = 1
4π2

∫ π
2

0
dθ

(cos θ )
3
2 sin θ

x−1 cos θ +
√

sin θ
, (31)

F2(x) = 1
4π2

∫ π
2

0
dθ

cos 2θ + 2 cos 4θ

x−1 cos θ +
√

sin θ

sin θ√
cos θ

(32)

are defined as integral functions.
The renormalization of the Yukawa vertex at one-loop

order is obtained from the diagram shown in Fig. 3(b) with
the external frequencies and momenta set to zero,

$i = g3
Nb∑

j

∫ >

q⃗
Gφ (q⃗)Y jGψ (q⃗)YiGψ (q⃗)Y j . (33)

The matrix $i is proportional to the Yukawa matrix Yi, $i =
g* Yizdℓ, where we have absorbed a factor of g2 in the
definition of *. Performing the shell integral we obtain

* = −2 − Nb

2Nf
F3

(
2Nf

√
2mg2

vc2
y

√
%

)

(34)

with

F3(x) = 1
4π2

∫ π
2

0
dθ

1

x−1 cos θ +
√

sin θ

sin θ√
cos θ

. (35)

Note that the vertex correction to the Yukawa coupling g
has opposite sign for the CDW (Nb = 1) and SDW (Nb = 3)
instabilities and vanishes in the case of a superconductor
(Nb = 2), as reported in previous studies [27].
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FIG. 4. Self-energy diagrams of the GNY model. Top row:
Bosonic self-energy diagrams. Fermionic polarisation bubble
diagrams give non-analytic IR corrections to boson propaga-
tors of (a) intra-valley and (b) inter-valley fluctuation fields
(i ̸= j). Bottom row: fermionic self energy corrections, lead-
ing to a renormalisation of the free fermion action. (c) shows

the contribution dΣ(k⃗) from intra-valley fluctuations, (d) the

contribution dΣ̃(k⃗) from fluctuations between different val-
leys, i ̸= j.

where the inverse boson propagators are given by the
usual quadratic gradient and mass terms and a self energy
correction, D−1(q⃗) = q20+c2q2+m2+Π(q⃗) and D̃−1(q⃗) =

q20 + c̃2q2 + m̃2 + Π̃(q⃗).

B. Self-energy corrections and IR boson
propagators

The self-energy corrections to the boson propagators
correspond to the diagrams shown in Figs. 4 (a) and (b)

and are given by Π(q⃗) = g2[fii(q⃗) − fii(⃗0)] and Π̃(q⃗) =
g̃2

3 [fij(q⃗)− fij (⃗0)] for i ̸= j, where

fij(q⃗) =

∫
k⃗

Tr
{
Gi(k⃗)τzGj(k⃗ + q⃗)τz

}
. (14)

The polarisation diagrams can be computed analyti-
cally, see Appendix B, resulting in

fij(q⃗)− fij (⃗0) =
2(1 + cosβij)q

2
0 + (1 + 3 cosβij)q

2

32|q⃗| ,

(15)
where βij is the angle between the unit vectors n̂i and
n̂j at valleys Mi and Mj , cosβij = n̂i · n̂j . Using that
cosβij = 1 for the intra-valley (i = j) and cosβij =
cos(±π/3) = 1/2 for the inter-valley terms (i ̸= j), we
obtain the boson self-energy corrections

Π(q⃗) =
g2

8
|q⃗|, (16)

Π̃(q⃗) =
g̃2

32
|q⃗|

(
1− 1

6

q2

q⃗2

)
, (17)

for intra and inter-valley fluctuation channels, respec-
tively. The intra-valley correction (16) is the standard
result as shown in [37].



6

The self-energy corrections of both channels scale as
∼ |q⃗| =

√
q20 + q2 and hence dominate over the conven-

tional quadratic gradient terms in the IR limit. In or-
der to understand the universality of the transition it is
sufficient to keep the leading frequency and momentum
dependence and use D−1(q⃗) = Π(q⃗) and D̃−1(q⃗) = Π̃(q⃗)
as inverse IR propagators.

C. Renormalisation-group analysis

We proceed to analyse the GNY action S0[ψ̄,ψ] +
S0[ϕ] + S0[φ] + SY [ψ̄,ψ, ϕ, φ] using a renormalisation
group approach. We integrate out UV modes from the in-
finitesimal three dimensional frequency-momentum shell,

Λe−dℓ ≤ |⃗k| ≤ Λ, (18)

where Λ denotes the original cut-off of the theory. The
diagrams that renormalise the free fermion action and the
Yukawa couplings are shown in the bottom row of Fig. 4
and in Fig. 5, respectively. Note that the IR boson prop-
agators are non-analytic and do not renormalise under
the perturbative shell RG scheme. The shell integration
is followed by a rescaling of frequency and momentum,

k0 → k0e
−zdℓ, k → ke−dℓ, (19)

and fields

ψ → ψe−∆ψ/2 dℓ, ϕ → ϕe−∆ϕ/2 dℓ, φ → φe−∆φ/2 dℓ.
(20)

We start by analysing the shell corrections to the free
fermion action, corresponding to the diagrams in Figs. 4
(c) and (d), and given by

dS0[ψ̄,ψ] =
∑
i,ν

∫ <

k⃗

ψ̄iν(k⃗)
[
dΣi(k⃗) + dΣ̃i(k⃗)

]
ψiν(k⃗),

(21)
with

dΣi(k⃗) = − g2

3N

∫ >

q⃗

D(q⃗)τzGi(k⃗ + q⃗)τz, (22)

dΣ̃i(k⃗) = − g̃2

6N

∑
j(̸=i)

∫ >

q⃗

D̃(q⃗)τzGj(k⃗ + q⃗)τz, (23)

for the infinitesimal intra- and inter-valley fermion self-
energy corrections. In the above and the following, “>”
denotes integration over the infinitesimal shell (18), “<”

over modes up to the reduced cut-off, |⃗k| ≤ Λe−dℓ.
Expanding Eqs. (22) and (23) to linear order in outer

frequency k0 and momenta k,

dΣi(k⃗) + dΣ̃i(k⃗) = −ik0

(
Σ0 + Σ̃0

)
dℓ

+[(n̂i × êz) · k]τx
(
Σx + Σ̃x

)
dℓ

+(n̂i · k)τy
(
Σy + Σ̃y

)
dℓ, (24)
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FIG. 2. Polarization bubble diagram describing the IR regulator
of the bosonic propagator and the self-energy correction of the
bosons in the momentum shell.

For the multicomponent order parameters of the SDW
and superconducting phases, the polarization is diagonal,
!i j (q⃗) = !(q⃗)δi j , reflecting the underlying O(3) and U(1)
symmetries. In the limit of small q0, qx and at qy = 0, the
leading term is [25]

!IR(q⃗) = Nf g2

√
2m
v

(
q2

0 + v2q2
x

) 1
4 , (23)

where Nf is the number of fermion flavors. This contribution
to the kernel of Sφ regularizes the bosonic propagator in the
IR at the critical surface (m2

φ = 0),

G−1
φ (q⃗) = Nf g2

√
2m
v

(
q2

0 + v2q2
x

) 1
4 + c2

yq2
y . (24)

C. Self-energy and vertex corrections

Using the propagators (22) and (24) for fermionic and
bosonic fields, respectively, we can now go beyond the tree
level scaling and extract one-loop corrections to the propa-
gators and the Yukawa coupling. As mentioned before, the
bosonic φ4 is irrelevant and can be dropped.

We first concern ourselves with the one-loop renormal-
ization of the regularized bosonic propagator (24). The only
component that is of interest is in the qy direction as the
dependence on linear momentum and frequency directions in
the propagator comes from the IR, which is not renormalized
under the RG. The one-loop bosonic self-energy is depicted
in Fig. 2 and takes the form

!>(q⃗) = g2

2
Tr

∫ >

k⃗
YiGψ (k⃗)YiGψ (k⃗ + q⃗), (25)

where
∫ >

k⃗ means integration over the UV modes within
the frequency-momentum shell of width %z dℓ, as defined
in Eq. (13). Note that in the above expression, the order
parameter field component i is not summed over and that
the result is the same for all components. The leading terms
of the self-energy have the form !>(q⃗) = !0q2

0 + !xq2
x +

!yq2
y + !m2

φ
. Expanding the fermionic propagator to second

order in qy, then performing the coordinate transformation
(16) and integrating over the energy shell, we find that the
renormalization of the c2

y coefficient is given by

d
(
c2

y

)
= 2Nf

11
21π2

√
2m
v

g2

√
%

zdℓ ≡ !yzdℓ. (26)

Although the mass of the bosons m2
φ also runs in the RG flow,

for now it will be fine tuned to zero at the critical surface.
We will address the renormalization of m2

φ in detail later on
in Secs. III F and III G, when we examine the vicinity of the
quantum multicritical point.

FIG. 3. (a) Self-energy correction to the fermionic propagator in
one loop. (b) Vertex correction diagram to the Yukawa coupling.
The bosonic propagator is represented by the wavy line while the
fermionic propagator by the straight line.

Next, we turn our attention to the one-loop fermionic self-
energy [Fig. 3(a)], which is equal to

"(k⃗) = −g2
Nb∑

i

∫ >

q⃗
Gφ (q⃗)YiGψ (k⃗ + q⃗)Yi. (27)

After shell integration, it takes the form

"(k⃗) = s0 ⊗
[

(0(k0σ
0 + vkxσ

x ) + (y
k2

y

2m
σy

]

zdℓ, (28)

where

(0 = Nb

2Nf
F1

(
2Nf

√
2mg2

vc2
y

√
%

)
, (29)

(y = Nb

2Nf
F2

(
2Nf

√
2mg2

vc2
y

√
%

)
, (30)

with (x = (0, and

F1(x) = 1
4π2

∫ π
2

0
dθ

(cos θ )
3
2 sin θ

x−1 cos θ +
√

sin θ
, (31)

F2(x) = 1
4π2

∫ π
2

0
dθ

cos 2θ + 2 cos 4θ

x−1 cos θ +
√

sin θ

sin θ√
cos θ

(32)

are defined as integral functions.
The renormalization of the Yukawa vertex at one-loop

order is obtained from the diagram shown in Fig. 3(b) with
the external frequencies and momenta set to zero,

$i = g3
Nb∑

j

∫ >

q⃗
Gφ (q⃗)Y jGψ (q⃗)YiGψ (q⃗)Y j . (33)

The matrix $i is proportional to the Yukawa matrix Yi, $i =
g* Yizdℓ, where we have absorbed a factor of g2 in the
definition of *. Performing the shell integral we obtain

* = −2 − Nb

2Nf
F3

(
2Nf

√
2mg2

vc2
y

√
%

)

(34)

with

F3(x) = 1
4π2

∫ π
2

0
dθ

1

x−1 cos θ +
√

sin θ

sin θ√
cos θ

. (35)

Note that the vertex correction to the Yukawa coupling g
has opposite sign for the CDW (Nb = 1) and SDW (Nb = 3)
instabilities and vanishes in the case of a superconductor
(Nb = 2), as reported in previous studies [27].
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FIG. 2. Polarization bubble diagram describing the IR regulator
of the bosonic propagator and the self-energy correction of the
bosons in the momentum shell.

For the multicomponent order parameters of the SDW
and superconducting phases, the polarization is diagonal,
!i j (q⃗) = !(q⃗)δi j , reflecting the underlying O(3) and U(1)
symmetries. In the limit of small q0, qx and at qy = 0, the
leading term is [25]

!IR(q⃗) = Nf g2

√
2m
v

(
q2

0 + v2q2
x

) 1
4 , (23)

where Nf is the number of fermion flavors. This contribution
to the kernel of Sφ regularizes the bosonic propagator in the
IR at the critical surface (m2

φ = 0),

G−1
φ (q⃗) = Nf g2

√
2m
v

(
q2

0 + v2q2
x

) 1
4 + c2

yq2
y . (24)

C. Self-energy and vertex corrections

Using the propagators (22) and (24) for fermionic and
bosonic fields, respectively, we can now go beyond the tree
level scaling and extract one-loop corrections to the propa-
gators and the Yukawa coupling. As mentioned before, the
bosonic φ4 is irrelevant and can be dropped.

We first concern ourselves with the one-loop renormal-
ization of the regularized bosonic propagator (24). The only
component that is of interest is in the qy direction as the
dependence on linear momentum and frequency directions in
the propagator comes from the IR, which is not renormalized
under the RG. The one-loop bosonic self-energy is depicted
in Fig. 2 and takes the form

!>(q⃗) = g2

2
Tr

∫ >

k⃗
YiGψ (k⃗)YiGψ (k⃗ + q⃗), (25)

where
∫ >

k⃗ means integration over the UV modes within
the frequency-momentum shell of width %z dℓ, as defined
in Eq. (13). Note that in the above expression, the order
parameter field component i is not summed over and that
the result is the same for all components. The leading terms
of the self-energy have the form !>(q⃗) = !0q2

0 + !xq2
x +

!yq2
y + !m2

φ
. Expanding the fermionic propagator to second

order in qy, then performing the coordinate transformation
(16) and integrating over the energy shell, we find that the
renormalization of the c2

y coefficient is given by

d
(
c2

y

)
= 2Nf

11
21π2

√
2m
v

g2

√
%

zdℓ ≡ !yzdℓ. (26)

Although the mass of the bosons m2
φ also runs in the RG flow,

for now it will be fine tuned to zero at the critical surface.
We will address the renormalization of m2

φ in detail later on
in Secs. III F and III G, when we examine the vicinity of the
quantum multicritical point.

FIG. 3. (a) Self-energy correction to the fermionic propagator in
one loop. (b) Vertex correction diagram to the Yukawa coupling.
The bosonic propagator is represented by the wavy line while the
fermionic propagator by the straight line.

Next, we turn our attention to the one-loop fermionic self-
energy [Fig. 3(a)], which is equal to

"(k⃗) = −g2
Nb∑

i

∫ >

q⃗
Gφ (q⃗)YiGψ (k⃗ + q⃗)Yi. (27)

After shell integration, it takes the form

"(k⃗) = s0 ⊗
[

(0(k0σ
0 + vkxσ

x ) + (y
k2

y

2m
σy

]

zdℓ, (28)

where

(0 = Nb

2Nf
F1

(
2Nf

√
2mg2

vc2
y

√
%

)
, (29)

(y = Nb

2Nf
F2

(
2Nf

√
2mg2

vc2
y

√
%

)
, (30)

with (x = (0, and

F1(x) = 1
4π2

∫ π
2

0
dθ

(cos θ )
3
2 sin θ

x−1 cos θ +
√

sin θ
, (31)

F2(x) = 1
4π2

∫ π
2

0
dθ

cos 2θ + 2 cos 4θ

x−1 cos θ +
√

sin θ

sin θ√
cos θ

(32)

are defined as integral functions.
The renormalization of the Yukawa vertex at one-loop

order is obtained from the diagram shown in Fig. 3(b) with
the external frequencies and momenta set to zero,

$i = g3
Nb∑

j

∫ >

q⃗
Gφ (q⃗)Y jGψ (q⃗)YiGψ (q⃗)Y j . (33)

The matrix $i is proportional to the Yukawa matrix Yi, $i =
g* Yizdℓ, where we have absorbed a factor of g2 in the
definition of *. Performing the shell integral we obtain

* = −2 − Nb

2Nf
F3

(
2Nf

√
2mg2

vc2
y

√
%

)

(34)

with

F3(x) = 1
4π2

∫ π
2

0
dθ

1

x−1 cos θ +
√

sin θ

sin θ√
cos θ

. (35)

Note that the vertex correction to the Yukawa coupling g
has opposite sign for the CDW (Nb = 1) and SDW (Nb = 3)
instabilities and vanishes in the case of a superconductor
(Nb = 2), as reported in previous studies [27].
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FIG. 2. Polarization bubble diagram describing the IR regulator
of the bosonic propagator and the self-energy correction of the
bosons in the momentum shell.

For the multicomponent order parameters of the SDW
and superconducting phases, the polarization is diagonal,
!i j (q⃗) = !(q⃗)δi j , reflecting the underlying O(3) and U(1)
symmetries. In the limit of small q0, qx and at qy = 0, the
leading term is [25]

!IR(q⃗) = Nf g2

√
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0 + v2q2
x

) 1
4 , (23)

where Nf is the number of fermion flavors. This contribution
to the kernel of Sφ regularizes the bosonic propagator in the
IR at the critical surface (m2

φ = 0),

G−1
φ (q⃗) = Nf g2

√
2m
v

(
q2

0 + v2q2
x

) 1
4 + c2

yq2
y . (24)

C. Self-energy and vertex corrections

Using the propagators (22) and (24) for fermionic and
bosonic fields, respectively, we can now go beyond the tree
level scaling and extract one-loop corrections to the propa-
gators and the Yukawa coupling. As mentioned before, the
bosonic φ4 is irrelevant and can be dropped.

We first concern ourselves with the one-loop renormal-
ization of the regularized bosonic propagator (24). The only
component that is of interest is in the qy direction as the
dependence on linear momentum and frequency directions in
the propagator comes from the IR, which is not renormalized
under the RG. The one-loop bosonic self-energy is depicted
in Fig. 2 and takes the form

!>(q⃗) = g2

2
Tr

∫ >

k⃗
YiGψ (k⃗)YiGψ (k⃗ + q⃗), (25)

where
∫ >

k⃗ means integration over the UV modes within
the frequency-momentum shell of width %z dℓ, as defined
in Eq. (13). Note that in the above expression, the order
parameter field component i is not summed over and that
the result is the same for all components. The leading terms
of the self-energy have the form !>(q⃗) = !0q2

0 + !xq2
x +

!yq2
y + !m2

φ
. Expanding the fermionic propagator to second

order in qy, then performing the coordinate transformation
(16) and integrating over the energy shell, we find that the
renormalization of the c2

y coefficient is given by
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(
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)
= 2Nf
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zdℓ ≡ !yzdℓ. (26)

Although the mass of the bosons m2
φ also runs in the RG flow,

for now it will be fine tuned to zero at the critical surface.
We will address the renormalization of m2

φ in detail later on
in Secs. III F and III G, when we examine the vicinity of the
quantum multicritical point.

FIG. 3. (a) Self-energy correction to the fermionic propagator in
one loop. (b) Vertex correction diagram to the Yukawa coupling.
The bosonic propagator is represented by the wavy line while the
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Next, we turn our attention to the one-loop fermionic self-
energy [Fig. 3(a)], which is equal to

"(k⃗) = −g2
Nb∑

i

∫ >

q⃗
Gφ (q⃗)YiGψ (k⃗ + q⃗)Yi. (27)

After shell integration, it takes the form

"(k⃗) = s0 ⊗
[

(0(k0σ
0 + vkxσ

x ) + (y
k2

y

2m
σy

]

zdℓ, (28)

where

(0 = Nb

2Nf
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)
, (29)
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)
, (30)

with (x = (0, and

F1(x) = 1
4π2
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3
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√
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, (31)

F2(x) = 1
4π2
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cos 2θ + 2 cos 4θ

x−1 cos θ +
√
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(32)

are defined as integral functions.
The renormalization of the Yukawa vertex at one-loop

order is obtained from the diagram shown in Fig. 3(b) with
the external frequencies and momenta set to zero,

$i = g3
Nb∑

j

∫ >

q⃗
Gφ (q⃗)Y jGψ (q⃗)YiGψ (q⃗)Y j . (33)

The matrix $i is proportional to the Yukawa matrix Yi, $i =
g* Yizdℓ, where we have absorbed a factor of g2 in the
definition of *. Performing the shell integral we obtain

* = −2 − Nb

2Nf
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(
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√
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√
%

)

(34)

with

F3(x) = 1
4π2

∫ π
2
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dθ

1

x−1 cos θ +
√

sin θ

sin θ√
cos θ

. (35)

Note that the vertex correction to the Yukawa coupling g
has opposite sign for the CDW (Nb = 1) and SDW (Nb = 3)
instabilities and vanishes in the case of a superconductor
(Nb = 2), as reported in previous studies [27].
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FIG. 2. Polarization bubble diagram describing the IR regulator
of the bosonic propagator and the self-energy correction of the
bosons in the momentum shell.

For the multicomponent order parameters of the SDW
and superconducting phases, the polarization is diagonal,
!i j (q⃗) = !(q⃗)δi j , reflecting the underlying O(3) and U(1)
symmetries. In the limit of small q0, qx and at qy = 0, the
leading term is [25]

!IR(q⃗) = Nf g2

√
2m
v

(
q2

0 + v2q2
x

) 1
4 , (23)

where Nf is the number of fermion flavors. This contribution
to the kernel of Sφ regularizes the bosonic propagator in the
IR at the critical surface (m2

φ = 0),

G−1
φ (q⃗) = Nf g2

√
2m
v

(
q2

0 + v2q2
x

) 1
4 + c2

yq2
y . (24)

C. Self-energy and vertex corrections

Using the propagators (22) and (24) for fermionic and
bosonic fields, respectively, we can now go beyond the tree
level scaling and extract one-loop corrections to the propa-
gators and the Yukawa coupling. As mentioned before, the
bosonic φ4 is irrelevant and can be dropped.

We first concern ourselves with the one-loop renormal-
ization of the regularized bosonic propagator (24). The only
component that is of interest is in the qy direction as the
dependence on linear momentum and frequency directions in
the propagator comes from the IR, which is not renormalized
under the RG. The one-loop bosonic self-energy is depicted
in Fig. 2 and takes the form

!>(q⃗) = g2

2
Tr

∫ >

k⃗
YiGψ (k⃗)YiGψ (k⃗ + q⃗), (25)

where
∫ >

k⃗ means integration over the UV modes within
the frequency-momentum shell of width %z dℓ, as defined
in Eq. (13). Note that in the above expression, the order
parameter field component i is not summed over and that
the result is the same for all components. The leading terms
of the self-energy have the form !>(q⃗) = !0q2

0 + !xq2
x +

!yq2
y + !m2

φ
. Expanding the fermionic propagator to second

order in qy, then performing the coordinate transformation
(16) and integrating over the energy shell, we find that the
renormalization of the c2

y coefficient is given by

d
(
c2

y

)
= 2Nf

11
21π2

√
2m
v

g2

√
%

zdℓ ≡ !yzdℓ. (26)

Although the mass of the bosons m2
φ also runs in the RG flow,

for now it will be fine tuned to zero at the critical surface.
We will address the renormalization of m2

φ in detail later on
in Secs. III F and III G, when we examine the vicinity of the
quantum multicritical point.

FIG. 3. (a) Self-energy correction to the fermionic propagator in
one loop. (b) Vertex correction diagram to the Yukawa coupling.
The bosonic propagator is represented by the wavy line while the
fermionic propagator by the straight line.

Next, we turn our attention to the one-loop fermionic self-
energy [Fig. 3(a)], which is equal to

"(k⃗) = −g2
Nb∑

i

∫ >

q⃗
Gφ (q⃗)YiGψ (k⃗ + q⃗)Yi. (27)

After shell integration, it takes the form

"(k⃗) = s0 ⊗
[

(0(k0σ
0 + vkxσ

x ) + (y
k2

y

2m
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]

zdℓ, (28)

where
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, (31)

F2(x) = 1
4π2
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√
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(32)

are defined as integral functions.
The renormalization of the Yukawa vertex at one-loop

order is obtained from the diagram shown in Fig. 3(b) with
the external frequencies and momenta set to zero,

$i = g3
Nb∑

j

∫ >

q⃗
Gφ (q⃗)Y jGψ (q⃗)YiGψ (q⃗)Y j . (33)

The matrix $i is proportional to the Yukawa matrix Yi, $i =
g* Yizdℓ, where we have absorbed a factor of g2 in the
definition of *. Performing the shell integral we obtain
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(
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√
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)

(34)

with

F3(x) = 1
4π2

∫ π
2

0
dθ

1

x−1 cos θ +
√

sin θ

sin θ√
cos θ

. (35)

Note that the vertex correction to the Yukawa coupling g
has opposite sign for the CDW (Nb = 1) and SDW (Nb = 3)
instabilities and vanishes in the case of a superconductor
(Nb = 2), as reported in previous studies [27].
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FIG. 2. Polarization bubble diagram describing the IR regulator
of the bosonic propagator and the self-energy correction of the
bosons in the momentum shell.

For the multicomponent order parameters of the SDW
and superconducting phases, the polarization is diagonal,
!i j (q⃗) = !(q⃗)δi j , reflecting the underlying O(3) and U(1)
symmetries. In the limit of small q0, qx and at qy = 0, the
leading term is [25]

!IR(q⃗) = Nf g2

√
2m
v

(
q2

0 + v2q2
x

) 1
4 , (23)

where Nf is the number of fermion flavors. This contribution
to the kernel of Sφ regularizes the bosonic propagator in the
IR at the critical surface (m2

φ = 0),

G−1
φ (q⃗) = Nf g2

√
2m
v

(
q2

0 + v2q2
x

) 1
4 + c2

yq2
y . (24)

C. Self-energy and vertex corrections

Using the propagators (22) and (24) for fermionic and
bosonic fields, respectively, we can now go beyond the tree
level scaling and extract one-loop corrections to the propa-
gators and the Yukawa coupling. As mentioned before, the
bosonic φ4 is irrelevant and can be dropped.

We first concern ourselves with the one-loop renormal-
ization of the regularized bosonic propagator (24). The only
component that is of interest is in the qy direction as the
dependence on linear momentum and frequency directions in
the propagator comes from the IR, which is not renormalized
under the RG. The one-loop bosonic self-energy is depicted
in Fig. 2 and takes the form

!>(q⃗) = g2

2
Tr

∫ >

k⃗
YiGψ (k⃗)YiGψ (k⃗ + q⃗), (25)

where
∫ >

k⃗ means integration over the UV modes within
the frequency-momentum shell of width %z dℓ, as defined
in Eq. (13). Note that in the above expression, the order
parameter field component i is not summed over and that
the result is the same for all components. The leading terms
of the self-energy have the form !>(q⃗) = !0q2

0 + !xq2
x +

!yq2
y + !m2

φ
. Expanding the fermionic propagator to second

order in qy, then performing the coordinate transformation
(16) and integrating over the energy shell, we find that the
renormalization of the c2

y coefficient is given by

d
(
c2

y

)
= 2Nf

11
21π2

√
2m
v

g2

√
%

zdℓ ≡ !yzdℓ. (26)

Although the mass of the bosons m2
φ also runs in the RG flow,

for now it will be fine tuned to zero at the critical surface.
We will address the renormalization of m2

φ in detail later on
in Secs. III F and III G, when we examine the vicinity of the
quantum multicritical point.

FIG. 3. (a) Self-energy correction to the fermionic propagator in
one loop. (b) Vertex correction diagram to the Yukawa coupling.
The bosonic propagator is represented by the wavy line while the
fermionic propagator by the straight line.

Next, we turn our attention to the one-loop fermionic self-
energy [Fig. 3(a)], which is equal to

"(k⃗) = −g2
Nb∑

i

∫ >

q⃗
Gφ (q⃗)YiGψ (k⃗ + q⃗)Yi. (27)

After shell integration, it takes the form

"(k⃗) = s0 ⊗
[

(0(k0σ
0 + vkxσ

x ) + (y
k2

y

2m
σy

]

zdℓ, (28)

where
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)
, (29)
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with (x = (0, and

F1(x) = 1
4π2
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0
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(cos θ )
3
2 sin θ
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sin θ
, (31)

F2(x) = 1
4π2

∫ π
2

0
dθ

cos 2θ + 2 cos 4θ

x−1 cos θ +
√

sin θ

sin θ√
cos θ

(32)

are defined as integral functions.
The renormalization of the Yukawa vertex at one-loop

order is obtained from the diagram shown in Fig. 3(b) with
the external frequencies and momenta set to zero,

$i = g3
Nb∑

j

∫ >

q⃗
Gφ (q⃗)Y jGψ (q⃗)YiGψ (q⃗)Y j . (33)

The matrix $i is proportional to the Yukawa matrix Yi, $i =
g* Yizdℓ, where we have absorbed a factor of g2 in the
definition of *. Performing the shell integral we obtain

* = −2 − Nb
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(
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√
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vc2
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√
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)

(34)

with

F3(x) = 1
4π2

∫ π
2

0
dθ

1

x−1 cos θ +
√

sin θ

sin θ√
cos θ

. (35)

Note that the vertex correction to the Yukawa coupling g
has opposite sign for the CDW (Nb = 1) and SDW (Nb = 3)
instabilities and vanishes in the case of a superconductor
(Nb = 2), as reported in previous studies [27].
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FIG. 2. Polarization bubble diagram describing the IR regulator
of the bosonic propagator and the self-energy correction of the
bosons in the momentum shell.

For the multicomponent order parameters of the SDW
and superconducting phases, the polarization is diagonal,
!i j (q⃗) = !(q⃗)δi j , reflecting the underlying O(3) and U(1)
symmetries. In the limit of small q0, qx and at qy = 0, the
leading term is [25]

!IR(q⃗) = Nf g2

√
2m
v

(
q2

0 + v2q2
x

) 1
4 , (23)

where Nf is the number of fermion flavors. This contribution
to the kernel of Sφ regularizes the bosonic propagator in the
IR at the critical surface (m2

φ = 0),

G−1
φ (q⃗) = Nf g2

√
2m
v

(
q2

0 + v2q2
x

) 1
4 + c2

yq2
y . (24)

C. Self-energy and vertex corrections

Using the propagators (22) and (24) for fermionic and
bosonic fields, respectively, we can now go beyond the tree
level scaling and extract one-loop corrections to the propa-
gators and the Yukawa coupling. As mentioned before, the
bosonic φ4 is irrelevant and can be dropped.

We first concern ourselves with the one-loop renormal-
ization of the regularized bosonic propagator (24). The only
component that is of interest is in the qy direction as the
dependence on linear momentum and frequency directions in
the propagator comes from the IR, which is not renormalized
under the RG. The one-loop bosonic self-energy is depicted
in Fig. 2 and takes the form

!>(q⃗) = g2

2
Tr

∫ >

k⃗
YiGψ (k⃗)YiGψ (k⃗ + q⃗), (25)

where
∫ >

k⃗ means integration over the UV modes within
the frequency-momentum shell of width %z dℓ, as defined
in Eq. (13). Note that in the above expression, the order
parameter field component i is not summed over and that
the result is the same for all components. The leading terms
of the self-energy have the form !>(q⃗) = !0q2

0 + !xq2
x +

!yq2
y + !m2

φ
. Expanding the fermionic propagator to second

order in qy, then performing the coordinate transformation
(16) and integrating over the energy shell, we find that the
renormalization of the c2

y coefficient is given by

d
(
c2

y

)
= 2Nf

11
21π2

√
2m
v

g2

√
%

zdℓ ≡ !yzdℓ. (26)

Although the mass of the bosons m2
φ also runs in the RG flow,

for now it will be fine tuned to zero at the critical surface.
We will address the renormalization of m2

φ in detail later on
in Secs. III F and III G, when we examine the vicinity of the
quantum multicritical point.

FIG. 3. (a) Self-energy correction to the fermionic propagator in
one loop. (b) Vertex correction diagram to the Yukawa coupling.
The bosonic propagator is represented by the wavy line while the
fermionic propagator by the straight line.

Next, we turn our attention to the one-loop fermionic self-
energy [Fig. 3(a)], which is equal to

"(k⃗) = −g2
Nb∑

i

∫ >

q⃗
Gφ (q⃗)YiGψ (k⃗ + q⃗)Yi. (27)

After shell integration, it takes the form

"(k⃗) = s0 ⊗
[

(0(k0σ
0 + vkxσ

x ) + (y
k2

y

2m
σy

]

zdℓ, (28)

where

(0 = Nb
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)
, (29)
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)
, (30)

with (x = (0, and

F1(x) = 1
4π2

∫ π
2

0
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(cos θ )
3
2 sin θ

x−1 cos θ +
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sin θ
, (31)

F2(x) = 1
4π2

∫ π
2

0
dθ

cos 2θ + 2 cos 4θ

x−1 cos θ +
√

sin θ

sin θ√
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(32)

are defined as integral functions.
The renormalization of the Yukawa vertex at one-loop

order is obtained from the diagram shown in Fig. 3(b) with
the external frequencies and momenta set to zero,

$i = g3
Nb∑

j

∫ >

q⃗
Gφ (q⃗)Y jGψ (q⃗)YiGψ (q⃗)Y j . (33)

The matrix $i is proportional to the Yukawa matrix Yi, $i =
g* Yizdℓ, where we have absorbed a factor of g2 in the
definition of *. Performing the shell integral we obtain

* = −2 − Nb

2Nf
F3

(
2Nf

√
2mg2

vc2
y

√
%

)

(34)

with

F3(x) = 1
4π2

∫ π
2

0
dθ

1

x−1 cos θ +
√

sin θ

sin θ√
cos θ

. (35)

Note that the vertex correction to the Yukawa coupling g
has opposite sign for the CDW (Nb = 1) and SDW (Nb = 3)
instabilities and vanishes in the case of a superconductor
(Nb = 2), as reported in previous studies [27].

155101-5

(a) (b) (c)

QUANTUM CRITICALITY OF SEMI-DIRAC FERMIONS IN … PHYSICAL REVIEW B 100, 155101 (2019)

FIG. 2. Polarization bubble diagram describing the IR regulator
of the bosonic propagator and the self-energy correction of the
bosons in the momentum shell.

For the multicomponent order parameters of the SDW
and superconducting phases, the polarization is diagonal,
!i j (q⃗) = !(q⃗)δi j , reflecting the underlying O(3) and U(1)
symmetries. In the limit of small q0, qx and at qy = 0, the
leading term is [25]

!IR(q⃗) = Nf g2

√
2m
v

(
q2

0 + v2q2
x

) 1
4 , (23)

where Nf is the number of fermion flavors. This contribution
to the kernel of Sφ regularizes the bosonic propagator in the
IR at the critical surface (m2

φ = 0),

G−1
φ (q⃗) = Nf g2

√
2m
v

(
q2

0 + v2q2
x

) 1
4 + c2

yq2
y . (24)

C. Self-energy and vertex corrections

Using the propagators (22) and (24) for fermionic and
bosonic fields, respectively, we can now go beyond the tree
level scaling and extract one-loop corrections to the propa-
gators and the Yukawa coupling. As mentioned before, the
bosonic φ4 is irrelevant and can be dropped.

We first concern ourselves with the one-loop renormal-
ization of the regularized bosonic propagator (24). The only
component that is of interest is in the qy direction as the
dependence on linear momentum and frequency directions in
the propagator comes from the IR, which is not renormalized
under the RG. The one-loop bosonic self-energy is depicted
in Fig. 2 and takes the form

!>(q⃗) = g2

2
Tr

∫ >

k⃗
YiGψ (k⃗)YiGψ (k⃗ + q⃗), (25)

where
∫ >

k⃗ means integration over the UV modes within
the frequency-momentum shell of width %z dℓ, as defined
in Eq. (13). Note that in the above expression, the order
parameter field component i is not summed over and that
the result is the same for all components. The leading terms
of the self-energy have the form !>(q⃗) = !0q2

0 + !xq2
x +

!yq2
y + !m2

φ
. Expanding the fermionic propagator to second

order in qy, then performing the coordinate transformation
(16) and integrating over the energy shell, we find that the
renormalization of the c2

y coefficient is given by

d
(
c2

y

)
= 2Nf

11
21π2

√
2m
v

g2

√
%

zdℓ ≡ !yzdℓ. (26)

Although the mass of the bosons m2
φ also runs in the RG flow,

for now it will be fine tuned to zero at the critical surface.
We will address the renormalization of m2

φ in detail later on
in Secs. III F and III G, when we examine the vicinity of the
quantum multicritical point.

FIG. 3. (a) Self-energy correction to the fermionic propagator in
one loop. (b) Vertex correction diagram to the Yukawa coupling.
The bosonic propagator is represented by the wavy line while the
fermionic propagator by the straight line.

Next, we turn our attention to the one-loop fermionic self-
energy [Fig. 3(a)], which is equal to

"(k⃗) = −g2
Nb∑

i

∫ >

q⃗
Gφ (q⃗)YiGψ (k⃗ + q⃗)Yi. (27)

After shell integration, it takes the form

"(k⃗) = s0 ⊗
[

(0(k0σ
0 + vkxσ

x ) + (y
k2

y
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σy

]

zdℓ, (28)

where
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with (x = (0, and
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, (31)
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4π2

∫ π
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cos 2θ + 2 cos 4θ

x−1 cos θ +
√

sin θ

sin θ√
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(32)

are defined as integral functions.
The renormalization of the Yukawa vertex at one-loop

order is obtained from the diagram shown in Fig. 3(b) with
the external frequencies and momenta set to zero,

$i = g3
Nb∑

j

∫ >

q⃗
Gφ (q⃗)Y jGψ (q⃗)YiGψ (q⃗)Y j . (33)

The matrix $i is proportional to the Yukawa matrix Yi, $i =
g* Yizdℓ, where we have absorbed a factor of g2 in the
definition of *. Performing the shell integral we obtain

* = −2 − Nb
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(
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(34)

with

F3(x) = 1
4π2

∫ π
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1

x−1 cos θ +
√

sin θ

sin θ√
cos θ

. (35)

Note that the vertex correction to the Yukawa coupling g
has opposite sign for the CDW (Nb = 1) and SDW (Nb = 3)
instabilities and vanishes in the case of a superconductor
(Nb = 2), as reported in previous studies [27].
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FIG. 2. Polarization bubble diagram describing the IR regulator
of the bosonic propagator and the self-energy correction of the
bosons in the momentum shell.

For the multicomponent order parameters of the SDW
and superconducting phases, the polarization is diagonal,
!i j (q⃗) = !(q⃗)δi j , reflecting the underlying O(3) and U(1)
symmetries. In the limit of small q0, qx and at qy = 0, the
leading term is [25]

!IR(q⃗) = Nf g2

√
2m
v

(
q2

0 + v2q2
x

) 1
4 , (23)

where Nf is the number of fermion flavors. This contribution
to the kernel of Sφ regularizes the bosonic propagator in the
IR at the critical surface (m2

φ = 0),

G−1
φ (q⃗) = Nf g2

√
2m
v

(
q2

0 + v2q2
x

) 1
4 + c2

yq2
y . (24)

C. Self-energy and vertex corrections

Using the propagators (22) and (24) for fermionic and
bosonic fields, respectively, we can now go beyond the tree
level scaling and extract one-loop corrections to the propa-
gators and the Yukawa coupling. As mentioned before, the
bosonic φ4 is irrelevant and can be dropped.

We first concern ourselves with the one-loop renormal-
ization of the regularized bosonic propagator (24). The only
component that is of interest is in the qy direction as the
dependence on linear momentum and frequency directions in
the propagator comes from the IR, which is not renormalized
under the RG. The one-loop bosonic self-energy is depicted
in Fig. 2 and takes the form

!>(q⃗) = g2

2
Tr

∫ >

k⃗
YiGψ (k⃗)YiGψ (k⃗ + q⃗), (25)

where
∫ >

k⃗ means integration over the UV modes within
the frequency-momentum shell of width %z dℓ, as defined
in Eq. (13). Note that in the above expression, the order
parameter field component i is not summed over and that
the result is the same for all components. The leading terms
of the self-energy have the form !>(q⃗) = !0q2

0 + !xq2
x +

!yq2
y + !m2

φ
. Expanding the fermionic propagator to second

order in qy, then performing the coordinate transformation
(16) and integrating over the energy shell, we find that the
renormalization of the c2

y coefficient is given by

d
(
c2

y

)
= 2Nf

11
21π2

√
2m
v

g2

√
%

zdℓ ≡ !yzdℓ. (26)

Although the mass of the bosons m2
φ also runs in the RG flow,

for now it will be fine tuned to zero at the critical surface.
We will address the renormalization of m2

φ in detail later on
in Secs. III F and III G, when we examine the vicinity of the
quantum multicritical point.

FIG. 3. (a) Self-energy correction to the fermionic propagator in
one loop. (b) Vertex correction diagram to the Yukawa coupling.
The bosonic propagator is represented by the wavy line while the
fermionic propagator by the straight line.

Next, we turn our attention to the one-loop fermionic self-
energy [Fig. 3(a)], which is equal to

"(k⃗) = −g2
Nb∑

i

∫ >

q⃗
Gφ (q⃗)YiGψ (k⃗ + q⃗)Yi. (27)

After shell integration, it takes the form

"(k⃗) = s0 ⊗
[

(0(k0σ
0 + vkxσ

x ) + (y
k2

y
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]

zdℓ, (28)

where
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∫ π
2

0
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3
2 sin θ

x−1 cos θ +
√
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, (31)

F2(x) = 1
4π2
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0
dθ
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x−1 cos θ +
√

sin θ

sin θ√
cos θ

(32)

are defined as integral functions.
The renormalization of the Yukawa vertex at one-loop

order is obtained from the diagram shown in Fig. 3(b) with
the external frequencies and momenta set to zero,

$i = g3
Nb∑

j

∫ >

q⃗
Gφ (q⃗)Y jGψ (q⃗)YiGψ (q⃗)Y j . (33)

The matrix $i is proportional to the Yukawa matrix Yi, $i =
g* Yizdℓ, where we have absorbed a factor of g2 in the
definition of *. Performing the shell integral we obtain

* = −2 − Nb

2Nf
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(
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√
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√
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)

(34)

with

F3(x) = 1
4π2

∫ π
2

0
dθ

1

x−1 cos θ +
√

sin θ

sin θ√
cos θ

. (35)

Note that the vertex correction to the Yukawa coupling g
has opposite sign for the CDW (Nb = 1) and SDW (Nb = 3)
instabilities and vanishes in the case of a superconductor
(Nb = 2), as reported in previous studies [27].
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FIG. 2. Polarization bubble diagram describing the IR regulator
of the bosonic propagator and the self-energy correction of the
bosons in the momentum shell.

For the multicomponent order parameters of the SDW
and superconducting phases, the polarization is diagonal,
!i j (q⃗) = !(q⃗)δi j , reflecting the underlying O(3) and U(1)
symmetries. In the limit of small q0, qx and at qy = 0, the
leading term is [25]

!IR(q⃗) = Nf g2

√
2m
v

(
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4 , (23)

where Nf is the number of fermion flavors. This contribution
to the kernel of Sφ regularizes the bosonic propagator in the
IR at the critical surface (m2

φ = 0),
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C. Self-energy and vertex corrections

Using the propagators (22) and (24) for fermionic and
bosonic fields, respectively, we can now go beyond the tree
level scaling and extract one-loop corrections to the propa-
gators and the Yukawa coupling. As mentioned before, the
bosonic φ4 is irrelevant and can be dropped.

We first concern ourselves with the one-loop renormal-
ization of the regularized bosonic propagator (24). The only
component that is of interest is in the qy direction as the
dependence on linear momentum and frequency directions in
the propagator comes from the IR, which is not renormalized
under the RG. The one-loop bosonic self-energy is depicted
in Fig. 2 and takes the form

!>(q⃗) = g2

2
Tr

∫ >

k⃗
YiGψ (k⃗)YiGψ (k⃗ + q⃗), (25)

where
∫ >

k⃗ means integration over the UV modes within
the frequency-momentum shell of width %z dℓ, as defined
in Eq. (13). Note that in the above expression, the order
parameter field component i is not summed over and that
the result is the same for all components. The leading terms
of the self-energy have the form !>(q⃗) = !0q2

0 + !xq2
x +

!yq2
y + !m2

φ
. Expanding the fermionic propagator to second

order in qy, then performing the coordinate transformation
(16) and integrating over the energy shell, we find that the
renormalization of the c2

y coefficient is given by

d
(
c2

y

)
= 2Nf

11
21π2

√
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√
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zdℓ ≡ !yzdℓ. (26)

Although the mass of the bosons m2
φ also runs in the RG flow,

for now it will be fine tuned to zero at the critical surface.
We will address the renormalization of m2

φ in detail later on
in Secs. III F and III G, when we examine the vicinity of the
quantum multicritical point.

FIG. 3. (a) Self-energy correction to the fermionic propagator in
one loop. (b) Vertex correction diagram to the Yukawa coupling.
The bosonic propagator is represented by the wavy line while the
fermionic propagator by the straight line.

Next, we turn our attention to the one-loop fermionic self-
energy [Fig. 3(a)], which is equal to

"(k⃗) = −g2
Nb∑

i

∫ >

q⃗
Gφ (q⃗)YiGψ (k⃗ + q⃗)Yi. (27)

After shell integration, it takes the form

"(k⃗) = s0 ⊗
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(0(k0σ
0 + vkxσ

x ) + (y
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]
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√
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are defined as integral functions.
The renormalization of the Yukawa vertex at one-loop

order is obtained from the diagram shown in Fig. 3(b) with
the external frequencies and momenta set to zero,

$i = g3
Nb∑

j

∫ >

q⃗
Gφ (q⃗)Y jGψ (q⃗)YiGψ (q⃗)Y j . (33)

The matrix $i is proportional to the Yukawa matrix Yi, $i =
g* Yizdℓ, where we have absorbed a factor of g2 in the
definition of *. Performing the shell integral we obtain
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(34)

with

F3(x) = 1
4π2
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1
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√
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cos θ

. (35)

Note that the vertex correction to the Yukawa coupling g
has opposite sign for the CDW (Nb = 1) and SDW (Nb = 3)
instabilities and vanishes in the case of a superconductor
(Nb = 2), as reported in previous studies [27].
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FIG. 2. Polarization bubble diagram describing the IR regulator
of the bosonic propagator and the self-energy correction of the
bosons in the momentum shell.

For the multicomponent order parameters of the SDW
and superconducting phases, the polarization is diagonal,
!i j (q⃗) = !(q⃗)δi j , reflecting the underlying O(3) and U(1)
symmetries. In the limit of small q0, qx and at qy = 0, the
leading term is [25]

!IR(q⃗) = Nf g2

√
2m
v

(
q2

0 + v2q2
x

) 1
4 , (23)

where Nf is the number of fermion flavors. This contribution
to the kernel of Sφ regularizes the bosonic propagator in the
IR at the critical surface (m2

φ = 0),

G−1
φ (q⃗) = Nf g2

√
2m
v

(
q2

0 + v2q2
x

) 1
4 + c2

yq2
y . (24)

C. Self-energy and vertex corrections

Using the propagators (22) and (24) for fermionic and
bosonic fields, respectively, we can now go beyond the tree
level scaling and extract one-loop corrections to the propa-
gators and the Yukawa coupling. As mentioned before, the
bosonic φ4 is irrelevant and can be dropped.

We first concern ourselves with the one-loop renormal-
ization of the regularized bosonic propagator (24). The only
component that is of interest is in the qy direction as the
dependence on linear momentum and frequency directions in
the propagator comes from the IR, which is not renormalized
under the RG. The one-loop bosonic self-energy is depicted
in Fig. 2 and takes the form

!>(q⃗) = g2

2
Tr

∫ >

k⃗
YiGψ (k⃗)YiGψ (k⃗ + q⃗), (25)

where
∫ >

k⃗ means integration over the UV modes within
the frequency-momentum shell of width %z dℓ, as defined
in Eq. (13). Note that in the above expression, the order
parameter field component i is not summed over and that
the result is the same for all components. The leading terms
of the self-energy have the form !>(q⃗) = !0q2

0 + !xq2
x +

!yq2
y + !m2

φ
. Expanding the fermionic propagator to second

order in qy, then performing the coordinate transformation
(16) and integrating over the energy shell, we find that the
renormalization of the c2

y coefficient is given by

d
(
c2

y

)
= 2Nf

11
21π2

√
2m
v

g2

√
%

zdℓ ≡ !yzdℓ. (26)

Although the mass of the bosons m2
φ also runs in the RG flow,

for now it will be fine tuned to zero at the critical surface.
We will address the renormalization of m2

φ in detail later on
in Secs. III F and III G, when we examine the vicinity of the
quantum multicritical point.

FIG. 3. (a) Self-energy correction to the fermionic propagator in
one loop. (b) Vertex correction diagram to the Yukawa coupling.
The bosonic propagator is represented by the wavy line while the
fermionic propagator by the straight line.

Next, we turn our attention to the one-loop fermionic self-
energy [Fig. 3(a)], which is equal to

"(k⃗) = −g2
Nb∑

i

∫ >

q⃗
Gφ (q⃗)YiGψ (k⃗ + q⃗)Yi. (27)

After shell integration, it takes the form

"(k⃗) = s0 ⊗
[

(0(k0σ
0 + vkxσ

x ) + (y
k2

y

2m
σy

]

zdℓ, (28)

where
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, (29)
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with (x = (0, and

F1(x) = 1
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∫ π
2

0
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3
2 sin θ
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sin θ
, (31)

F2(x) = 1
4π2

∫ π
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0
dθ

cos 2θ + 2 cos 4θ

x−1 cos θ +
√

sin θ

sin θ√
cos θ

(32)

are defined as integral functions.
The renormalization of the Yukawa vertex at one-loop

order is obtained from the diagram shown in Fig. 3(b) with
the external frequencies and momenta set to zero,

$i = g3
Nb∑

j

∫ >

q⃗
Gφ (q⃗)Y jGψ (q⃗)YiGψ (q⃗)Y j . (33)

The matrix $i is proportional to the Yukawa matrix Yi, $i =
g* Yizdℓ, where we have absorbed a factor of g2 in the
definition of *. Performing the shell integral we obtain

* = −2 − Nb
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(
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√
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(34)

with

F3(x) = 1
4π2

∫ π
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dθ

1

x−1 cos θ +
√

sin θ

sin θ√
cos θ

. (35)

Note that the vertex correction to the Yukawa coupling g
has opposite sign for the CDW (Nb = 1) and SDW (Nb = 3)
instabilities and vanishes in the case of a superconductor
(Nb = 2), as reported in previous studies [27].
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FIG. 2. Polarization bubble diagram describing the IR regulator
of the bosonic propagator and the self-energy correction of the
bosons in the momentum shell.

For the multicomponent order parameters of the SDW
and superconducting phases, the polarization is diagonal,
!i j (q⃗) = !(q⃗)δi j , reflecting the underlying O(3) and U(1)
symmetries. In the limit of small q0, qx and at qy = 0, the
leading term is [25]

!IR(q⃗) = Nf g2

√
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(
q2

0 + v2q2
x

) 1
4 , (23)

where Nf is the number of fermion flavors. This contribution
to the kernel of Sφ regularizes the bosonic propagator in the
IR at the critical surface (m2

φ = 0),

G−1
φ (q⃗) = Nf g2

√
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(
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) 1
4 + c2
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C. Self-energy and vertex corrections

Using the propagators (22) and (24) for fermionic and
bosonic fields, respectively, we can now go beyond the tree
level scaling and extract one-loop corrections to the propa-
gators and the Yukawa coupling. As mentioned before, the
bosonic φ4 is irrelevant and can be dropped.

We first concern ourselves with the one-loop renormal-
ization of the regularized bosonic propagator (24). The only
component that is of interest is in the qy direction as the
dependence on linear momentum and frequency directions in
the propagator comes from the IR, which is not renormalized
under the RG. The one-loop bosonic self-energy is depicted
in Fig. 2 and takes the form

!>(q⃗) = g2

2
Tr

∫ >

k⃗
YiGψ (k⃗)YiGψ (k⃗ + q⃗), (25)

where
∫ >

k⃗ means integration over the UV modes within
the frequency-momentum shell of width %z dℓ, as defined
in Eq. (13). Note that in the above expression, the order
parameter field component i is not summed over and that
the result is the same for all components. The leading terms
of the self-energy have the form !>(q⃗) = !0q2

0 + !xq2
x +

!yq2
y + !m2

φ
. Expanding the fermionic propagator to second

order in qy, then performing the coordinate transformation
(16) and integrating over the energy shell, we find that the
renormalization of the c2

y coefficient is given by

d
(
c2

y

)
= 2Nf

11
21π2

√
2m
v

g2

√
%

zdℓ ≡ !yzdℓ. (26)

Although the mass of the bosons m2
φ also runs in the RG flow,

for now it will be fine tuned to zero at the critical surface.
We will address the renormalization of m2

φ in detail later on
in Secs. III F and III G, when we examine the vicinity of the
quantum multicritical point.

FIG. 3. (a) Self-energy correction to the fermionic propagator in
one loop. (b) Vertex correction diagram to the Yukawa coupling.
The bosonic propagator is represented by the wavy line while the
fermionic propagator by the straight line.

Next, we turn our attention to the one-loop fermionic self-
energy [Fig. 3(a)], which is equal to

"(k⃗) = −g2
Nb∑

i

∫ >

q⃗
Gφ (q⃗)YiGψ (k⃗ + q⃗)Yi. (27)

After shell integration, it takes the form

"(k⃗) = s0 ⊗
[

(0(k0σ
0 + vkxσ

x ) + (y
k2

y
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σy

]

zdℓ, (28)

where
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, (31)
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sin θ

sin θ√
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(32)

are defined as integral functions.
The renormalization of the Yukawa vertex at one-loop

order is obtained from the diagram shown in Fig. 3(b) with
the external frequencies and momenta set to zero,

$i = g3
Nb∑

j

∫ >

q⃗
Gφ (q⃗)Y jGψ (q⃗)YiGψ (q⃗)Y j . (33)

The matrix $i is proportional to the Yukawa matrix Yi, $i =
g* Yizdℓ, where we have absorbed a factor of g2 in the
definition of *. Performing the shell integral we obtain
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(34)

with
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∫ π
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1
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√
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cos θ

. (35)

Note that the vertex correction to the Yukawa coupling g
has opposite sign for the CDW (Nb = 1) and SDW (Nb = 3)
instabilities and vanishes in the case of a superconductor
(Nb = 2), as reported in previous studies [27].
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FIG. 2. Polarization bubble diagram describing the IR regulator
of the bosonic propagator and the self-energy correction of the
bosons in the momentum shell.

For the multicomponent order parameters of the SDW
and superconducting phases, the polarization is diagonal,
!i j (q⃗) = !(q⃗)δi j , reflecting the underlying O(3) and U(1)
symmetries. In the limit of small q0, qx and at qy = 0, the
leading term is [25]

!IR(q⃗) = Nf g2

√
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(
q2

0 + v2q2
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) 1
4 , (23)

where Nf is the number of fermion flavors. This contribution
to the kernel of Sφ regularizes the bosonic propagator in the
IR at the critical surface (m2

φ = 0),

G−1
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) 1
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C. Self-energy and vertex corrections

Using the propagators (22) and (24) for fermionic and
bosonic fields, respectively, we can now go beyond the tree
level scaling and extract one-loop corrections to the propa-
gators and the Yukawa coupling. As mentioned before, the
bosonic φ4 is irrelevant and can be dropped.

We first concern ourselves with the one-loop renormal-
ization of the regularized bosonic propagator (24). The only
component that is of interest is in the qy direction as the
dependence on linear momentum and frequency directions in
the propagator comes from the IR, which is not renormalized
under the RG. The one-loop bosonic self-energy is depicted
in Fig. 2 and takes the form

!>(q⃗) = g2

2
Tr

∫ >

k⃗
YiGψ (k⃗)YiGψ (k⃗ + q⃗), (25)

where
∫ >

k⃗ means integration over the UV modes within
the frequency-momentum shell of width %z dℓ, as defined
in Eq. (13). Note that in the above expression, the order
parameter field component i is not summed over and that
the result is the same for all components. The leading terms
of the self-energy have the form !>(q⃗) = !0q2

0 + !xq2
x +

!yq2
y + !m2

φ
. Expanding the fermionic propagator to second

order in qy, then performing the coordinate transformation
(16) and integrating over the energy shell, we find that the
renormalization of the c2

y coefficient is given by

d
(
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y

)
= 2Nf

11
21π2

√
2m
v
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Although the mass of the bosons m2
φ also runs in the RG flow,

for now it will be fine tuned to zero at the critical surface.
We will address the renormalization of m2

φ in detail later on
in Secs. III F and III G, when we examine the vicinity of the
quantum multicritical point.

FIG. 3. (a) Self-energy correction to the fermionic propagator in
one loop. (b) Vertex correction diagram to the Yukawa coupling.
The bosonic propagator is represented by the wavy line while the
fermionic propagator by the straight line.

Next, we turn our attention to the one-loop fermionic self-
energy [Fig. 3(a)], which is equal to

"(k⃗) = −g2
Nb∑

i

∫ >

q⃗
Gφ (q⃗)YiGψ (k⃗ + q⃗)Yi. (27)

After shell integration, it takes the form

"(k⃗) = s0 ⊗
[

(0(k0σ
0 + vkxσ

x ) + (y
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y
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]

zdℓ, (28)

where
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F2(x) = 1
4π2

∫ π
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cos 2θ + 2 cos 4θ

x−1 cos θ +
√

sin θ

sin θ√
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(32)

are defined as integral functions.
The renormalization of the Yukawa vertex at one-loop

order is obtained from the diagram shown in Fig. 3(b) with
the external frequencies and momenta set to zero,

$i = g3
Nb∑

j

∫ >

q⃗
Gφ (q⃗)Y jGψ (q⃗)YiGψ (q⃗)Y j . (33)

The matrix $i is proportional to the Yukawa matrix Yi, $i =
g* Yizdℓ, where we have absorbed a factor of g2 in the
definition of *. Performing the shell integral we obtain

* = −2 − Nb
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(34)

with

F3(x) = 1
4π2

∫ π
2

0
dθ

1

x−1 cos θ +
√

sin θ

sin θ√
cos θ

. (35)

Note that the vertex correction to the Yukawa coupling g
has opposite sign for the CDW (Nb = 1) and SDW (Nb = 3)
instabilities and vanishes in the case of a superconductor
(Nb = 2), as reported in previous studies [27].
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<latexit sha1_base64="H1mkGXXWydR+aX+J8VsJw5WXNsc=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbBU8mWUlvwUPDisQVbC+1Ssmm2jc1mlyQrlKW/wIsHRbz6k7z5b8y2FVT0wcDjvRlm5vmx4Npg/OHk1tY3Nrfy24Wd3b39g+LhUVdHiaKsQyMRqZ5PNBNcso7hRrBerBgJfcFu/elV5t/eM6V5JG/MLGZeSMaSB5wSY6X2eFgs4TK2qNVQRtw6di1pNOqVSgO5CwvjEqzQGhbfB6OIJiGThgqidd/FsfFSogyngs0Lg0SzmNApGbO+pZKETHvp4tA5OrPKCAWRsiUNWqjfJ1ISaj0LfdsZEjPRv71M/MvrJyaoeymXcWKYpMtFQSKQiVD2NRpxxagRM0sIVdzeiuiEKEKNzaZgQ/j6FP1PupWyWytX29VS83IVRx5O4BTOwYULaMI1tKADFBg8wBM8O3fOo/PivC5bc85q5hh+wHn7BCTpjSs=</latexit>g

<latexit sha1_base64="H1mkGXXWydR+aX+J8VsJw5WXNsc=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbBU8mWUlvwUPDisQVbC+1Ssmm2jc1mlyQrlKW/wIsHRbz6k7z5b8y2FVT0wcDjvRlm5vmx4Npg/OHk1tY3Nrfy24Wd3b39g+LhUVdHiaKsQyMRqZ5PNBNcso7hRrBerBgJfcFu/elV5t/eM6V5JG/MLGZeSMaSB5wSY6X2eFgs4TK2qNVQRtw6di1pNOqVSgO5CwvjEqzQGhbfB6OIJiGThgqidd/FsfFSogyngs0Lg0SzmNApGbO+pZKETHvp4tA5OrPKCAWRsiUNWqjfJ1ISaj0LfdsZEjPRv71M/MvrJyaoeymXcWKYpMtFQSKQiVD2NRpxxagRM0sIVdzeiuiEKEKNzaZgQ/j6FP1PupWyWytX29VS83IVRx5O4BTOwYULaMI1tKADFBg8wBM8O3fOo/PivC5bc85q5hh+wHn7BCTpjSs=</latexit>g

<latexit sha1_base64="H1mkGXXWydR+aX+J8VsJw5WXNsc=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbBU8mWUlvwUPDisQVbC+1Ssmm2jc1mlyQrlKW/wIsHRbz6k7z5b8y2FVT0wcDjvRlm5vmx4Npg/OHk1tY3Nrfy24Wd3b39g+LhUVdHiaKsQyMRqZ5PNBNcso7hRrBerBgJfcFu/elV5t/eM6V5JG/MLGZeSMaSB5wSY6X2eFgs4TK2qNVQRtw6di1pNOqVSgO5CwvjEqzQGhbfB6OIJiGThgqidd/FsfFSogyngs0Lg0SzmNApGbO+pZKETHvp4tA5OrPKCAWRsiUNWqjfJ1ISaj0LfdsZEjPRv71M/MvrJyaoeymXcWKYpMtFQSKQiVD2NRpxxagRM0sIVdzeiuiEKEKNzaZgQ/j6FP1PupWyWytX29VS83IVRx5O4BTOwYULaMI1tKADFBg8wBM8O3fOo/PivC5bc85q5hh+wHn7BCTpjSs=</latexit>g

<latexit sha1_base64="H1mkGXXWydR+aX+J8VsJw5WXNsc=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbBU8mWUlvwUPDisQVbC+1Ssmm2jc1mlyQrlKW/wIsHRbz6k7z5b8y2FVT0wcDjvRlm5vmx4Npg/OHk1tY3Nrfy24Wd3b39g+LhUVdHiaKsQyMRqZ5PNBNcso7hRrBerBgJfcFu/elV5t/eM6V5JG/MLGZeSMaSB5wSY6X2eFgs4TK2qNVQRtw6di1pNOqVSgO5CwvjEqzQGhbfB6OIJiGThgqidd/FsfFSogyngs0Lg0SzmNApGbO+pZKETHvp4tA5OrPKCAWRsiUNWqjfJ1ISaj0LfdsZEjPRv71M/MvrJyaoeymXcWKYpMtFQSKQiVD2NRpxxagRM0sIVdzeiuiEKEKNzaZgQ/j6FP1PupWyWytX29VS83IVRx5O4BTOwYULaMI1tKADFBg8wBM8O3fOo/PivC5bc85q5hh+wHn7BCTpjSs=</latexit>g

<latexit sha1_base64="6cl3YcXck3mmhOqJFNbvNB+F7y0=">AAAB8HicdVBNS8NAEN3Ur1q/qh69LBbBU0jS2lbwUPDisYJtlTaUzWbTLt3dhN2NUEJ/hRcPinj153jz37hpK6jog4HHezPMzAsSRpV2nA+rsLK6tr5R3Cxtbe/s7pX3D7oqTiUmHRyzWN4GSBFGBeloqhm5TSRBPGCkF0wuc793T6SisbjR04T4HI0EjShG2kh3A01ZSLLRbFiuOPZ5s+6dedCxHafhVes58Ro1rwpdo+SogCXaw/L7IIxxyonQmCGl+q6TaD9DUlPMyKw0SBVJEJ6gEekbKhAnys/mB8/giVFCGMXSlNBwrn6fyBBXasoD08mRHqvfXi7+5fVTHTX9jIok1UTgxaIoZVDHMP8ehlQSrNnUEIQlNbdCPEYSYW0yKpkQvj6F/5OuZ7t1u3Zdq7QulnEUwRE4BqfABQ3QAlegDToAAw4ewBN4tqT1aL1Yr4vWgrWcOQQ/YL19Ao2RkOg=</latexit>

g̃

<latexit sha1_base64="6cl3YcXck3mmhOqJFNbvNB+F7y0=">AAAB8HicdVBNS8NAEN3Ur1q/qh69LBbBU0jS2lbwUPDisYJtlTaUzWbTLt3dhN2NUEJ/hRcPinj153jz37hpK6jog4HHezPMzAsSRpV2nA+rsLK6tr5R3Cxtbe/s7pX3D7oqTiUmHRyzWN4GSBFGBeloqhm5TSRBPGCkF0wuc793T6SisbjR04T4HI0EjShG2kh3A01ZSLLRbFiuOPZ5s+6dedCxHafhVes58Ro1rwpdo+SogCXaw/L7IIxxyonQmCGl+q6TaD9DUlPMyKw0SBVJEJ6gEekbKhAnys/mB8/giVFCGMXSlNBwrn6fyBBXasoD08mRHqvfXi7+5fVTHTX9jIok1UTgxaIoZVDHMP8ehlQSrNnUEIQlNbdCPEYSYW0yKpkQvj6F/5OuZ7t1u3Zdq7QulnEUwRE4BqfABQ3QAlegDToAAw4ewBN4tqT1aL1Yr4vWgrWcOQQ/YL19Ao2RkOg=</latexit>

g̃

<latexit sha1_base64="6cl3YcXck3mmhOqJFNbvNB+F7y0=">AAAB8HicdVBNS8NAEN3Ur1q/qh69LBbBU0jS2lbwUPDisYJtlTaUzWbTLt3dhN2NUEJ/hRcPinj153jz37hpK6jog4HHezPMzAsSRpV2nA+rsLK6tr5R3Cxtbe/s7pX3D7oqTiUmHRyzWN4GSBFGBeloqhm5TSRBPGCkF0wuc793T6SisbjR04T4HI0EjShG2kh3A01ZSLLRbFiuOPZ5s+6dedCxHafhVes58Ro1rwpdo+SogCXaw/L7IIxxyonQmCGl+q6TaD9DUlPMyKw0SBVJEJ6gEekbKhAnys/mB8/giVFCGMXSlNBwrn6fyBBXasoD08mRHqvfXi7+5fVTHTX9jIok1UTgxaIoZVDHMP8ehlQSrNnUEIQlNbdCPEYSYW0yKpkQvj6F/5OuZ7t1u3Zdq7QulnEUwRE4BqfABQ3QAlegDToAAw4ewBN4tqT1aL1Yr4vWgrWcOQQ/YL19Ao2RkOg=</latexit>

g̃
<latexit sha1_base64="6cl3YcXck3mmhOqJFNbvNB+F7y0=">AAAB8HicdVBNS8NAEN3Ur1q/qh69LBbBU0jS2lbwUPDisYJtlTaUzWbTLt3dhN2NUEJ/hRcPinj153jz37hpK6jog4HHezPMzAsSRpV2nA+rsLK6tr5R3Cxtbe/s7pX3D7oqTiUmHRyzWN4GSBFGBeloqhm5TSRBPGCkF0wuc793T6SisbjR04T4HI0EjShG2kh3A01ZSLLRbFiuOPZ5s+6dedCxHafhVes58Ro1rwpdo+SogCXaw/L7IIxxyonQmCGl+q6TaD9DUlPMyKw0SBVJEJ6gEekbKhAnys/mB8/giVFCGMXSlNBwrn6fyBBXasoD08mRHqvfXi7+5fVTHTX9jIok1UTgxaIoZVDHMP8ehlQSrNnUEIQlNbdCPEYSYW0yKpkQvj6F/5OuZ7t1u3Zdq7QulnEUwRE4BqfABQ3QAlegDToAAw4ewBN4tqT1aL1Yr4vWgrWcOQQ/YL19Ao2RkOg=</latexit>

g̃

<latexit sha1_base64="eFbwHLdGrRfWWrUYhU+vAQNesoU=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4Gmamta3goqALlxXsQ9qhZDJpG5pkhiQjlKFf4caFIm79HHf+jZm2gooeuHA4517uvSeIGVXacT6s3Mrq2vpGfrOwtb2zu1fcP2irKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE0wuM79zT6SikbjV05j4HI0EHVKMtJHu+pqykKRXs0Gx5Njn9ap35kHHdpyaV65mxKtVvDJ0jZKhBJZoDorv/TDCCSdCY4aU6rlOrP0USU0xI7NCP1EkRniCRqRnqECcKD+dHzyDJ0YJ4TCSpoSGc/X7RIq4UlMemE6O9Fj99jLxL6+X6GHdT6mIE00EXiwaJgzqCGbfw5BKgjWbGoKwpOZWiMdIIqxNRgUTwten8H/S9my3alduKqXGxTKOPDgCx+AUuKAGGuAaNEELYMDBA3gCz5a0Hq0X63XRmrOWM4fgB6y3T1hikMU=</latexit>

D̃

<latexit sha1_base64="6cl3YcXck3mmhOqJFNbvNB+F7y0=">AAAB8HicdVBNS8NAEN3Ur1q/qh69LBbBU0jS2lbwUPDisYJtlTaUzWbTLt3dhN2NUEJ/hRcPinj153jz37hpK6jog4HHezPMzAsSRpV2nA+rsLK6tr5R3Cxtbe/s7pX3D7oqTiUmHRyzWN4GSBFGBeloqhm5TSRBPGCkF0wuc793T6SisbjR04T4HI0EjShG2kh3A01ZSLLRbFiuOPZ5s+6dedCxHafhVes58Ro1rwpdo+SogCXaw/L7IIxxyonQmCGl+q6TaD9DUlPMyKw0SBVJEJ6gEekbKhAnys/mB8/giVFCGMXSlNBwrn6fyBBXasoD08mRHqvfXi7+5fVTHTX9jIok1UTgxaIoZVDHMP8ehlQSrNnUEIQlNbdCPEYSYW0yKpkQvj6F/5OuZ7t1u3Zdq7QulnEUwRE4BqfABQ3QAlegDToAAw4ewBN4tqT1aL1Yr4vWgrWcOQQ/YL19Ao2RkOg=</latexit>

g̃

<latexit sha1_base64="6cl3YcXck3mmhOqJFNbvNB+F7y0=">AAAB8HicdVBNS8NAEN3Ur1q/qh69LBbBU0jS2lbwUPDisYJtlTaUzWbTLt3dhN2NUEJ/hRcPinj153jz37hpK6jog4HHezPMzAsSRpV2nA+rsLK6tr5R3Cxtbe/s7pX3D7oqTiUmHRyzWN4GSBFGBeloqhm5TSRBPGCkF0wuc793T6SisbjR04T4HI0EjShG2kh3A01ZSLLRbFiuOPZ5s+6dedCxHafhVes58Ro1rwpdo+SogCXaw/L7IIxxyonQmCGl+q6TaD9DUlPMyKw0SBVJEJ6gEekbKhAnys/mB8/giVFCGMXSlNBwrn6fyBBXasoD08mRHqvfXi7+5fVTHTX9jIok1UTgxaIoZVDHMP8ehlQSrNnUEIQlNbdCPEYSYW0yKpkQvj6F/5OuZ7t1u3Zdq7QulnEUwRE4BqfABQ3QAlegDToAAw4ewBN4tqT1aL1Yr4vWgrWcOQQ/YL19Ao2RkOg=</latexit>

g̃

<latexit sha1_base64="eFbwHLdGrRfWWrUYhU+vAQNesoU=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4Gmamta3goqALlxXsQ9qhZDJpG5pkhiQjlKFf4caFIm79HHf+jZm2gooeuHA4517uvSeIGVXacT6s3Mrq2vpGfrOwtb2zu1fcP2irKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE0wuM79zT6SikbjV05j4HI0EHVKMtJHu+pqykKRXs0Gx5Njn9ap35kHHdpyaV65mxKtVvDJ0jZKhBJZoDorv/TDCCSdCY4aU6rlOrP0USU0xI7NCP1EkRniCRqRnqECcKD+dHzyDJ0YJ4TCSpoSGc/X7RIq4UlMemE6O9Fj99jLxL6+X6GHdT6mIE00EXiwaJgzqCGbfw5BKgjWbGoKwpOZWiMdIIqxNRgUTwten8H/S9my3alduKqXGxTKOPDgCx+AUuKAGGuAaNEELYMDBA3gCz5a0Hq0X63XRmrOWM4fgB6y3T1hikMU=</latexit>

D̃

<latexit sha1_base64="OHxb2xK9OG8A6+t6ZS2eytH0HhU=">AAAB6HicdVBNSwMxEM3Wr1q/qh69BIvgqWRLqS14KOjBYwv2A9qlZNPZNjabXZKsUEp/gRcPinj1J3nz35htK6jog4HHezPMzPNjwbUh5MPJrK1vbG5lt3M7u3v7B/nDo7aOEsWgxSIRqa5PNQguoWW4EdCNFdDQF9DxJ1ep37kHpXkkb800Bi+kI8kDzqixUvN6kC+QIrGoVHBK3CpxLanVqqVSDbsLi5ACWqExyL/3hxFLQpCGCap1zyWx8WZUGc4EzHP9RENM2YSOoGeppCFob7Y4dI7PrDLEQaRsSYMX6veJGQ21noa+7QypGevfXir+5fUSE1S9GZdxYkCy5aIgEdhEOP0aD7kCZsTUEsoUt7diNqaKMmOzydkQvj7F/5N2qehWiuVmuVC/XMWRRSfoFJ0jF12gOrpBDdRCDAF6QE/o2blzHp0X53XZmnFWM8foB5y3T+/OjQg=</latexit>

D

<latexit sha1_base64="OHxb2xK9OG8A6+t6ZS2eytH0HhU=">AAAB6HicdVBNSwMxEM3Wr1q/qh69BIvgqWRLqS14KOjBYwv2A9qlZNPZNjabXZKsUEp/gRcPinj1J3nz35htK6jog4HHezPMzPNjwbUh5MPJrK1vbG5lt3M7u3v7B/nDo7aOEsWgxSIRqa5PNQguoWW4EdCNFdDQF9DxJ1ep37kHpXkkb800Bi+kI8kDzqixUvN6kC+QIrGoVHBK3CpxLanVqqVSDbsLi5ACWqExyL/3hxFLQpCGCap1zyWx8WZUGc4EzHP9RENM2YSOoGeppCFob7Y4dI7PrDLEQaRsSYMX6veJGQ21noa+7QypGevfXir+5fUSE1S9GZdxYkCy5aIgEdhEOP0aD7kCZsTUEsoUt7diNqaKMmOzydkQvj7F/5N2qehWiuVmuVC/XMWRRSfoFJ0jF12gOrpBDdRCDAF6QE/o2blzHp0X53XZmnFWM8foB5y3T+/OjQg=</latexit>

D

<latexit sha1_base64="O/Tt0k4H1UIJHh2ZnzY0nwhI+Cs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVA8eCl48VrAf0Iay2W6apbubsLsRSuhf8OJBEa/+IW/+GzdtDtr6YODx3gwz84KEM21c99spbWxube+Udyt7+weHR9Xjk66OU0Voh8Q8Vv0Aa8qZpB3DDKf9RFEsAk57wfQu93tPVGkWy0czS6gv8ESykBFscmmYRGxUrbl1dwG0TryC1KBAe1T9Go5jkgoqDeFY64HnJsbPsDKMcDqvDFNNE0ymeEIHlkosqPazxa1zdGGVMQpjZUsatFB/T2RYaD0Tge0U2ER61cvF/7xBasIbP2MySQ2VZLkoTDkyMcofR2OmKDF8ZgkmitlbEYmwwsTYeCo2BG/15XXSvap7zXrjoVFr3RZxlOEMzuESPLiGFtxDGzpAIIJneIU3RzgvzrvzsWwtOcXMKfyB8/kDFKiOQg==</latexit>

�
<latexit sha1_base64="O/Tt0k4H1UIJHh2ZnzY0nwhI+Cs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVA8eCl48VrAf0Iay2W6apbubsLsRSuhf8OJBEa/+IW/+GzdtDtr6YODx3gwz84KEM21c99spbWxube+Udyt7+weHR9Xjk66OU0Voh8Q8Vv0Aa8qZpB3DDKf9RFEsAk57wfQu93tPVGkWy0czS6gv8ESykBFscmmYRGxUrbl1dwG0TryC1KBAe1T9Go5jkgoqDeFY64HnJsbPsDKMcDqvDFNNE0ymeEIHlkosqPazxa1zdGGVMQpjZUsatFB/T2RYaD0Tge0U2ER61cvF/7xBasIbP2MySQ2VZLkoTDkyMcofR2OmKDF8ZgkmitlbEYmwwsTYeCo2BG/15XXSvap7zXrjoVFr3RZxlOEMzuESPLiGFtxDGzpAIIJneIU3RzgvzrvzsWwtOcXMKfyB8/kDFKiOQg==</latexit>

�

<latexit sha1_base64="0MUE6cKlbFKG9/of0aMXjadVPuo=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRAuLgI1lBPMBuSPsbfaSNXt7y+5eIBz5GzYWitj6Z+z8N26SKzTxwcDjvRlm5oWSM21c99spbGxube8Ud0t7+weHR+Xjk7ZOUkVoiyQ8Ud0Qa8qZoC3DDKddqSiOQ0474fhu7ncmVGmWiEczlTSI8VCwiBFsrOT7E6zkiPUz9jTrlytu1V0ArRMvJxXI0eyXv/xBQtKYCkM41rrnudIEGVaGEU5nJT/VVGIyxkPas1TgmOogW9w8QxdWGaAoUbaEQQv190SGY62ncWg7Y2xGetWbi/95vdREN0HGhEwNFWS5KEo5MgmaB4AGTFFi+NQSTBSztyIywgoTY2Mq2RC81ZfXSfuq6tWrtYdapXGbx1GEMziHS/DgGhpwD01oAQEJz/AKb07qvDjvzseyteDkM6fwB87nD4+5kgU=</latexit>'ij
<latexit sha1_base64="0MUE6cKlbFKG9/of0aMXjadVPuo=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRAuLgI1lBPMBuSPsbfaSNXt7y+5eIBz5GzYWitj6Z+z8N26SKzTxwcDjvRlm5oWSM21c99spbGxube8Ud0t7+weHR+Xjk7ZOUkVoiyQ8Ud0Qa8qZoC3DDKddqSiOQ0474fhu7ncmVGmWiEczlTSI8VCwiBFsrOT7E6zkiPUz9jTrlytu1V0ArRMvJxXI0eyXv/xBQtKYCkM41rrnudIEGVaGEU5nJT/VVGIyxkPas1TgmOogW9w8QxdWGaAoUbaEQQv190SGY62ncWg7Y2xGetWbi/95vdREN0HGhEwNFWS5KEo5MgmaB4AGTFFi+NQSTBSztyIywgoTY2Mq2RC81ZfXSfuq6tWrtYdapXGbx1GEMziHS/DgGhpwD01oAQEJz/AKb07qvDjvzseyteDkM6fwB87nD4+5kgU=</latexit>'ij

<latexit sha1_base64="ciBWcaEk68jEkPAyPBmPMHKD9/o=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSk3eL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpH1R9S6rtWatUr/J4yjCCZzCOXhwBXW4gwa0gAHCM7zCm/PovDjvzseiteDkM8fwB87nD9CdjPA=</latexit>

i

<latexit sha1_base64="ciBWcaEk68jEkPAyPBmPMHKD9/o=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSk3eL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpH1R9S6rtWatUr/J4yjCCZzCOXhwBXW4gwa0gAHCM7zCm/PovDjvzseiteDkM8fwB87nD9CdjPA=</latexit>

i

<latexit sha1_base64="ciBWcaEk68jEkPAyPBmPMHKD9/o=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSk3eL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpH1R9S6rtWatUr/J4yjCCZzCOXhwBXW4gwa0gAHCM7zCm/PovDjvzseiteDkM8fwB87nD9CdjPA=</latexit>

i

<latexit sha1_base64="ciBWcaEk68jEkPAyPBmPMHKD9/o=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSk3eL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpH1R9S6rtWatUr/J4yjCCZzCOXhwBXW4gwa0gAHCM7zCm/PovDjvzseiteDkM8fwB87nD9CdjPA=</latexit>

i

<latexit sha1_base64="ciBWcaEk68jEkPAyPBmPMHKD9/o=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSk3eL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpH1R9S6rtWatUr/J4yjCCZzCOXhwBXW4gwa0gAHCM7zCm/PovDjvzseiteDkM8fwB87nD9CdjPA=</latexit>

i

<latexit sha1_base64="ciBWcaEk68jEkPAyPBmPMHKD9/o=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSk3eL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpH1R9S6rtWatUr/J4yjCCZzCOXhwBXW4gwa0gAHCM7zCm/PovDjvzseiteDkM8fwB87nD9CdjPA=</latexit>

i

<latexit sha1_base64="ciBWcaEk68jEkPAyPBmPMHKD9/o=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSk3eL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpH1R9S6rtWatUr/J4yjCCZzCOXhwBXW4gwa0gAHCM7zCm/PovDjvzseiteDkM8fwB87nD9CdjPA=</latexit>

i
<latexit sha1_base64="ciBWcaEk68jEkPAyPBmPMHKD9/o=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSk3eL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpH1R9S6rtWatUr/J4yjCCZzCOXhwBXW4gwa0gAHCM7zCm/PovDjvzseiteDkM8fwB87nD9CdjPA=</latexit>

i

<latexit sha1_base64="ciBWcaEk68jEkPAyPBmPMHKD9/o=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSk3eL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpH1R9S6rtWatUr/J4yjCCZzCOXhwBXW4gwa0gAHCM7zCm/PovDjvzseiteDkM8fwB87nD9CdjPA=</latexit>

i

<latexit sha1_base64="ciBWcaEk68jEkPAyPBmPMHKD9/o=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSk3eL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpH1R9S6rtWatUr/J4yjCCZzCOXhwBXW4gwa0gAHCM7zCm/PovDjvzseiteDkM8fwB87nD9CdjPA=</latexit>

i

<latexit sha1_base64="lLZXwV3Bl1SRlyWC2z+sR5tSgGE=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyAfMByRH2NnPJJnt7x+6eEEJ+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++3kNja3tnfyu4W9/YPDo+LxSVPHqWLYYLGIVTugGgWX2DDcCGwnCmkUCGwF4/u533pCpXksH80kQT+iA8lDzqixUn3UK5bcsrsAWSdeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6kynAmcFbqpxoSyMR1gx1JJI9T+dHHojFxYpU/CWNmShizU3xNTGmk9iQLbGVEz1KveXPzP66QmvPWnXCapQcmWi8JUEBOT+dekzxUyIyaWUKa4vZWwIVWUGZtNwYbgrb68TppXZe+6XKlXStW7LI48nME5XIIHN1CFB6hBAxggPMMrvDkj58V5dz6WrTknmzmFP3A+fwDSIYzx</latexit>

j

<latexit sha1_base64="lLZXwV3Bl1SRlyWC2z+sR5tSgGE=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyAfMByRH2NnPJJnt7x+6eEEJ+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++3kNja3tnfyu4W9/YPDo+LxSVPHqWLYYLGIVTugGgWX2DDcCGwnCmkUCGwF4/u533pCpXksH80kQT+iA8lDzqixUn3UK5bcsrsAWSdeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6kynAmcFbqpxoSyMR1gx1JJI9T+dHHojFxYpU/CWNmShizU3xNTGmk9iQLbGVEz1KveXPzP66QmvPWnXCapQcmWi8JUEBOT+dekzxUyIyaWUKa4vZWwIVWUGZtNwYbgrb68TppXZe+6XKlXStW7LI48nME5XIIHN1CFB6hBAxggPMMrvDkj58V5dz6WrTknmzmFP3A+fwDSIYzx</latexit>

j

<latexit sha1_base64="lLZXwV3Bl1SRlyWC2z+sR5tSgGE=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyAfMByRH2NnPJJnt7x+6eEEJ+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++3kNja3tnfyu4W9/YPDo+LxSVPHqWLYYLGIVTugGgWX2DDcCGwnCmkUCGwF4/u533pCpXksH80kQT+iA8lDzqixUn3UK5bcsrsAWSdeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6kynAmcFbqpxoSyMR1gx1JJI9T+dHHojFxYpU/CWNmShizU3xNTGmk9iQLbGVEz1KveXPzP66QmvPWnXCapQcmWi8JUEBOT+dekzxUyIyaWUKa4vZWwIVWUGZtNwYbgrb68TppXZe+6XKlXStW7LI48nME5XIIHN1CFB6hBAxggPMMrvDkj58V5dz6WrTknmzmFP3A+fwDSIYzx</latexit>

j
<latexit sha1_base64="lLZXwV3Bl1SRlyWC2z+sR5tSgGE=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyAfMByRH2NnPJJnt7x+6eEEJ+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++3kNja3tnfyu4W9/YPDo+LxSVPHqWLYYLGIVTugGgWX2DDcCGwnCmkUCGwF4/u533pCpXksH80kQT+iA8lDzqixUn3UK5bcsrsAWSdeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6kynAmcFbqpxoSyMR1gx1JJI9T+dHHojFxYpU/CWNmShizU3xNTGmk9iQLbGVEz1KveXPzP66QmvPWnXCapQcmWi8JUEBOT+dekzxUyIyaWUKa4vZWwIVWUGZtNwYbgrb68TppXZe+6XKlXStW7LI48nME5XIIHN1CFB6hBAxggPMMrvDkj58V5dz6WrTknmzmFP3A+fwDSIYzx</latexit>

j
<latexit sha1_base64="lLZXwV3Bl1SRlyWC2z+sR5tSgGE=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyAfMByRH2NnPJJnt7x+6eEEJ+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++3kNja3tnfyu4W9/YPDo+LxSVPHqWLYYLGIVTugGgWX2DDcCGwnCmkUCGwF4/u533pCpXksH80kQT+iA8lDzqixUn3UK5bcsrsAWSdeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6kynAmcFbqpxoSyMR1gx1JJI9T+dHHojFxYpU/CWNmShizU3xNTGmk9iQLbGVEz1KveXPzP66QmvPWnXCapQcmWi8JUEBOT+dekzxUyIyaWUKa4vZWwIVWUGZtNwYbgrb68TppXZe+6XKlXStW7LI48nME5XIIHN1CFB6hBAxggPMMrvDkj58V5dz6WrTknmzmFP3A+fwDSIYzx</latexit>

j

<latexit sha1_base64="lLZXwV3Bl1SRlyWC2z+sR5tSgGE=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyAfMByRH2NnPJJnt7x+6eEEJ+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++3kNja3tnfyu4W9/YPDo+LxSVPHqWLYYLGIVTugGgWX2DDcCGwnCmkUCGwF4/u533pCpXksH80kQT+iA8lDzqixUn3UK5bcsrsAWSdeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6kynAmcFbqpxoSyMR1gx1JJI9T+dHHojFxYpU/CWNmShizU3xNTGmk9iQLbGVEz1KveXPzP66QmvPWnXCapQcmWi8JUEBOT+dekzxUyIyaWUKa4vZWwIVWUGZtNwYbgrb68TppXZe+6XKlXStW7LI48nME5XIIHN1CFB6hBAxggPMMrvDkj58V5dz6WrTknmzmFP3A+fwDSIYzx</latexit>

j

<latexit sha1_base64="MQXhP3qHxQEGIZGvpL+npVlRaOw=">AAAB8XicbVBNSwMxEM3Wr1q/qh69BIvgqexKUREPBS/erGA/sF1KNjvbhibZJckKZem/8OJBEa/+G2/+G9N2D9r6YODx3gwz84KEM21c99sprKyurW8UN0tb2zu7e+X9g5aOU0WhSWMeq05ANHAmoWmY4dBJFBARcGgHo5up334CpVksH8w4AV+QgWQRo8RY6THs3QkYkP7gql+uuFV3BrxMvJxUUI5Gv/zVC2OaCpCGcqJ113MT42dEGUY5TEq9VENC6IgMoGupJAK0n80unuATq4Q4ipUtafBM/T2REaH1WAS2UxAz1IveVPzP66YmuvQzJpPUgKTzRVHKsYnx9H0cMgXU8LElhCpmb8V0SBShxoZUsiF4iy8vk9ZZ1Tuv1u5rlfp1HkcRHaFjdIo8dIHq6BY1UBNRJNEzekVvjnZenHfnY95acPKZQ/QHzucPG0qQig==</latexit>

d⌦g :
<latexit sha1_base64="55IYSuiIABgw2xAsTNQwMY8GhIU=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRbBU0lEVMRDwYs3K9gPaELYbCbt0s0m7G7EEvJXvHhQxKt/xJv/xm2bg7Y+GHi8N8PMvCBlVCrb/jYqK6tr6xvVzdrW9s7unrlf78okEwQ6JGGJ6AdYAqMcOooqBv1UAI4DBr1gfDP1e48gJE34g5qk4MV4yGlECVZa8s166CrKQsjduxiGuPCHV77ZsJv2DNYycUrSQCXavvnlhgnJYuCKMCzlwLFT5eVYKEoYFDU3k5BiMsZDGGjKcQzSy2e3F9axVkIrSoQurqyZ+nsix7GUkzjQnTFWI7noTcX/vEGmoksvpzzNFHAyXxRlzFKJNQ3CCqkAothEE0wE1bdaZIQFJkrHVdMhOIsvL5PuadM5b57dnzVa12UcVXSIjtAJctAFaqFb1EYdRNATekav6M0ojBfj3fiYt1aMcuYA/YHx+QMOvJRx</latexit>

d⌦̃g :

<latexit sha1_base64="PUfrCU+tHHkTj0PAgO5U7FEodyg=">AAACBXicbVDLSsNAFJ3UV62vqEtdBIvgqiRSVMRFwY07K9gHNCFMJjfp0MmDmYlQQjZu/BU3LhRx6z+482+ctllo64ELZ865l7n3eCmjQprmt1ZZWl5ZXauu1zY2t7Z39N29rkgyTqBDEpbwvocFMBpDR1LJoJ9ywJHHoOeNrid+7wG4oEl8L8cpOBEOYxpQgqWSXP3QtyVlPuT2bQQhLty8fIdFcenqdbNhTmEsEqskdVSi7epftp+QLIJYEoaFGFhmKp0cc0kJg6JmZwJSTEY4hIGiMY5AOPn0isI4VopvBAlXFUtjqv6eyHEkxDjyVGeE5VDMexPxP2+QyeDCyWmcZhJiMvsoyJghE2MSieFTDkSysSKYcKp2NcgQc0ykCq6mQrDmT14k3dOGddZo3jXrrasyjio6QEfoBFnoHLXQDWqjDiLoET2jV/SmPWkv2rv2MWutaOXMPvoD7fMHfXeZMw==</latexit>

d⌦̃g̃ :
<latexit sha1_base64="Uy5/iJLgUwHyOFiOL09Cmo8U0nE=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRbBVUmkqIiLght3VrAPaEKYTG7SoZMHMxOhhuCvuHGhiFv/w51/47TNQlsPXDiccy/33uOljAppmt9aZWl5ZXWtul7b2Nza3tF397oiyTiBDklYwvseFsBoDB1JJYN+ygFHHoOeN7qe+L0H4IIm8b0cp+BEOIxpQAmWSnL1A9++jSDEbm5LynzIw6K4dPW62TCnMBaJVZI6KtF29S/bT0gWQSwJw0IMLDOVTo65pIRBUbMzASkmIxzCQNEYRyCcfHp9YRwrxTeChKuKpTFVf0/kOBJiHHmqM8JyKOa9ififN8hkcOHkNE4zCTGZLQoyZsjEmERh+JQDkWysCCacqlsNMsQcE6kCq6kQrPmXF0n3tGGdNZp3zXrrqoyjig7RETpBFjpHLXSD2qiDCHpEz+gVvWlP2ov2rn3MWitaObOP/kD7/AHeg5V9</latexit>

d⌦g̃ :

(a) (b)

(c) (d)

FIG. 5. Panels (a) and (b) show the diagrams that renor-
malise the intra-valley Yukawa coupling g, (c) and (d) the
diagrams that renormalise the Yukawa coupling g̃ between
different valleys i ̸= j.

and carrying out the resulting shell integrals over q⃗ for
the coefficients Σndℓ and Σ̃ndℓ (n = 0, x, y), we obtain

Σ0 = Σx = Σy =
1

3N

4

3π2
(25)

for the intra-valley contributions and

Σ̃0 =
1

3N

96(11κ− 2)

π2
, Σ̃x,y =

1

3N

48(1− 5κ)

π2
(26)

for the inter-valley terms, where we have defined κ =
(1/

√
5) arctan

(
1/

√
5
)
. Details of the calculation can be

found in Appendix C. Combining the loop corrections
with the rescaling contributions and demanding that the
inverse fermion propagator remains invariant under RG
we obtain the conditions

−2− 2z −∆ψ +Σ0 + Σ̃0 = 0, (27)

−3− z −∆ψ +Σx,y + Σ̃x,y = 0, (28)

from the scale invariance of the frequency and spatial mo-
mentum coefficients, respectively. These equations allow
us to determine the dynamical exponent

z = 1 + Σ̃0 − Σ̃x,y

= 1 +
1

3N

48(27κ− 5)

π2
≈ 1 +

0.379

3N
, (29)

and the fermion anomalous dimension

ηψ = Σ0 − Σ̃0 + 2Σ̃x,y

=
1

3N

4(217− 1152κ)

3π2
≈ 0.047

3N
(30)

which measures the deviation of ∆ψ from tree-level scal-
ing, ∆ψ = −4 + ηψ.
Finally, we compute the renormalisation of the Yukawa

couplings g and g̃. The corresponding one-loop dia-
grams involve contractions of three Yukawa vertices and
are shown in Fig. 5. Note that since g2D(q⃗) ∼ g0 and



7

g̃2D̃(q⃗) ∼ g̃0 the RG equations for g and g̃ decouple and
take the simple linear form

dg

dℓ
=

(
−4− 2z −∆ψ − ∆ϕ

2
+ Ωg + Ω̃g

)
g, (31)

dg̃

dℓ
=

(
−4− 2z −∆ψ − ∆φ

2
+ Ωg̃ + Ω̃g̃

)
g̃, (32)

where we have included the rescaling contributions. The
one-loop corrections dΩg = Ωgdℓ and dΩ̃g = Ω̃gdℓ that
contribute to the renormalisation of the intra-valley cou-
pling g are given by the shell integrals

Ωgdℓ =
g2

3N

∫ >

q⃗

D(q⃗)Gi(q⃗)τzGi(q⃗)τz = − dℓ

3N

4

π2
, (33)

Ω̃gdℓ =
g̃2

3N

∫ >

q⃗

D̃(q⃗)Gi(q⃗)τzGi(q⃗)τz = − dℓ

3N

96κ

π2
,(34)

which correspond to the diagrams in Fig. 5(a) and (b). In
the same way, the diagrammatic contributions that con-
tribute to the renormalisation of the inter-valley Yukawa
coupling g̃ are given by

Ωg̃dℓ =
g2

3N

∫ >

q⃗

D(q⃗)Gi(q⃗)τzGj(q⃗)τz = − dℓ

3N

8

3π2
,(35)

Ω̃g̃dℓ =
g̃2

6N

∫ >

q⃗

D̃(q⃗)Gi(q⃗)τzGj(q⃗)τz

= − dℓ

3N

24(1− 4κ)

π2
, (36)

and correspond to the diagrams in Fig. 5(c) and (d). De-
tail on the calculation of the above one-loop diagrams
can be found in Appendix D.

Since it is possible to scale g and g̃ out of the large-N
IR theory by a simple rescaling of the fluctuation fields,
gϕ → ϕ and g̃φij → φij , we need to postulate that both

Yukawa couplings are scale invariant, dgdℓ = dg̃
dℓ = 0. From

Eqs. (31) and (32) and using our results for z and ∆ψ we
obtain the scaling dimensions ∆ϕ = −4 + ηϕ and ∆φ =
−4 + ηφ of the fluctuation fields where their resulting
anomalous dimensions are

ηϕ = 2
(
Ωg + Ω̃g − Σ0 − Σ̃0

)
= − 1

3N

32(216κ− 35)

3π2
≈ −6.077

3N
(37)

ηφ = 2
(
Ωg̃ + Ω̃g̃ − Σ0 − Σ̃0

)
= − 1

3N

8(240κ− 41)

π2
≈ −3.353

3N
. (38)

To summarise, we have obtained the dynamical criti-
cal exponent z (29), the fermion anomalous dimension ηψ
(30) and the anomalous dimensions ηϕ (37) and ηφ (38)
of the intra- and inter-valley fluctuation fields at one-loop
order, which systematically accounts for contributions of
order 1/(3N). At the topological phase transition the

mass gap of the 3N Dirac fermions closes and we consid-
ered a GNY theory where both the dynamical intra- and
inter-valley mass fluctuations are critical.
Let us compare with the case where the inter-valley

fluctuations are absent, g̃ = 0. This would simply mean
that the inter-valley fluctuations are gapped and short-
ranged. One would therefore expect to see a crossover
from the universal behaviour with the set of critical ex-
ponents computed above to the universality of a GNY
theory with g̃ = 0. We can obtain the critical exponents
without inter-valley coupling by setting Σ̃0 = Σ̃x,y =

Ωg̃ = Ω̃g = Ω̃g̃ = 0, resulting in

z = 1, ηψ =
1

3N

4

3π2
, ηϕ = − 1

3N

32

3π2
, (39)

which are the known critical exponents of the Ising-GNY
theory in 2+1 dimensions in the limit of a large number
of decoupled 3N copies of 2-component Dirac fermion
fields [38–41].
The comparison shows that the presence of critical or

at least very soft inter-valley fluctuations has important
consequences for the universal critical behaviour. Most
importantly, it leads to a breaking of Lorentz invariance
(z > 1). While the changes of the fermion anomalous
dimension are small, the anomalous dimensions of the
bosonic fluctuation fields are significantly larger than
that of the conventional GNY theory.

V. DISCUSSION

In conclusion we have addressed the nature of the field
driven topological phase transition of the Kitaev QSL.
Our mean-field results clarify the closing of the low en-
ergy band gap of the intermediate phase at the three
M points in the Brillouin zone, and the necessity to in-
corporate the hybridization with the high energy bands
to account for the absence of fermion doubling in the IR,
which is manifested through the presence of an odd num-
ber of Dirac cones. The hybridization makes the high en-
ergy bands topological, while permitting a redistribution
of Berry curvature from the UV to the IR.
We then performed a Wilson momentum shell renor-

malization group calculation in the GNY model to de-
scribe the nature of the quantum phase transition be-
yond mean-field. We showed that the inter-valley fluctu-
ation channel among different M points breaks Lorentz
invariance and produces a dynamical exponent z > 1.
Inter-valley fluctuations produce small corrections to the
mean-field critical exponents, with the exception of the
anomalous dimension of the bosonic fields, where the ef-
fect is significant. The conclusion is that the interme-
diate topological phase transition of the Kitaev QSL at
finite [111] field belongs to a different universality class
compared to the standard Ising GNY one.
We acknowledge Arnaud Ralko for helpful discussions.

BU acknowledges NSF grant DMR-2529526 for support.
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Appendix A: Low energy band Berry curvature

In Fig. 6 we analyse the evolution of the low-energy
band Berry curvature Ω(k) for different field values. At
very small field, h = 0.006 [see Fig. 6(a)], we find neg-
ative spikes with topological charge of −1/2 at the K
points, as expected. In addition, there is a ring-like fea-
ture in the UV with Ω(k) < 0 around each K point.
This feature coincides with the hybridisation gap form-
ing at the intersection line between the Dirac mode and
the flat bands, see Fig. 2. Each ring constitutes a topo-
logical charge of −1, resulting in a Chern number of
C = 2× (−1/2)+ 2× (−1) = −3 of the low-energy band.

Figs. 6(b) and (c) show the Berry curvature Ω(k) at
fields slightly below (h = 1.38) and above (h = 1.45)
the critical value hc ≈ 1.43, where there is a topological
phase transition. As anticipated, the topological charge
changes from −1/2 to +1/2 at each M point, resulting
in a Chern number change ∆C = 3 across the transition.
The missing Berry curvature of −3/2 is centred around a
nodal line gap around Γ between the low-energy and first
exited bands. This nodal line gap remains intact across
the transition and is clearly visible in the spectrum at
hc, shown in Fig. 2(d). Increasing the field to h = 1.6
[see Fig. 6(d)], the topological charge from the M points
seems to delocalise along the Γ-M high-symmetry lines,
along which the low-energy dispersion is practically flat
[see Fig. 2(e)]. Moreover, the nodal line gap around Γ
seems to contract and move to lower energies.

Since the ground state remains topological at h = 1.6,
there needs to be at least one additional topological phase
transition before the topologically trivial field polarised
state is obtained at large h. Unfortunately, the numerics
becomes unstable in this field range, which might be in
part due to the confinement of Majorana fermions, which
is not captured in the mean-field treatment.

Appendix B: Bosonic self-energy corrections

We will evaluate the regularised polarisation bubble
diagram fij(q⃗) − fij (⃗0) defined in Eq. (14). Inserting
the expressions for the fermion Green function (10), us-
ing that τ 2

z = 1, τzτxτz = −τx, and τzτyτz = −τy
and taking the trace over pseudo-spin space, using that
Tr (τατβ) = 2δαβ , we obtain

fij(q⃗) = −2

∫
k⃗

Fij(k⃗, q⃗)

k⃗2(k⃗ + q⃗)2
, (B1)

where

Fij(k⃗, q⃗) = k0(k0 + q0) + cosβijk(k+ q)

− sinβij(kxqy − kyqx). (B2)

Here βij denotes the angle between the unit vectors n̂i

and n̂j . Subtracting

fij (⃗0) = −2

∫
k⃗

k20 + cosβijk
2

k⃗4
= −2

3

∫
k⃗

1 + 2 cosβij

k⃗2
(B3)

results in

f̃ij(q⃗) = fij(q⃗)− fij (⃗0) = 2

∫
k⃗

F̃ij(k⃗, q⃗)

k⃗2(k⃗ + q⃗)2
, (B4)

with F̃ij(k⃗, q⃗) =
1
3 (1 + 2 cosβij)(k⃗ + q⃗)2 − Fij(k⃗, q⃗). The

IR behaviour of f̃ij(q⃗) is dominated by the small k⃗ con-
tributions to the integral. We can therefore send the UV
cut-off to infinity, what enables us to use the standard
Feynman parametrisation trick.
We first introduce a dummy integration variable using

the formula 1/(ab) =
∫ 1

0
dt/[ta + (1 − t)b]2 with a =

(k⃗+ q⃗)2 and b = k⃗2, followed by a shift of the frequency-

momentum vector, p⃗ = k⃗ + tq⃗, to obtain

f̃ij(q⃗) = 2

∫ 1

0

dt

∫
p⃗

F̃ij(p⃗− tq⃗, q⃗)

[p⃗2 + t(1− t)q⃗2]2
. (B5)

The denominator is now rotationally symmetric in p⃗ and,
as a result, the terms in F̃ij(p⃗− tq⃗, q⃗) that are linear in p⃗
vanish under integration. Moreover, the terms that are
quadratic in the components of p⃗ cancel each other under
integration, leaving the remaining integral

f̃ij(q⃗) = 2

∫ 1

0

dt
{
(1− t)2

1 + 2 cosβij
3

q⃗2 (B6)

+t(1− t)(q20 + cosβijq
2)
}∫

p⃗

1

[p⃗2 + t(1− t)q⃗2]2
.

After carrying out the radially symmetric, three dimen-
sional p⃗ integral we obtain

f̃ij(q⃗) =
1

4π|q⃗|

∫ 1

0

dt√
t(1− t)

{
(1− t)2

1 + 2 cosβij
3

q⃗2

+t(1− t)(q20 + cosβijq
2)
}
. (B7)

The integrals over t are elementary,∫ 1

0

dt
(1− t)2√
t(1− t)

=
3π

8
and

∫ 1

0

dt
t(1− t)√
t(1− t)

=
π

8
,

(B8)
resulting in Eq. (15).

Appendix C: Fermion self energy corrections

Let us first evaluate the fermion self energy correction

dΣi(k⃗) (22) from the intra-valley fluctuations. After Tay-
lor expansion in external frequencies and momenta to lin-
ear order, the coefficients Σndℓ in Eq. (24) are obtained
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<latexit sha1_base64="jm2GG1AsgcfMbsKNk/qI/AEcgk0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexK0BwDXgQvCZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5jc2t7Z38bmFv/+DwqHh80tJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbut59QaR7LBzNJ0I/oUPKQM2qs1LjvF0tu2V2ArBMvIyXIUO8Xv3qDmKURSsME1brruYnxp1QZzgTOCr1UY0LZmA6xa6mkEWp/ujh0Ri6sMiBhrGxJQxbq74kpjbSeRIHtjKgZ6VVvLv7ndVMTVv0pl0lqULLlojAVxMRk/jUZcIXMiIkllClubyVsRBVlxmZTsCF4qy+vk9ZV2bsuVxqVUq2axZGHMziHS/DgBmpwB3VoAgOEZ3iFN+fReXHenY9la87JZk7hD5zPH6HxjM4=</latexit>

K

<latexit sha1_base64="iphihPwkaPIIiewu/mQVioXpLuQ=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSJ4KrulVC9CwYvHCvYD2qVk07QNzWaXZFYoS3+EFw+KePX3ePPfmG33oK0PQh7vzTAzL4ilMOi6387G5tb2zm5hr7h/cHh0XDo5bZso0Yy3WCQj3Q2o4VIo3kKBkndjzWkYSN4JpneZ33ni2ohIPeIs5n5Ix0qMBKNopc7k1q24bn1QKmd/BrJOvJyUIUdzUPrqDyOWhFwhk9SYnufG6KdUo2CSz4v9xPCYsikd856liobc+Oli3Tm5tMqQjCJtn0KyUH93pDQ0ZhYGtjKkODGrXib+5/USHN34qVBxglyx5aBRIglGJLudDIXmDOXMEsq0sLsSNqGaMrQJFW0I3urJ66RdrXj1Su2hVm5U8zgKcA4XcAUeXEMD7qEJLWAwhWd4hTcndl6cd+djWbrh5D1n8AfO5w99eY5S</latexit>

h = 0.006
<latexit sha1_base64="KIqf4wuZytkv1fnpP5uOelg+1Y0=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4WnZr0V6EghePFewHtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyacaeN5387a+sbm1nZhp7i7t39wWDo6bmmZKkKbRHKpOiHWlDNBm4YZTjuJojgOOW2H49uZ336iSjMpHswkoUGMh4JFjGBjpdboxncva/1S2XO9OdAq8XNShhyNfumrN5AkjakwhGOtu76XmCDDyjDC6bTYSzVNMBnjIe1aKnBMdZDNr52ic6sMUCSVLWHQXP09keFY60kc2s4Ym5Fe9mbif143NVEtyJhIUkMFWSyKUo6MRLPX0YApSgyfWIKJYvZWREZYYWJsQEUbgr/88ippVVz/yq3eV8v1Sh5HAU7hDC7Ah2uowx00oAkEHuEZXuHNkc6L8+58LFrXnHzmBP7A+fwBF4aOHg==</latexit>

h = 1.38
<latexit sha1_base64="5eQMT2lDbjlg2gQpT7j70giQihE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgadkN8XERAl48RjAPSJYwO5lNxszOLDOzQljyD148KOLV//Hm3zhJ9qCJBQ1FVTfdXWHCmTae9+0U1tY3NreK26Wd3b39g/LhUUvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HN/O/PYTVZpJ8WAmCQ1iPBQsYgQbK7VGN75bu+iXK57rzYFWiZ+TCuRo9MtfvYEkaUyFIRxr3fW9xAQZVoYRTqelXqppgskYD2nXUoFjqoNsfu0UnVllgCKpbAmD5urviQzHWk/i0HbG2Iz0sjcT//O6qYmug4yJJDVUkMWiKOXISDR7HQ2YosTwiSWYKGZvRWSEFSbGBlSyIfjLL6+SVtX1L93afa1Sr+ZxFOEETuEcfLiCOtxBA5pA4BGe4RXeHOm8OO/Ox6K14OQzx/AHzucPFH+OHA==</latexit>

h = 1.45
<latexit sha1_base64="7pkIEModwux/agaCTOMpNANpoc8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hKqV6EghePFUwttKFstpt26WY37G6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvCjlTBvP+3ZKG5tb2zvl3cre/sHhUfX4pKNlpggNiORSdSOsKWeCBoYZTrupojiJOH2MJrdz//GJKs2keDDTlIYJHgkWM4KNlYLxje82B9Wa53oLoHXiF6QGBdqD6ld/KEmWUGEIx1r3fC81YY6VYYTTWaWfaZpiMsEj2rNU4ITqMF8cO0MXVhmiWCpbwqCF+nsix4nW0ySynQk2Y73qzcX/vF5m4uswZyLNDBVkuSjOODISzT9HQ6YoMXxqCSaK2VsRGWOFibH5VGwI/urL66RTd/2m27hv1Fr1Io4ynME5XIIPV9CCO2hDAAQYPMMrvDnCeXHenY9la8kpZk7hD5zPH6EAjd8=</latexit>

h = 1.6

<latexit sha1_base64="ecmAwCtVeBGc9OEf5/k+JwKPHw0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUS9CwYvHirYW2lA220m7dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgY/B+GbmPz6h0jyWD2aSoB/RoeQhZ9RY6X507fbLFbfqzkFWiZeTCuRo9stfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mp07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGVn3GZpAYlWywKU0FMTGZ/kwFXyIyYWEKZ4vZWwkZUUWZsOiUbgrf88ipp16reRbV+V680ankcRTiBUzgHDy6hAbfQhBYwGMIzvMKbI5wX5935WLQWnHzmGP7A+fwBvDGNZg==</latexit>

h = 0
<latexit sha1_base64="t52Qbpgo1XEiannn/AKNeUCoGWE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hKUS9CwYvHCqYttKFstpt26WY37G6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvCjlTBvP+3ZKG5tb2zvl3cre/sHhUfX4pK1lpggNiORSdSOsKWeCBoYZTrupojiJOO1Ek7u533miSjMpHs00pWGCR4LFjGBjpWB867n1QbXmud4CaJ34BalBgdag+tUfSpIlVBjCsdY930tNmGNlGOF0VulnmqaYTPCI9iwVOKE6zBfHztCFVYYolsqWMGih/p7IcaL1NIlsZ4LNWK96c/E/r5eZ+CbMmUgzQwVZLoozjoxE88/RkClKDJ9agoli9lZExlhhYmw+FRuCv/ryOmnXXf/KbTw0as16EUcZzuAcLsGHa2jCPbQgAAIMnuEV3hzhvDjvzseyteQUM6fwB87nD5lqjdo=</latexit>

h = 0.2
<latexit sha1_base64="phQB8eqMA7L10QMaiJ051II9wVU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hKUS9CwYvHCqYttKFstpt26e4m7G6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvCjlTBvP+3ZKG5tb2zvl3cre/sHhUfX4pK2TTBEakIQnqhthTTmTNDDMcNpNFcUi4rQTTe7mfueJKs0S+WimKQ0FHkkWM4KNlYLxre96g2rNc70F0DrxC1KDAq1B9as/TEgmqDSEY617vpeaMMfKMMLprNLPNE0xmeAR7VkqsaA6zBfHztCFVYYoTpQtadBC/T2RY6H1VES2U2Az1qveXPzP62UmvglzJtPMUEmWi+KMI5Og+edoyBQlhk8twUQxeysiY6wwMTafig3BX315nbTrrn/lNh4atWa9iKMMZ3AOl+DDNTThHloQAAEGz/AKb450Xpx352PZWnKKmVP4A+fzB5fojdk=</latexit>

h = 1.0
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<latexit sha1_base64="7pkIEModwux/agaCTOMpNANpoc8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hKqV6EghePFUwttKFstpt26WY37G6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvCjlTBvP+3ZKG5tb2zvl3cre/sHhUfX4pKNlpggNiORSdSOsKWeCBoYZTrupojiJOH2MJrdz//GJKs2keDDTlIYJHgkWM4KNlYLxje82B9Wa53oLoHXiF6QGBdqD6ld/KEmWUGEIx1r3fC81YY6VYYTTWaWfaZpiMsEj2rNU4ITqMF8cO0MXVhmiWCpbwqCF+nsix4nW0ySynQk2Y73qzcX/vF5m4uswZyLNDBVkuSjOODISzT9HQ6YoMXxqCSaK2VsRGWOFibH5VGwI/urL66RTd/2m27hv1Fr1Io4ynME5XIIPV9CCO2hDAAQYPMMrvDnCeXHenY9la8kpZk7hD5zPH6EAjd8=</latexit>

h = 1.6
<latexit sha1_base64="MzmwkHD9Vwlh6YFUPBsuSszDHIs=">AAAB+nicdVDLSsNAFJ3UV62vVJduBovgKiRpbOtCKLhxWcE+oA1hMp00QycPZiZqqf0UNy4UceuXuPNvnLQVVPTAwOGcc7l3jp8yKqRpfmiFldW19Y3iZmlre2d3Ty/vd0SScUzaOGEJ7/lIEEZj0pZUMtJLOUGRz0jXH1/kfveGcEGT+FpOUuJGaBTTgGIkleTp5fA89PAApSlP7qBlOFVPr5jGWaNmn9rQNEyzbldrObHrjl1VCXOOClii5envg2GCs4jEEjMkRN8yU+lOEZcUMzIrDTJBUoTHaET6isYoIsKdzk+fwWOlDGGQcPViCefq94kpioSYRL5KRkiG4reXi395/UwGDXdK4zSTJMaLRUHGoExg3gMcUk6wZBNFEOZU3QpxiDjCUrVVUiV8/RT+Tzq2YdUM58qpNO1lHUVwCI7ACbBAHTTBJWiBNsDgFjyAJ/Cs3WuP2ov2uogWtOXMAfgB7e0TIn6TPQ==</latexit>

h = hc ⇡ 1.43

<latexit sha1_base64="ZZjyqn/ec0Ex1OhJb1hz06LKYx4=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBiyUpRT0WvHisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2njet1Pa2Nza3invVvb2Dw6P3OOTjo5TRWibxDxWvRBrypmkbcMMp71EUSxCTrvh9C73u09UaRbLRzNLaCDwWLKIEWxy6WqQsKFb9WreAmid+AWpQoHW0P0ajGKSCioN4Vjrvu8lJsiwMoxwOq8MUk0TTKZ4TPuWSiyoDrLFrXN0YZURimJlSxq0UH9PZFhoPROh7RTYTPSql4v/ef3URLdBxmSSGirJclGUcmRilD+ORkxRYvjMEkwUs7ciMsEKE2PjqdgQ/NWX10mnXvOva42HRrVZL+IowxmcwyX4cANNuIcWtIHABJ7hFd4c4bw4787HsrXkFDOn8AfO5w+3fo39</latexit>�⇡ <latexit sha1_base64="cjM4wdSVobJng8BcJqk50NDABvU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD/1EDMoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u/rlUYtj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP03bjcY=</latexit>⇡

<latexit sha1_base64="cjM4wdSVobJng8BcJqk50NDABvU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD/1EDMoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u/rlUYtj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP03bjcY=</latexit>⇡

<latexit sha1_base64="ZZjyqn/ec0Ex1OhJb1hz06LKYx4=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBiyUpRT0WvHisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2njet1Pa2Nza3invVvb2Dw6P3OOTjo5TRWibxDxWvRBrypmkbcMMp71EUSxCTrvh9C73u09UaRbLRzNLaCDwWLKIEWxy6WqQsKFb9WreAmid+AWpQoHW0P0ajGKSCioN4Vjrvu8lJsiwMoxwOq8MUk0TTKZ4TPuWSiyoDrLFrXN0YZURimJlSxq0UH9PZFhoPROh7RTYTPSql4v/ef3URLdBxmSSGirJclGUcmRilD+ORkxRYvjMEkwUs7ciMsEKE2PjqdgQ/NWX10mnXvOva42HRrVZL+IowxmcwyX4cANNuIcWtIHABJ7hFd4c4bw4787HsrXkFDOn8AfO5w+3fo39</latexit>�⇡
<latexit sha1_base64="ZZjyqn/ec0Ex1OhJb1hz06LKYx4=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBiyUpRT0WvHisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2njet1Pa2Nza3invVvb2Dw6P3OOTjo5TRWibxDxWvRBrypmkbcMMp71EUSxCTrvh9C73u09UaRbLRzNLaCDwWLKIEWxy6WqQsKFb9WreAmid+AWpQoHW0P0ajGKSCioN4Vjrvu8lJsiwMoxwOq8MUk0TTKZ4TPuWSiyoDrLFrXN0YZURimJlSxq0UH9PZFhoPROh7RTYTPSql4v/ef3URLdBxmSSGirJclGUcmRilD+ORkxRYvjMEkwUs7ciMsEKE2PjqdgQ/NWX10mnXvOva42HRrVZL+IowxmcwyX4cANNuIcWtIHABJ7hFd4c4bw4787HsrXkFDOn8AfO5w+3fo39</latexit>�⇡ <latexit sha1_base64="cjM4wdSVobJng8BcJqk50NDABvU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD/1EDMoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u/rlUYtj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP03bjcY=</latexit>⇡ <latexit sha1_base64="ZZjyqn/ec0Ex1OhJb1hz06LKYx4=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBiyUpRT0WvHisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2njet1Pa2Nza3invVvb2Dw6P3OOTjo5TRWibxDxWvRBrypmkbcMMp71EUSxCTrvh9C73u09UaRbLRzNLaCDwWLKIEWxy6WqQsKFb9WreAmid+AWpQoHW0P0ajGKSCioN4Vjrvu8lJsiwMoxwOq8MUk0TTKZ4TPuWSiyoDrLFrXN0YZURimJlSxq0UH9PZFhoPROh7RTYTPSql4v/ef3URLdBxmSSGirJclGUcmRilD+ORkxRYvjMEkwUs7ciMsEKE2PjqdgQ/NWX10mnXvOva42HRrVZL+IowxmcwyX4cANNuIcWtIHABJ7hFd4c4bw4787HsrXkFDOn8AfO5w+3fo39</latexit>�⇡ <latexit sha1_base64="cjM4wdSVobJng8BcJqk50NDABvU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD/1EDMoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u/rlUYtj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP03bjcY=</latexit>⇡ <latexit sha1_base64="ZZjyqn/ec0Ex1OhJb1hz06LKYx4=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBiyUpRT0WvHisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2njet1Pa2Nza3invVvb2Dw6P3OOTjo5TRWibxDxWvRBrypmkbcMMp71EUSxCTrvh9C73u09UaRbLRzNLaCDwWLKIEWxy6WqQsKFb9WreAmid+AWpQoHW0P0ajGKSCioN4Vjrvu8lJsiwMoxwOq8MUk0TTKZ4TPuWSiyoDrLFrXN0YZURimJlSxq0UH9PZFhoPROh7RTYTPSql4v/ef3URLdBxmSSGirJclGUcmRilD+ORkxRYvjMEkwUs7ciMsEKE2PjqdgQ/NWX10mnXvOva42HRrVZL+IowxmcwyX4cANNuIcWtIHABJ7hFd4c4bw4787HsrXkFDOn8AfO5w+3fo39</latexit>�⇡ <latexit sha1_base64="cjM4wdSVobJng8BcJqk50NDABvU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD/1EDMoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u/rlUYtj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP03bjcY=</latexit>⇡<latexit sha1_base64="JYfoLL+WryZiCW+JTAn+FW8M7yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2lZoQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6IaCGS6F4CwVK/pBoTqNA8k4wvp75nUeujYjVPU4S7kd0qEQoGEUr3Y37T/1yxa26c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0m7VvUuqvXbeqVRy+Mowgmcwjl4cAkNuIEmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w9hnI3T</latexit>

kx

<latexit sha1_base64="nsQya823vYOkyzpY5bfB6PYFtLQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2g9oQ9lsJ+3SzSbsboRQ+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPJkvQj+hI8pAzaqz0MBlkg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcx/pQqw5nAWamfakwom9AR9iyVNELtTxenzsiFVYYkjJUtachC/T0xpZHWWRTYzoiasV715uJ/Xi814Y0/5TJJDUq2XBSmgpiYzP8mQ66QGZFZQpni9lbCxlRRZmw6JRuCt/ryOmnXqt5VtX5frzRqeRxFOINzuAQPrqEBd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AFjII3U</latexit>

ky

<latexit sha1_base64="JYfoLL+WryZiCW+JTAn+FW8M7yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2lZoQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6IaCGS6F4CwVK/pBoTqNA8k4wvp75nUeujYjVPU4S7kd0qEQoGEUr3Y37T/1yxa26c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0m7VvUuqvXbeqVRy+Mowgmcwjl4cAkNuIEmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w9hnI3T</latexit>

kx
<latexit sha1_base64="JYfoLL+WryZiCW+JTAn+FW8M7yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2lZoQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6IaCGS6F4CwVK/pBoTqNA8k4wvp75nUeujYjVPU4S7kd0qEQoGEUr3Y37T/1yxa26c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0m7VvUuqvXbeqVRy+Mowgmcwjl4cAkNuIEmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w9hnI3T</latexit>

kx
<latexit sha1_base64="JYfoLL+WryZiCW+JTAn+FW8M7yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2lZoQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6IaCGS6F4CwVK/pBoTqNA8k4wvp75nUeujYjVPU4S7kd0qEQoGEUr3Y37T/1yxa26c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0m7VvUuqvXbeqVRy+Mowgmcwjl4cAkNuIEmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w9hnI3T</latexit>

kx

(a) (b) (c) (d)

(a) (b) (c) (d) (e)

<latexit sha1_base64="WUHBPK7G7p0MXCDKThlgMGlOkTc=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZRESnVZcOOygn1AU8pketMOnUzCzESoofgrblwo4tb/cOffOGmz0NYDA4dz7uWeOX7MmdKO820V1tY3NreK26Wd3b39A/vwqK2iRFJo0YhHsusTBZwJaGmmOXRjCST0OXT8yU3mdx5AKhaJez2NoR+SkWABo0QbaWCfeBArxiNR8UKix36QTmYXA7vsVJ058Cpxc1JGOZoD+8sbRjQJQWjKiVI914l1PyVSM8phVvISBTGhEzKCnqGChKD66Tz9DJ8bZYiDSJonNJ6rvzdSEio1DX0zmUVUy14m/uf1Eh1c91Mm4kSDoItDQcKxjnBWBR4yCVTzqSGESmayYjomklBtCiuZEtzlL6+S9mXVrVdrd7Vyo57XUUSn6AxVkIuuUAPdoiZqIYoe0TN6RW/Wk/VivVsfi9GCle8coz+wPn8AlfWVSA==</latexit> ✏(
k
)

<latexit sha1_base64="D1yvEdeQAQytXer/mI7Uad1lurw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DXrwICZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5jc2t7Z38bmFv/+DwqHh80tJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbut59QaR7LBzNJ0I/oUPKQM2qs1LjvF0tu2V2ArBMvIyXIUO8Xv3qDmKURSsME1brruYnxp1QZzgTOCr1UY0LZmA6xa6mkEWp/ujh0Ri6sMiBhrGxJQxbq74kpjbSeRIHtjKgZ6VVvLv7ndVMT3vhTLpPUoGTLRWEqiInJ/Gsy4AqZERNLKFPc3krYiCrKjM2mYEPwVl9eJ62rslctVxqVUq2axZGHMziHS/DgGmpwB3VoAgOEZ3iFN+fReXHenY9la87JZk7hD5zPH6RfjM4=</latexit>

M
<latexit sha1_base64="Psw3+FNn3kEUHoixZN+NETzPvGk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DXgQvCZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5jc2t7Z38bmFv/+DwqHh80tJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbut59QaR7LBzNJ0I/oUPKQM2qs1LjvF0tu2V2ArBMvIyXIUO8Xv3qDmKURSsME1brruYnxp1QZzgTOCr1UY0LZmA6xa6mkEWp/ujh0Ri6sMiBhrGxJQxbq74kpjbSeRIHtjKgZ6VVvLv7ndVMT3vhTLpPUoGTLRWEqiInJ/Gsy4AqZERNLKFPc3krYiCrKjM2mYEPwVl9eJ62rslctVxqVUq2axZGHMziHS/DgGmpwB3VoAgOEZ3iFN+fReXHenY9la87JZk7hD5zPH6FXjMw=</latexit>

K
<latexit sha1_base64="ZQ8FM7Ju9imwyN8JSHfbMh9Aggg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DHvQYwcRAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVhLaI4kp3ImwoZ5K2LLOcdhJNsYg4fYjG1zP/4Ylqw5S8t5OEhgIPJYsZwdZJ7d4NFgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18FWZMJqmlkiwWxSlHVqHZ62jANCWWTxzBRDN3KyIjrDGxLqCSCyFYfnmVtC+qQb1au6tVGvU8jiKcwCmcQwCX0IBbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AVU9jvI=</latexit>

�
<latexit sha1_base64="ZQ8FM7Ju9imwyN8JSHfbMh9Aggg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DHvQYwcRAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVhLaI4kp3ImwoZ5K2LLOcdhJNsYg4fYjG1zP/4Ylqw5S8t5OEhgIPJYsZwdZJ7d4NFgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18FWZMJqmlkiwWxSlHVqHZ62jANCWWTxzBRDN3KyIjrDGxLqCSCyFYfnmVtC+qQb1au6tVGvU8jiKcwCmcQwCX0IBbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AVU9jvI=</latexit>

�
<latexit sha1_base64="D1yvEdeQAQytXer/mI7Uad1lurw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DXrwICZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5jc2t7Z38bmFv/+DwqHh80tJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbut59QaR7LBzNJ0I/oUPKQM2qs1LjvF0tu2V2ArBMvIyXIUO8Xv3qDmKURSsME1brruYnxp1QZzgTOCr1UY0LZmA6xa6mkEWp/ujh0Ri6sMiBhrGxJQxbq74kpjbSeRIHtjKgZ6VVvLv7ndVMT3vhTLpPUoGTLRWEqiInJ/Gsy4AqZERNLKFPc3krYiCrKjM2mYEPwVl9eJ62rslctVxqVUq2axZGHMziHS/DgGmpwB3VoAgOEZ3iFN+fReXHenY9la87JZk7hD5zPH6RfjM4=</latexit>

M
<latexit sha1_base64="Psw3+FNn3kEUHoixZN+NETzPvGk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DXgQvCZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5jc2t7Z38bmFv/+DwqHh80tJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbut59QaR7LBzNJ0I/oUPKQM2qs1LjvF0tu2V2ArBMvIyXIUO8Xv3qDmKURSsME1brruYnxp1QZzgTOCr1UY0LZmA6xa6mkEWp/ujh0Ri6sMiBhrGxJQxbq74kpjbSeRIHtjKgZ6VVvLv7ndVMT3vhTLpPUoGTLRWEqiInJ/Gsy4AqZERNLKFPc3krYiCrKjM2mYEPwVl9eJ62rslctVxqVUq2axZGHMziHS/DgGmpwB3VoAgOEZ3iFN+fReXHenY9la87JZk7hD5zPH6FXjMw=</latexit>

K
<latexit sha1_base64="ZQ8FM7Ju9imwyN8JSHfbMh9Aggg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DHvQYwcRAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVhLaI4kp3ImwoZ5K2LLOcdhJNsYg4fYjG1zP/4Ylqw5S8t5OEhgIPJYsZwdZJ7d4NFgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18FWZMJqmlkiwWxSlHVqHZ62jANCWWTxzBRDN3KyIjrDGxLqCSCyFYfnmVtC+qQb1au6tVGvU8jiKcwCmcQwCX0IBbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AVU9jvI=</latexit>

�
<latexit sha1_base64="ZQ8FM7Ju9imwyN8JSHfbMh9Aggg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DHvQYwcRAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVhLaI4kp3ImwoZ5K2LLOcdhJNsYg4fYjG1zP/4Ylqw5S8t5OEhgIPJYsZwdZJ7d4NFgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18FWZMJqmlkiwWxSlHVqHZ62jANCWWTxzBRDN3KyIjrDGxLqCSCyFYfnmVtC+qQb1au6tVGvU8jiKcwCmcQwCX0IBbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AVU9jvI=</latexit>

�
<latexit sha1_base64="D1yvEdeQAQytXer/mI7Uad1lurw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DXrwICZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5jc2t7Z38bmFv/+DwqHh80tJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbut59QaR7LBzNJ0I/oUPKQM2qs1LjvF0tu2V2ArBMvIyXIUO8Xv3qDmKURSsME1brruYnxp1QZzgTOCr1UY0LZmA6xa6mkEWp/ujh0Ri6sMiBhrGxJQxbq74kpjbSeRIHtjKgZ6VVvLv7ndVMT3vhTLpPUoGTLRWEqiInJ/Gsy4AqZERNLKFPc3krYiCrKjM2mYEPwVl9eJ62rslctVxqVUq2axZGHMziHS/DgGmpwB3VoAgOEZ3iFN+fReXHenY9la87JZk7hD5zPH6RfjM4=</latexit>

M
<latexit sha1_base64="Psw3+FNn3kEUHoixZN+NETzPvGk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DXgQvCZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5jc2t7Z38bmFv/+DwqHh80tJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbut59QaR7LBzNJ0I/oUPKQM2qs1LjvF0tu2V2ArBMvIyXIUO8Xv3qDmKURSsME1brruYnxp1QZzgTOCr1UY0LZmA6xa6mkEWp/ujh0Ri6sMiBhrGxJQxbq74kpjbSeRIHtjKgZ6VVvLv7ndVMT3vhTLpPUoGTLRWEqiInJ/Gsy4AqZERNLKFPc3krYiCrKjM2mYEPwVl9eJ62rslctVxqVUq2axZGHMziHS/DgGmpwB3VoAgOEZ3iFN+fReXHenY9la87JZk7hD5zPH6FXjMw=</latexit>

K
<latexit sha1_base64="ZQ8FM7Ju9imwyN8JSHfbMh9Aggg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DHvQYwcRAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVhLaI4kp3ImwoZ5K2LLOcdhJNsYg4fYjG1zP/4Ylqw5S8t5OEhgIPJYsZwdZJ7d4NFgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18FWZMJqmlkiwWxSlHVqHZ62jANCWWTxzBRDN3KyIjrDGxLqCSCyFYfnmVtC+qQb1au6tVGvU8jiKcwCmcQwCX0IBbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AVU9jvI=</latexit>

�
<latexit sha1_base64="ZQ8FM7Ju9imwyN8JSHfbMh9Aggg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DHvQYwcRAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVhLaI4kp3ImwoZ5K2LLOcdhJNsYg4fYjG1zP/4Ylqw5S8t5OEhgIPJYsZwdZJ7d4NFgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18FWZMJqmlkiwWxSlHVqHZ62jANCWWTxzBRDN3KyIjrDGxLqCSCyFYfnmVtC+qQb1au6tVGvU8jiKcwCmcQwCX0IBbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AVU9jvI=</latexit>

�
<latexit sha1_base64="D1yvEdeQAQytXer/mI7Uad1lurw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DXrwICZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5jc2t7Z38bmFv/+DwqHh80tJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbut59QaR7LBzNJ0I/oUPKQM2qs1LjvF0tu2V2ArBMvIyXIUO8Xv3qDmKURSsME1brruYnxp1QZzgTOCr1UY0LZmA6xa6mkEWp/ujh0Ri6sMiBhrGxJQxbq74kpjbSeRIHtjKgZ6VVvLv7ndVMT3vhTLpPUoGTLRWEqiInJ/Gsy4AqZERNLKFPc3krYiCrKjM2mYEPwVl9eJ62rslctVxqVUq2axZGHMziHS/DgGmpwB3VoAgOEZ3iFN+fReXHenY9la87JZk7hD5zPH6RfjM4=</latexit>

M
<latexit sha1_base64="Psw3+FNn3kEUHoixZN+NETzPvGk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DXgQvCZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5jc2t7Z38bmFv/+DwqHh80tJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbut59QaR7LBzNJ0I/oUPKQM2qs1LjvF0tu2V2ArBMvIyXIUO8Xv3qDmKURSsME1brruYnxp1QZzgTOCr1UY0LZmA6xa6mkEWp/ujh0Ri6sMiBhrGxJQxbq74kpjbSeRIHtjKgZ6VVvLv7ndVMT3vhTLpPUoGTLRWEqiInJ/Gsy4AqZERNLKFPc3krYiCrKjM2mYEPwVl9eJ62rslctVxqVUq2axZGHMziHS/DgGmpwB3VoAgOEZ3iFN+fReXHenY9la87JZk7hD5zPH6FXjMw=</latexit>

K
<latexit sha1_base64="ZQ8FM7Ju9imwyN8JSHfbMh9Aggg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DHvQYwcRAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVhLaI4kp3ImwoZ5K2LLOcdhJNsYg4fYjG1zP/4Ylqw5S8t5OEhgIPJYsZwdZJ7d4NFgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18FWZMJqmlkiwWxSlHVqHZ62jANCWWTxzBRDN3KyIjrDGxLqCSCyFYfnmVtC+qQb1au6tVGvU8jiKcwCmcQwCX0IBbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AVU9jvI=</latexit>

�
<latexit sha1_base64="ZQ8FM7Ju9imwyN8JSHfbMh9Aggg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DHvQYwcRAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVhLaI4kp3ImwoZ5K2LLOcdhJNsYg4fYjG1zP/4Ylqw5S8t5OEhgIPJYsZwdZJ7d4NFgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18FWZMJqmlkiwWxSlHVqHZ62jANCWWTxzBRDN3KyIjrDGxLqCSCyFYfnmVtC+qQb1au6tVGvU8jiKcwCmcQwCX0IBbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AVU9jvI=</latexit>

�
<latexit sha1_base64="D1yvEdeQAQytXer/mI7Uad1lurw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DXrwICZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5jc2t7Z38bmFv/+DwqHh80tJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbut59QaR7LBzNJ0I/oUPKQM2qs1LjvF0tu2V2ArBMvIyXIUO8Xv3qDmKURSsME1brruYnxp1QZzgTOCr1UY0LZmA6xa6mkEWp/ujh0Ri6sMiBhrGxJQxbq74kpjbSeRIHtjKgZ6VVvLv7ndVMT3vhTLpPUoGTLRWEqiInJ/Gsy4AqZERNLKFPc3krYiCrKjM2mYEPwVl9eJ62rslctVxqVUq2axZGHMziHS/DgGmpwB3VoAgOEZ3iFN+fReXHenY9la87JZk7hD5zPH6RfjM4=</latexit>
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FIG. 6. Berry curvature Ω(k) of the low-energy band for different values of magnetic field. (a) At small field (h = 0.006)
negative Berry curvature is concentrated at each K point as well as around the nodal line gap around K from hybridisation
with the flat bands. (b) and (c) show the change of topological charge at the M points from −1/2 to 1/2 across the topological
phase transition. The missing Berry curvature of −3/2 is concentrated at a nodal line gap around Γ. (d) At h = 1.6 Berry
curvature is delocalised along the Γ-M high-symmetry directions and the nodal-line gap around Γ starts to contract.
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Since D(q⃗) is rotationally symmetric it follows that
Σ0 = Σx = Σy and
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In the case of the inter-valley contributions an addi-

tional complication arises from the fact that dΣ̃i(k⃗) (23)
involves a sum over Green functions Gj from neighbour-
ing valleys. However, using that

∑
j(̸=i) n̂j = n̂i we ob-

tain

−
∑
j(̸=i)

τzGj(k⃗ + q⃗)τz (C5)

=
−2i(k0 + q0) + (n̂i × êz) · (k+ q)τx + n̂i · (k+ q)τy

(k⃗ + q⃗)2
.

Proceeding with the Taylor expansion as in the intra-
valley case, this results in
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Inserting D̃(q⃗) and using spherical coordinates we obtain
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for the frequency coefficient, where we have defined
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Likewise, for the coefficients of the spatial momentum
terms we obtain
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Appendix D: Corrections to Yukawa couplings

The loop corrections to the Yukawa couplings can be
written as Ωgdℓ = 1

3N giidℓ, Ω̃gdℓ = 1
3N g̃iidℓ, Ωg̃dℓ =

1
3N gi̸=jdℓ, and Ω̃g̃dℓ =

1
6N g̃i̸=jdℓ, where

gijdℓ = g2
∫ >

q⃗

D(q⃗)Gi(q⃗)τzGj(q⃗)τz (D1)

g̃ijdℓ = g̃2
∫ >

q⃗

D̃(q⃗)Gi(q⃗)τzGj(q⃗)τz. (D2)
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Using that

Gi(q⃗)τzGj(q⃗)τz = − 1

q⃗2

[
1− (1− cosβij)

q2

q⃗2

]
(D3)

+terms that vanish under int.,

where cosβij = n̂i·n̂j , we can use the spherical symmetry
of D(q⃗) to compute gijdℓ,

gijdℓ = −8

∫ >

q⃗

1

|q⃗|3
[
1− 2

3
(1− cosβij)

]
= − 4

π

2 [
1− 2

3
(1− cosβij)

]
dℓ. (D4)

Using that cosβii = 1 and cosβi̸=j = 1/2, this results
in the expressions (33) and (35) for Ωgdℓ and Ωg̃dℓ. For

the integrals involving D̃(q⃗) we obtain

g̃ijdℓ = −32

∫ >

q⃗

1

|q⃗|3
1− (1− cosβij)

q2

q⃗2

1− 1
6
q2

q⃗2

= − 8

π2
dℓ

∫ π

0

dθ sin θ
1− (1− cosβij) sin

2 θ

1− 1
6 sin

2 θ

= − 8

π2
dℓ

{
12κ (i = j)

6(1− 4κ) (i ̸= j)
, (D5)

which reproduces Eqs. (34) and (36) for Ω̃gdℓ and Ω̃g̃dℓ.
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