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1. Introduction

Robinson [ 18] considered the semiparametric regression model E(Y|X, Z) = B'X +6(Z), (a.s.), with independent errors,
(X,Y,Z)inR? x R x RY. He established the root-n-consistency of an estimator of 8. The technique is based on regressing
first X and Y on Z and then estimating 8 by plugging into its ordinary least squares-based expression the estimates of E(X|Z)
and E(Y|Z) corresponding to the aforementioned regressions.

Recently, Aneiros and Vieu [2] extended this result to the case where Z is valued in a semimetric space eventually
of infinite dimension. In this context, Z is called a functional random variable. In a non-functional context, Aneiros and
Quintela [1] considered the regression model Y; = B'X; + 6(Z;) + ¢;, where (X;, Y;, Z;) are in R? x R x [0, 1], and &; are
unobserved dependent errors. They established the root-n-consistency of an estimator of 8. In this paper, we extend both
of these studies to the case of a random variable Z that takes its values in a semimetric space (E, d) which is of infinite
dimension [5,9], with autocorrelated errors. Let u be the probability distribution for Z. Let us denote B(z, s) the ball whose
centeriszin (E, d), withradiuss. In this paper, .t (B(z, h,)),forz € (E, d), will play the role of h{ for the kernel-based density
estimator when E = RY. Indeed, there is no Lebesgue measure in infinite-dimensional spaces [14] and thus @ (B(z, h,)) may
depend upon z. In infinite-dimensional cases, defining densities with respect to other measures than the Lebesgue measure
is a strong assumption [15]. We use an extension of the Nadaraya-Watson kernel estimator for the nonparametric part [8,
2]. We must ensure that this estimator is efficient enough to get the optimal rate of convergence (fractal dimension). Our
assumptions are therefore slightly more restrictive on the kernel than in the finite-dimensional case.

Regression models for functional data are useful in practice, since observations measured almost continuously are more
common, see [9] for a review of methods and examples. In our context, Gervini and Gasser [ 12] introduced a semiparametric
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model for functional data based on B-splines. They address the root-m-consistency, where m is the number of observations
per individual curve. Here, we examine the root-n-consistency when the number of curves n goes to infinity. Let (e1, . . ., &,)
be a sequence of real random variable that satisfy

d
5i+ij5i—j = gi, (1)
=

where all the roots of the equation A(u) = u? + Zle pjud*f = 0, lie inside the unit ball (Ju| < 1), and {g;} is a centered
white noise independent with ¢;. The error {g;} is then a weakly stationary AR(d) process with innovation process {¢;}. Our
semiparametric regression model for functional variables is defined as follows:

P
Yi=XB+0@Z)+e=) Xifi+0@) +e, i=1,...,n (2)

j=1
where 6 is an unknown function from E to R, 8 = (B4, ..., Bp)’ is an unknown vector in R?, (X1, Y1, Z1), ..., (Xn, Yn, Zy)

are random variables taking their values in R? x R x E identically distributed as (X, Y, Z), (X, Z;)i=1
sequence of random variables independent of the sequence {g;}i—1,... n.

Let Xi = Xip, .., Xp)si = 1,...,m X = Xij, ..., X)) j = 1,...,p, X = X', ..., XPLY = (Y1,..., Y,
& = (&1,...,&,) (A denotes the transpose of a matrix A). The variance of ¢ is Var(s) = 082 @,, where 032 = Var(g)
and @, is an x n definite positive matrix different to the identity matrix I. Since @, is positive definite, there existsan x n
matrix P that satisfies P¢,P' = I, PP = & !. This matrix P is not unique [13]. Under (1), the inverse of the covariance
matrix @, is [22]

n is an independent

Byt = (4 pU + -4 pU ) A+ U+ -+ %, (3)
where
01 0O 0
0 1 0 0
U=1: :
0O 0 0 0 ... 1
0 0 00 ... O
is the auxiliary n x n identity matrix. If the order of the autoregression is d = 1, then
1 01 0 0 0
o1 1+p2 o1 ... 0 0
» 0 01 1+p0f ... 0 0
o, = . :
0 0 0 R N S
0 0 0 e P 1
Let
g§@ =E[XjlZi=z], my=X—E[Xslz]. i=1,....m;j=1,...,p (4)
and

ni = (nila s nip)/v 77’ = (’711’ RN} nﬂj)/9
where (74, ..., n,) are centered independent and identically distributed random variables of variance/covariance p x p
matrix Zﬂ = (Zij)15i5p; 1<i<p Since (X;, Z;) and ¢; are independent, so are 7; and ¢;. Let:
K(d(Z;, z)/hy)
Wni(z) = ,,l—na W= {Wij}lsisn,lgign,
> K(d(Z, 2)/hn)

k=1
where K is a function over [0, +oo[ called kernel, h, > 0 is the bandwidth parameter and Wj; = W;;(Z). Let
X=0-WX=X",....X"), Y=>0-WY=(®"y,...,Y),
0=@©0),....00Z)), F=(,....&),
X =Xy, ..., Xy, Xi= X, ..., Xp),
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where

0Z)=0@) — Y Wu@Z)0Z),  Xj=Xj— Y WulZ)Xj.
=1

=1
n - n
g =& — Z Whi(Z))e;j, Yi=Yi— Z Whi(Z)Y;.
j=1 Jj=1
To start, we assume that the covariance matrix @, is known and that PX has full rank. Then, a generalized least squares

method can be used, see for example [13]. We minimize ||P(I—W)(Y—Xp) ||§, (Jlu]|, denotes the Euclidean norm foru € R")
to obtain the following estimate of S,

- o/ T -1~ 13

B= (x¢>n x) X Y.
Since the function 6 is unknown, we proceed to estimate it by using ﬁ

Ou2) =Y Wu@) (Vi —X[B). z€E.
i=1

In what follows, we assume that the noise {¢;} in the autoregressive errors has a density with respect to Lebesgue measure
on R. So, {g;} is strongly mixing with mixing coefficient «(t) = O(x"), (0 < ¥ < 1) (see [16]). We have also

c() = Cov(ei, &) =0(5), 0<s<1, )

(see [3, exercise 3.11]).
Therefore (see [1], Remark 2.2, p. 341 and (3))

o0 oo

Y a7 < oo, forsomes >0; Y ile(i)] < oo; (6)
i=1 i=1

@l =0(1): 1@, oo = O(1), 7)

where
Au
|All, = max I ”", ucR",
lullp>0 ||,

is the L, norm of the matrix A.
The above conditions on 1 and (3) entail (see page 341, Remarks 2.2-2.3 of [1]):

d
n'n'@; 'y — B = (By) = (02/02) (1 +y ,sz> X,, in probability , (8)
j=1

where B is a positive definite p x p matrix and 03 = Var(g;).

2. Consistency

Let r > 0 and B(z, h) be the open ball centered at z € E and of radius h > 0. Let C be a given subset of E such that
CC U,i’":1 B(z, I,), whered,l; = C,d, — ooandl, — 0asn — oo(y and C are real positive constants, z; € E, I, > 0). We
assume that Z takes its values in €. We also assume that the components X;; (i = 1,...,n,j =1, ..., p) of X are bounded.
We consider the following assumptions:

(H1) E|&;]** < oo for some § > 0.

(H2) K is Lipschitzian over [0, oo, of support [0, ] and there exists a positive constant C such that: Vu € [0, r], —K'(u) > C.
(H3) Yu,v) e x €, ¥f €{0,81,...,8} If(w)—FfW)| <, v)*C>000a>0.

(H4) Elni1* + -+ +E[nypl°* <00, s> 3.

The rates of convergence will be achieved under some assumptions about the small ball probabilities of the variable Z:

(H5) there exist positive constants ¢, ¢; and a positive valued function v on ]0, oo[ such that

1
/ Y(ht)dt > coyr(h), and cow(h) < P(Z, € B(z,h)) < c1¥(h), YzeE, h> 0.
0

In addition, we assume that the smoothing parameter h;, satisfies
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nyr (h
lim h, =0, and lim v () = 400
n—+00 n—+00 logn

Theorem 1. Assume (H1)-(H6), (1) and (2) hold. Then
@, is positive definite (9)
is necessary and sufficient for
n'/>( — B) — N (0, c2B~") in distribution. (10)
Proof. We have
2B ) = (Ko, X) 02 [Ko w4 Koy 8]
The following lemmas yield the proof. O
Lemma 2. Under (H2), (H4), (H5), (H6), we have
n~'X'®'X — B, almost surely,
if (H3) is satisfied foronly g1, ..., gp.
Lemma 3. Under (H1)-(H6), we have

n~12X &% — N (0, 02B™") in distribution.

Lemma 4. Under (H2)-(H6), we have

n’l/zi,dﬁn’]g — 0, almost surely.

To avoid interrupting the discussion, the proofs of the lemmas above are given in the appendix.

We assume in the following that the matrix &, is unknown. We need to have the exact form of &,, and an estimate of
this matrix. As [1] pointed out, @, has ((n(n + 1)/2) — 1) different unknown parameters, but it is usual to assume that the
elements in @, are functions of a k x 1 vector ¢ (k < n and remains constant as n increases). Then [13] the estimation of
@, (¢) reduces to the estimation of ¢.

Let @, be an estimator of @, and

-~
=

B=(X3,%) X3, %
Let us show in the following theorem that? has the same asymptotic distribution as E
Theorem 5. Under the conditions of Theorem 1, we have
n'/? (? — B) — N (0,02B™") in distribution. (11)

Proof. The proof is similar to the proof of Theorem 2.5 of [1] (which is a modification of [10, Theorem 3]), so we omit some
details. Let us replace in B the matrix &, ! by (02 /0.) @, ! and notice that the proof is based on the fact that :
(i) the elements of @, are functions of the k x 1 vector of parameters &, such that the elements of the k matrices

d
M, (¢p) = £¢;l(¢)» t=1,...,k
t

are continuous functions of ¢ in an open sphere S of the true value ¢° of the parameter ¢ [22].
(ii) The sequences of matrices {X = X,,} and {®,,} are such that

lim n~'X My ($)X = N (@),
n—oo

where N; (¢) = 2¢; Zn isa p x p matrix of continuous functions of ¢, t = 1, ..., k, and
XMy () (6 +8) = 0,772,

because of conditions on 7, K and g;.
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(iii) There exist estimators :5 of ¢ and 5,1 =@, @ of ®, = &, (¢°) such that ?5,,‘1 @ exists for all n and a The estimator
~ . _ g\ =1~y
¢ isbased on & = y; — XiB — 6(Z) (see [3, Chap. 8], for estimation methods of ¢° using {;}), where 8 = (X X) XY and

0(Z) = Y 1y Wai(Z)6(Z)(Y; — XiB). ] i
Using the same arguments as those of Lemmas 2 and 4, we have that || — B, = 0,(1), sup; |0(Z;)) — 0(Z;)| = 0,(1) and
sup; |X§B +6@z) — X8 — 6(Z)| = 0p(1). This and Theorem 1 of [11] (see also [1, Remark 2.7]), imply that

é = +0,(1).

Then the proof of the theorem follows from (i), (ii), (iii) and Theorem 1 because:
= ~/ ~~\ 1~ ~ [~ -
B-p=(Xo,'@X) Xo'@ (0+¢)
~ ~ —1 ~ -
- (n—1x q>;1(¢°)x) (n—1x’q>,;‘(¢°) (9 + s))

k N o )
+;{(” X0 (¢9X)  (n 1XMm(¢)(0+£))}@t #)
k

T O e -
_ ; {(n Xo (¢ )x) (n X My (¢ )x)}
X {(n‘f(’@n]@)*)i)_l (n’1)~(,q§n’](¢*) (é + 5))] X (5 -9,

where ¢* is between ¢ and ¢°. O

Itis well known that the performance of the kernel estimate depends on the choice of the window parameter h. The bound
in (A.1) is simple and easy to compute. So, this allows us to choose the window parameter h that minimizes that bound. We
can also use different methods like cross-validation. For example, one can consider the bandwidth that minimizes a cross-
validation criterion: Rachdi and Vieu [17] proved (under some additional condition about the concentration of X) that the
cross-validation bandwidth is asymptotically optimal with respect to the average square error or the mean integrated square
error. Such result can be extended to our setting but is beyond the scope of this paper and deserves future investigation.

In practice, for regression models with autoregressive errors, the unknown matrix @, (or its inverse) is not directly
estimated, as it can be numerically unstable or difficult to compute. In a non-functional context, a more stable iterative
procedure has been introduced [4,21]. We adapt the algorithm presented in [21, section 2.12] to the functional data context.
It consists of repeatedly applying the lag transformation inferred from the structure of the residuals of a regression with no
autocorrelation to the original regression equation. This eventually yields an uncorrelated regression equation. It proceeds
as follows in the AR(1) case:

(i) Runthe semiparametric regression of model (2) under the assumption that the autocorrelation in the error term is zero.
Retain the residuals &; = Y; — BX; — 0(Z).
(ii) Fit an AR(1) model to the residuals, say:
P(B)E; = ¢ (12)
where B is the lag operator, with p(B)&; = & + p&i_1.
(iii) Apply the transformation to both sides of (2). Let u; = p(B)Y;, v; = p(B)X; and w; = p(B)Z;.
(iv) Build the transformed regression model
ui = viB + 0wy + n;, (13)

where the noise 7; is assumed uncorrelated. Obtain the estimate of 8. Retain the residuals. Go to step (ii).
(v) Stop if convergence is reached (say by small value of autocorrelation) or the number of iterations is large.

Sargan [20] discussed the convergence of this type of algorithm in the parametric case. The algorithm will converge
to a local maximum in many cases, but may converge to a saddle point. The study of convergence of the functional
semiparametric algorithm above is beyond the scope of this paper, and deserves investigation.

3. Simulation results

We simulate n random curves as a Wiener noise [6]. We smooth these curves with a standard Tukey’s smoother to get
moreregular curvesZy, ..., Z,. For each curve, we keep track of 32 equally spaced values over [0, 1] . We define the operators

1
01(z) = 300/ sin(2wx)z(x)dx
0
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Table 1
Estimates of parameter § = (81, B2, B3) = (1, 2, —3), case 6,
n Bl Bz /»233

Quartile Median Quartile Quartile Median Quartile Quartile Median Quartile

Autocorrelation 0.2

20 0.09 1.09 2.18 1.18 2.02 2.77 —4.13 —3.00 —1.85

50 0.46 091 1.63 1.60 2.02 2.50 —3.63 —3.01 —2.46
200 0.82 1.04 1.25 1.87 2.03 2.15 —3.22 —3.03 —2.81
Autocorrelation 0.6

20 0.13 1.20 1.82 1.34 1.98 2.62 —3.95 —3.04 —-2.11

50 0.32 0.97 1.45 1.50 1.83 2.26 —3.48 —2.88 —2.37
200 0.80 1.03 1.22 1.86 2.00 2.14 —-3.19 —3.05 —2.85

Autocorrelation 0.95

20 0.18 0.97 1.78 1.38 2.04 278 —3.90 —3.10 —1.92
50 0.28 1.02 1.58 1.62 1.96 2.38 —3.48 —2.97 —2.35
200 0.73 1.02 1.24 1.81 1.95 212 —3.24 —2.97 —-2.71

Monte Carlo study with 100 seeds and sample sizes n = 20, 50, 200. The empirical lower quartile, median and upper quartile are reported.

Table 2
Estimates of parameter 8 = (81, B2, B3) = (1, 2, —3), case 6,
n Bl Bz 33

Quartile Median Quartile Quartile Median Quartile Quartile Median Quartile

Autocorrelation 0.2

20 —8.77 0.84 7.57 —3.69 0.46 8.03 —10.56 —3.34 7.25

50 —-2.70 0.73 5.48 —-0.79 1.96 5.23 —6.78 —3.65 —0.03
200 —1.11 0.96 2.56 0.28 1.95 3.25 —4.52 —2.72 —0.47
Autocorrelation 0.6

20 —5.64 —1.01 6.36 —1.44 1.61 5.96 —7.98 —2.10 5.05

50 —2.78 2.24 5.39 —0.80 1.93 451 —7.63 —3.33 1.11
200 -1.19 0.78 2.79 0.40 1.95 3.32 —5.10 —2.83 —0.72

Autocorrelation 0.95

20 —7.40 —1.43 7.66 —5.27 0.23 537 =727 1.80 6.43
50 —4.58 —0.51 4.50 —1.18 1.32 3.92 —6.10 —2.65 1.65
200 -0.74 1.08 3.58 0.88 2.05 3.77 —5.68 —3.36 —1.82

Monte Carlo study with 100 seeds and sample sizes n = 20, 50, 200. The empirical lower quartile, median and upper quartile are reported.
and
1
02(2) = 300/ x>z (x)dx.
0
We simulate an AR(1) sequence &1, ..., &,, With autocorrelation p; taking values 0.2, 0.6 and 0.95 respectively and a
corresponding Gaussian centered noise with variance 1. Our regression model is Y; = 8'X; + 6(Z;) + &; with signal-to-noise

ratio from 6;(Z;) and B’X; each around 2, when compared to &;, but larger signal ratio for 6,(Z;), when compared to ;. The
covariance matrix of X is

8 -2 6
-2 10 4
6 4 9

We carry out a Monte Carlo study with 100 different seeds, and sample size 20, 50 and 200. The bandwidth was selected to
give significant ranges in the kernel matrix based on the semimetric.

The empirical lower and upper quartiles, and the median of the estimates of each component of § = (1, 2, —3) are
reported in Tables 1 and 2. Our estimates show consistence over these sequence of sample sizes, with good results obtained
for a sample size of 200. It appears that the level of noise autocorrelation has little effect on the estimation. Only 3 iterations
of the algorithm in the last section were enough to ensure convergence. However, the case where 6, is used shows estimation
results that are deteriorated compared to the case where 0; is used. It is due to a larger signal-to-noise ratio for the
nonparametric part since the function sin(27x) does some averaging over [0, 1], whereas x> does not.

To assess asymptotic normality, we computed estimates of 8 for 100 different seeds, with the autocorrelation level 0.95
and sample size 200. Fig. 1 shows the Q-Q plots for these estimates. These plots demonstrate that our estimates are close
to normal, for finite but large sample size.
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Q-Q plot for coefficient estimate 1 Q-Q plot for coefficient estimate 2
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Fig. 1. Q-Q plots for sampled estimates of parameter § = (1, B2, 3) = (1, 2, —3), over 100 Monte Carlo experiments, case ¢;. Sample size 200 and
autocorrelation level 0.95.
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Appendix. Technical derivations

Proof of Lemma 2. Let
g =gt —gt), &= &), ....5Z)),

where gj(t) = )i, Wyi(t)X;;. Then we have :)N(ij =W + 8(Z) = (Z) + ny, and the (i, j) element of )N(,dﬁrj])? is:
X0, X =80, g+ )0, G+ 8o, 0 + () o, M.

We have that n=1(n")'®@, '/ — By;, in probability, by (8). Under the hypotheses (H2)-(H6), [9] proved that

logn

max max |g(Z)| = O(h}) + O

, almost surely. (A.1)
1<i<n 1<j<n ny (hy)

In other hand, we get by Cauchy-Schwartz inequality and || ¢;] [loo = O(1):

n n 1/2 n 1/2
g < 'Y &(Zong < C (nl Zg?(zk)> (n1 Zni,») :
k=1 k=1 k=1
15/ p—15 -1\ 22 12 _1n =2 1/2
nT'g e, g < C(n' Y 87@0) " (n k=18 @) "
We deduce from (A.1) that

n 1/2 1
—1 =2 o ogn
n g7 (Zy) =0h)+0 , almost surely.
( ; s ) " ny ()
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The strong law of large numbers and the hypotheses on n allow to have that

k=1

n
(n1 Z n%) — E(n},) < oo, almost surely.

Then we have that n='g/@ ' — 0 almost surely. We prove in the same way that n='(n')'®,'g;, (n')’®, 7 and
n- gl oy gj converge to zero almost surely. This finishes the proof. O

Proof of Lemma 3. Let C;, = (Cip, ..., Cop) = a/;(/qﬁn*](l — W), whereaisap x 1vector. We have ||C,||c < 00 because of
the fact that ||[W/||, < o0, ||q),:1 [loo < 00 and ||X|ls < 00. We have :

Cin&i
2

n
n~2aX @1 =n2Cle = >

i=1

Let |x]| denotes the integer part of a real x, and anz = Var (Z?zl Cmei) . To prove the lemma, we use the well-known
technique of big and small blocks. We have to check that: S; — N (0, 1), Srzl — Oand 53 — 0 in probability, because

So=0 (&) & = X5 A+ X5 [+ T =5} + 52 + 53, where

(Pn+qn)j+pn (Pn+qn) G+1) n
A= > Zn. L= > Zm Te= Y. Za
i=(pn+qn)j+1 i=(pn+qn)j+pn+1 i=k(pn+qn)+1

G n
Zin = <ﬂ> &, k=k(n) = { J , Pn + qn < n, for n great enough.
On Pn+ qn

Let us first check the convergence of S,f. We have by Lemma 2 that

2

n~'o? — o2a’Ba, then ||G,[o < oo implies that max —2

=0(n!
1<i<n 02 )
and max;<i<, Var(Z;,) = 0(n~1). By [7] inequality, we get
qn qn

Z Z CoV (Zin, Zin) < Cn™" Za (i 75 .

Then we have
Var( ) = qn Var(Zi) + Z Z Cov (Zin, Zin) = O(n~ er)
i=1 I=1

If we consider,a = (1—b)(2+465)/6—1 > Owhere0 < b < 1—4§/(2+4), we deduce from (6), the fact that «(n) decreases
to zero, that
l+ﬂa(n) — 0. (Az)

Then let p, = [n'~*""@]and g, = [n] with (2+2a)~" < ¢ < (2+a)~".Itis easy to see that p, — 00, g, — 00, p; 'qn —
0, n7'p? — 0,

g =o([y45]) o

)
This last term tends to zero because n”p,z1 — Oand Zl>pn a (]l])27F < oo (se

us focus on S;. Because of Var(Zy,) = 0(n™"), Cov(Zin, Zjn) = (n Yo (i —j])

E((52)°) = C(l - Lpnian (pn+qn>),

since k = L

ZCOV i

i#j

=n'p Yy a (i)

[=pn

e (6)). Thus S tends to zero in probability. Let
2L) Diso® (li) 75 < 0o, we have

J The fact that 1 L J (pn + qn) — 1yields the proof for 53

Pn+tqn Pntdn
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The proof of S} — (0, 1) is similar to that of [19] and will be omitted. It suffices to apply Lindeberg-Feller’s central
limit theorem. O

Proof of Lemma 4. [2] proved that under (H2)-(H6):

X0 = 0(nhg + ¥ (h,)~"(logn)®) + O(n"/2h% logn + v (hy) ~/* (log n)?)
+0"?hy (hy)~"? logn + v (hy) ' (logm)*) = o(n'?),  a.s;
The fact that ||®, || < oo yields the proof. O
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