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Abstract

The Möbius function is utilised to propose a class of multi-channel,
multi-sampling rate theorems. Our construction facilitates a parallel
decomposition of the Fourier transform into an array of general integral
transform operators. A practical example is discussed which employs
a complex square wave biorthonormal basis.

Mathematics Subject Classification 94A20

1 Introduction

A signal with power restricted to some bounded base-band region Ω, given
by Ω = (−π/τ, π/τ) lends itself to the following well known cardinal series

f(t) =
∑

n

f(nτ) sinc
1
τ
(t− nτ). (1)

The crux of this result is that the signal f(t) can be represented and recov-
ered by its samples {f(nτ)}. Names commonly associated with the cardinal
series include Kotel’nikov [11], Shannon [15], Someya [16], and Whittaker
[18].

A natural extension to (1) is a series for a function with non-zero power
content restricted to a pass-band, rather than base-band, region. Kohlen-
berg [10] realized this series by using the function samples {f(nτ)}, together
with a set of translated samples of the function {f(nτ + σ)}. His idea was
later formalised in the Riesz basis setting by Higgins [6]. Alternatively,
Woodward [19] and Goldman [5] used the samples of the function together
the samples of its Hilbert transform and Butzer, Splettstößer, and Stens [3]
give an example which uses the samples of a function and its derivative.

A further extension is to consider a function with non-zero power content
restricted to a collection of disjoint band-regions. This ‘multi-band’ problem
was tackled by Bezuglaya and Katsnelson [2] for the case where all of the sub-
bands and gaps are commensurable. Higgins [7], [8] developed this theory
in the multi-channel context. The resulting multi-channel series comprises
a set of translated uniform samples {f(nτ + σj)}j,n.

Papoulis [14] explored multi-channel methods for base-band signals and
discovered a common theme where each of the N channels contained a func-
tion gn(t), associated with the signal via a time invariant linear filter. The



gn are sampled at 1/N times the Nyquist sampling rate, thus yielding an
overall sampling density comparable to that of (1). These extensions to the
original cardinal series became known as general sampling expansions.

In particular, the samples of a function and its first N derivatives give
rise to a generalised sampling expansion. The expansion for the case N = 1
was first given by Jagerman and Fogel [9] and the general case by Linden and
Abramson [12]. Some more recent efforts have focused upon the problem of
non-uniform sampling theory [1], [13].

The generalised sampling theorems utilise operational properties of the
Fourier transform. Three of the operational properties exploited in some of
the examples discussed above are the shift/modulation property

(f(t+ σ))∧ (ω) = eiσωf∧(ω),

the derivative property(
dn

dtn
f(t)

)∧
(ω) = inωnf∧(ω),

and the Hilbert transform property

(Hf)∧(ω) = −i sgnωf∧(ω),

where f∧ denotes the Fourier transform of f , and Hf denotes the Hilbert
transform of f . A multi-channel, multi-sampling rate theorem is introduced
in Theorem 4.1, below. Unlike the series discussed above, it will be shown
that this theorem is expedited by the Möbius arithmetic function, taken
from the field of number theory.

2 Preliminaries

For the sake of generality and convenience, use will be made of Hilbert
spaces. These are linear inner product spaces, complete under the norm
governed by the inner product.

Definition 2.1 If H is a Hilbert space with inner product 〈., .〉, then a sub-
set {en} ∈ H is orthonormal if 〈em, en〉 = δm,n, where δm,n denotes the
Kronecker delta. Furthermore, if it is also true that {en} spans H, then
{en} is an orthonormal basis.

Separable Hilbert spaces are of interest here because they contain a complete
orthonormal basis {en} such that any f ∈ H can be expressed as

f =
∑

n

〈f, en〉en. (2)



From the series expansion (2) it can be observed that the elements which
arise from the inner product 〈f, en〉 are precisely the coefficient functionals
that express the function f in terms of the basis {en}. To explore more
general forms of this representation, it is expedient to introduce the notion
of a Riesz basis.

Definition 2.2 Let {en} be an orthonormal basis of H. A subset {hn} ∈ H
is a Riesz basis if there is a bounded and boundedly invertible linear operator
T of H such that Ten = hn for all n.

The notion of an orthonormal basis can be generalised to allow utility to be
shared between two associated bases.

Definition 2.3 Let {hn} and {h∗n} be two subsets in the Hilbert space H.
Then the set {hn, h

∗
n} constitutes a biorthonormal system for H if 〈hn, h

∗
m〉 =

δn,m.

If {hn} is a basis for H, then so is {h∗n}. Such bases {hn} and {h∗n} are Riesz
bases and are said to be duals of each other. We denote the adjoint of T as
the operator T ∗ such that 〈Tf, g〉 = 〈f, T ∗g〉 for all f, g ∈ H. Now, since

〈hn, (T−1)∗em〉 = 〈T−1hn, em〉 = 〈en, em〉 = δn,m ,

it follows that (T−1)∗en = (TT ∗)−1hn is the dual basis of hn. Furthermore,
we can express (TT ∗)f as

(TT ∗)f = T (T ∗)f = T
∑

n

〈T ∗f, en〉en =
∑

n

〈f, Ten〉Ten.

Hence, f can be expanded in terms of either of the dual bases:

f =
∑

n

〈f, hn〉h∗n =
∑

n

〈f, h∗n〉hn.

Any pair of biorthonormal bases have this property. Without loss of gen-
erality, the basis {hn} is used to analyse f by taking the inner product
f˜ := 〈f, hn〉. Conversely, the basis {h∗n} can be used to reconstruct, or
synthesise, f˜ by projecting it back to the domain of f via the calculation
f = 〈f˜, h∗n〉. In general, once the hn have been constructed, it is difficult
to derive the dual basis {h∗n} explicitly. This is owing to the difficulty of
finding a closed form expression for the inverse of T . However, a derivation
is given below which can be used for a class of biorthonormal systems.



3 Construction

Let f belong to the class of all Lebesgue square integrable functions, i.e.
f ∈ L2(R). Then the following definitions apply.

Definition 3.1 Let f ∈ L2(R). The Fourier transform of f is defined by

f∧(ω) :=
1√
2π

∫
R
f(t)e−iωtdt.

Definition 3.2 Let {hω} ∈ L2(R) be a Riesz basis, and let f ∈ L2(R).
Then define the generalised transform f˜ of f as

f˜(ω) :=
∫

R
f(t)hω(t)dt.

Definition 3.3 Let f ∈ L2(R) be periodic with period 2π/ω, then f can be
expressed as the Fourier series:

f(t) =
√

ω

2π

∑
n∈Z

cn(f)einωt,

with the Fourier coefficients {cn} defined by

cn(f) =
√

ω

2π

∫ π/ω

−π/ω
f(t)e−inωtdt.

We construct the Riesz basis functions {hω} such that they share symmetry
and periodicity properties with the set of exponentials {eiωt}. Accordingly,
let the real part of hω be even and the imaginary part be odd. Thence, we
require

<(hω(t)) ≡ <(hω(−t)), (3)
=(hω(t)) ≡ =(−hω(−t)). (4)

The {hω} are endowed with a periodicity of 2π/ω, for every ω. That is to
say

hω(t) ≡ hω(t+ 2π/ω), (5)

a consequence of which is that the elements of the basis are ordered with
respect to scale:

hnω(t) ≡ hω(nt).

Since hω is periodic, it has a Fourier series, namely

hω(t) =
√

ω

2π

∑
m∈Z

cm(hω)eimωt.



Additional to the symmetry and periodicity constraints, we insist that the
ratio

ckm(hn)
ck(hn)

(6)

be independent of k. These properties give rise to the following Lemma.

Lemma 3.4 Let ck(·) denote the Fourier series coefficient functionals and
let {hn} denote a set of periodic functions such that <hn is non-zero and
even, and =hn is non-zero and odd. Given that ck(hn) 6= 0 and that
ckm(hn)/ck(hn) is independent of k, it follows that c−k(hn) = 0.

Proof Assume that c−k(hn) 6= 0, then

c−km(hn)
c−k(hn)

exists and is independent of k. This implies that

c−km(hn)
c−k(hn)

=
ckm(hn)
ck(hn)

.

But when m = −1
(ck(hn))2 = (c−k(hn))2,

i. e.
(ck(hn))2 = (ck(hn))2,

thus contradicting the condition <hn 6= 0 or =hn 6= 0. �

A family of bases is now created by forming linear combinations of scaled
versions of the original basis {hn}. We define this process as a mapping
{hn} 7→ {hn;M} such that

hn;M (t) =
∑

|m|≤M

Γn,mhmn(t), (7)

where Γn,m is a suitably chosen set of coefficients. The Fourier series expan-
sion of the right hand side of (7) is

hn;M (t) =
√

n

2π

∑
|m|≤M, k∈Z

Γn,mck(hn)eikmnt. (8)

We assume that the ratio ckm(hn)/ck(hn) is independent of k, and, for non-
zero ck(hn), we write Γn,m as

Γn,m =
ckm(hn)
ck(hn)

µ(|m|), (9)



where µ is the Möbius function given by

µ(n) =


1, if n = 1
(−1)k, if n is the product of k distinct primes
0, otherwise

.

We put ` = km, and Equation (8) becomes

hn;M (t) =
√

n

2π

∑
m|`

|m|≤M

µ(|m|)
∑

`

c`(hn)ei`nt.

The Möbius function is employed here due to the utility afforded by the
following result taken from number theory.

Theorem 3.5 Let µ denote the Möbius function. Then∑
d|n

µ(d) =
{

1, for n = 1
0, otherwise

.

Together, Lemma 3.4 and Theorem 3.5 imply that

hn;M −
√

n

2π
c1(hn)eint =

√
n

2π

∑
m|`

1≤m≤M

µ(m)
∑
|`|>M

c`(hn)ei`nt, (10)

and we observe that, with the exception of m = 1, the basis hn;M is devoid
of all Fourier coefficients cm for m ≤M . Indeed, by scaling {hn} such that
c1(hn) =

√
2π/n, we find

lim
M→∞

hn;M (t) = en =
1√
2π
e−int.

Hence, given that ckm(hn)/cm(hn) is independent of k, such that hn satisfies
the symmetry conditions (3) and (4), and the periodicity condition (5), the
process described by the mapping {hn} 7→ limM→∞{hn;M} is equivalent to
the operation T−1hn = en. In this case, Equation (7) reads

en =
∑
m∈Z

Γn,mhmn.

Using (9) we have

en =
∑
m∈Z

µ(|m|)c`m(hn)
c`(hn)

hmn.



Again, the assumption that c`m/c` is independent of k is asserted. For then
we merely put ` = 1. Putting k = mn gives

en =
∑
k∈nZ

µ(|k/n|)
ck/n(hn)
c1(hn)

hk.

Now, c1(hn) = n−1/2c1(h1), and c1(h1) can be normalised so that the oper-
ator T−1 can be written as the matrix

T−1
n,k =

√
nµ(|k/n|)ck/n(hn). (11)

From the Fourier series representation of hn it is seen that

hn =
√
n
∑
k∈nZ

ck/n(hn)ek.

Hence T can be associated with the matrix operator Tn,k =
√
nck/n(hn),

and a comparison with (11) reveals the relation

T−1
n,k = µ(|k/n|) ? Tn,k,

where · ? · denotes the Hadamard product defined by (aij) ? (bij) := (aijbij).
An explicit form of the dual basis is

h∗n = (T−1
n,k)∗ek =

∑
k

T−1
k,nek =

∑
k|n

√
kµ(|n/k|)cn/k(hk)ek.

4 Multi-channel, multi-sampling rate theorem

Let f be a member of the Paley-Wiener space PWΩ defined as

PWΩ = {f ∈ L2(R) : supp f∧ ⊆ Ω}.

Then
f(t) =

1√
2π

∫
Ω
f∧(ω)eiωtdω.

In particular, for n ∈ Z, and Ω = (−π/τ, π/τ) the sampled version of f is

f(nτ) =
1√
2π

∫
Ω
f∧(ω)eiωnτdω = 〈f∧, en〉L2(Ω), (12)

where τ represents the sampling period. The orthonormal expansion of f∧

can be written
f∧ =

∑
n

〈f∧, en〉L2(Ω)en.

We apply (12) and find the discrete form of the Fourier transform, viz.

f∧ = f(nτ)∧ =
∑

n

f(nτ)en = 〈f(nτ), en〉.



Similarly, the discrete form of a general transform can be written as

f(nτ)˜ =
∑

n

f(nτ)hn.

Our construction of the class of biorthonormal systems can now be employed
to derive a new sampling theorem.

Theorem 4.1 Let {hn, h
∗
n} be a biorthonormal system such that {hn} satis-

fies the symmetry conditions (3) and (4), and the periodicity condition given
by (5). Let {hn} be constructed such that ckm(hn)/ck(hn) is independent of
k. Then

f(nτ)∧ =
∑
m|n

cm(h1)µ(|m|)f
(nτ
m

)̃
.

Proof We write 〈f, en〉 as

f(nτ)∧ =
〈
(T−1)∗f, en

〉
=

〈∑
k|n

T−1
k,nf(kτ), hn

〉

=

〈∑
k|n

f(kτ)
√
kµ(|n/k|)cn/k(hk), hn

〉
.

Put n = mk and use cm(hn/m) =
√
m/ncm(h1) to get

f(nτ)∧ =

〈∑
m|n

cm(h1)µ(|m|)f
(nτ
m

)
, hn

〉

=
∑
m|n

cm(h1)µ(|m|)
∑

n

f
(nτ
m

)
hn. �

This series can be interpreted as a parallel decomposition of the Fourier
transform into an array of general transforms. It is an example of a multi-
channel sampling theorem and it utilises the dilation property of the Fourier
transform. In such a context, the m would denote the different channels. In
each channel a general transform of the function {f(nτ/m)}n is calculated.
The results in each channel are scaled and summed to give f∧. The final
sum over m can be truncated to approximate f∧ with arbitrary accuracy.
The sampling rate decreases as m increases. Hence this sampling theorem
is a multi-channel, multi-sampling rate, theorem.

5 Application to the Step transform

As a simple example of the sampling theorem given here, we consider bases
which are formed from finite linear combinations of piece-wise constant func-
tions. To this end, it is expedient to examine the cal and sal functions defined



by {
calω(t) = sgn cosωt
salω(t) = sgn sinωt

.

These are consistent with the definitions given by Elliot and Rao [4]. For
x ∈ R, the ‘signum’ function is defined as follows:

sgnx =
{
x/ |x| , if |x| > 0
0, if x = 0

.

The complex valued, two-level or binary, step function associated with the
calω and salω functions is defined by

ψω(t) :=
√

π

32
(calω(t) + i salω(t)) . (13)

The corresponding step transform is given as

f˜(ω) :=
∫

R
f(t)ψω(t)dt. (14)

This transform has the advantage of being straightforward to implement
with a digital computer. Depending upon the interval in which a sample
point, is taken at t0, the function f at t0 is added or subtracted. Indeed
it is the convenient absence of multiplications which makes this transform
appealing.

Commonly, the cal and sal transforms find applications in the area of
sequency analysis. Here the working assumption is that the signal under
question can be represented by a finite sum of square waves. This gives rise
to the idea of Walsh functions [17] which are orthogonal bases with respect
to sequency rather than to frequency. Elliot and Rao [4] give an extensive
bibliography on this type of analysis. However, we will concentrate on the
utility of {ψω} in the context of frequency analysis and sampling theory.

The basis {ψω} satisfies the symmetry conditions (3) and (4), as well as
the periodicity condition (5). The Fourier series coefficients can be calcu-
lated as follows:

cm(ψω) =
√

π

32
(cm(calω) + icm(salω)).

Now

cm(calω) =
√

ω

2π

∫ π/ω

−π/ω
calω(t)e−imωtdt,

=
√

ω

2π

(
−
∫ −π/2ω

−π/ω
+
∫ π/2ω

−π/2ω
−
∫ π/ω

π/2ω

)
e−imωtdt,

=

{
2

mπ (−1)
m−1

2

√
2π/ω, for odd m

0, otherwise
,



likewise

cm(salω) =
√

ω

2π

∫ π/ω

−π/ω
salω(t)e−imωtdt,

=
√

ω

2π

(
−
∫ 0

−π/ω
+
∫ π/ω

0

)
e−imωtdt,

=
{
− 2i

mπ

√
2π/ω, for odd m

0, otherwise
.

Together, the cal and sal Fourier coefficients yield

cm(ψω) =
{
m−1ω−1/2 for m ∈ 4Z + 1
0 otherwise

. (15)

Consequently, the following corollary follows from Theorem 4.1.

Corollary 5.1 Let f˜ denote the step transform, as defined in Equation
(14). Then

f(nτ)∧ =
∑
m|n

m∈4Z+1

µ(m)
m

f
(nτ
m

)̃
.
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