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Lecture1

Probability and statistical modelling

1.1 Moti vation

Climateresearchersfacetwo fundamentalproblemsin the courseof their work. The first is the
complexity of the climate system,and the secondis the difficulty in obtainingreliable climate
measurements.Consequently, all resultsin climateresearchhave somedegreeof uncertaintyat-
tachedto them.Thishasimplicationsfor all whousetheresults,whetherthey aredecisionmakers
developingnew policiesor scientistsseekingto developfurthertheirunderstandingof theclimate.
It is thereforeusefulto developscientificmethodsthatincludesomerecognitionof uncertainty.

Theaimof theselecturesis to introducestatisticalmethodsthatdealwith uncertaintyby using
probabilitymodels.In this lecture,we provide somebackgroundmaterial,andgive anaccessible
overview of therelevanttheory. Subsequentlecturesintroduce,andillustrate,theuseof General-
izedLinearModels(GLMs) in climateresearch,aswell asbriefly discussingothertypesof model.
Thereasonfor focusingon GLMs is that they arewell establishedin statistics,andareextremely
flexible andpowerful. Most goodstatisticalsoftwarepackageshave thefacility for fitting GLMs.
We will illustratetheapplicationof GLMs usingthefreepackageR (for detailson how to obtain
this package,seeAppendixA.1).

1.1.1 Examplesof problemsin climate research

Typically, theaimsof any climateinvestigationfall into oneor moreof thefollowing categories:

1. To seekanunderstandingof climatic processes,by studyingtherelationshipsbetweenvari-
ables.For example,we maywish to determinewhetherthestateof ENSOcanberelatedto
rainfall patternsin aparticularpartof theworld. Thepresenceor absenceof sucharelation-
shipmaysuggestmechanismsthatcanbeused,for example,to improvetheperformanceof
dynamicalor physicalclimatemodels.

2. To examinethe evidencefor changesin climateregimes,andto determinethe natureand
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extentof any suchchanges.Of particularinterestat presentis thedetectionof signalsthat
maybeattributedto anthropogeniceffects.However, suchsignalsaredifficult to detectand
evenharderto interpret.Therearetwo basicreasonsfor this:

(a) Climate variesnaturally on many different timescales.It is difficult to tell whether
any apparenttrendsover, say, the last 30, 50 or 100yearsareassociatedwith human
activity, or whetherthey canbeexplainedin termsof naturalvariability.

(b) Theclimatesysteminvolvescomplex interactions.Typically, changeswill bedifferent
in different locations,andat different timesof year. For example,in North-Western
Europeit is generallyacceptedthatthelate20thcenturyhasseenatrendtowardswetter
winters and drier summers. Analysesof annualrainfall here, then, may not reveal
any trendsbecausethe two effectscanceleachotherout. This is a simpleexample,
whichcouldbestudiedstraightforwardlybyanalysingdatafrom ‘winter’ and‘summer’
separately. However, not all situationsareasobviousasthis, andthereis a dangerof
misinterpretationif thepotentialcomplexity of asystemis not recognised.

3. To makesomeusefulstatementsaboutfutureclimate.Underthisheading,we includeshort-
term and seasonalforecasting,climate changeimpactsstudiesand risk assessmentfrom
extremeevents.

Laterin thelectures,wewill considerfour specificcasestudies,eachof whichcanberegarded
asfalling into oneor moreof thesecategories.

1.1.2 Uncertainty, and the needto confront it

In all of the situationsoutlined above, someuncertaintyis involved. In an applicationsuchas
weatherforecasting,this arisesbecause(i) our numericalmodelsareincomplete(ii) our dataare
subjectto measurementerror. It maybearguedthataswedevelopmorepowerful computers,more
accuratemodelsandbetterquality data,suchuncertaintywill be reducedandwe will be ableto
generatebetterandbetterforecasts.Thismaybetrue,but ultimatelythereis a limit to whatcanbe
achieved— this hasbeenknown sincethedevelopmentof quantumtheoryin themid-1920s.We
mayask(i) is this important?and(ii) if so,is it possibleto quantifytheuncertaintyin a forecast?

In responseto thefirst of these,we mayanswerasfollows: it is importantto knowwhetherit
is important! If a forecasthasa ‘small’ errorthenthereis little uncertaintyandwe maychooseto
ignoreit (exactlyhow wedefine‘small’ herewill dependontheapplication).If, ontheotherhand,
theerror in a forecastis ‘large’ thenwe mayhave to accountfor it. Of course,we do not know in
advancewhattheforecasterrorwill be,andthereforethebestwecando is to giveanindicationof
its likely magnitude.

This leadsus to the secondquestionabove: is it possibleto quantify the uncertaintyin a
forecast?To addressthis,considerfirst thataperfectforecastrequiresperfectmeasurementsof all
factorsinfluencingtheclimatesystem(aswell asa perfectrepresentationof thesystemitself). In
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reality, it is not possibleto observe all of the relevant factors— andthosethat areobservedare
subjectto measurementerror. As a result,a forecasterhasonly partialknowledgeof thetruestate
of thesystemwhentheforecastis issued,andis unableto distinguishbetweenthemany different
‘true’ stateswhichareconsistentwith this partialknowledge.Theforecastfor eachof thesestates
will be the same,but the actualoutcomeswill be different. We canimaginecollectingtogether
all of thesepossibleoutcomesandstudyingthem. If we did this, we could make someuseful
quantitative statementssuchas‘90% of the actualvalueswerewithin 5% of the forecastvalue’.
Sucha statementgivesa useful indicationof the accuracy of a forecast,or equivalently of the
uncertaintyassociatedwith it. Thepoint of this argumentis thatwe have just madea probability
statement.However, we have at no stageclaimedthatclimateis in any way ‘random’. We return
to this in thenext section.

Althoughtheaboveexampledealswith weatherforecasting,thefundamentalpoints— thatwe
needto know aboutuncertainty, andthatsimplequantitative statementscanhelp— arevalid for
all applications.Unfortunately, in many areasof sciencetheimportanceof thesepointsis oftennot
recognised.Therearea numberof reasonsfor this — largely dueto theway in which thehuman
mind works. For example,a scientistwill oftenhave an instinctive feeling thathis or her results
are‘moreor less’right, andthereforethatuncertaintycanbeneglected.

Example 1.1: Many complex models,suchasGCMs, involve largenumbersof parameters.In
suchmodels,individualparametersmaybeidentifiedveryaccurately. However, therewill always
be someerror. The cumulative effect of sucherrorscanbe muchlarger thanexpected. This is
partlybecauseof thepsychologicaleffectof breakingdown complex modelsinto smallermodules
— usually, it is not possibleto comprehendtheworkingsof a complex modelin sufficient detail
to understandtheway in which errorscumulate.Additionally, thereis a tendency for thehuman
mind to beoptimistic,andto imagine(incorrectly)thaterrorswill compensatefor eachotheri.e.
thatoverestimationin onepartof amodelwill bebalancedby underestimationin another.

In extremecases,it may be that several complex modelsare joined together, and that the
cumulative uncertaintyis so large that the combinedmodel is effectively useless.To considera
hypotheticalexample:ahydrologistmaybeinterestedin determiningfutureriverlevelsfromGCM
output.Oneapproachto thismaybeto taketheprecipitationoutputfrom aGCM (model1), apply
a downscalingprocedure(model2), and input the downscaledprecipitationto a rainfall runoff
model (model3) to determinefuture river levels. Eachof thesemodelsmay, in itself, provide
reasonableoutput,but thisdoesnotguaranteethatthecombinedmodellingsystemwill beuseful.

It is temptingto think thatsuchanattitudeis unproductive. If weusethebestavailablemodels
for a system,surelytheir outputrepresentsour bestattemptat understandingthesystem,andthis
canonly beuseful?Well, yesandno. It canbeusefulif we really do havesomeunderstandingof
thesystem.However, if thecumulative uncertaintyin a modelis very large,we mustacceptthat
thisunderstandingdoesnotexist. In thiscase,thereis arealrisk of makingcostlywrongdecisions
if we act on the basisof modeloutput. It can be extremelyusefulto knowthat we don’t know
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anything!
�

Another commonscenariois that a scientistrecognisesthat a systemis too complex to be
modelledaccurately;in this casethereis a temptationto think thatrepresentationof uncertaintyis
‘too difficult’, sinceall of thesystem’scomplexitiesneedto betakeninto accountwhencalculating
thelikely magnitudeof anerror.

A final problemthat ariseswhen consideringuncertaintyis that its effects are often unex-
pected,or at leastcounter-intuitive — often,peoplerecognisethat uncertaintyis present,but do
not correctlyunderstandits implications(this presumablyexplainswhy somuchmoney is spent
acrossthe world on gamblingandlotteries!). A simpleexampleof a ‘counter-intuitive’ result is
thefollowing:

Example 1.2: Supposethat,at sometime � , a particlein a simplesystemis travelling at speed���
metresper second. By consideringthe dominantforcesactingon the particle, it is possible

to write down its equationsof motion. If all necessaryobservationsareavailableat time � , these
equationsmay be solved to to forecastthe particle’s speedat somefuture time, ���	� say. Call
this forecast


������
. Typically, the actualspeedat time

������
will not be equalto


������
, becauseof

approximationsin theequations.However, in a simplesystemwe expecttheerror
�������� 
������

to
be ‘small’. Moreover, if we repeatthe exercisemany times,andcomputethe averageof all the
errors,wewouldexpecttheaverageerrorto bezero.

Now considerwhathappensif we wish to useour forecastof
������

to obtaina forecastof the
particle’s kinetic energy, �� � �����

. The naturalforecastof this quantityis just �� 
� �����
. Intuitively, it

seemsreasonableto expectthatonaverage,theresultingforecasterrorswill bezero.In factthis is
incorrect— it canbeshown thatsucha schemewill, on average,overestimatethekinetic energy,
eventhoughtheaverageerror in the forecastspeedis zero. Themagnitudeof theoverestimation
increaseswith theuncertaintyin thespeedforecasts.

This exampleis a specialcaseof a moregeneralphenomenon.The surprisingresultoccurs
becausetheinitial errorin


������
is transformedin anonlinearway. Thekey point to notehere,apart

from the unexpectednessof the result, is that in orderto forecastkinetic energy on average, we
needto know abouttheuncertaintyin theforecastof speed.

�
1.1.3 The roleof probability

In theprevioussection,weexpressedtheuncertaintyin aweatherforecastusingastatementof the
form ‘90% of the time, theactualvaluewill bewithin 5% of the forecastvalue’. This statement
takesan EVENT (in this case,that the actualvaluewill be within 5% of the forecastvalue)and
assignsto it anumber(90). Thisnumberis interpretedasthepercentageof timethattheeventwill
occur, in thelong run. Equivalently, we couldallocatea numberbetween0 and1 representingthe
proportionof time that theeventwill occur. For presentpurposes,this definesthe PROBABIL ITY
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of theevent. Here,theprobability that theactualvaluewill bewithin 5% of theforecastvalueis
0.9.

Probabilitystatementsareofteninterpretedasthoughthey relateto ‘random’phenomena.The
exact meaningof the word ‘random’ in this context is not clear, althoughmost peoplewould
agreethat it impliesa lack of orderedstructureat somelevel. This perceptionis unfortunate,and
incorrect.In theprevioussection,wemadeaprobabilitystatementfor adeterministicsystem.The
statementwasmeaningful,becausethesystemcouldnotbeobservedcompletely(this soundslike
quantumtheoryagain!). Probabilitystatementsare meaningfulfor suchsystems,andprovide a
simpleway of expressinguncertainty. Indeed,probability may be thoughtof asthe languageof
uncertainty.

In practice,of course,it is necessaryto developtechniquesthatenableusto make probability
statementson thebasisof observations.Themoderndisciplineof STATISTICAL SCIENCE (usually
referredto just as STATISTICS) is largely concernedwith the developmentof thesetechniques.
Statisticsin climateresearchis oftenperceivedto beabout‘analysingdata’. To someextent,this
is true,but it is morethanthat. Most professionalstatisticianswould agreethatstatisticsis about
interpretinginformation. Sincethereis usuallyuncertaintyassociatedwith any suchinterpretation,
it is inevitablethatprobabilityfindsits way, in someform or another, into mostmodernstatistical
methods.

In orderto appreciatesomeof thesemethods,andthewayin whichthey canbeusedto interpret
information,it is necessaryto summarisea few theoreticalresults.Theseprovide thebackground
and justification for someof the materialto be discussedin the remaininglectures. We do not
intendto give toomuchtechnicaldetail;rather, to giveabroadoverview of someof thekey ideas.

1.2 Overview of probability theory

1.2.1 Probability asa relative fr equency

In probability theory, we speakof an EXPERIMENT asany processthatcanresultin a numberof
possibleOUTCOMES. An EVENT is justa collectionof theseoutcomes.

Example 1.3: Supposewe wish to determinewhetherit will rain tomorrow in Beijing, on the
basisof informationavailabletoday. The evolution of the weatherbetweentodayandtomorrow
is, in probabilisticterms,anexperiment,sinceit is a processunderwhich many differentpossible
scenarios,or outcomes,are possible. Someof theseoutcomeswill result in rain tomorrow in
Beijing; otherswill not. Thereforetheevent ‘it rainstomorrow in Beijing’ canbe regardedasa
collectionof differentoutcomesof theexperiment.

�
Formally, PROBABILITY is definedasan allocationof numbers,between0 and1, to events.

Theallocationmustsatisfycertainrequirements;however, thesedo not concernushere.Of more
interestis the interpretationof probabilities. The ‘classical’ interpretationis that the probability
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of an event is the proportionof times it would occur in a long sequenceof repetitionsof the
experiment,underidenticalconditions. In climateresearch,it is not immediatelyclearthat this
is useful. In Example1.3 above, it seemsthat the experiment(i.e. the evolution of the weather
betweentodayandtomorrow) cannotberepeateda largenumberof times. However, in this case
‘repetitions’ canbe obtainedfrom all daysfor which thesynopticconditionsareidentical— or,
at least,very close— to today’s. If the probability of rain tomorrow in Beijing is 0.9, this can
be interpretedassaying‘90% of dayslike todayare followed by daysduring which it rains in
Beijing’.

This way of understandingprobabilitiesis called the RELATIVE FREQUENCY interpretation,
and is the view that we will take for most of theselectures. However, it is not the only way
in which probability statementsmay be interpreted.An alternative view is mentionedbriefly in
Lecture3.

1.2.2 Someimportant results,and notation

It is convenientto introducesomemathematicalnotationin this section.We will denoteeventsby� ��� � � ������� . Theprobabilityof anevent
���

is denotedby ��� ��� �
.

Often, we are interestedin finding the probability of an event,
� � say, whenwe know that

anotherevent
� � hasoccurred. This is referredto as the CONDITIONAL PROBABIL ITY OF

� �
GIVEN

� � , anddenotedby �!� � � " � � � .
Example1.4: Supposethatin Beijing, onaverageit rainson20%of days.However, at thepeak
of the monsoonseasonit rainson 60% of days. We canexpressthis in probability notationas
follows: let

� � denotetheevent ‘it rainstodayin Beijing’, and
� � betheevent ‘today, we arein

thepeakof themonsoonseason’.Then �!� � � �$#	% �'& , and ��� � � " � � �(#	% �') .
�

This exampleshows, very simply, how conditionalprobability may be usedto to studyrela-
tionshipsbetweenevents.Our understandingof theclimatesystemtells usthatrain is morelikely
duringthemonsoon.Becauseof this,theconditionalprobabilityof rainduringthemonsoondiffers
from theUNCONDITIONAL PROBABILITY (0.2 in this example).

Definition: Formally, ��� � � " � � � is definedas��� � � and
� � ��!� � � � �

Here,whenwewrite ��� � � and
� � � , wemeanthattheevents

� � and
� � bothoccur.

A usefulway to think of conditionalprobability is this: if we know
� � hasoccurred,we have

effectively changedtheexperiment.In Example1.4above,wecanthink in termsof anexperiment
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‘pick any day, andseeif it rainsin Beijing’. In thiscase,theprobabilityof rain is 0.2. If wedefine
analternativeexperiment:‘pick any dayduringthepeakof themonsoonseason,andseeif it rains
in Beijing’, thentheprobabilityof rain is 0.6.

If theoccurrenceof
� � tellsusnothingabout

� � , then ��� � � " � � ��# ��� � � � . In thiscase,events� � and
� � aresaid to be independent. A rearrangementof the formal definition of conditional

probabilitytellsusthatif
� � and

� � areindependent,�!� � � and
� � ��# �!� � � �+* ��� � � � .

Somekey resultsconcerningconditionalprobabilitiesareasfollows:

1.

Bayes’ Theorem: Let
� � and

� � beeventswith �,� � � �+-!%
. Then��� � � " � � ��# �!� � � " � � � ��� � � ��.� � � � �

In fact,this is a simplifiedstatementof thetheorem,but it is adequatefor our purposes.We
will returnto this resultin Lecture3.

2.

Generalised Multiplication Law: For arbitrary events
� �/��������� ��0

such that��� � � and
� � ������� and

��021 � �+-�%
,�3� � � and

� � ������� and
��04�5# �!� � � � * ��� � � " � � �6* �!� ��7 " � � and

� � �+* �����* ��� ��0 " � � and
� � ������� and

��021 � � �
This resultis essentiallyanextension,andrearrangement,of theformal definitionof condi-
tional probabilitygivenabove. It will beusedduringthediscussionof likelihoodtheoryin
Section1.4.3below. For themomentasimpleexamplewill suffice:

Example 1.5: In theWestof Ireland,theprobability thatany daywill experiencerainfall
is 0.7. However, if rainfall wasexperiencedon theprecedingdaythis probability increases
to 0.85.Whatis theprobabilitythatrain fallson two successivedaysin theWestof Ireland?

Solution: Let
� � betheevent ‘first day is wet’, and

� � betheevent ‘secondday is wet’.
Then �.� � � �(#8% �'9 , and �.� � � " � � �(#:% �<;4= . Hence�!� � � and

� � �(# �,� � � �+* �.� � � " � � �(#:% �'9 *>% �';?= #	% �'=A@4=B�
Hence,if we take all pairsof successive daysin Ireland,approximately60%of thesepairs
will experiencerain onbothdays.

�
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1.2.3 Randomvariables

Most of the time, we are not so much interestedin answeringquestionssuchas ‘Will it rain
today?’asin studyingnumericalquantities(e.g.theamountof rainfall, or thenumberof typhoons
in theNorth-WestPacific in a particularseason).In theframework of probabilitytheory, this may
be dealtwith by allocatingnumbersto the outcomesof an experiment. Any rule for allocating
numbersto outcomesis calleda RANDOM VARIABLE (notethat‘random’hereis usedasa formal
mathematicalterm, not in the sensediscussedin Section1.1.3). In theselectures,the letter C
denotesa randomvariable.

To summarise:D An EXPERIMENT is aprocessthatcanresultin anumberof possibleOUTCOMES. Typically,
in climatestudiestheseoutcomeswouldbedifferentscenariosthatcouldoccuroveragiven
timeperiod.D An EVENT is acollectionof outcomes.For example,therearemany differentscenariosthat
will giveriseto 15 tropicalcyclonesin theNorth-WestPacific this year.D A RANDOM VARIABLE is arule for allocatingnumbersto outcomes.Thenumberof tropical
cyclonesin theNorth-WestPacific this yearis a randomvariable,sinceit providesa single-
numbersummaryof eachpossibleclimatescenario.

Discreterandom variables

A DISCRETE RANDOM VARIABLE takesvaluesin a countableset. In practice,discreterandom
variablesusuallyariseascounts— for example,thenumberof tropicalcyclonesin a timeperiod.

SupposeC is adiscreterandomvariable.Its entireprobabilitystructurecanbesummarisedby
makinga list of all thevaluesit cantake,andallocatingtheappropriateprobabilities:i.e. by spec-
ifying �.�EC #GF��

for all thepossiblevaluesof
F
. Sucha specificationis calledthe PROBABIL ITY

DISTRIBUTION of C . Note that ‘ C #HF
’ is an event (it correspondsto a statementof the form

‘thereare15 tropicalcyclonesin theNorth-WestPacific’).
Often,it is usefulto beableto summarizethebehaviour of arandomvariableby giving asingle

‘typical’ value.This leadsto thenotionof ‘averages’,andto somefurtherdefinitions.Theaverage
of asetof observationsis usuallyunderstoodto betheresultof addingthemtogether, anddividing
by the numberof observations. The result represents,in somesense,the valuethat would have
beenobservedif all of theobservationshadbeenequal.Sotheoperationof ‘averaging’provides
uswith aconvenientsingle-numbersummaryof anentiredataset.

Thisnotioncanbeextendedto randomvariables.Thereasonis thatwhenwemakeprobability
statementsaboutrandomvariables,we are imaginingmany repetitionsof an experimentunder
identicalconditions.Eachof theserepetitionswill give riseto a singlevalueof thevariable.The
averageof all thesevaluesis asinglenumberwhichwemayregardasrepresentative.
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Definition: The EXPECTED VALUE, or EXPECTATION, of a discreterandomvariable C ,
denotedby IJ�KC �

, is definedas IJ�EC ��#MLONPF ���KC #8F�� �
providing thesum(which is overall valuestakenby C ) is well-defined.

IJ�KC �
representsanidealisedlong-runaveragefor thevaluesof C . It is alsocalledthe (POP-

ULATION) MEAN of C , andis usuallydenotedby Q . It neednot necessarilybea valuethat C can
take (for example,we might find thattheexpectednumberof tropicalcyclonesin theNorth-West
Pacific thisyearis 22.6).

If C is a randomvariable,thenso is any transformationof C , say RS�EC �
; hencewe cantalk

aboutIT�EC � � � IJ� UWVXC �
etc.Notethat,in general,IT� RS�KC �Y�

is notequalto RZ�KIJ�KC �O�
.

The expectation,Q , of a randomvariable C is intendedto give a ‘representative’ value. It is
naturalto ask‘How representative,exactly?’. Putanotherway: if we forecastthat thevalueof C
will be Q , how big will ourerrorbe,onaverage?

Definition: TheVARIANCE of C is definedby

Var�KC �(# I\[]�KC � Q � �_^ �
whereit exists.

Var�EC �
is often denotedby ` �

. If we repeatan experimentmany times,eachtime issuinga
forecast‘The valueof C will be Q ’, ` �

is theaveragesquaredforecasterror. Thereforeit is adirect
measureof uncertainty. Thesquareroot of thevariance,̀ , is calledthe STANDARD DEVIATION

of C . Themotivationfor this is that ` is measuredin thesameunitsas C , andhencehasa direct
interpretation.Thestandarddeviationcanbethoughtof asthelikely magnitudeof a forecasterror
(recallthediscussionin Section1.1.2).

For randomvariablesthatcannottake negativevalues,theratio of standarddeviation to mean
( `bacQ ) is adimensionlessquantitycalledtheCOEFFICIENT OF VARIATION.

Continuous random variables

Not all randomvariablesarediscrete.For example,temperaturecantakeany valueonacontinuous
scale.This is anexampleof a CONTINUOUS RANDOM VARIABLE. If C is a continuousrandom
variable,it is not obvioushow we cancalculateprobabilitiessuchas �.�EC #ed ; �

— in the long
run,how oftenwill avalueof exactly 18 (ratherthan

d 9��'@?@A@?@f����� or
d ;g� %A%?% ����� %?%gd

) arise?
It is easierto think of continuousrandomvariablesby consideringeventsof theform ‘ Cih3j ’,

sinceprobabilitiescaneasilybeallocatedto suchevents(it is straightforwardto make statements
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suchas‘75% of thetime, thetemperaturewill belessthan18k C’).

Definition: for any randomvariableC , thefunctionl � j �m# ���ECnh3j �
is calledthe(CUMULATIVE) DISTRIBUTION FUNCTION (cdf) of C .

Distribution functionsaredefinedfor bothdiscreteandcontinuousrandomvariables.We can
usethedistribution function to find theprobability of obtaininga valuein any interval: if oqpnr
then �.�Eo�psC hHr �t# l �Kr � �	l �Ko �

. Now, if
l � � � is continuousanddifferentiable,suchthatu l a u j #Mv � j �

, wehave wyx
z v �Kj � u j # l �Kr � �{l �Ko �(# �,�Ko.p3CnhTr � �

sinceintegrationis theoppositeof differentiation.
The function

v � � � hereis called the (PROBABIL ITY) DENSITY FUNCTION of C . Note that| xz v �Kj � u j is the areaunderthe graphof
v � � � betweeno and r . Hence,if C hasdensity

v � � � ,�.�Eo>p}Cehnr � canbeobtainedastheareaunderthegraphof
v � � � , betweeno and r (seeFigure

1.1). Note that
v �Kj �

is not the sameasthe probability that C # j . In fact, for any continuous
randomvariable,theabove discussionforcesusto acceptthat for any numberj , �.�EC # j ��#n%
(sincetheareaunderthegraphof

v � � � , betweenj and j , is zero). This is not intuitively obvious,
but thelogic is correct!Wehavediscoveredthat‘possible’eventsmayhaveprobabilityzero.

Noticethat
l � � � canbeobtainedfrom

v � � � as
l �Kj �m# |g~1�� v � � � u � ). Hence

v � � � and
l � � � each

specifycompletelytheprobabilitydistributionof acontinuousrandomvariable.
How canwe defineexpectationfor continuousrandomvariables?Well, we could chooseto

approximatea sucha variableby a discreteonewhich takesvalueson a very finely spacedgrid
of points(separatedby intervalsof length �2j , say). In this case,if �2j is small,we will find thatv � jZ���2j �m�\v �Kj �

, sothattheareaunderthegraphof
v � � � betweenj and j��{��j is approximatelyv � j � �2j . If we saythat the discreteapproximationtakesthe value j when C lies betweenj andj��{��j , thentheexpectedvalueof thisdiscreterandomvariableis �:j v �Kj � ��j . Theapproximation

will improveas �2j becomessmallerandsmaller;in thelimit as ��j tendsto zero,thesumtendsto
anintegral. Thereforewehave

Definition: Let C be a continuousrandomvariablewith density
v � � � . The EXPECTED

VALUE of C is definedas I,�EC �$# w �1�� j v �Kj � u j # Q � say,

providing this integral is well defined.
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Shaded area
corresponds to

P(a < Y ≤ b)

Figure1.1: Interpretationof a probabilitydensityfunction: probabilitiesarerepresentedby areas
underthegraph.

Thedefinitionof variancefor a continuousrandomvariableis thesameasthatfor thediscrete
casei.e. I\[��KC � Q � � ^

. Interpretationof expectationandvarianceis thesameasfor thediscrete
case.In general,definitionsandformulaearealsothesame,exceptthatwe replace� by

|
, and�.�EC #MF��

by
v � j � u j .

Somerandomvariableshavedistributionsthatareamixtureof discreteandcontinuouscompo-
nents.Daily rainfall is agoodexample— evenin Ireland,aproportionof daysexperienceexactly
zero rainfall, but if the rainfall amountis non-zeroit may be regardedasa continuousrandom
variable.

Joint and conditional distrib utions

In Section1.2.2,we introducedconditionalprobabilityasawayof studyingrelationshipsbetween
events. In general,we will want to study relationshipsbetweenrandomvariablesin a similar
manner. If C �/��������� C�� areeachdiscreterandomvariables,wecandefinetheir JOINT PROBABIL ITY

DISTRIBUTION by considering���EC � #MF � and C � #MF � ����� and C�� #MF � �
for all the possiblevaluesof

F �/��������� F � . Whenwe studyseveral randomvariablestogether, we
will oftenassembletheminto a vectorfor easeof notation:� # �KC �t����� C�� ��� say. � is calleda
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RANDOM VECTOR.
Occasionally, we will be interestedin studyingfunctionsof several randomvariablesand,in

particular, finding theirexpectations.Theexpectedvalueof RZ�EC �/��������� C�� � is justLN/��������� � N�� RZ� F �/��������� F � �+* �!�EC � #8F � and C � #MF � ����� and C�� #8F � � �
Themostimportantexamplesof this arethefollowing:

Definition: Let C � and C � berandomvariables,with meansQ � and Q � , andvariances̀
��

and ` �� , respectively. TheCOVARIANCE betweenC � and C � is definedas

Cov �EC �/� C � �(# I3�Y�EC � � Q � � �EC � � Q � �Y�$# I3�EC � C � � � Q � Q � �
andtheCORRELATION betweenC � and C � is definedas

Corr �EC �/� C � �(# Cov �EC �/� C � �` � ` � �
It canbeshown thatCorr �EC �/� C � � takesvaluesbetween

� d
and � d

, andthat it only achieves
thesevaluesif C � and C � arelinearly related: C � # o��!r/C � , where o and r areconstants.If r�p %
thenCorr �EC �/� C � �(# � d

; otherwiseit is � d
.

NotethatCov �EC � C ��#
Var�EC �

. Themainreasonfor introducingcovarianceat this point is to
presentthefollowing result:

Result: Let C � and C � betwo randomvariables.Then

Var �EC ��� C � ��# � o4�X�KC � � � Var �EC � � ��& Cov �KC �/� C � � �
This tells ushow uncertaintyis propagatedwhenwe combineinformation. We will returnto

this point below.
Now supposeweobserve thevaluesof all of the C s exceptfor C � . WemaydefinetheCONDI-

TIONAL DISTRIBUTION OF C � GIVEN C � ��������� C�� , by considering���KC � #8F � " C � #8F � and ����� and C�� #8F � �$# ��� C � #MF � and C � #MF � and ����� and C�� #MF � ��!�EC � #8F � and C � #MF � ����� and C�� #8F � � �
accordingto thedefinitionof conditionalprobabilitygiven in Section1.2.2. We can,if we wish,
calculatethe CONDITIONAL MEAN andCONDITIONAL VARIANCE of this distribution, in exactly
thesamewayasfor any otherdiscretedistribution.

If the C s arecontinuousratherthandiscrete,thenwe candefinetheir JOINT DISTRIBUTION

FUNCTION l � j �/��������� j�� �(# �!�EC � h3j � and ����� and C��Bh3j�� � �
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andthecorrespondingJOINT DENSITYv � j �/��������� j�� ��# � � l� j ������� � j�� �
As before,resultsand formulaefor continuousdistributionsareequivalent to thosefor dis-

cretedistributions,replacingsumsby integralsandprobabilitiesby densities.For example,the
conditionaldistributionof C � given C � ��������� C�� hasdensityv � j � " C � # j � and ����� and C�� # j�� �(# v �Kj �/��������� j�� �v �Kj � ��������� j�� � �
(thedenominatorhereis thejoint densityof C � ��������� C�� ). Also, theexpectedvalueof a functionof
continuousrandomvariablesisI3��R��KC �_��������� C�� �O��# w RZ�Kj �/��������� j�� ��v �Kj �/��������� j�� � u j ������� u j�� �

Fromnow on,wewill discussonly continuousrandomvariables.All of theresultshold in the
discretecaseaswell.

Independenceof random variables

In thesameway aswe definedindependenteventsin Section1.2.2,we cannow defineindepen-
denceof randomvariables.Specifically, we saythat C � and C � areindependentif all probability
statementsabout C � areunaffectedby observingC � , andvice versa.If C � and C � areindependent
continuousrandomvariablesthen their joint densityis given by the productof their individual
densities:

v � j �/� j � �># v � �Kj � ��v � �Kj � � , say. In addition, IT�KC � C � �># IT�EC � � I3�KC � � so that the
covariance(and hencethe correlation)betweenC � and C � is zero. Note, however, that a zero
correlationbetweenC � and C � doesnot imply thatthey areindependent.

Fromtheformulafor Var �EC ��� C � � givenabove,in theindependentcasethevarianceof asum
(or difference)is just the sumof the individual variances.Sincevarianceis a direct measureof
uncertainty(seepage13), this tells us that if we combineoutputsfrom two or more unrelated
models(asin Example1.1), the uncertaintywill accumulate— we cannotrely on errorsin one
modelcompensatingfor thosein another.

Theideaof independencecanbeextendedto thatof CONDITIONAL INDEPENDENCE. Suppose
wehave threerandomvariablesC � , C � and C 7

, andthatneitherof theseis independentof eitherof
theothertwo. However, it maybe that theconditionaldistribution of C � given C � is thesameas
thatof C � givenboth C � and C 7

. Thiscouldbeexpressed,in termsof densities,asv �Kj � " C � # j � �(#:v � j � " C � # j � and C 7�# j 7_� �
The implication of this is that,oncewe know C � , C 7

tells us nothingnew about C � . This notion
is extremelyimportant,andis particularlyrelevant for thestudyof complex systemssuchasthe
climate.An examplewouldprobablyhelp:
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Example1.6: SupposeC � is arandomvariabletakingthevalue1 if it rainsin theWestof Ireland
today, and0 otherwise(sucha variable,taking thevalue1 if aneventoccursand0 otherwise,is
calledan INDICATOR VARIABLE). Let C � bean indicatorfor thepassageof a cold front over the
areatoday, andlet C 7

beanindicatorfor rain yesterday.
In Example1.5,wesaw that �,�KC � #�d���#:% � 9 , andthat �.�EC � #Gd " C 7�#Gd��(#:% �';4= . For thesake

of argument,supposethaton 98%of dayswhena cold front passesover theregion, precipitation
occurs.Supposealsothatacold front passesover theregion today. Knowing this,wecansaythat�.�EC � #¡d " C � #¡d��f#}% �<@?; . Now we learn,in addition,that it rainedyesterday. Realistically, this
informationis now irrelevant— today, it will rain becausea cold front is present,not becauseit
rainedyesterday. Theprobabilityof rain todayis still 0.98i.e. �,�KC � #¢d " C � #£d

and C 7Z#£d��X#�.�EC � #Gd " C � #Gd��
.

�
The calculationin this example is not enoughto demonstrateconditional independenceofC � and C 7

given C � . A completeanalysiswould requirecomputationof the probabilitiesfor all
possiblecombinationsof valuesfor thethreevariables.However, it illustratesthegeneralconcept.
The importantpoint is that dependencebetweentwo variablesmay be completelyexplainedby
theeffect of a third variable.In climateresearchthis situationoftenariseswhen,ashere,thethird
variablerepresentsa genuinephysicalmechanism.In this case,C 7

only tells us about C � in the
absenceof informationabout C � .
1.3 Simpledistrib utions

In this section,we summarisea few of the morecommonly-usedprobability distributions. We
give,withoutproof, theimportantpropertiesof eachdistribution. Wealsogive,whereappropriate,
anoverview of situationsin which eachdistributionmight arise.

1.3.1 The Bernoulli distrib ution

This is thesimplestpossibleprobabilitydistribution, for a randomvariable C which takeseither
of thevalues0 and1. If �,�KC #�d]��#�¤

and �,�KC #M%?��#�d � ¤
, we saythat C hasa BERNOULLI

DISTRIBUTION WITH PARAMETER
¤
. In this case,IJ�KC �(#{¤

andVar�EC ��#�¤ � d � ¤¥�
.

The Bernoulli distribution is not often mentionedby name,but it is commonlyused. The
randomvariablesin Example1.6wereall Bernoulli randomvariables.It is oftenusefulto think of
indicatorvariablesin termsof theBernoulli distribution.

1.3.2 The Binomial distrib ution

Supposean experimentis repeated¦ times,underidenticalconditions.The probability of some
event

�
occurringeachtime is

¤
, independentlyof all otherrepetitions.Let C bethetotal number

of repetitionsin which
�

occurs.Then C takesvaluesin § % � d ��������� ¦©¨ . We saythat C follows a
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BINOMIAL DISTRIBUTION WITH PARAMETERS ¦ AND
¤
, andwrite Ciª¬«®¯¦�� ¦ � ¤¥�

. Theproba-
bilities aregivenby

�.�EC #8Fg�$#e° ¦ F²± ¤ N � d � ¤�� 021 N # ¦´³F ³W�K¦ � Fg� ³ ¤ N � d � ¤�� 021 N � F.#8% � d ��������� ¦ � �
Themeanof thedistribution is ¦ ¤

, andthevarianceis ¦ ¤ � d � ¤¥�
.

Thebinomialdistributionmaynotbedirectlyapplicableto many climatevariables,sincethere
will be few datasetswhereall of the observationshave beenobtainedindependentlyandunder
identicalconditions. However, it may be that homogeneoussubsetsof the observationscanbe
regardedasfollowing differentbinomialdistributions.

NoticethataBinomial randomvariablecanberegardedasthesumof ¦ independentBernoulli
randomvariables.

1.3.3 The Poissondistrib ution

A discreterandomvariableC is saidto havea POISSON DISTRIBUTION WITH PARAMETER Q if�,�KC #:F��(# Q N�µ 1�¶F ³ � Ft#8% � d �_&�������� � �
We write C ª �B·2¸�KQ �

. The distribution, incidentally, is namedafter Siméon Poisson(1781–
1840). Themeanandvariancearebothequalto Q . A furtherusefulpropertyis that if C � and C �
areindependentPoissonvariables,with meansQ � and Q � , then C � �PC � ªM�B·�_�KQ � �{Q � � .

The Poissondistribution canbe usedasan approximationto the Binomial � ¦ � ¤��
when ¦ is

large and
¤

is small. However, in climateandsimilar applicationsthis particularaspectis rarely
useful.

The PoissonProcess

It is commonto encountervariablesthatrepresentthenumberof occurrencesof somephenomenon
duringa time period. For example,we maywish to countthenumberof typhoonsin theNorth-
West Pacific this year. A schematicdiagramshowing this situationis shown in Figure1.2. A
processthatcanberepresentedin this way is calleda POINT PROCESS (becausetheoccurrences
canberegardedaspointsona line).

Let C bethenumberof occurrencesin thetime interval of interest.Denotethedurationof this
intervalby � , andassumethat(i) nomorethan1 occurrenceis associatedwith eachtimeinstant;(ii)
thenumbersof occurrencesin non-overlappingtime intervalsareindependentrandomvariables;
and(iii) themeannumberof occurrencesin any time interval of length1 time unit is ¹ . Thenit
canbeshown that C hasaPoissondistributionwith mean¹�� .

A processof occurrences,which satisfiestheassumptionsin thepreviousparagraph,is called
a HOMOGENEOUS POISSON PROCESS. Theparameter¹ is calledtheRATE of theprocess.At first
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Occurrence times
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Figure1.2: Schematicdiagramof a pointprocess.

sight,Assumptions(ii) and(iii) appearrestrictive. Assumption(ii) requiresthatnon-overlapping
time intervals shouldbe unrelatedto eachother: this seemsunlikely to hold for many climate
applications.Assumption(iii) requiresthattherateof occurrencesis thesamefor all time.

In fact,Assumption(iii) canberelaxed: supposethat thereexistsan INTENSITY FUNCTION,¹º� � � say, suchthattheprobabilityof anoccurrencein theinterval »�� � ���y��� � is approximately¹º� � � �]� .
In thiscase,andunderAssumptions(i) and(ii) above,it canbeshown thatthenumberof eventsin
theinterval »¼o � r � hasaPoissondistributionwith mean

| xz ¹º� � � u � . Suchaprocess,with time-varying
intensity, is calledan INHOMOGENEOUS POISSON PROCESS.

Assumption(ii) — that non-overlappingtime intervals are independentof eachother— re-
mains. It seemsthat in mostclimateapplications,this assumptionwill not hold. However, there
arecertainsituationsin which thePoissonprocessstructurewill holdapproximately. Someexam-
plesof theseare:

Superposition: If many point processes,noneof which predominate,aresuperposedthenthe
resultis approximatelyaPoissonProcess.

Thinning: If eachoccurrencein a point processis deletedwith probability
¤
, independentlyof

all otheroccurrences,theresulting‘thinned’ processis approximatelyaPoissonProcessif
¤

is large(i.e. closeto 1).

Translation: If wetakeany pointprocess,andrandomlydisplaceeachoccurrenceindependently
of all theothers,thenundercertainconditionson thedisplacementmechanism,theresultis
approximatelyaPoissonProcess.
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Rare events: In many situationswherewe are interestedin studying‘rare events’, a Poisson
Processmodelmaybeappropriate.For example,we maybeinterestedin studyingdaysfor
which rainfall amountsexceedsomethreshold. If this thresholdis high enough,the point
processof exceedancesis approximatelya PoissonProcess.

Thepresentationhereis deliberatelynon-technical.In all of thesituationsabove,certaincon-
ditionsarenecessaryin orderthat thePoissonapproximationis valid. However, they do suggest
mechanismsunderwhich it maybeappropriateto useaPoissondistribution for counts.

Example 1.7: In theeasternpartsof tropicaloceans,easterlywavesform roughlyevery 3 days.
Theseareweaktroughsin sealevel pressure,thatmove westwards.As they move,someof them
develop into hurricanes(i.e. developwindspeedsabove 33ms

1 � ). In theAtlantic, therearetypi-
cally 100easterlywavesperyear, of which 8 reachtropicalcyclonestatus.

On thebasisof this, it maybethattropicalcyclonesoccurin a Poissonprocess,sincewe start
outwith apointprocessof easterlywaves,anddeleteeachonewith highprobabilitysothatweare
left with just a few tropicalcyclones.Therateof cycloneformationis seasonallyvarying; hence
aninhomogeneousPoissonProcessmodelmaybeappropriate.If this is thecase,thenthenumber
of tropicalcyclonesin any oneyearhasaPoissondistribution.

�
The Poissonprocessmodel is alsoapplicablefor countsof occurrencesin regionsof space,

undersimilarassumptionsasthosegivenabove.

1.3.4 The Normal distrib ution

A continuousrandomvariableC hasa NORMAL (or GAUSSIAN) DISTRIBUTION WITH PARAME-
TERS Q AND ` �

if its densityisv � j ��# d½ &2¾ ` �(¿�À�ÁÃÂ � � j � Q � �& ` � Ä � jJÅÇÆ �
Wewrite CGªMÈ6� Q � ` � �

. Themeanof thedistribution is Q , andthevarianceis ` �
.

Thenormaldistribution is perhapsthemostimportantmodelfor continuousrandomvariables,
andmuchstatisticaltheoryis baseduponit. Themainreasonfor its importanceis theCENTRAL

L IMIT THEOREM. This statesthat if C is thesumof a largenumberof independentrandomvari-
ablesfrom any distribution then,undervery generalconditions, C hasapproximatelya normal
distribution. Also, linearcombinationsof normalrandomvariablesarethemselvesnormallydis-
tributed. Therefore,it is naturalto usethe normaldistribution whenstudyingquantitiesthat are
‘averages’.

Example1.8: Supposewewish to studymonthlymeantemperatures.Sinceeachmonthlymean
is anaverageof around30 daily values,it maybeappropriateto considerthat it is drawn from a
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normaldistribution. Typically, however, eachmeanwill bedrawn from a differentnormaldistri-
bution,becauseof effectssuchasseasonality.

�
The normal distribution can be usedas an approximationto many other distributions. For

example,if C£ªi«®¯¦�� ¦ � ¤¥�
then C canberegardedasa sumof ¦ independentBernoulli random

variables(seeSection1.3.2above). Hence,if ¦ is large,thedistributionof C canbeapproximated
by a normaldistribution. Similarly, the normaldistribution canbe usedto approximate�B·2¸�KQ �
when Q is large.

Another usefor the normal distribution is to study ‘errors of measurement’— in fact, this
wasoneof its first uses(by Laplacein 1783,35 yearsbeforeGaussusedit — and50 yearsafter
DeMoivrehadusedit asanapproximationto theBinomial!).

Thenormaldistribution with meanzeroandvariance1 is referredto asthe STANDARD NOR-
MAL DISTRIBUTION. Standardnormalrandomvariablesareusuallydenotedby É . Thedensity
of the standardnormaldistribution is denotedby Ê´� � � , andits distribution function by Ë�� � � . An
importantresultis thatif CGªMÈ6� Q � ` � �

and É # �EC � Q � ac` , then É	ªMÈ6� % � d�� .
1.3.5 The Gamma,Exponential and Chi-squared distrib utions

A continuousrandomvariable C hasa GAMMA DISTRIBUTION WITH PARAMETERS Ì -8%
AND¹ -�%

if its densityis v �Kj ��#iÍ ¹�Î�j�Î 1 � µ 1�Ï ~ aAÐ$�¯Ì � jJÑ %%
otherwise �

where Ð$� � � denotesthe GAMMA FUNCTION: Ð��KÒ �Ó# | �Ô �¥Õ 1 � µ 1�Ö u � # �KÒ � d]� Ð$�EÒ � d��
. The

gammafunction is sometimescalled the GENERALISED FACTORIAL since, if Ò is an integer,Ð$�EÒ ��# �EÒ � d]� ³ .
If C hasthis distribution, we write C5ªHÐ$�¯Ì � ¹ �

. The meanof the distribution is Q # Ì�a?¹ ,
andthe varianceis Ì�aA¹ �

. In Lectures2 and3, we will expressthe Gammadistribution via the
parametersQ and Ì , ratherthan ¹ and Ì . In this case,thedensityfor j,Ñ %

is writtenasdÐ$�EÌ � ° ÌQ ± Î j Î 1 � ¿�À�ÁÃÂ � Ì�jQ Ä �
If C � ª×Ð$�¯Ì �/� ¹ �

and C � ªMÐ$�EÌ � � ¹ �
areindependentthen C � �ØC � ªMÐ$�¯Ì � �ØÌ � � ¹ �

(notethatthe
parameter¹ mustbecommonto bothdistributionsfor this resultto hold). It follows that,when Ì
is large,the Ð$�¯Ì � ¹ �

distributioncanbeapproximatedby a normaldistribution.
Therearetwosituationsin whichtheGammadistributionarisesnaturally. Theseareasfollows:

1. In ahomogeneousPoissonProcessof rate ¹ (seeSection1.3.3above),thetimeuntil the
F
th

eventis distributedas Ð$� F � ¹ �
.



LECTURE NOTES, JUNE 2001 23

0 1 2 3 4 5

0.
0

0.
5

1.
0

1.
5

y

f(
y)

ν = 0.5

µ = 1
µ = 3

0 1 2 3 4 5

0.
0

0.
5

1.
0

1.
5

y

f(
y)

ν = 1

µ = 1
µ = 3

0 1 2 3 4 5

0.
0

0.
5

1.
0

1.
5

y

f(
y)

ν = 2

µ = 1
µ = 3

0 1 2 3 4 5

0.
0

0.
5

1.
0

1.
5

y

f(
y)

ν = 5

µ = 1
µ = 3

Figure1.3: Examplesof gammadensities.

2. If É �/��������� É 0
are independentstandardnormal randomvariablesand C # � 0�ÚÙ � É ��

, thenC ª Ð$�K¦�a &�� d a & �
. In fact, this distribution is usually referredto as the CHI-SQUARED

DISTRIBUTION WITH ¦ DEGREES OF FREEDOM. Wewrite � 0�ÚÙ � É �� ª8Û �0
.

More often,however, thegammafamily of distributionsprovidesa convenientmodelfor any
positive-valuedrandomvariable,simply becausea wide varietyof distributionalshapesareavail-
able.Someof theseareillustratedin Figure1.3. WeseethattheparameterÌ controlstheshapeof
thedistribution,andfor this reasonit is oftencalledtheSHAPE PARAMETER. For ÌÇh d

, theden-
sity hasa maximumat j #M%

. As Ì increases,thedistribution becomesmoresymmetric.Another
interpretationfor Ì is in termsof thecoefficientof variation(seepage13) of thedistribution. This
is equalto Ü Ì�a?¹ � a��KÌ�a?¹ �(#�d a ½ Ì .

Figure 1.3 also shows that varying Q (or, equivalently, ¹ ) doesnot affect the shapeof the
distribution: it merelyscalesthe graphhorizontallyandvertically. For this reason,¹ is usually
referredto astheSCALE PARAMETER of thedistribution.

When Ì #�d
theGammadensityis, for j,Ñ %

,v � j ��# ¹ µ 1�Ï_Ý
or

v �Kj ��# dQ µ 1�Ý�Þ¯¶ �
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which is the EXPONENTIAL DISTRIBUTION — if C hasthis distribution we write Cßª£IBà ¤ �¯¹ �
.

Thisarisesasthetimeto thefirsteventin aPoissonprocessof rate ¹ . Notealso,from thediscussion
above,thatthe Û �� distribution is thesameas I�à ¤ [��� ^ .

1.3.6 The Weibull distrib ution

A randomvariableC hasa WEIBULL DISTRIBUTION WITH PARAMETERS Ò AND á if its density
is v �Kj �m#¡Í}Õâ � j�acá � Õ 1 � ¿�À�Á » � � j�a2á � ÕAã jJÑ %%

otherwise.

We write CHªßä µ ¸�EÒ � á �
. Ò is the SHAPE PARAMETER of thedistribution, and á is the SCALE

PARAMETER. Themeanis áºÐ,� d �PÒ 1 � � , andthevarianceis á � »¼ÐJ� d � & Ò 1 � � � Ð � � d ��Ò 1 � � ã . A
furtherpropertyis that if Cnª�ä µ _�EÒ � á �

then C N ª}ä µ º[¸Ò´a F � á N ^
. When Ò #nd

, we obtainan
exponentialdistributionwith parameter¹ #�d a2á .

The Weibull distribution doesnot arisenaturallyin many ‘obvious’ situations,at leastin cli-
matology. Two mechanismsthatgive riseto theWeibull distributionareasfollows:

1. If C � ªåÈæ� % � ` � �
and C � ªåÈæ� % � ` � �

areindependent,then Ü C �� ��C �� ªåä µ º[ &�� ` ½ & ^
.

This distribution is calledthe RAYLEIGH DISTRIBUTION. This particularresulthasmoti-
vatedtheuseof theWeibull distribution to modelwindspeeds— if the � and ç components
of wind velocity arezero-meannormalrandomvariableswith the samevariance,thenthe
windspeedhasaRayleighdistribution.

2. Let è ����������� è 0
beindependentcontinuousrandomvariables,drawn from thesamedistribu-

tion andtakingvaluesin therange »�é �/ê �
for somethresholdé . Define C #	ë.ì V � ��è ��� � é .

Then,undercertainconditionsonthedistributionof the è s, thedistributionof C is approx-
imatelyWeibull. As a consequenceof this, theWeibull distribution is usedin thestudyof
extremeevents.Thiswill bediscussedfurtherin Lecture3.

As with theGammadistribution,theWeibull is oftenusedsimplybecauseit providesaflexible
classof distributionswith differentshapes.In practiceit maybedifficult to distinguishbetweenthe
GammaandWeibull distributions.Statisticalinference(seeSection1.4.3below) is moredifficult
for theWeibull thanfor theGamma.TheWeibull is useful,however, whenwe want to studythe
probabilityof observingvaluesoversomethreshold,since�.�EC - j ��# ¿/ÀgÁ>Â � ° já ± Õ Ä �
for theWeibull modell. This hasa particularlysimpleform, andis mucheasierto calculatethan
thecorrespondingexpressionfor theGammadistribution.
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1.3.7 The Multi variate Normal distrib ution

The final distribution we studyhereis a joint distribution (seepage15). SupposeC �/��������� C�� are
randomvariables:themeanof C �

is Q �
, thevarianceis ` � �

andthecovariancebetweenC �
and C�í

(seepage16) is ` � í . The C s canbe assembledinto a vector � # �KC ������� C�� ��� , andthe Q s into a
correspondingvector î . In addition,we candefinea

¤ï*J¤
matrix, ð say, whose �K ��ñ �

th element
is ` � í . If thejoint densityof the C s canbewrittenasv �Kò �$# � &2¾ � 1 � Þ � " ð " 1 � Þ � ¿/ÀgÁ>ó � d& � ò � î � � ð 1 � � ò � î ��ô �
where �Kò � î � �

denotesthetransposeof thevector � ò � î �
, then � hasa MULTIVARIATE NOR-

MAL DISTRIBUTION WITH MEAN î AND VARIANCE-COVARIANCE MATRIX ð . We write � ªõM� Èæ�Eî � ð �
.

Themultivariatenormaldistributionhasmany appealingproperties.Themostimportantare:

1. Any subsetof the C s also hasa multivariatenormal distribution, with meanvector and
covariancematrixobtainedfrom thecorrespondingelementsof î and ð .

2. Thedistributionof C �
is È6� Q � � ` � �K�

.

3. If Cov �EC � � C�í ��#×%
then C �

and C�í areindependent.Apart from sometrivial casesinvolving
Bernoulli randomvariables(seeSection1.3.1), the multivariatenormaldistribution is the
onlydistribution for whichzerocovariance(i.e. lackof correlation)impliesindependence.

4. If ö is an � *ï¤
matrix, with ��h ¤

, then ö÷� ª õM� È6�EöÇî � öÇðÓö � �
. In particular, if

we choosea
¤æ*ø¤

matrix ö in sucha way that öJù ö # ð 1 � (for example,via Cholesky
decomposition),then ö÷�5ª õM� È6�Eöúî �¸û �

whereû is the
¤�*X¤

identitymatrix. Thisresult
canbeusedto transform� into avectorof independentvariables.

5. Supposewesplit � into two parts,with correspondingsplitsfor î and ð — i.e. write

� #ü° � �� � ± � î #ü° î �î � ± and ð #ü° ð ��� ð � �ð � � ð ��� ± �
Supposenext thatweobserve � � # ò � . Theconditionaldistributionof C � is nowõ8� È [ î � ��ð � � ð 1 ���� � ò � � î � � � ð ��� � ð � � ð 1 ���� ð � � ^ �
The matrix ð � � ð 1 ���� is called the matrix of (POPULATION) REGRESSION COEFFICIENTS.
Theeffectof observing� � is to adjustthemeanof � � , andto reducetheuncertainty.

We might imaginethat,if C �/��������� C�� all have normaldistributions,thentheir joint distribution
is multivariatenormal.In factis not necessarilythecase.
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1.4 Probability modelsand statistical methods

Sofar, we have compileda list of usefulresultsin probabilitytheory. We now review someof the
ideasthatareneededto applytheseresults.

1.4.1 Overview of probability modelling

Usually, climate investigationsinvolve analysisof information, in the form of data. Thereare
two stagesto any analysis:the first is to describethe structuresin the dataandthe secondis to
interpretthem.Weareconcernedhereprimarilywith interpretation,althoughdescriptionis equally
important(without acleardescriptionof structure,interpretationis impossible).

We will assumethatour informationis a setof numericalobservations j �_��������� j 0
. Theseare

typically measurementsof somevariableof interest,andcanbeassembledinto a singlevector ò .
Usually, eachj is associatedwith correspondingvaluesof othervariables,say à�ý �Eþ ��������� à�ý � þ , and
we want to learnhow the à s affect j . Formally, we regardthe ò s ashaving beenproducedby a
DATA GENERATING MECHANISM, in whichthe à splayapart.Weaimto discoverthismechanism.

The fundamentalideabehindthe methodsin theselecturesis that ò is theobservedvalueof
a vector, � , of randomvariables.In otherwords,for theparticularsetof à s thatwereobserved,
we couldhave observedmany different ò s. This approachdoesnot excludethefact that thedata
generatingmechanismmaybepurelydeterministic— this wasdiscussedearlier, in Section1.1.2.

Since � is a vectorof randomvariables,it hasa joint distribution (seepage15), with densityv � � � , say. This canbespecifiedby thevaluesof oneor moreparameters.We distinguishbetween
two classesof parameter:‘statistical’ and ‘physical’ (althoughthis distinction may not always
beobvious). A statisticalparametermerelydescribesprobabilitystructure;examplesare Q or ` �
in the parametrisationof the normal distribution. A physicalparameteris usedin a simplified
representationof themechanismgeneratingthe data— gravitationalaccelerationis anexample.
In our probability-basedframework, we physicalparameterswill usuallycontribute to the mean
vectorof thejoint distribution,sincethisisour‘expectation’givenourunderstandingof thesystem.

Thevaluesof someparameters(suchasgravitationalacceleration)maybeknown in advance.
Theremainingunknown parameterscanbeassembledinto avector, ÿ say. In thiscase,thedepen-
denceof the joint density

v � � � upon ÿ canbeemphasisedby writing
v � ��� ÿ �

. Thenour objective,
of discoveringthedatageneratingmechanism,canbere-statedasfollows:

Objective: Given data ò , to specify a suitablejoint density
v � ��� ÿ �

for the underlying
joint distribution,andto learnasmuchaspossibleabout ÿ .

In this context,
v � ��� ÿ �

is a PROBABILITY MODEL for the data. Ideally, its specificationwill
useanunderstandingof theunderlyingmechanismto specifyaplausiblemeanstructure.Thiscan
thenbecombinedwith aknowledgeof probabilitytheoryto selectanappropriatedistribution. For
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example,if the j sareaverages,we mightconsiderusingnormaldistributionsto modelthem.
Learningabout ÿ mayinvolve estimatingits valuefrom theavailabledata,or testingwhether

thedataareconsistentwith someprespecifiedvalue, ÿ Ô say. Severalmethodsmaybeavailablefor
carryingout suchtasks,eachof which yieldsa slightly differentanswer. It is thennaturalto ask:
which methodshouldwe prefer?We now considersomeof the issuesinvolvedin answeringthis
question,beforegiving anoverview of somecommonly-usedmethodsin Section1.4.3.

1.4.2 Estimation and inference— issues

Suppose,for convenience,that thereis a singleunknown parameter, � . Hopefully, this can be
estimatedusingsomefunction of the observations ò . Any function of the randomvector � is
calleda STATISTIC.

Definition: A statistic � �E� �
is anESTIMATOR of a parameter� if its value � # �Ó� ò �

is
usedasanestimateof � .

Sincethe C s arerandomvariables,so is any statistic.Thusany estimator� hasa probability
distribution. Thepropertiesof this distributiondeterminewhetheror not � is a ‘good’ estimator.

Definition: If IJ��� ��# � then � is anUNBIASED estimatorof � . Thedifferencer2��� � � �(#IJ��� � � � is theBIAS of � asanestimatorof � .
An unbiasedestimatorwill give us theright value‘on average’i.e. in a long seriesof experi-

ments.Of course,we only observe ò once! We would like to be fairly surethat � �Kò �
is closeto

theactualvalueof � . Thiswill happenif � is unbiasedandhasa smallstandarddeviation:

Definition: Thedistributionof anestimatoris calledits SAMPLING DISTRIBUTION. The
STANDARD ERROR of anestimatoris thestandarddeviation of thissamplingdistribution.

Theterminologyis potentiallyconfusing,but is usedto emphasisethefact thatwe aretalking
aboutthetypicalmagnitudeof anestimationerror.

Unbiasedestimatorsmaynotbeunique.So,giventwo unbiasedestimators,how dowechoose
betweenthem?Obviously, we want theonewhich is expectedto give thesmallesterror, in some
sense.Onewayof achieving this is via thecriterionof meansquareerror:

Definition: TheMEAN SQUARE ERROR of anestimator� for aparameter� is definedas

MSE��� ��# I � ��� � � � ��� �
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It canbe shown thatMSE��� ��#
Var��� � � � �Tr � ��� � � � . Thereis a tradeoff, in termsof MSE,

betweenbiasandvariance. If we concentrateon unbiasedestimatorsthenthe smallestpossible
MSE is achieved by the estimatorwith minimum variance.However, by consideringestimators
with asmallamountof bias,wemayfind somethingthathasamuchsmallervariancethanthebest
unbiasedestimator, sothatwecanreducetheMSE.

Inter val estimation

Sofar, wehaveonlyconsideredgivingasinglenumberasourestimateof � i.e. aPOINT ESTIMATE.
Of course,sincethe estimateis a realisedvalueof a randomvariableit is unlikely to be exactly
equalto � (in fact, if � �K� �

is a continuousrandomvariable, �.��� �EC ��# � �B#£%
!). In this case,

we might wish to give a range of � valuesasour estimate.Sucha rangeis calledan INTERVAL

ESTIMATE or a CONFIDENCE INTERVAL.
Confidenceintervals areconstructedin sucha way that they have a specifiedprobability of

including the ‘true’ value of � . For example,a 95% confidenceinterval will contain the true
valuewith probability0.95. A 99%interval will includethetruevaluewith probability0.99,and
thereforeneedsto bewider thana95%interval.

Typically, if the varianceof our estimatoris small thenwe will be reasonablysurethat our
pointestimateis closeto � , andwill thereforeourconfidenceinterval will benarrow. On theother
hand,if thevarianceof theestimatoris large thenour confidenceinterval will bewide. Thusthe
lengthof the interval tells us somethingaboutthe precisionof the estimator. Viewed in another
way, it tellsusaboutour uncertaintyregarding � .

Therearevariouswaysof calculatingconfidenceintervalsin practice.The‘obvious’, andmost
common,way is to usetheinterval � � � F *

standarderror
� �

where� is theestimateand
F

is a constant,chosenappropriatelysoasto give theright probability
of includingthetruevalueof � . However, this methodwill only becorrectif thestandarderrorof
anestimatordoesnotdependon � . An alternativemethodis discussedin thenext section.

Hypothesistesting

In someways relatedto the ideaof interval estimationis that of HYPOTHESIS TESTING. This
theorywasdevelopedfor usein controlledexperimentsinvolving simplestructures.The ideais
to testwhetheror not thedataareconsistentwith someprespecifiedvalueof � , say � Ô . Typically,
this is doneby constructinga TEST STATISTIC which is expectedto take ‘small’ valuesif thetrue
valueof � is � Ô , and‘large’ valuesotherwise.

If theobservedvalueof theteststatisticis lessthansomeconstant,	 say, weconcludethatthe
dataareconsistentwith theNULL HYPOTHESIS � # � Ô ; otherwise,we REJECT thenull hypothesis
in favour of an ALTERNATIVE HYPOTHESIS. Thereare two typesof error we canmake in this
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procedure:eitherwe reject the null hypothesiswhenit is true (a TYPE 1 ERROR), or we accept
it whenit is false(a TYPE 2 ERROR). Thevalueof 	 is usuallychosenso that theprobabilityof
makinga type1 error is equalto someprespecifiedvaluesuchas0.05or 0.01. This probability
is calledthe SIGNIFICANCE LEVEL of the test. If the null hypothesisis false,the probability of
makinga type 2 error thendependsuponfactorssuchasthe samplesizeandthe magnitudeof
thedifferencebetween� Ô andthetruevalueof � . If á is theprobabilityof makinga type2 error,
thenthequantity

d � á is calledthePOWER of thetest.It measurestheability of thetestto detect
genuinedeparturesfrom thenull hypothesis.

An equivalentapproachto testingis to calculatetheprobabilitythat,underthenull hypothesis,
theteststatisticwill exceedits observedvalue.This probabilityis calledtheOBSERVED SIGNIFI-
CANCE LEVEL or

¤
-VALUE. For a testat the5% level (i.e. wherethetype1 errorrateis 0.05),we

will rejectthenull hypothesisif the
¤
-valueis lessthan0.05.

Supposenow thattwo testproceduresareavailableto us.How dowechoosewhichoneto use?
Fromthediscussionabove,oneapproachwould beto fix asignificancelevel, andthenchoosethe
procedurethathasthehighestpower. We returnto this below.

Althoughhypothesistestingis widespread,in many applicationsit shouldbeusedwith caution.
Thereasonis thatany testingprocedureis designedto answerthequestion‘Is � equalto � Ô ?’. The
answerto this, whenstudyinga complex systemsuchastheclimate,is almostcertainly‘No’. If
we have a largedataset,any powerful testingprocedureis very likely to rejecta null hypothesis,
evenif thedifferencebetween� Ô andthetruevalueof � is verysmall.Theprocedurealsoassumes
thatthereis atruevalueof � , whichwill only bethecaseif datageneratingmechanismfollowsthe
particularmathematicalform thatweareusing!

1.4.3 Estimation and inference— techniques

Finally in this lecture,we introducethreemethodsthatarecommonlyusedto implementtheideas
discussedabove.

Method of moments

The naturalway to estimatethe parametervector ÿ in the probability model
v � �
� ÿ �

is to match
propertiesof the distribution with the correspondingpropertiesof the data. For example,to es-
timate the meanof any distribution we could use

�C # ¦ 1 � � 0�ÚÙ � C �
— i.e. use the meanof

the datato estimatethe meanof the distribution. In somesituations,we may modify the idea
slightly to obtain unbiasedestimators. For example, the obvious estimatorof the varianceof

a normaldistribution is ¦ 1 � � 0�ÚÙ � [ C � � �C ^ �
, but this is biasedso we usuallyusethe estimator� � # �K¦ � d�� 1 � � 0�ÚÙ � [ C � � �C ^ �

instead.� � is calledtheSAMPLE VARIANCE.
Themethodof momentsis usuallyeasyto implement.However, thechoiceof propertiesto use

is not alwaysobvious.A disadvantageis thattwo scientists,analysingthesamedata,maychoose
differentpropertiesandreachdifferentconclusions.In simplecasesthis is not usuallya problem,
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but it canbeamajordrawbackwhendealingwith complex models.

Leastsquares

In caseswherewe wish to modelthemeanstructureof a distribution (i.e. I,�EC � �
dependson ÿ ),

we maywish to chooseÿ soasto minimisethequantity � 0� Ù � �KC � � I,�EC ���Y� �
. Estimatorsderived

in this way arecalledLEAST SQUARES ESTIMATORS. In somesensethey improveuponmoment
estimators,sincethere is no arbitrary choiceof fitting properties. However, the approachcan
only beusedto estimateparametersrelatingto themeanof adistribution. In its simplestform, it is
appropriateonly whenall of the C saredrawn from distributionswith thesamevariance.However,
modificationsexist to dealwith unequalvariances.

If all of the C s have thesamemeanQ , theleastsquaresestimatorof Q is
�C .

Maximum lik elihood

Anotherpossibleapproachto estimationrelieson a very simpleidea:we shouldchoosethevalue
of ÿ which allocatesthe highestprobability to the observations ò . Specifically, we definethe
LIKELIHOOD for ÿ given ò , as � �Eÿ " ò �(#8v � ò � ÿ � �
anddefinetheMAXIMUM LIKELIHOOD ESTIMATE OF ÿ to bethevaluewhichmaximises

� �¯ÿ " ò �
.

Equivalently, it is thevaluethatmaximisestheLOG-LIKELIHOOD UWV � �Eÿ " ò �
. In practice,maximis-

ing U V � �Eÿ " ò �
is ofteneasierthanmaximising

� �Eÿ " ò �
. If the C s areall independentrandomvari-

ablessuchthatthedensityof C �
is

v]� � ��� ÿ �
, thentheir joint densityis just

v �Kò � ÿ �(#� 0� Ù � v]� �Kj � � ÿ �
,

sothatthelog-likelihoodis U V � �Eÿ " ò �(# 0L � Ù � UWV v�� �Kj � � ÿ � �
Wedenotethemaximumlikelihoodestimate(MLE) by


ÿ .
Now considerhow we might usethe likelihoodto form a confidenceinterval for a parameter.

Previously, wesaidthataconfidenceinterval couldbecalculatedas� � � F *
standarderror

� �
Anotherwayof definingaconfidenceinterval is asthesetof all valuesof ÿ for whichthelikelihood
(or, equivalently, thelog-likelihood)exceedssomethreshold.An examplewill begivenin Section
3.2.5.Suchaninterval will only besimilarto the‘obvious’ oneif thelikelihoodis fairly symmetric
aboutits maximumpoint.

Finally, we considerhypothesistesting.In a likelihood-basedframework, we cantestwhether
thedataareconsistentwith anunderlyingvalueof ÿ Ô by examiningtheLIKELIHOOD RATIO � #� � 
ÿ " ò � a � �¯ÿ Ô " ò �

, or its logarithm.By definitionof

ÿ ,
� � 
ÿ " ò � Ñ � �¯ÿ Ô " ò �

. Valuesof � closeto 1
(i.e. valuesof UWV�� closeto zero)areconsistentwith thenull hypothesis;largervaluesarenot.
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Likelihood-basedprocedureshave a numberof appealingproperties.A precisestatementof
theseis lengthyandtheoretical.However, for practicalpurposesthemostimportantonescanbe
summarisedasfollows:

1. In awide classof usefulmodels,maximimumlikelihoodestimatorshave thesmallestMean
SquaredErrorof anyestimator.

2. For suchmodels,likelihood-basedconfidenceintervalsaregenerallytheshortestthatcanbe
found,at aspecifiedconfidencelevel.

3. Themostpowerful testfor distinguishingbetweentwo hypothesesis basedonthelikelihood
ratio (the NEYMAN-PEARSON LEMMA). This meansthat if a weaksignal is presentin a
noisyrecord,a likelihoodratio testmaybeableto detectit whenotherprocedurescannot.

The only disadvantageto likelihood-basedinferenceis that it requiresthe probability modelv � ò � ÿ �
to be completelyspecified. Resultsand conclusionswill dependon this specification,

so we needto ensurethat the model structureis realistic. This canbe achieved by combining
prior knowledgeof the problemwith an understandingof probability mechanismssuchasthose
discussedin Section1.3above.

1.5 Further reading

This lecturehassummarisedanextremelywide rangeof material,andwe will not attemptto give
anexhaustive referencelist. Thereis very little appliedliteraturethatdealswith thegeneralideas
of probabilitymodelling.Thematerialin Section1.4 is quite technical,if treatedthoroughly, and
therearefew accessiblestatisticaltexts that cover it. For this reason,to find out moreaboutthe
generalideasdiscussedin this lecturethebestapproachmaybeto consulta goodundergraduate-
level statisticstext. Rice (1995)andWackerly et al. (1996)areboth excellentexamples.These
bothgivea veryclearaccountof basicprobabilitytheory, aswell asa goodoverview of statistical
methods(includingrelatively accessibleaccountsof thematerialin Section1.4).

Thetheoryof pointprocesses(Section1.3.3)is not coveredin somuchdetail in thetextscited
above. CoxandIsham(1980)giveagoodtheoreticalaccount.Diggle (1983)givesamoreapplied
treatment,focusingprimarily uponprocessesin spaceratherthantime— however, thebasicideas
arethesamein eachcase.

The discussionof the multivariatenormaldistribution (Section1.3.7)closelyfollows that in
Krzanowski (1988).This text is anexcellentintroductionto multivariatetechniquesin general—
includingmany methodswhicharecommonlyusedin climatology.



Lecture2

GeneralizedLinear Models

In thepreviouslecturewe discussedtheneedfor probability-basedmodellingin climateresearch
and gave an overview of someof the issuesinvolved, togetherwith a collection of necessary
backgroundmaterial. In this lecture,we introducea specifictechniquethatcanbeusedto apply
theseideas.

The basicproblemwe consideris to determinehow somequantityof interestis affectedby
otherquantities.Thequantityof interestis calledthe DEPENDENT or RESPONSE VARIABLE, and
theotherquantitieswill bereferredto asEXPLANATORY VARIABLES, PREDICTORS or COVARI-
ATES. For example,we might wantto know if, or how, El Niño affectstropicalcycloneformation
in theNorth-WestPacific. In this casethedependentvariablemaybethenumberof cyclonesin a
year, andthepredictorsareappropriately-chosenEl Niño indices.

The approachdescribedhereis an extensionof the familiar techniqueof linear regression.
However, our view of regressionmaydiffer from thatnormallyencounteredin climateresearch.
We thereforestartby outlining this view.

2.1 Overview of linear regression

In thesimplestcase,linearregressioncanbedescribedasfollows: wehave ¦ pairsof observations§�� à � � j �����  #�d ��������� ¦º¨ , andaplot showsthatthepointsaremoreor lessscatteredaboutastraight
line. Accordingly, wemaydecidethatthedatacanbesummarisedby the ¦ equationsj ��# r Ô ��r � à � � µ � �  #Gd ��������� ¦ � �
where

µ �
is thepredictionerror for the  th point, and r Ô and r � arechosento minimisethesumof

squaredpredictionerrors,� 0� Ù � µ ��
.

This procedureseemssensible,if a little ad hoc. We canmake thingsa little morerigorousif
we try to embedtheprocedurewithin theframework of a probabilitymodel.In mostsituations,if
wehavetwo à valuesthatarethesametheassociatedj valueswill differ, asdiscussedin Lecture1.
Thus j �

canberegardedastheobservedvalueof a randomvariableC �
, whosedistributiondepends

32
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on à �
. An appropriatemodelfor suchasituationmightbeC ��# á Ô ��á � à � ��� � �

wherethe §�� � ¨ areindependentrandomvariableswith zeromeanandcommonvariance( ` �
, say).

Equivalently, wecanwrite IJ�KC ����# á Ô �{á � à �S# Q(��à � �
, say.

If we alsoregardthe à s asrealisedvaluesof randomvariables§]è ���  #¬d � ¦©¨ , we areeffectively
modellingthe conditionaldistribution (seepage16) of C �

given è ��# à �
. If we make the extra

assumptionthatthe §�� � ¨ arenormallydistributed,thenwearepredictingaprobabilitydistribution
for C givenavalueof à — wearesayingthat C � ªMÈ6� á Ô �{á � à � � ` � �

.

2.1.1 Parameter estimation

Thediscussionin Lecture1 suggeststhatwe shoulduseMaximumLikelihoodto estimateparam-
eterswhereverpossible.Sincethe C s areassumedto beindependentof eachother, thelikelihood
is just theproductof theindividualdensities(seeSection1.4.3)i.e.� �Ká Ô � á �/� ` � � ò �(# 0��ÚÙ � ° d½ &2¾ ` � ¿/À�ÁØÂ � � j � � á Ô � á � à �K� �& ` � Ä ± �
from thedefinitionof thenormaldensityin Section1.3.4.Thelog-likelihoodis thereforeUWV � �Ká Ô � á �_� ` � � ò �(# 0L � Ù � ° � d& UWVf` � � � j � � á Ô � á � à �K� �& ` � ± � constant.

To maximisewith respectto á Ô and á � , we calculate� U V � a � á Ô and � UWV � a � á � , setto zeroand
solve to obtainestimates


á Ô and

á � , say. It is clear, from the log-likelihood,that theseestimates

do not dependon ` �
. In fact, the only part of the log-likelihoodwhich contributesto estimation

of á Ô and á � is
� � 0�ÚÙ � �Kj � � á Ô � á � à �K� � � which wearetrying to maximise.This is equivalentto

minimising � 0�ÚÙ � �Kj � � á Ô � á � à ��� �
i.e. to LeastSquaresestimation.So,if weassumeanunderly-

ing normalprobabilitymodel,the‘obvious’ LeastSquaresprocedureyieldsMaximumLikelihood
estimates— andis thereforeoptimal from a varietyof viewpoints,asdiscussedin Section1.4.3.

Thequantity � 0�ÚÙ � [Yj � � 
á Ô � 
á � à � ^ �
is calledtheRESIDUAL SUM OF SQUARES (RSS).

A MaximumLikelihoodestimatorof ` �
canbeobtainedsimilarly — it dependsonRSS.In fact

this estimatoris biased,andis usuallyadjustedto accountfor this. We will not discussestimation
of ` �

furtherhere.In thenext sectionwe will assumeits valueis known, sincethis simplifiesthe
discussionanddoesnot substantiallyaffectany of thetheory, at leastfor largesamples.

2.1.2 Hypothesistesting

Supposenow that,knowing thevalueof ` �
, wewishto testthenull hypothesis� Ô � á � #8%

against
thealternative � � � á ���#8%

. Thescientificquestionbeingaskedhereis: is thereany evidencefor a
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genuinelinearassociationbetweenthe j sandthe à s?Thestandardwayof doingthis is to examine
theratioof


á � to its standarderror. If thisratio is smallerthansomecritical value,weconcludethat
the dataareconsistentwith an underlyingprocessin which thereis no association.The critical
valuedependson the significancelevel of the test. For a testat the 5% level (i.e. suchthat the
probability of rejecting � Ô whenit is true is 0.05), it is 1.96. When ` �

is unknown, the critical
valuealsodependson thesamplesize,but it is usuallyaround2 for a testat the5% level.

An alternativetestprocedureis basedonthelikelihoodratio(seeSection1.4.3).Under � Ô , the
log-likelihoodis 0L�ÚÙ � ° � d& U Vf` � � �Kj � � á Ô � �& ` � ± � constant,

andin this casethemaximumlikelihoodestimateof á Ô is just thesamplemean
�j . The log likeli-

hoodratio statisticis thenU V�� # 0L �ÚÙ � ° � d& UWVf` � � �EC � � 
á Ô � 
á � à �K� �& ` � � d& UWVf` � � �KC � � �C � �& ` � ±# d& ` � ° 0L �ÚÙ � �EC � � �C � � �
RSS± �

Therearetwo pointsto notehere:

1. The first term in the observed valueof this statisticis proportionalto the samplevariance
of the j s (seepage29). The residualsum of squaresis the amountof variation that is
unexplainedby the regression.The likelihoodratio statisticis thereforecloselyrelatedto
the proportionof varianceexplained(i.e. the COEFFICIENT OF DETERMINATION, usually
denotedby � �

).

2. Considertheexpressionfor & UWV�� :

& UWV�� # 0L �ÚÙ � ° C � � �C` ± � � RSS` � �
This lookslike thedifferencebetweentwo sumsof squaresof normally-distributedrandom
variables.We expect,from Section1.3.5,thateachsumof squareswill have a chi-squared
distribution. Underthenull hypothesis,this is indeedthecase— thefirst termis distributed
asÛ �021 � , thesecondas Û �0c1 � , andthedifferencebetweenthemas Û � � . Wewill thereforeaccept� Ô at the95%level if & UWV�� is lessthanthe95%point of a Û � � distribution (which is 3.841);
andat the99%level if & UWV��	p =��<@?@ d

.

Finally, in this section,we introducetheconceptof DEVIANCE. This maybethoughtof asa
measureof discrepancy betweenthefitted modelanda ‘perfect’ model. By a perfectmodel,we
meanonein which eachj valueis perfectlypredicted(i.e. in which IJ�EC � �$# j �

). In this case,the
log-likelihoodis 0L �ÚÙ � ° � d& UWVf` � � �Kj � � j ��� �& ` � ± � constant

# � ¦ & UWVf` � � constant.
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Thediscrepancy betweenour fitted modelandaperfectmodelcanbemeasured,in theusualway,
by examiningtheratio of likelihoods— or twice its logarithm(!).Thestatisticis

&�� � ¦ & UWVf` � � constant � & 0L �ÚÙ � ° � d& UWVf` � � �EC � � 
á Ô � 
á � à �K� �& ` � � constant±# 0L �ÚÙ � �KC � � 
á Ô � 
á � à � � �` � # RSS` � # !
, say.

Thestatistic
!

is calledthe SCALED DEVIANCE. Thequantity ` � !
(hereequalto RSS)is called

theDEVIANCE. If thefitted modelis correct,thescaleddevianceis distributedas Û �0c1 � .
The importantmessagefrom this sectionis that commonconceptsfrom the commonLeast

Squaresapproachto regressionhavebeenembeddedwithin theframework of aprobabilitymodel,
andinterpretedvia a likelihood-basedapproachto inference.This suggestshow the ideasof re-
gressionmaybeextendedto situationswherethe C s havedistributionsotherthanthenormal.

2.2 The extensionto GeneralisedLinear Models

Supposenow we have a vectorof randomvariables� # �KC �_��������� C 0A� �
. Associatedwith C �

is a
vectorof

¤
predictorvariables: " ��# ��à � ����������� à � � � �

. Let Q ��# IT�KC � " " � �
. Thena GENERALIZED

L INEAR MODEL (GLM) for � canbespecifiedby choosinga family of probabilitydistributions
(e.g.Poisson,normalor gamma)for the C s,andsettingR�� Q � ��# á Ô �{á � à � � � ����� �{á4��à � � #$#c�

,say,

whereRS� � � is a monotonicfunctioncalledtheLINK FUNCTION, and % is a
¤ø*6d

vectorof param-
eters.

#2�
is calledtheLINEAR PREDICTOR.

Example2.1: Thelinearregressionmodelof theprevioussectionis aGLM. In thiscase,the C s
areall normallydistributed,and

#2��# Q �S# á Ô ��á � à �
, sothatthelink functionis theidentity.

�
Example 2.2: Supposethe C s areBernoulli randomvariables(seeSection1.3.1),with Q �®#IT�EC � �$# ��� C �S#Gd]�

. In this case,it doesnotmakesenseto write a linearequationsuchasQ ��# á Ô ��á � à � � � ����� ��á4��à � � �
sincewe know that Q �

must lie between0 and1. Therefore,we usuallyapply a transformation
which mapsthe interval » % � d ã to the whole real line. Varioustransformationsarepossible:per-
hapsthemostcommonis the logistic transformRZ�KQ ���Z# U VB�KQ � aX� d � Q ���O�

. This givesrise to the
LOGISTIC REGRESSION MODELUWV ° �!�EC �S#Gd��d � �!�EC ��#�d�� ± #&#2��# á Ô �{á � à � � � ����� ��á4��à � � �
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Distrib ution Canonical link NuisanceparameterÈi� Q � ` � � R�� Q ��# Q ' # ` ��®·����Q � RS� Q ��# UWV�Q ' #Gd
Ð ° Ì � ÌQ ± RS�KQ ��# Q 1 � ' # Ì 1 �
« µ ��� Q � R�� Q ��# U V ° Qd � Q ± ' #Gd

Table2.1: Examplesof canonicallink functionsandnuisanceparameters.Referto Section1.3for
detailsof theparameterisationsusedhere.

Herethelink functionis thelogistic transform.Oncewe know
#2�

we canfind Q �º# ���KC ��#Gd���#µ)(+* aX� d � µ)(+* �
; thenthedistributionof C �

is « µ �f�KQ ���
.

�
In practice,the link function is usually chosento ensurethat any restrictionson valuesof

the fitted meansareautomaticallysatisfied(as in the logistic regressionexampleabove). Apart
from this, theremay be physicalreasonsfor choosinga particularlink function; however, often
the choiceis madepurely for convenience.Many softwarepackagesusedefault link functions
(whichcanbechangedby theuser).Unfortunately, thesedefaultsarechosenfor theirmathematical
elegance,whichis notalwaysthesameaspracticalusefulness!They arereferredto asCANONICAL

LINKS. For our purposes,the only problemcaseis the gammadistribution, wherethecanonical
link is RS�KQ ��# Q 1 � . Useof this link functiondoesnot guaranteethat thefitted meanswill all be
positive,andin applicationsit is farmorenaturalto usethelink RS� Q �m# U VfQ instead.

In additionto the á s,mostGLMs requireadditionalparametersto beestimated;thesetypically
specify the variancestructure,andareassumedto be constantfor all cases.For example,in a
normaldistribution we needto estimatethevariancè

�
andin a gammadistribution (seeSection

1.3.5) we needto estimatethe shapeparameterÌ . We refer to suchparametersas NUISANCE

PARAMETERS, anddenotethemby ' . In the literature,andin softwarepackages,they areoften
calledSCALE PARAMETERS (whichis confusingfor thegammadistribution!). Somedistributions,
suchasthePoissonandBernoulli distributions,do not have nuisanceparameters.In suchcases,
we take ' #Gd

. Table2.1givesnuisanceparameters,andcanonicallinks, for a few distributions.
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2.2.1 Infer enceand lik elihood theory

Givenadatavector ò , the á sin aGLM maybeestimatedby MaximumLikelihood.Thisis usually
doneusing ITERATIVE WEIGHTED LEAST SQUARES, which is an efficient numericalalgorithm
that works for a wide rangeof usefuldistributions(thesearedistributionsin the EXPONENTIAL

FAMILY). Likelihoodtheorycanthereforebeappliedto problemssuchashypothesistestingwithin
theGLM framework.

Typically, softwarepackageswill outputparameterestimatestogetherwith their standarder-
rors. Thesecanbe usedto obtainapproximateconfidenceintervals for eachof the parameters,
andto testhypothesesin thesameway asfor linearregression(discussedin Section2.1.2above).
However, theresultsof sucha procedureshouldbeinterpretedwith extremecautionwhentwo or
morepredictorsarehighly associated.Wewill seeanexampleof this in thefirst casestudybelow.

In general,it is betterto uselikelihoodratio teststo assessthesignificanceof predictors.The
theoryis a directextensionof thelinearregressioncasediscussedin Section2.1.2above. Specifi-
cally, wesupposethatthelinearpredictorin ourmodelhastheform#c�S# á Ô ��á � à � � � ����� �{á4��à � � �
andwe wish to testthenull hypothesis� Ô � á-, � � # á-, � � # ����� # á4� #}%

, for some. p ¤
. The

likelihoodratio testprocedurein this caseis:

1. Fit the REDUCED MODEL (i.e. themodelcontainingthefirst . predictors)usingMaximum
Likelihood;denotetheresultinglog-likelihoodby UWV � Ô .

2. Fit themodelcontainingall of the à s,anddenotetheresultinglog-likelihoodby U V � � . This
will neverbelessthan UWV � Ô .

3. Calculatethe likelihoodratio teststatistic & UWV�� # & ��UWV � � � UWV � Ô � . If this is larger than
theappropriatepercentagepointof a Û �

distributionwith � ¤ � . � degreesof freedom,reject
thenull hypothesis;otherwiseacceptit.

Unlessthe C s arenormallydistributed,the Û �
distributionhereis actuallya large-sampleapprox-

imation.However, in climatology, mostdatasetsaresolargethattheresultis almostexact.
To uselikelihoodratio tests,we needto decideupona sensiblehierarchyof models,because

two modelscanonly becomparedif oneis a specialcaseof theother. This requiresthemodeller
to think rathercarefullyabouta problembeforestartingto testhypotheses.In climatology, there
is often a naturalhierarchyof models,basedon our understandingof climatic processes.For
example,we maybe interestedin investigatingtheeffect of El Niño uponrainfall in China. We
know that rainfall varieswith locationandseason:therefore,we shouldaccountfor theseeffects
beforewe begin to studytheeffect of El Niño. A sensiblestrategy in this casewould beto build
a ‘simple’ model that accountsfor seasonalityandregional variation; andthento comparethis
with an extendedmodel that incorporatesthe effectsof El Niño. Wheninterpretingthe results,
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however, we shouldbearin mind thecommentsmadein Section1.4.2abouttheappropriateness
of hypothesistestingin complex systems,especiallywherelarge datasetsareinvolved. Usually,
wewill needto exercisesomedegreeof scientificjudgementin suchsituations.

Many softwarepackagesdo not outputlog-likelihoodsdirectly; rather, they outputdeviances.
As definedin theprevioussection,thescaleddeviancefor amodelis definedas!¢# & ��UWV ��/ � UWV � � �
where

��/
is the likelihoodfor a FULL MODEL in which we set Q �f# j �

, and
�

is the likelihood
for the model underconsideration.Testsbasedon the scaleddevianceare directly equivalent
to thosebasedon the likelihood ratio statistic. However, software packagesusually report the
unscaleddeviance.This is definedas


' ! , where

' is anestimateof thenuisanceparameter. The

reasonis that,for smallsamples,estimationof ' canaffect the Û �
distribution theoryuponwhich

likelihoodratio testsarebased. We do not discussthis further here: it is mentionedmerely to
aid understandingof softwareoutput! For distributionswithout a nuisanceparameter, suchasthe
PoissonandBernoulli,thescaledandunscaleddeviancesareidenticalandÛ �

testingisappropriate.
The devianceis equivalent to the residualsumof squares(RSS)in a linear regression.For

thisreason,proceduressuchasAnalysisof Variance(whichdescribeshow differentpredictorsin a
regressionaccountfor thevariability in the C s)aregeneralisedto ‘Analysisof Deviance’in GLMs.

2.3 Intr oduction to casestudies

We have now coveredall of thenecessarytheoreticalbackground.To illustratetheideas,we next
introducefour climatologicalcasestudies,andconsiderhow theGLM approachmaybeappliedin
eachcase.At present,we focuson generalissuessuchaschoiceof distributionandpredictors.

2.3.1 Casestudy 1: Tropical cyclonesin the North-WestPacific

The first study is an extremelysimple example. It hasbeenchosenbecauseit providesa nice
illustration of the ideas,on a small dataset.Figure2.1 shows numbersof tropical stormsin the
North-WestPacific Ocean,for eachyearbetween1959and2000. ‘Tropicalstorms’areclassified
as eventswith a maximumwindspeedabove 17 ms

1 � ; ‘typhoons’ as eventswith a maximum
windspeedover 33 ms

1 � ; and‘intensetyphoons’aseventswith a maximumwindspeedover 49
ms

1 � . The intensetyphoonrecordstartsin 1972, becausethe Dvorak techniquefor assessing
maximumwindspeedswasnot availablebeforethis. The datain this figure canbe downloaded
from thewebsitefor this lectureseries1.

It is well known thatthestateof El Niño in any yearis relatedto tropicalstormactivity in the
North-WestPacific the following year. This canbe seenin Figure2.2, in which the numberof
typhoonsin eachyearis plottedagainsttheNiño3 anomalyfor eachmonthof theprecedingyear.

1http://www.tea.ac.cn/chinese/meeting/s tudy1 /stud y1.htm l.
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Figure2.1: Annualnumbersof tropicalstormsin theNorth-WestPacific,1959–2000.

Thesamplecorrelationcoefficientsfor eachplot arealsogiven.Within our probabilitymodelling
framework, theseareestimatesof ‘true’ underlyingcorrelationcoefficientsasdefinedon page16.
For eachplot, we have also testedthe hypothesisthat the ‘true’ underlyingcorrelationis zero.
The

¤
-valueoneachplot is supposedto representtheprobabilityof obtainingacorrelationat least

aslarge asthe oneobserved, if thereis no relationship.On this basis,it appearsthat significant
relationshipsexist for all monthsbetweenJuneandDecember. Theserelationships,togetherwith
othersthatarenot consideredhere,maybeexploitedin seasonalforecastingmodels.

However an analysisvia correlationsis no more thana usefulstartingpoint. If we wish to
constructseasonalforecasts,we mightaskthefollowing questions:

1. TherelationshipbetweenNiño3 valuesandstormnumbersis clearbut weak.Therefore,any
seasonalforecaststhatjustusetheserelationshipswill beimperfect.How canuncertaintyin
theforecastsberecognised,while at thesametimeproviding quantitative information?

2. Niño 3 valuesin successive monthsarehighly correlated.Given this, how many months’
Niño3 valuesshouldwe includein our forecastingmodel?

3. Is thereany evidenceof systematicstructurein stormnumbers,thatis attributableto factors
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Figure2.2: Annualtyphoonnumbersversuspreviousyear’s monthlyNiño3 anomalies.
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otherthanEl Niño?

We will tackle this problemwithin the GLM framework. The responsevariablehereis the
annualnumberof typhoons,andthe potentialpredictorsare the twelve Niño 3 valuesfrom the
previous year. We needto choosea suitableprobability distribution for tropical stormnumbers.
Theobviouscandidate,asdiscussedin Example1.7on page21, is thePoissondistribution,since
tropical stormscanbe regardedasarisingfrom a ‘thinned’ processof easterlywaves. As a pre-
liminary checkthat this is reasonable,we canplot out histogramsof stormnumbers.Theseare
presentedin Figure2.3, for eachof the stormcategories. Onevery quick checkon the Poisson
assumptionat this stageis to seewhetherthesamplemeansandvariancesof stormnumbersare
approximatelyequal. For the ‘tropical storms’category, in Figure2.3, thevarianceis somewhat
lessthanthemean;however, for theothertwo categoriesthemeanandvariancearesimilar.

In Section2.7,wewill returnto thisexampleandusethesoftwarepackageRto fit someGLMs.

2.3.2 Casestudy 2: Daily rainfall in Western Ir eland

TheGalwayBayareaof WesternIreland(seeFigure2.4)experiencesfloodingeverywinter. How-
ever, this flooding wasexceptionallyseverein the wintersof 1990,1991,1994and1995. Prior
to the1990s,floodingon this scalehadoccurredon averageevery 30 years.After the1991flood
event,theIrish Governmentcommissionedanextensivestudywhoseaimswere:

1. To assesstheextentto which thefloodingwascausedby abnormalrainfall, ratherthanother
factorssuchaschangesin landuse;

2. To determinewhetheror not rainfall patternsin theareaarechangingsystematically;and

3. To explore a varietyof engineeringsolutionsto the flooding problem,anddeterminetheir
likely effectiveness.

For this study, daily rainfall datawereavailablefrom raingaugeswithin thestudyarea,for the
period1941–1997.To assessthelikely effectivenessof engineeringsolutions,it wasnecessaryto
estimatetheprobabilityof largefloodsrecurring,andto generatesyntheticdaily rainfall seriesfor
input to hydrologicalandhydrogeologicalmodels.

Figure2.5 shows the time seriesof winter (December, JanuaryandFebruary)rainfalls over
theGalway Bay area.It is clearthatwinter rainfall wasexceptionallyhigh in theflooding years
(especially1994and1995),andthatwinter rainfallsseemto have increasedin the1990s.Thereis
thereforesystematicstructurein therainfall record,which is associatedwith severeflood events.

Unfortunately, thisstructureis difficult to detectin thedaily rainfall record,whichis verynoisy
(only 1.2%of thevariability is associatedwith seasonality!).Ideally, any analysisof changingcli-
matein thisareawouldbebasedondataatmonthlytimescalesor longer, to smoothout thisnoise.
However, theneedfor syntheticdaily rainfall seriesmeansthatultimatelya studyof daily rainfall
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Figure2.3: Distributionsof annualnumbersof tropicalstorms,typhoonsandintensetyphoonsin
theNorth-WestPacific,1959–2000.
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Figure2.4: Locationof theGalwayBay studyareawithin Ireland.

is required. GeneralizedLinear Modelsareableto identify weaksignalsin noisy data(because
they uselikelihoodmethodsin a probability-basedframework), andarethereforeparticularlyap-
propriatefor thiskind of problem.

Themodellingof daily rainfall is complicatedby thefactthatthedistributionhasa mixtureof
discreteandcontinuouscomponents.Within theGLM framework, thiscanbeovercomeby fitting
two models.Thefirst is usedto predicttheprobabilitythatrain will occurat a siteon agivenday,
andthesecondto predictadistribution for theamountof rain if non-zero.

To modeltheprobabilityof rain,it is naturalto uselogisticregression(seeExample2.2above).
It is harderto choosea suitabledistribution for the amountof rain on wet days— thereis no
‘obvious’ physicalmechanismthatsuggestsa suitablecandidate.However, thegammafamily of
distributionsprovidesa flexible classof modelsfor positive-valuedrandomvariables(seeFigure
1.3),andsoit is naturalto work with this family.

At thispoint,weshouldrecallfrom Section2.2thatwhenusingGLMs weusuallyassumethat
the nuisanceparameter' is commonto all observations. For the gammadistribution, ' # Ì 1 �
(seeTable2.1). In Section1.3.5,we saw that thecoefficient of variationof a gammadistribution
is Ì 1 � Þ � . Hence,if weuseagammaGLM with constantÌ , weareassumingacommoncoefficient
of variation for all of the observations. Before we start, we shouldcalculatethe coefficient of
variationfor subsetsof thedata(e.g. for eachmonth,or eachsite), to checkthat this assumption
is reasonable.For this particulardataset,thecoefficient of variationin daily rainfall doesindeed
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Figure2.5: Meandaily winter rainfall amountsfor GalwayBayarea,1941–1995.

appearconstantover monthsandbetweensites. Indeed,this is a featurethat is oftenobservedin
daily rainfall data,from all over theworld (providing theareaof interestis not too large).Thereis
no obviousphysicalexplanationfor this,but it is veryconvenient!

Predictorswhich may affect daily rainfall includeseasonality, altitudeand ‘external’ factors
suchastheNorth Atlantic Oscillation(NAO). Someof thesepredictorsmayhave variableeffects
— for example,the dominantimpactof the NAO is known to be in the winter months. Finally,
we mentionthat typical daily rainfall sequencesareautocorrelatedin time, so that the individualC valuesin a GLM cannotberegardedasindependent(this is usuallyrequired,in orderto write
down andmaximisea likelihood).Wereturnto thesepointsin Section2.4below.

2.3.3 Casestudy 3: Mean monthly temperaturesin the USA

Our third casestudyusesGLMs to studyclimateat a continentalscale. The aim is to develop
a model for monthly meantemperaturesat any location in the USA. Temperaturedatafor the
period1948–1997areavailablefrom 2600weatherstations.Thedatasethasa total of 1,560,000
observations.

It is naturalto usethenormaldistributionto modelmonthlymeantemperatures,becauseof the
CentralLimit Theorem(seeSection1.3.4).A GLM usingthenormaldistributionis justastandard
multiple regressionmodel.By incorporatingpredictorsrepresentingseasonaleffectsandregional
variability, wecanspecifydifferentnormaldistributionsfor eachobservationin thedataset.
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Figure2.6: Seasonalvariationof monthlytemperaturestatisticsin theUSA.

Thereis aproblem,however. As describedin Section2.2above,in GLMs it is usuallyassumed
thatthenuisanceparameteris constantfor all observations.Thevalidity of thisassumptionshould
becheckedbeforestartingto developmodels.Simpleplotsaresufficient to demonstratethat the
assumptiondoesnot hold. For example,Figure2.6shows that thestandarddeviation of tempera-
turesis lower in thesummermonthsthanin winter. Similarplotsshow thatthestandarddeviation
alsovarieswith factorssuchaslatitude.

Oneapproachto thisproblemwouldbeto workwith standardisedtemperatureanomaliesrather
than actual temperatures.This techniqueis commonlyusedin climatology. In this particular
casewe might calculate,for eachsite,a separatemeanandstandarddeviation for eachmonthof
the year; then transformeachdatavalueusing thesemeansandstandarddeviations,so that all
systematicseasonalandregionalvariability hasbeenremoved.

From the viewpoint of probability modelling, the ideaof working with anomaliesis not al-
togethersatisfactory, and may lead to under-representationof uncertainty. This is becausethe
approachis effectively fitting a modelwith a separatemeanandvariancefor every singlesiteand
month— in this case,whenwe have 2600sites,this ‘model’ has 4658767:9�;<4>=@?A;<46787 parameters
representingmeantemperaturestructure,and a further 31200parametersrepresentingvariance
structure. From a statisticalviewpoint, this meansthat 62400parametershave beenestimated!
Withoutaproperanalysis,wedonotknow whatimpactthiswill haveuponourconclusions,but it
is anissuethatshouldbeinvestigated.
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Fortunately, within theGLM framework it is possibleto dealwith changesin bothmeanand
variancein an elegantmanner, at leastwhenwe areworking with normaldistributions. The ap-
proachrelies upon a numberof resultsfrom Lecture1: the varianceof any distribution is the
expectedsquareddeviation from its mean(Section1.2.3); any normal randomvariablecan be
transformedto a standardnormalrandomvariableby suitablescaling(Section1.3.4); thesquare
of a standardnormalrandomvariableis distributedas BDC E by definition;andthe BDC E distribution is
equivalentto thegammadistribution with shapeparameterequalto ;<F84 (Section1.3.5). To sum-
marise: If GIHKJMLONQPSRTCVU then LOGXWYNDU�CZH\[^] EC P<L_4`RTCVUba E+c . As a resultof this, we canmodel
boththemeanandthevarianceof monthlytemperaturesusingacombinationof models.Weusea
normalmodelto specify NTdT=$eYLOGfdgUh=$i-jlk mnoqp E i obrso dTP
anduseagammamodelwith known shapeparameterto specify RTCd =&e ] LtG-dfW�NTd�U C c . In theGLM
framework, R Cd is allowed to dependon variousotherpredictors,u E dvP�w�w)w)Pqu)x_d say(which may or
maynot bethesameasthe r s usedin themodelfor NTd ) in suchaway thaty ] R Cd c =&zsjlk xnoqp E z o u o d{P
wherethe z s area furthersetof coefficientsto beestimated,and

y L�w|U is a monotonicfunction. In
this case,we have chosen

y L�R{Cd U}=~R�dQ� y L r U�=�� r , on thebasisof otherpreliminaryanalyses
whicharenot reportedhere.

This modelling approachhasthe disadvantageof being computationallyintensive. This is
becausethe Maximum Likelihoodestimatesof the i s in the model for NTd dependon the values
of RTCd for all casesin thedataset(in fact, the i s areestimatedby WeightedLeastSquaresin this
case,wheretheweightsareinverselyproportionalto theassociatedvariances).However, in order
to specifythevalueof R{Cd we needto know thevaluesof the z s. Thesecanonly beestimatedby
fitting a modelto the squarederrors �-LtG-dfW�NTd�U C���� =@;8P�w�w�w�PS�Q� , which arethemselvesunknown
becausewe don’t know the valuesof the N s! An iterative approachto modelfitting is required.
Thealgorithm,whichyieldsMaximumLikelihoodestimatesof all parameters,is:

1. Startby assumingthatall variancesareequal.

2. UseWeightedLeastSquaresto estimatethe i s in themeanpartof themodel. Theweight
for the � th caseis �R a Cd , where �R Cd is thecurrentestimateof thevariance.

3. Use the estimatedi s to calculatethe estimatedmeans�l�NTd �8� =�;8P�w�w)w�PS��� . Calculatethe
correspondingsquarederrors � LtG-dfW��NTd�U C���� =@;6P�w�w�w�PS� � , and estimatethe z s from these
usingagammaGLM with shapeparameterfixedat ��= EC .

4. If thechangein all parameterestimatesis ‘small’, stop;otherwisego backto step(2).
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This procedureis non-standard,and someprogrammingis requiredto implementit in any
softwarepackage.However, theextraeffort is worthwhilesinceall theusualbenefitsof GLMs are
availableto us— likelihoodratio testsfor determiningthesignificanceof predictors,confidence
intervalsfor every parameterin themodel,anda completelyspecifiedprobabilitydistribution for
eachobservation. Theresultingmodelis far moreparsimoniousthanthatunderlyingthe‘climate
anomaly’approach(themodelwediscussin Lecture3 contains139parametersinsteadof 62400),
andcanbe usedto specifyprobability distributionsfor monthly temperaturesat locationswhere
no datahavebeenobserved.

2.3.4 Casestudy 4: Daily Maximum Windspeedin the Netherlands

The final casestudy is similar to CaseStudy 2 above. The aim is to provide dataand some
specimenanalyses,for a realisticclimatologicalexample(in contrastto CaseStudy1, which is
rathersimple).

The studyis concernedwith windspeedsin the Netherlands.Large areasof this countryare
below sealevel, andareprotectedby a systemof dikes. Thesedikesarecontinuallyattackedby
waves,andit is necessaryto continuallymonitor the risk of dike failure. The main risk of dike
failureoccursduringhighwinds,sincethesecauselargewaves.It is thereforeof particularinterest
to studyextremewindspeeds.

For thisstudy, weusedaily windspeeddatafrom 9 sites,eachof whichhavecontinuousrecords
from 1961-1998.Eachdaily valueis the largestof 4 instantaneoushourly valuesat times0600,
1200,1800and2400,andis referredto astheDaily MaximumWindspeed(DMWS). Thesitesare
listed,togetherwith somesummarystatistics,in Table2.2. Bubblemaps,showing themagnitude
of the statisticsfor eachlocation, are given in Figure 2.7 (the larger the circle, the larger the
value being represented).The datahave beenstrictly pre-processedby the Royal Netherlands
MeteorologicalObservatory, to remove inhomogeneities,andareof extremelyhigh quality. They
canbedownloadedfrom thewebsitefor this lectureseries2.

Thedaily statisticsin Table2.2(includingthemean)areself-explanatory. Theannualstandard
deviation is computedfrom the time seriesof annualmeanDMWS at eachsite, andprovidesa
backgroundagainstwhich thevaluesin the ‘Decadaltrend’ columncanbe judged.Thesevalues
are obtainedby fitting a straight line throughannualtime seriesplots at eachsite using linear
regression;they representthedecadalchangein meanwindspeedaccordingto this fitted line.

Onceagain,suchproceduresareonly a first stepin a full analysis. Summarystatisticscan
only giveapproximateindicationsof structure,sincethey ignoreall of theotherfactorsthataffect
windspeeds.However, they areusefulfor exploratorypurposes.For example,Figure2.7 shows
a lot of spatialstructurein all of thesummarystatistics— windspeedsnearthecoastarehigher,
andmorevariable,thanthoseinland. Also, windspeedsat coastalsitesappearto have increased
between1961–1998,while thoseat inland locationshave decreased.This patternis not dueto

2http://www.tea.ac.cn/chinese/meeting/s tudy4 /stud y4.htm l.
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Site name Mean
Daily standard
deviation

Daily coefficient
of variation

Annual standard
deviation

Decadal
tr end

Ijmuiden 8.44 3.36 0.40 0.38 0.28
Schiphol 7.24 3.08 0.43 0.35 -0.06

Soesterberg 6.05 2.50 0.41 0.33 -0.06
Eindhoven 6.37 2.74 0.43 0.43 -0.30

DeBilt 5.68 2.39 0.42 0.37 -0.09
Deelen 6.61 2.74 0.41 0.35 -0.24
Eelde 6.51 2.75 0.42 0.37 0.20

Vlissingen 7.23 3.00 0.41 0.34 0.09
Gilze Rijen 6.27 2.61 0.42 0.35 -0.15

Table2.2: Summarystatisticsfor DMWS series(msa E ) from 9 sitesin theNetherlands.
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Figure2.7: Regionalvariationof summarystatisticsfor DMWS in theNetherlands.
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inhomogeneitiesin the stationrecords(a comparisonwith NCEP windspeeddataover Europe
supportsthis). Whatis interestinghereis thecontrastin DMWS regimesoverasmallarea.

If we wish to analysethis datasetwithin the GLM framework, we needto specifya suitable
family of probabilitydistributionsfor DMWS. Historically, windspeedshaveoftenbeenmodelled
usingtheWeibull distribution, but themotivationfor this is weak(seeSection1.3.6). Moreover,
theWeibull is not a memberof theexponentialfamily of distributions(seeSection2.2.1above),
sothatstandardnumericaltechniquescannotbeapplieddirectly to maximisethelikelihoodin this
case3. Amongthedistributionscommonlyusedfor GeneralizedLinearModelling, thegammais
themostnaturalcandidatehere,sinceit offersaflexible rangeof shapesfor dealingwith positive-
valuedvariables. To usegammaGLMs, we needto assumethat the coefficient of variation is
constantas in CaseStudy2 above. Table2.2 shows that this assumptionappearsreasonable,at
leastacrossdifferentsites.

To predicta probabilitydistribution for DMWS we might considerusingpredictorsrepresent-
ing seasonalvariability, locationeffectsandlong-termtrends(possiblyrepresentedvia ‘external’
factorssuchastheNorth Atlantic Oscillation,which areexpectedto controlsomeaspectsof Eu-
ropeanclimate).However, weneedto allow trendsto varysystematicallybetweensites.

2.4 Commonfeaturesof climate-relatedproblems

Thesecasestudiesillustratea varietyof featurescommonlyencounteredin climatologicalprob-
lems.Wenow summarisethese,anddiscusshow they maybedealtwith in theGLM framework.

2.4.1 Autocorrelation in time

Inferencefor GLMs is carriedout using Maximum Likelihood. We thereforeneedto be able
to write down a realistic joint density for the observations,as definedin Section1.4.3. If the
observationsare all independent,this is straightforward sincethe joint density is a productof
individualterms.However, theassumptionof independencedoesnotholdfor many climatological
timeseries.This is especiallytruefor daily seriessuchasthosein CaseStudies2 and4. Suppose,
then, that our datavector � arisesasa time series. In this case,the GeneralisedMultiplication
Law (page11) tells usthatthecorrespondingjoint densitycanbewritten, in anobviousnotation,
as �>LO���V�{U^= � E LO� E �V�{U�9Y� C LO� C`� � E �V�{U�9�w)w�wQ9Y���}LO��� � � E Pq� C P)w�w�w)Pq�`� a E �V�{U i.e. as a productof
conditionaldensities.Thelog-likelihoodis then ¢¡}£ Lt� � �¤Uh= �nd p E  ¢¡ �<d¥L��`d � � E P�w�w�w�PS�`d a E �V�{U:w
Thepoint of this is that the log-likelihoodcanbewritten asa sumof terms.However, eachterm
involvesthedensityof thecorrespondingobservationgivenall previousobservations. Within the

3In fact,therearealgorithmsfor fitting Weibull GLMs, but thetheoryis complex andwill notbecoveredhere.
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GLM framework, this canbe dealtwith very straightforwardly. All we have to do is to include
previousobservationsaspredictorsin themodel.

Often, we will find that the inclusion of previous observationsinto a GLM hasa dramatic
effect on other termsin the model,anduponour assessmentof their significance. Indeed,it is
not unusualfor previousobservationsto dominatea modelcompletely, in termsof measuressuch
asvarianceexplained. In modelsfor daily climate time series,this merely reflectsthe fact that
variability is dominatedby weatherscalefluctuations. Usually, when we incorporateprevious
observationsinto a GLM, the resultwill be a reductionin the numberof other factorsthat are
deemedto besignificant.This mayleadto thesuspicionthatpreviousobservationsaresomehow
obscuringsomegenuinerelationships.This is not thecase— likelihoodtechniquesaretypically
ableto detectweaksignalsin noisy data,at leastwith the sizeof datasetusuallyencounteredin
climatology. Wemaybeconfidentthatby includingpreviousobservationsinto ourGLMs,genuine
relationshipswill beidentifiedandspuriousoneswill bediscarded.Suchspuriousrelationshipscan
arisevery easily— for example,if two unrelatedtime seriesbothhave a lot of internalstructure,
they mayappearto berelatedsimplybecausethey bothshow long runsof highor low values.

2.4.2 Interactions

In climateprocesses,it is commonto find predictorswhoseeffectsvary with thevaluesof some
othervariable(representing,for example,locationor timeof year).Wehaveseenthis,for example,
in CaseStudy4 — windspeedshave increasedin somepartsof the Netherlandsover the last 40
years,but reducedin others.

To simplify thediscussion,supposethat therearetwo predictorsr E and r C , andthat theseare
relatedto N¦=�e§LOG>U in suchaway that ¨TL�NDU�=�i-jlk©i E r E kªi C r C . However, thevalueof i C itself
maydependon thevalueof r E , suchthat i C =&zsjlkªz E r E . In this case,wehave¨TL�NDUQ=$i-jlk«i E r E k�L�zsj¤k�z E r E U r C =Yi-jQkªi E r E k�zsj r C k�z E r E r C w
This looks exactly like our original modelexcept that now we have threepredictors( r E P r C andr E r C ) insteadof two. The predictorsr E and r C aresaidto INTERACT. The extra predictor r E r C
is an INTERACTION TERM in the model. The ideacanbe extendedto dealwith morecomplex
interactions.For example,theregionaldifferencebetweentrendsin theNetherlandsmaybemore
pronouncedin thewinter thanthesummer. This would berepresentedby 3-WAY INTERACTIONS

betweenpredictorsrepresentingtrends,locationeffectsandseasonality. To includeinteractionsin
amodel,we just needto addtermscorrespondingto productsof therelevantpredictors.

2.4.3 Spatial dependence

Climatedatasetsoftentake theform of a numberof time seriesfrom differentspatiallocationsas
in CaseStudies2, 3 and4. In suchcases,we needto addresstheissueof spatialdependence.We
distinguishtwo formsof suchdependence,asfollows:
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Systematicregional variation: In CaseStudy 3, averagetemperaturesin the NorthernUSA
will becoolerthanthosein theSouth. Similarly, in CaseStudy4 we saw thatwindspeeds
arehighestin coastalregionsof theNetherlands.Thesearesystematicfeaturesof regional
climate, and can be regardedas ‘average’effects of location. They can be incorporated
into a GLM by includingpredictorswhosevaluesdependuponspatiallocation. Typically,
thesepredictorswill benonlinearfunctionsof quantitiessuchaslatitudeandlongitude.The
problemof how to specifysuchfunctionswill bediscussedin thenext section.

In a sense,systematicregional variation is not really ‘spatial dependence’,althoughthe
term is oftenusedto describeit (presumablybecauseit refersto ‘dependenceuponspatial
location’).

Spatial autocorrelation: As a resultof systematicregionalvariation,datafrom two nearbysites
will tendto be similar on average,simply becausethey arecloseto eachother. However,
thefluctuationsaboutthesites’averagevalueswill alsotendto besimilar, asa resultof the
mechanismsgeneratingthe data. For example,in CaseStudy2 we might expect rainfall
amountsto increase,onaverage,with altitude.However, onany givendaywewouldexpect
rainfall amountsto behigher, or lower, thanaverageacrossthewholearea.This is because
over an areaof this size,daily rainfall is dominatedby the effectsof weathersystems—
anintensefrontal systemwill producea lot of rain everywhere,regardlessof altitude. The
effect is to inducespatialautocorrelationinto adataset.

Oneeffect of spatialautocorrelationis thatdatafrom differentsitesat thesametime point
cannotbe regardedasindependent.Spatialautocorrelationis muchmoredifficult to deal
with thanautocorrelationin time, however, sincein this caseit is not usuallypossibleto
write down a simplefactorisationof the likelihood(the problemis that thereis no natural
orderingof sites).This issueis thesubjectof a lot of currentresearchin statistics— most
of the availableproceduresare too computationallyexpensive for usewith large datasets
suchasthosefoundin climatology. It canbeshown, however, that if we ignorethespatial
autocorrelationand treat sitesas independent,our parameterestimateswill be extremely
closeto the exact Maximum Likelihoodestimates,so long asa sufficiently long recordis
availablefrom eachsite. This is thereforethe procedurewe will use. We shouldbearin
mind,however, thathypothesistestsandconfidenceintervalsobtainedundertheassumption
of independencewill beincorrect.As a roughguide,for thelevelsof spatialautocorrelation
in the datasetsconsideredhere,the ‘independence’standarderrorsof parametersmay be
underestimatedby a factor of between1.5 and 2.5. Hencesomeinformal judgementis
requiredto decidewhethertheeffect of a predictoris ‘significant’ in thepresenceof spatial
autocorrelation.

Fromnow on,whenwetalk about‘spatialdependence’wewill bereferringto spatialautocor-
relationratherthansystematicregionalvariation.
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2.4.4 Nonlinearities

It is commonto encountersituationswherea responsevariableis associatedwith somepredictor,
but wheretherelationshipis actuallywith a nonlineartransformationof thepredictor. Examples
includethe investigationof possiblelong-termcyclesin theclimateof anarea(wherethe funda-
mentalpredictoris a time index, but a cyclical patternimpliesthattherelationshipis really with a
sinewave derivedfrom thetime index), andtherealisticmodellingof systematicregionaleffects
(wherethe underlyingpredictorsmight be latitudeandlongitude,but systematicvariability can-
not be representedby including thesedirectly into a GLM — for example,in CaseStudy3, it is
unlikely thataveragetemperaturesin theUSA varyasa linearfunctionof longitude!).

Suchnonlineartransformationsmaybedividedinto two categories,asfollows:

Category1: in thiscase,thereis anobviousparametricform for thetransformation.Theexample
of fitting acyclical trendfunctionfalls into thiscategory. In suchacase,givenanunderlying
predictor r , we wish to include in the model a term of the form

y L r P�¬�U , where
y L�w|U is

a known function and ¬ is a vector of parametersin the transformation. Usually these
parametersareunknown andmustbeestimatedalongwith all of the i s in themodel. This
canbeachievedusinganextensionof theusualiterative weightedleastsquaresalgorithm.
Unfortunately, this featureis not implementedin many softwarepackages.

Category 2: in this case,thereis no obviousway in which a nonlineartransformationmay be
parametrised.The modelling of systematicregional variation in temperaturesacrossthe
USA is an exampleof this. We suggestadoptinga nonparametricapproach.Specifically,
supposewe wish to representtheunknown transformation

y L+wU over the interval LO®-Pb¯�U . Let��° o �<± =&7AP�;8PV4sP�w�w�w� beanORTHOGONAL BASIS of functionsi.e. acollectionsatisfying²�³´ ° o L�µ¶U¶°�·8L�µ¶U�¸�µQ=�¹ ; ± =$º7 otherwise.

Then
y L r U canbeexpressed,over theinterval Lt®-Pb¯�U , astheinfinite sumy L r Uh= »noqp j½¼ o ° o L r U¾w

for somesetof coefficients � ¼ o �<± =$7AP);8PV4¥P�w)w�w� .
In practice,providing the ° s are chosenintelligently, most of the coefficients ¼ o will be
very small and can be neglected,so that

y L�w|U can be representedto a very good degree
of approximationusing a small finite collection of ° s. This procedurereducesa highly
nonlineardependency into linear dependenceupona setof known functions: if we use ° s
directlyaspredictorsin theGLM, thecoefficients � ¼ o � will appearas i s. They cantherefore
beestimated,andtheproblemis reducedinto linearform.

Orthogonalityof thebasisfunctionsis notrequiredfor thisapproachto work. However, if the
datapointsarescatteredapproximatelyuniformly over therange LO®fPS¯�U , thenanorthogonal
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basiswill producepredictorswhich areapproximatelyuncorrelated.As a consequence,the
coefficient of any of the ° s will not begreatlyaffectedby thepresenceor absenceof other
termsin themodel.

The disadvantageof orthogonalseriesrepresentationis that it may be quite parameter-
intensive, asseveral ° s may be neededto obtainan adequaterepresentationof an effect.
This problemcanbe minimisedby carefulselectionof basisfunctions. For example,if a
transformationis likely to beessentiallymonotonic,it mightberepresentedefficiently using
a polynomialbasissuchasLegendrepolynomials.Effectswhich aremoreoscillatorymay
berepresentedmoreparsimoniouslyusingFourierseries.Both of thesebaseshave °�j¿=X; ,
sothatthecoefficientof °�j is estimatedaspartof theconstantterm( i-j ) in any GLM.

A straightforwardextensionof theseargumentsshows thatwe canrepresentthecombined
effect of two variables(suchas latitude and longitude)in a similar way. To do this, we
simplyneedto add ° s for latitudeandlongitude,andinteractionsbetweenthem.

Thereis onepotentialpitfall whenusingorthogonalseriesto modelregionaleffectswith few
sites. If the total numberof ° s andtheir interactionsapproachesthenumberof sites,there
is a dangerof severely overfitting the modelto matchexactly the observed meansat each
site. As a generalrule, thetotal numberof siteeffectsin themodel(includinginteractions)
shouldbekeptwell below thenumberof sitesavailable.

2.5 Model checking

Having fitted any model,we needto checkit. This is an areawhich often doesnot receive the
attentionit deserves. However, for GLMs thereare a few simple but informative checksthat
shouldbecarriedout routinely. All of the techniquesrely on analysesof modelresiduals,sowe
startby discussingthese.

2.5.1 Residuals

In a GLM, we regardeachobservationascomingfrom a differentprobabilitydistribution. Poten-
tially, this makesit difficult to checkmodelsdirectly. However, it is alwayspossibleto transform
thedatain sucha way that,if thefitted modelis correct,all of thetransformedvaluescomefrom
distributionswith thesameproperties.It is naturalto considertransformationsrepresentingsome
measureof ‘error’. A few of themorecommonly-usedmeasuresare:

Pearsonresiduals: If, for the � th casein the dataset,we forecastsomeprobability distribution
with meanNTd andstandarddeviation R�d , thenthePEARSON RESIDUAL for this caseisÀ�Á|ÂfÃd = ��dfW�NTdR�d P
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where��d is theobservedvalue.If thefittedmodelis correct,all Pearsonresidualscomefrom
distributionswith mean0 andvariance1. Pearsonresidualsareusuallysimpleto interpret.

Variationson this themearepossible.For example,for a gammadistribution we have R�dl=NTd�F � � (seeSection1.3.5),so that À Á|ÂfÃd = � �ÄL��`dfW�NTd�U�F`NTd . However, if � is thesamefor
all casesin thedatasetwemaypreferto usethedefinition LO��dfW�NTd�U-F�NTd instead,sincethis is
just theproportionalerrorwhich is moredirectly interpretable.

Anscomberesiduals:In someapplications,it maybeusefulto defineresidualsthatall comefrom
thesamenormaldistribution if themodelis correct.SuchmeasuresarecalledANSCOMBE

RESIDUALS. They do not alwaysexist (for example,if the G s arediscreteit is not possible
to defineresidualsthathaveacontinuousdistribution).

Often, Anscomberesidualsaredefinedto have an approximate,ratherthanexact, normal
distribution. For example,for a gammadistribution with mean N the Anscomberesidual
maybedefinedas L���F`NÅU EtÆvÇ . Thedistribution of this quantityis not exactly normal,but it is
usuallyextremelyclose. The meanandvarianceof the approximatingnormaldistribution
dependonly on � . Therefore,if � is commonto all observations,theAnscomberesidualsall
comefrom thesamenormaldistribution.

Deviance residuals: In Section2.2.1above, we saw that devianceis equivalentto the residual
sumof squares(RSS)in a linear regressionmodel. SinceRSSis just a sumof termsof
the form L��`dfW�NÈd�U C (i.e. of squarederrors),we might considertrying to write thedeviance

asa similar sumof squares:É �d p E ] À ÁËÊÅÃd c C , say. Sincethe devianceis a differenceof log-
likelihoods,eachof which is expressedasa sumof contributions from eachobservation,
definitionsof devianceresidualscanbederivedby inspectionof thelog-likelihood.

Devianceresidualsareoftendifficult to interpret.However, they areoftenprovidedby sta-
tistical softwarepackages.Sincethescaleddevianceis supposedto have a BDC distribution,
we might expectdevianceresidualsto have anapproximatenormaldistribution. However,
this approximationis oftenquitepoor.

We now discusshow residualscanbeusedto checkGLMs.

2.5.2 Checkson forecastprobability distrib utions

The GLM framework dealswith uncertaintyin a responsevariableby specifyinga probability
distribution conditionalon the valuesof predictors. Sinceparameterestimatesareobtainedvia
MaximumLikelihood,weneedto checkthatthechosenfamily of distributionsis realistic.Correct
specificationof theforecastdistributionsis alsoimportantif thefitted modelsaresubsequentlyto
beusedin simulations,particularlyif extremeeventsareof interest.

For continuousresponsevariables,theeasiestwayto checktheform of theforecastdistribution
is via quantile-quantileplotsof residuals.For instance,for distributionswhereAnscomberesiduals
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aredefinedwe couldproducea normalprobabilityplot — a straightline on sucha plot indicates
that the distributional assumptionsare satisfied. Most statisticalpackageswill producenormal
probabilityplotsveryeasily.

For discreterandomvariables,thingsmaybemoredifficult. However, we canusetherelative
frequency interpretationof probability to constructsomesensibletestprocedures.For example,
let Ì =ÍLOG E w)w�wbG-�8UÏÎ be a vectorof discreterandomvariables,eachof which cantake the value7 . Supposewe fit a GLM to Ì . We canusethis calculateÐÑL�GfdT=$78UÄ=ÓÒ�d , say, for each� . We
expect to observe Gfd>=Ô7 on a total of É �d p E Ò�d occasions.A comparisonof the observed and
expectednumbersof zeroesprovidesacheckon theprobabilitystructureof themodel.Of course,
this procedureshouldthenbe repeatedfor all othervaluesin the dataset.We will illustratethis
procedurewith referenceto CaseStudy1, in Section2.7.

For verysimpledistributions,wecanbemorethorough.Consider, for example,thecasewhen
the G s areall Bernoulli randomvariables(seeSection1.3.1). Supposewe examineall casesfor
which theforecastprobability ÐÕLtG-dT=@;<U is closeto somevalueÒfÖ . We expectto observe a value
of 1 in a proportionÒ Ö of thesecases.Unlesstheobservedandexpectedproportionsof 1sagree
acrossthe whole rangeof forecastprobabilities,thereis somethingwrong with the probability
structureof the model. In practice,we implementthis ideaby dividing the forecastprobability
rangeinto suitableintervalse.g. LO7Aw×7APb7Aw�;<U�P)w�w�wVP<Lt7¥w|ØAP);8w|78U . We will illustratethis whenwe check
thelogistic regressionmodelfor rainfall occurrencein CaseStudy2.

2.5.3 Checksfor unexplainedpatterns

As well ascheckingtheprobabilitystructureof a GLM, we needto checkthatall of therelation-
shipsbetweenvariablesin a datasethave beenaccountedfor correctly. In statistics,suchchecks
areusuallycarriedoutby plottingresidualsagainstvaluesof thelinearpredictor(seepage35),and
againstindividualcovariates.Suchplotsmaybeproducedbothfor covariateswhich appearin the
model,andfor factorsthathavenot beenincluded.Any apparentstructurein theseplotsindicates
aproblemwith themodel.Notethataplot of residualsagainstobservedvaluesis not informative,
andwill usuallyshow somestructureevenif themodelis correct.

A typical featureof climatologicaldatasetsis their large size. If therearemany pointson a
residualplot, it canbe difficult to interpret. In this case,it may be betterto focuson summary
statisticsfor residualmeasuresover subgroupsof observations. For example,to checkthat sea-
sonality is well reproducedwe can computethe meanandroot meansquarederror of Pearson
residualsfor eachmonthof theyear, andplot these:any patternin theplot, or valueswhich are
‘significantly’ differentfrom zero,indicateseasonalstructurewhich hasnotbeencaptured.

To aidvisualinterpretationof suchplots,it is helpful to includeapproximateconfidencebands,
indicating the rangewithin which meanresidualsareexpectedto lie if the model is correct. If
meanresidualsarecomputedfrom a network of sites,it maybenecessaryto adjustthewidth of
theseconfidencebandsto accountfor spatialdependence.
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2.6 Inter preting models

GeneralizedLinearModelling is, at its mostbasiclevel, a descriptive techniquefor summarising
relationshipsbetweenpredictorsandresponsevariables.However, it is alsopossibleto interpret
themodels,soasto draw meaningfulconclusionsaboutthemechanismsthatgeneratedthedata.

The mostobviousway in which we caninterpreta GLM is by examiningthe coefficientsof
the predictors. Dependingon the link function used,it may be possibleto infer the effect of a
particularpredictoruponthemeanof theresponsedistribution. For example,if the link function
is theidentity (asin linearregression),i�d representstheaverageeffect upon G , of a unit increase
in the � th predictor. For modelswith a log link, Ù)ÚVÛ is theaveragemultiplicative effect of the � th
predictor.

This idea can be extended,to build up picturesof nonlineareffectswherethesehave been
representednonparametrically(asdescribedin Section2.4.4above). Suppose,for example,that
wehaverepresentedsystematicregionalvariationsusingorthogonalbasisfunctionsof latitudeand
longitude.If weextractall of thesepredictorsfrom amodel,togetherwith theirassociatedi s,then
we obtaina function that canbeevaluatedat any spatiallocation. A mapof this functionshows
usthesystematicregionalvariationin themeanof theresponse.A similar ideaallows usto study
the effectsof large-scaleclimate indicesby extracting,andmapping,all termsin a model that
representtheir interactionswith locationeffects. This will be illustratedin CaseStudy3, in the
next lecture.

Finally on thesubjectof interpretation,we shouldnot overlookthestandarderrorsassociated
with eachparameterin a model. If oneor two parametersin a modelhave largestandarderrors,
we know that they have not beenestimatedvery precisely. This meansthat theavailabledatado
notcontainmuchinformationabouttheseparameters,which is potentiallyusefulknowledge.

2.7 Workedexample— CaseStudy 1

To concludethis lecture,we work throughthe first casestudy above, using the free statistical
packageR to performtheanalysis.R is a computerlanguage,designedfor easyimplementation
of awide rangeof advancedstatisticalandgraphicalprocedures.Thelanguageis object-oriented,
andcanbeusedeitherby typing commandsat apromptor by runningRprograms.AppendixA.1
givesdetailsof how to obtainthepackage.

2.7.1 Readingthe data

Thedatafor this casestudycanbeobtainedfrom thewebsitefor this lectureseries,asdescribed
in Section2.3.1above. Therearetwo datafiles. File nstorms.dat containsannualcountsof
tropical stormnumbersin the North-WestPacific, andfile nino3.dat containsmonthly Niño
3 index values.In additionto thesefiles, theR programTC_anal.r maybe downloaded.The
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simplestway to analysethesedatais to downloadthesethreefiles to thesamedirectory, startup
R in this directory, typesource("TC_anal.r") at theprompt,andthentypeq() to quit R .
However, theonly thing this will teachyou is how to run R programs!We will startby looking at
someof thesimplecommandsin this program.

Thefirst few linesbegin with the“#” character. Thesearecomments,andwill be ignoredby
R. Thefirst commandsin theprogramare

storm.data <- read.table(fil e="n sto rms. dat" ,he ader =T)

attach(storm.da ta )

Thefirst line herereadsthedatafile nstorms.dat , andstoresthecontentsin anobjectcalled
storm.data . To view thecontentsof any R object,just typeits nameat theprompt. If we just
wantto view thefirst 4 rowsof storm.data , we type

storm.data[1:4,]

andobtain

Year Storms Typhoons Intense

1 1959 23 17 NA

2 1960 27 19 NA

3 1961 27 20 NA

4 1962 30 23 NA

Thecolumnsareautomaticallynamed.Rhaspickedup thecolumnnamesfrom thedatafile as
aresultof the“header=T ” partof theread.table command.TheNAvaluesin theIntense

columnare usedby R to denotemissingdata(recall from Section2.3.1 that we have not used
intensetyphoonnumbersfrom any yearbefore1972).

The commandattach(storm.data) is usedto tell R to searchthe variablenamesof
storm.data , aswell astheindex of R objects,whenwe refer to anobject. For example,if we
now type Intense at theR prompt,R will first look for anobjectcalled“Intense”. If it doesnot
find one, it will look at the columnheadingsin storm.data , andidentify the fourth column.
Alternativewaysof specifyingthis arestorm.data$Intense , andstorm.data[,4] . The
attach() commandprovidesa convenientwayof referencingpartsof objects.

2.7.2 Simpleplots

The next few lines of the programdemonstratehow to producea simpleplot (Figure2.1) in R .
Following these,wehave thelines
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custom.hist <- function(x,bre ak s, co lou r, name,s tat lo c) {

.

.

.

}

Thissectionof codeisauser-definedfunction. Itspurposeis to produceacustomizedhistogram
of the datain an objectx , accordingto the valuesof variousoptionsspecifiedin the arguments
breaks ,colour ,nameandstatloc . Thenext four lines:

par(mfrow=c(3,1 ))

custom.hist(Sto rms, se q(0 ,4 0, 2) ,2 ,"s to rm", c( 5,0 .0 5) )

custom.hist(Typ hoons, seq (0 ,4 0, 2) ,3, "t yp hoon",c (3 0, 0. 05))

custom.hist(Int ense ,s eq( 0, 40,2 ), 4," in te ns e typhoon",c(20,0. 05))

canthenbeusedto generateFigure2.3.Thecommandpar(mfrow=c(3,1)) is usedto put
3 plotson asinglepage.

Having producedthehistograms,theprogramreadstheNiño 3 dataandmergesthis with the
storm.data object.This canbedonebecausethedatafiles nino3.dat andnstorms.dat

both have a columnheadedYear . To matchthe stormnumbersto the previousyear’s Niño 3
values,weadd1 to theNiño 3 Year columnbeforemerging.

Thenext stepis to produceFigure2.2. Note theuseof par(mfrow=c(4,3)) , to produce
a Ü¦9�? arrayof plots on a page:alsothe useof a loop (for (i in 1:12) � ... � ) to
produceplotsfor eachmonth;andtheautomaticlabellingof eachplot usingmonthnames,which
aredefinedin theobjectmonthlabs .

2.7.3 Fitting a GLM

Now for theinterestingpart. In Section2.3.1,we suggestedthatthePoissondistributionmight be
appropriatefor modellingstormnumbers.Here,wewill only considermodellingtyphoonnumbers
— analysesof tropical stormsandintensetyphoonscanbe carriedout in a similar way. On the
basisof Figure2.2,typhoonnumbersappearto bemorestronglyassociatedwith Niño 3 valuesin
Septemberthanin any othermonth.At thispoint in theprogram,theSeptemberNiño3 valuesare
held in theN3.m09 columnof storm.data . Let G-d be thenumberof typhoonsin year � , and
let r d betheSeptemberNiño3 valuefrom thepreviousyear. To fit aPoissonGLM with a log link
function(seeSection2.2),we type

glm(Typhoons ˜ N3.m09,family=poisson(link=" log" ))

Thisfits themodel GfdÈHÝÐÄÞ � L�NTd�U , where
 ¢¡ NTdT=&i-j¤k«i E r d . Theoutputis
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Call: glm(formula = Typhoons ˜ N3.m09, family = poisson(link = "log"))

Coefficients:

(Intercept) N3.m09

2.8740 -0.1262

Degrees of Freedom: 41 Total (i.e. Null); 40 Residual

Null Deviance: 41.3

Residual Deviance: 31.63 AIC: 232.2

The parameterestimatesare �i-jZ=Í4sw|ß�à�Ü�7 and �i E =\W¿7¥w
;<4`5�4 . The deviancefor this model
(again,seeSection2.2)is 31.63.In general,Routputsthedevianceratherthanthescaleddeviance,
as discussedin Section2.2.1 — however, for the Poissondistribution, thesequantitiesare the
same. The null deviance is the deviancefor a model containingno predictors. Recall that, in
a GLM the devianceis the equivalentof the residualsumof squaresin a linear regression. In
this case,thedevianceis reducedfrom 41.3to 31.63— the‘percentageof devianceexplained’ is;�787�LOÜ�;8w×?�W�?A;6w|58?8UqF`Ü�;6w|58?á=�46?AwâÜ .

Wemaywantto dorathermorewith thismodel— for example,wemaywantto obtainstandard
errorsfor theparameterestimates,andperformsomemodelchecks.This is straightforwardin R .
All weneedto do is to storethemodelin anobject,whichwecantheninterrogate:

storm.model1 <- glm(Typhoons ˜ N3.m09,family=poisson(link="lo g"))

The objectstorm.model1 now holdsall of the informationaboutthe fitted model. If we
wantsomemoredetail,wecantypesummary(storm.model1) 4 to obtain

Call:

glm(formula = Typhoons ˜ N3.m09, family = poisson(link = "log"))

Deviance Residuals:

Min 1Q Median 3Q Max

-1.777846 -0.756295 -0.001514 0.641291 2.344787

Coefficients:

Estimate Std. Error z value Pr(>|z|)

(Intercept) 2.87400 0.03692 77.842 < 2e-16 ***

N3.m09 -0.12624 0.04141 -3.048 0.00230 **

---

Signif. codes: 0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1

4In file TC anal.r , this commandappearsasprint(summary(storm.model1)) . This is necessaryto
forceoutputto bewrittenwhentheentireprogramis run usingthecommandsource("TC anal.r") .
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(Dispersion parameter for poisson family taken to be 1)

Null deviance: 41.296 on 41 degrees of freedom

Residual deviance: 31.630 on 40 degrees of freedom

AIC: 232.22

Number of Fisher Scoring iterations: 3

The output is moredetailed. We obtainsomesummarystatisticsfor devianceresiduals(see
Section2.5.1). If the model is a goodone,we expect theseto be approximatelysymmetrically
distributedaboutzero.We alsoobtainassessmentsof thesignificanceof theindividualpredictors
in the model. The “z value” column is the ratio of eachestimateto its standarderror, and the
“Pr( ã � z � )” columngivesa Ò -valuefor testingthehypothesisä>j � i�d¾=�7 againstthealternativeä E � i�d�å=Ó7 . We might informally acceptevidenceof a genuinerelationshipif thevaluesareless
than0.05. In fact,R highlights‘significant’ relationshipswith asterisks.The Ò -valueassociated
with theSeptemberNiño3 valueis 0.00230,suggestingextremelystrongevidenceof association.
Note,however, thatthis Ò -valueis twice thatgivenin Figure2.2. In this case,our conclusionsare
not affected,but it doesillustratethepotentialsensivity of resultsto theanalysismethodchosen.
The Ò -valuesin Figure2.2will becorrectif typhoonnumbersarenormallydistributed;thosefrom
theGLM will becorrectif theunderlyingdistribution is Poisson.

2.7.4 Comparing models

We now have a modelwhich usesSeptemberNiño 3 valuesto foreasta Poissondistribution for
the numberof typhoonsin the North-West Pacific the following year. Is this the bestpossible
model? We could try fitting modelswhich useNiño 3 valuesfrom othermonthsin placeof the
Septembervalue. If we do this, we find thatnoneof theothermodelsgivesa devianceaslow as
theSeptemberone.Equivalently, the‘September’modelhasthehighestlikelihood.However, we
maywantto ask:canwe improveourmodelby includingothermonths’Niño3 valuesin addition
to theSeptembervalue?For example,supposewe considerusingboththeAugustandSeptember
Niño3 values:

storm.model2 <- glm(Typhoons ˜ N3.m09 + N3.m08,

family=poisson(link="log"))

summary(storm.model2)

The resultsaregiven in Table2.3. The Ò -valueshereindicatethat neitherof the two Niño 3
valuesis significantlyassociatedwith typhoonnumbers— this appearsto contradictthefindings
of the previous section,wherewe found strongevidenceof an associationbetweenSeptember
Niño3 valuesandtyphoonnumbers.

The reasonfor the apparentproblemis that AugustandSeptemberNiño 3 valuesarehighly
correlated,andtestsbasedonstandarderrorsof coefficientscanbemisleadingin thissituation(see
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Call:

glm(formula = Typhoons ˜ N3.m09 + N3.m08, family = poisson(link = "log"))

Deviance Residuals:

Min 1Q Median 3Q Max

-1.768344 -0.766805 0.006982 0.650814 2.354857

Coefficients:

Estimate Std. Error z value Pr(>|z|)

(Intercept) 2.873309 0.038393 74.840 <2e-16 ***

N3.m09 -0.118073 0.131130 -0.900 0.368

N3.m08 -0.008747 0.133295 -0.066 0.948

---

Signif. codes: 0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1

(Dispersion parameter for poisson family taken to be 1)

Null deviance: 41.296 on 41 degrees of freedom

Residual deviance: 31.625 on 39 degrees of freedom

AIC: 234.21

Number of Fisher Scoring iterations: 3

Table2.3: R outputfor PoissonGLM, fitting annualtyphoonnumbersto previousyear’s August
andSeptemberNiño3 values.

Section2.2.1). Effectively, thehypothesesbeingtestedhereareof the form ä>j � i�dh=æ7 with all
other i s fixedat their currentvalues. SinceSeptemberandAugustvaluesarehighly correlated,
theAugustterm is not likely to addmuchinformationoncetheSeptemberterm is in themodel,
andviceversa.

Thewayaroundthisproblemis to usetestsbaseduponthedevianceor scaleddeviance(which
arethesamefor thePoissondistribution). We have two models:the‘Septemberonly’ modeland
the‘SeptemberplusAugust’ model.Thedeviancefor thefirst (reduced)modelis 31.63,andthat
for the secondis 31.625(from Table2.3). To testwhetherthe secondmodeloffers a significant
improvementover the first, we comparethe deviancereductionwith theupper5% point of a B C
distributionwith 1 degreeof freedom(sincethereis 1 extraparameterin theextendedmodel).This
is 3.84(checkthis in R by typing qchisq(0.95,1) ). Sincetheobserveddeviancereductionis
only 0.005,weconcludethatthereis no improvement,andthemodelshouldnotbeextended.
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The anova() commandcanbe usedto carry out this procedureautomaticallyin R . Type
anova(storm.model2,test="Chi" ) , to obtainthefollowing Analysisof Deviancetable:

Terms added sequentially (first to last)

Df Deviance Resid. Df Resid. Dev P(>|Chi|)

NULL 41 41.296

N3.m09 1 9.667 40 31.630 0.002

N3.m08 1 0.004 39 31.625 0.948

Eachrow of this tablerepresentstheeffect of addinganextra termto themodel.For example,
by addingtheSeptemberNiño 3 valueto thenull model(i.e. themodelcontainingno predictors),
the devianceis reducedby 9.667. The associatedÒ -valueis 0.002,in agreementwith the result
of the previous section. However, whenwe addthe AugustNiño 3 valueto the model, the de-
viancereducesby 0.004(ourmanualcalculationgave0.005,but this is becauseRonly outputsthe
deviancesto 3 decimalplaces).TheassociatedÒ -valueis 0.948.

Of course,we couldrepeatthis analysistheotherway round— addingtheAugusttermto the
modelfirst. In this casewe find that the Septemberterm doesnot improve significantlyupona
modelthat just containstheAugustterm. Theconclusionis thatonly oneof thetwo predictorsis
necessary. Sincethe‘Septemberonly’ modelgivesa lowerdeviance(i.e. ahigherlikelihood)than
the‘Augustonly’ model,this is themodelweprefer.

Finally, wemightaskwhetherwecanimprovethemodelby addinganyNiño3 valuesfrom the
last5 monthsof theyear(since,accordingto Figure2.2,thisis theperiodfor whichtherelationship
with typhoonnumbersis strongest).We cando this by comparingour Septembermodelwith an
extendedmodelcontainingall 5 months’values:

storm.model3 <- glm(Typhoons ˜ N3.m08 + N3.m09 + N3.m10 + N3.m11 +

N3.m12,family=poisson(link="lo g"))

anova(storm.model1,storm.mode l3,te st=" Chi")

We obtainthefollowing Analysisof Deviancetable:

Model 1: Typhoons ˜ N3.m09

Model 2: Typhoons ˜ N3.m08 + N3.m09 + N3.m10 + N3.m11 + N3.m12

Resid. Df Resid. Dev Df Deviance P(>|Chi|)

1 40 31.630

2 36 30.773 4 0.857 0.931

Now, thedeviancereducesby 0.857for theadditionof 4 extraparameters(in the‘Df ’ column).
TheassociatedÒ -valueis 0.931— again,we find no evidencethatwe canimprove our modelby
addingextra terms.
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Further notes

This examplehasbeenchosenfor its simplicity ratherthanits realism.In practice,modelchoice
is usuallymorecomplex thanin thisstudy. However, wehavenotcoveredall of thecapabilitiesof
R here(for a full list, typehelp.start() andseetheonlinehelp!), andsomeof thesemaybe
of usein morecomplicatedsituations.A few additionalfeaturesareasfollows:

Interactions: thesecanbespecifiedeasilyin R . For example,thecommand
glm(y ˜ x1 + x2 + x1:x2, family = ...) canbeusedto fit amodelcontain-
ing thepredictorsx1 , x2 andtheir interaction.

Stepwisefitting: various‘automatic’ methodsof model selectionexist. Theseare similar to
stepwiseregression.The R commandfor this is step . For example,to selectpredictors
from thelast5 months’Niño3 valueswecouldfit amodelcontainingall of thesevalues(i.e.
storm.model3 above),andthenusethestep() commandto decidewhichtermsshould
bekept in themodel. In theabove example,thecommandstep(storm.model3) may
beused.However, suchautomaticmethodsshouldbeusedwith caution.Stepwisefitting is
notguaranteedto find the‘best’ model,andtheresultscandependuponthewayin whichthe
stepwisesearchis carriedout. Therearevariousoptionsin thestep() command.A safe
strategy for researchersis: if you don’t understandtheseoptions,don’t usethe command!
In any case,in climatethereis usuallyan ‘obvious’ hierarchyof modelsso that theuseof
automatictechniquesis notnecessary. Thiswasdiscussedearlier, in Section2.2.1.

GLMs with nuisanceparameters: for thePoissondistribution, thereis no nuisanceparameter.
Therefore,thedevianceandscaleddeviancearethesameanddeviancetestsbasedonthe B C
distribution areappropriate,even for small samples.However, for otherdistributionssuch
asthe gamma,it may be moreappropriateto calculateAnalysisof Deviancetablesusing
‘ test = "F" ’ insteadof ‘ test = "Chi" ’ in theanova() command.In fact, ‘ test

= "F" ’ may be usedfor the Poissoncaseas well, and gives the sameresultsas the BDC
version.

2.7.5 Model checking

At this point, we have decidedthat typhoonnumbersmay be predictedusingSeptemberNiño 3
valuesin a PoissonGLM. Our modelis storedasanR objectcalledstorm.model1 . We need
to carryout somechecks.R in factprovidesavarietyof diagnosticplots— we just type

par(mfrow=c(2,2))

plot(storm.model1)

Figure2.8showstheresult.First,wehaveaplot of devianceresidualsagainstlinearpredictors
(seeSections2.5.1and2.5.3).Sincewe areusinga log link function,thelinearpredictorsarethe
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Figure2.8: Diagnosticplotsfor PoissonGLM fitted to North-WestPacific typhoonnumbers.

logarithmsof thefitted meansfor eachcase.This plot providesa checkof thelink functionin the
model,aswell ashighlightingany otherobviousanomalies.If themodelis correct,thereshould
benostructurehere— this appearsto bethecase,which is agoodsign.

Thesecondplot is a normalquantile-quantileplot of devianceresiduals.This is basedon the
ideathat,asdiscussedin Section2.5.1,devianceresidualsmaybeexpectedto have a distribution
closeto normal. In this case,the quantile-quantileplot shouldappearcloseto a straightline —
departuresfrom this would suggestthatthePoissonassumptionis not valid. However, in practice
the normal approximationfor devianceresidualsmay be poor, so this plot may be moderately
curvedevenif themodelis correct.In thiscase,thereis no causefor concern.

Thescale-locationplot is anothercheckon distributionalassumptions.It is designedto check
the variancesof the fitted distributions(for the Poissondistribution, the varianceis equalto the
mean).If thechosenfamily of distributionsis correct,thepointson this plot shouldberandomly
scatteredabouttheline �ç=�; . Again, theredo notappearto beany problems.

Finally, the Cook’s distanceplot tells us which observationshave the most influenceupon
the fitted model (in the sensethat, if theseobservationswere deleted,the parameterestimates
would changea lot). Observations6, 8 and40 areall highlightedasinfluential. To identify these
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observations,we can type storm.data[c(6,8,40),c(1,3,13)] (this commandselects
rows 6, 8 and 40, and columns1, 3 and 13, of storm.data ). The correspondingyearsare
1964,1966and1998.Wemaywishto investigatetheseyearsfurther— for example,to determine
whetheranythingunusualoccurred,or whetherthereis any dataerror.

The plots in Figure 2.8 all seemto indicatethat the Poissonmodel fits well. However, as
discussedin Section2.5.3,we mayalsowish to find out whetherthereareotherfactorsthathave
not beenaccountedfor. An obvious questionis whethertyphoonnumbershave changedover
time. To answerthis, we canplot a time seriesof model residualsfor eachyear. We will use
Pearsonresiduals,sincethey aremoreeasilyinterpretablethandevianceresiduals.For thePoisson
distribution, thePearsonresidualfor the � th casein a datasetis definedas À ÁÂfÃd =èLO��d-W�NTd�U�F � NÈd .
In R , theplot is generatedusingthecommands

pearson.model1 <- resid(storm.model1,type="pear son")

par(mfrow=c(1,1))

plot(Year,pearson.model1,lwd= 2,typ e="l ",xla b="Y ear", ylab ="Res idua l")

abline(0,0)

The result is shown in Figure2.9. This plot doesnot look random,indicating that thereis
interannualstructurethathasnot beencapturedby themodel. In this study, we do not proposeto
try andfind out thecauseof this; however, it doesshow thatsimpleplotscanbeinformative.

We can also checkthat the meanand varianceof Pearsonresidualsfrom this model agree
with their expectedvaluesof 0 and1 respectively. The commandsfor this may be found in file
TC_anal.r . The meanis 0, and the varianceis 0.799. This varianceis lower thanexpected
— this may indicatethat thePoissondistribution doesnot fit thedata. If this is thecasethenwe
haveavery interestingresult.WechosethePoissondistributionby consideringthemechanismof
cycloneformation.If thePoissondistribution is notagoodfit, wemustconcludethattyphoonsdo
not follow a Poissonprocessandthereforethatour suggestedmechanismfor typhoonformation
is incorrect. The most likely explanationis that easterlywaves do not develop into typhoons
independentlyof eachother.

We concludethis sectionwith a final check. In Section2.5.2, we describeda methodfor
checkingthe probability structureof GLMs for discreteresponses.To implementthis method,
we comparetheobservedandexpectednumbersof yearsin which 0, 1, 2 w�w�w typhoonsoccurred.
The R codefor doing this is includedin file TC_anal.r . The result is shown in Figure2.10.
Theobserveddistribution is bimodal,with two clearly-definedpeaksat valuesaround14 and20
typhoonsper year. The expecteddistribution doesnot capturethis pattern. This may indicatea
problemwith themodel,or thepatternin theobservationsmaybeachanceeffectdueto thesmall
samplesize.This is somethingthatshouldbeinvestigatedfurther.

We do not attemptto improve this modelhere.Themainpoint of this casestudyhasbeento
demonstratethatGLMs canbefitted, andchecked,very easilyin R , andthatsimplecheckscan
highlightpossibleproblemswith themodels.Theseproblemssuggestdirectionsfor furthermodel
development,andcanpotentiallyenhanceour understandingof climateprocesses.
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Figure2.9: AnnualPearsonresidualsfor PoissonGLM fitted to North-WestPacific typhoonnum-
bers.

2.8 Further reading

Thereis an enormousamountof statisticalliteratureon GeneralisedLinear Models. They were
introducedby NelderandWedderburn (1972);thetheoryis coveredquitecomprehensively in the
classicbookby McCullaghandNelder(1989). A lessdetailedandsimplertreatmentis givenby
Dobson(1990).Chandler(1998̄ ) containssomediscussionof theissuesinvolvedwhenpredictors
arecorrelated.

In the climatologicalliterature,GLMs have not received muchattention. Somefundamental
papersareCoeandStern(1982)andSternandCoe(1984)— theseauthorsusedGLMs to model
daily rainfall sequences.Furtherrecentdevelopmentsof GLMs, in the context of rainfall mod-
elling, aregiven in Chapter4 of Wheateret al. (2000̄ ). This referencecontainsmoredetailed
pointersto someof therelevantstatisticalliterature,aswell asathoroughanalysisof theIrish data
consideredherein CaseStudy2.

Poissonmodelshavebeenusedto modeltropicalcyclonenumbersby ElsnerandSchmertmann
(1993) and Elsneret al. (2001) — the latter papergives a nice introduction to the useof the
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Figure2.10:Observeddistributionof annualtyphoonnumbers,comparedwith thatexpectedunder
PoissonGLM.

deviancestatisticin aclimatologicalapplication.
The needto accountfor autocorrelation,when analysingrelationshipsbetweentime series,

is very clearly demonstratedby Walther (1999). This papershouldbe compulsoryreadingfor
everybodyin climateresearch!

An overview of the relevant issuesin modelcheckingis given by Chandler(1998® ). For a
moredetailedtreatmentfrom a statisticalperspective,seeAtkinson(1985)— this bookis a good
referencefor thevarioustypesof residualplot usedby R .

The windspeeddatain CaseStudy4 have beenprovided by the Royal NetherlandsMeteo-
rological Institute (KNMI). Documentationfor this datasetcanbe found on the KNMI website
at http://www.knmi .n l/ sa menw/ hy dr a/ , andin Verkaik (2000® ). The proceduresusedto
remove inhomogeneitiesin stationrecordsarepublishedin Verkaik(2000̄ ).

Any graduate-level mathematicaltextbook will containdetailsof orthogonalbasisfunctions.
Abramowitz andStegun(1965)andPresset al. (1992)areusefulreferencesfor Legendrepolyno-
mials,in particular.



Lecture3

Applications, and alternatives

3.1 Casestudies

To begin this final lecture,we returnto CaseStudies2, 3 and4, which wereintroducedin Section
2.3.Theaim is to illustratewhatcanbeachievedusingGLMs in avarietyof differentsituations.

3.1.1 Casestudy 2

In thestudyof Irish rainfall, we have decidedto uselogistic regressionto modelthesequenceof
wet anddry daysat eachsite, andthento fit gammadistributionsto the amountof rain on wet
days.Thesewill bereferredto as‘occurrence’and‘amounts’modelsrespectively.

To developa model,it is naturalto startwith ‘obvious’ predictors,andto addextra termsand
interactionsgradually. Thevalueof extra termscanbeassessedby examiningthe log-likelihood,
predictiveperformanceandresidualsfor eachmodel.Recall,however, thatwhenour dataconsist
of timeseriesfrom severalsites,log-likelihoodsshouldbetreatedinformally becauseof thespatial
dependencebetweensites.

Oneof theaimsof this studywasto investigatetheevidencefor changingrainfall patternsin
theWestof Ireland. Within theGLM framework, this canbeinvestigatedby fitting basicmodels
correspondingto a stationaryclimate,andcomparingthesewith ‘extended’modelsincorporating
nonstationaryeffects. In selectingpredictorsto representtrendsover time, four basicalternatives
havebeenconsideredhere.Thefirst threearedeterministicfunctionsof time:� E L�µ¶Uh=YµhP � C L�µ¶U�=�¹ 7 µ�éêµ+jµQWMµ+j otherwise.

and � Ç L�µ¶U�=$ë)ì6í�î 4<ï¾L�µlW«ðTUñ ò w
It is implausibleto extrapolate� E L�µ¶U indefinitelyoutsidetherangeof thedata,but it mayprovide
agoodapproximationto any monotonictrendover theperiodof record. � C L�µ¶U is a cruderepresen-
tationof anthropogenic‘climate change’( µ+j beingtheyearin which thechangestartedto occur).� Ç L�µ¶U is includedto investigatethepossiblepresenceof cyclesin thearea’sclimate. � C L�µ¶U and � Ç L�µ¶U

68
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Model Trend Number of Log- RMSE
number scenario parametersin model lik elihood (mm)

RAINFALL OCCURRENCE

1 None 35 -67990.600
2 � E 42 -67805.609
3 � C 43 -67805.609 Not
4 � Ç 44 -67804.388 applicable
5 NAO 41 -67583.472
6 NAO plus � E 49 -67470.000

RAINFALL AMOUNTS

1 None 30 -194086.831 5.580
2 � E 45 -194023.122 5.579
3 � C 46 -194023.122 5.579
4 � Ç 43 -193995.569 5.578
5 2 cycles 48 -193941.679 5.577
6 NAO 38 -193862.769 5.567
7 NAO plus � Ç 42 -193822.092 5.566
8 NAO plus2 cycles 51 -193762.053 5.565

Table3.1: Summaryof modelsfor thedaily rainfall recordin theGalwayBayarea.For eachtrend
scenario,thesummaryrefersto thebestmodelthatwasfound. Log-likelihoodsarecalculatedas
thoughdatafrom differentsitesareindependent.Thenumbersof observationswere143,682for
theoccurrencemodelsand101,448for theamounts.

arebothnonlineartransformationsof time, involving unknown parameters( µ+j , ð and ñ ) thatmust
beestimatedfrom thedataasdescribedin Section2.4.4.

Thesetrendfunctionsareall essentiallydescriptive in nature.It is naturalto askwhetherthere
is a physicalexplanationfor any apparenttrends. Thereforewe have investigatedthe impactof
theNorth Atlantic Oscillation(NAO) in additionto thedeterministictrendfunctions.TheNAO is
known to beassociatedwith Europeanprecipitationpatterns— seethereferencelist at theendof
this lecturefor furtherdetails.

Table3.1 givesthenumbersof parameters,andlog-likelihoods,for a varietyof models.Ad-
ditionally, for eachamountsmodel the root meansquarederror (RMSE) is reported. For both
occurrenceand amounts,Model 1 containspredictorsrepresentingsystematicregional effects,
seasonalvariability, previous days’ rainfall (5 previousdaysfor occurrence,and4 for amounts),
andinteractionsbetweenpreviousdays’rainfall andseasonalpredictors.Theseinteractionsreflect
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seasonalvariationsin thestrengthof autocorrelation.Autocorrelationis higherin winter thanin
summer, becausetheareaexperiencesmorepersistentfrontal rainfall in thewinter.

Thelog-likelihoodsin Table3.1 indicatethat thebestfits areobtainedby occurrencemodel6
andamountsmodel8. For bothoccurrenceandamounts,the log-likelihoodsclearly identify the
NAO asthe dominantsourceof interannualvariability. However, it doesnot accountfor all the
trendsin the data,sincethe likelihoodsfor occurrencemodel5 andamountsmodel6 areboth
significantly increasedby addingextra termscorrespondingto linear andcyclical trendsrespec-
tively. Thestandarddeviation of rainfall amountson wet daysis 5.758mm:henceamountsmodel
8 explains6.6%of thevariability. This is actuallyquite impressivegiventhelevel of noisein the
data(seeSection2.3.2). The improvementis dueto the incorporationof previousdays’ rainfalls
(i.e. of ‘weathervariability’), andtheNAO, into themodels.

Theseresultsshow thatGLM methodologyis ableto distinguishbetweenthe ‘genuine’NAO
mechanismandtheartifical deterministictrendscenarios.Themethodologypicksout significant
interactionsbetweenthe NAO andseasonalpredictors(the dominanteffect is in winter), anda
3-way interactionbetweenthe NAO, seasonalityandthe rainfall 1 day ago. We canusethis to
illustratehow interactionsmaybeinterpreted.

Example3.1: Wewill considertheinterpretationof the3-wayinteractionin theamountsmodel.
Froma physicalviewpoint we maybe interestedin thecoefficient associatedwith rainfall 1 day
ago,sincethis tells usaboutthestrengthof autocorrelationin therainfall series,andhenceabout
the typesof weathersystemthat affect the area. In the presentdiscussion,let Gfó be the rainfall
amounton day µ whenit is non-zero,andlet NTó denotethemeanof thedistribution of Gfó . We are
usinga gammaGLM with a log link function(seeSection2.2). In our model,we have chosento
usethepredictor

 ¢¡ L�;¾k«Gfó a E U to representtheeffect of rainfall 1 dayago.Accordingto thefitted
model,thecontributionof G-ó a E to

 ¢¡ NTó is ¢¡ L+;¾k©G-ó a E U}ô�7Aw�;�Ø6Ü�k©7¥w|7�à`7hë�ì8í 4�ïõ9 day?85�ö k«7Aw|76?87�íq÷ ¡ 4�ïø9 day?85�ö WÑLt7Aw×7A;�7>9 NAOUWÝù�7Aw×7A;<ö�9 NAO 9¦ë�ì8í 4�ïõ9 day?858ö ú k�ù�7Aw×787�4>9 NAO 9^í¶÷ ¡ 4�ïø9 day?858ö úDû P
where‘day’ is thedayof theyear(runningfrom 1 to 365),and‘NAO’ is thecurrentvalueof the
monthlyNAO index. This index fluctuatesabouta zerovalue. Therefore,if we put NAO = 0 in
this equationwe will obtainan‘average’seasonalcycle for thecoefficient of

 ¢¡ L�;�k©G-ó a E U . If we
putNAO = 1, wewill obtainthecorrespondingcycle for ayearin whichNAO takesthevalue1 in
everymonthi.e. in which thereis a reasonablystrong,andpersistent,positiveanomaly.

Theresultis shown in Figure3.1.As expected,autocorrelationis weaker in thesummerthanin
thewinter. Theeffectof theNAO is to decreasetheautocorrelationin thewintermonths,but it has
very little effect in thesummer. ThissuggeststhatapositiveNAO is associatedwith areductionin
thehomogeneityof weathersystemsin winter. This is quitea complex structureto identify from
noisydata;however, theGLM is ableto detectthis,andto representit straightforwardly. ü
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Figure3.1:Seasonalvariationof thecoefficientof
 ¢¡ L+;�k©G-ó a E U in Galwayrainfall amountsmodel,

andtheeffect of theNAO uponthis variation.

In seriousclimatestudies,wewouldprobablywantto explorethisdatasetfurther. In particular,
we maywant to determinewhetherthereareany large-scaleclimateindicesthataccountfor the
deterministictrendsin themodelspresentedhere. However, no new methodswould be involved
sowe donotattemptthis here.

To checkthemodels,westartby studyingPearsonresiduals.Herehowever, becausethedataset
is large,wedonotplot individualresiduals,but summarystatisticsoversubsetsof data.For exam-
ple, Figure3.2 shows summarystatisticsfor monthlyandannualPearsonresidualsfrom thebest
modelfor rainfall amounts.Theamountsmodelsusegammadistributions,for which we usethe
modifiedPearsonresidualswhich arejust theproportionalerrors LO��dfW�NTd�U-F�NTd for eachcase(see
Section2.5.1).Theplotsof meanresidualsinclude95%confidencebands,approximatelyadjusted
for spatialdependence.If themodelis correct,approximately95%of meanresidualsshouldlie
within thesebands.Thereis little systematicstructurein eitherof themeanresidualplots. This
indicatesthatthemodelgivesagoodrepresentationof seasonalandinterannualvariability.

Figure3.2alsoshows theroot meansquaredPearsonresidualfor eachmonthandyear— i.e.ý É �d p E ] À ÁÂfÃd c C . Theseplotsaredesignedto highlight any problemswith thevariancestructureof
themodel(i.e. to checktheassumptionthatthecoefficientof variationis constant).Thehorizontal
lines on the plots aredrawn at ;<F � �� , where �� is the estimatedshapeparameterof the gamma
distributions. This is theexpectedvalueof thesquaredPearsonresidualsif themodelis correct.
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Figure3.2: Seasonalandannualstructureof Pearsonresidualsfrom rainfall amountsmodel8 in
Table3.1.

We seethatthereis avery smallamountof seasonalstructurein thetop plot, but little interannual
structure.For practicalpurposes,thereis nothingto worry abouthere.

In additionto checkingseasonalandinterannualstructure,we couldcheckthat regionalvari-
ability is well represented,by computingsummarystatisticsfor Pearsonresidualsat eachsite.We
alsoneedto producesimilarplotsfor theoccurrencemodel.

To checktheprobabilitystructureof theamountsmodel,we canproducea normalprobability
plot of Anscomberesiduals(seeSection2.5.1). If thegammadistribution fits thedatawell, this
shouldappearasastraightline. Theresultis shown in Figure3.3. Theplot is linear, exceptin the
lower tail wheretherearenot enoughverysmallresiduals.This hasbeeninvestigated.Almost all
of thevaluesin the lower tail correspondto rainfall amountswhich wererecordedas‘trace’ (i.e.
thevaluewasrecordedas‘lessthan0.1mm’). Thelack of fit hereis thereforeto beexpected,and
will not causeany problemsin practicalapplications.

In Table3.1,therainfall occurrencemodelsuselogistic regression,andprovideanopportunity
to demonstratethecheckingof probabilitystructurefor Bernoulli randomvariables.Thetechnique
wasdescribedin Section2.5.2.We split thedatasetaccordingto themodelledprobabilityof rain,
andcomparetheobservedandexpectednumbersof rainy daysin eachsubsetof data.Theresult,
for thebestof theoccurrencemodels,is shown in Table3.2. Thereis a closeagreementbetween
observedandexpectedproportionsof rainy days,acrosstheentirerangeof forecastprobabilities.
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Figure3.3: Normalprobabilityplot of Anscomberesidualsfrom rainfall amountsmodel8 in Table
3.1.

Theworstcasesarefor theforecastrangesLO7Aw|ö¥Pb7Aw×5�U and Lt7¥w|ØAP);8w|78U . For example,of the6,444days
whenwe forecasta probabilitybetween0.5and0.6,weexpect54.6%to bewet,but only observe
53.2%.Thisdifferenceis actuallystatisticallysignificant,but is of little practicalinterest.

On thebasisof these,andothersimilar analyses,we mayconcludethattheIrish daily rainfall
recordis well modelledusing a combinationof occurrencemodel 6 and amountsmodel 8, in
Table3.1. In many climatologicalapplications,we might stopat this point. We have learnedthat
theapparentnonstationarityin Irish rainfall is not a ‘chance’effect, andthatsomeof it is dueto
fluctuationsin theNAO.Wehavealsoobtainedsomeinteresting,andinterpretable,resultsshowing
how theNAO affectsautocorrelationin rainfall sequences.We couldinterrogatethefitted models
furtherto find out,for example,how NAO affectsrainfall amounts(ratherthanautocorrelations)at
differenttimesof year.

However, for this particularstudy, we needto do morethanthis. Recall,from Section2.3.2,
thatanotheraimof thestudywasto estimatetheprobabiltyof largefloodsrecurring,andto provide
syntheticrainfall sequencesfor input to hydrologicalmodels.Within theGLM framework, this is
straightforward. All we have to do is to simulatesequencesfrom thefitted model. Froma single
sequence,wecanderiveany quantityof interest(suchasthewinter rainfall amountin aparticular
year). By simulatingmany sequences,we canobtaina simulatedprobabilitydistribution for this
quantity of interest— this tells us aboutour uncertainty. In fact, we have to allow for spatial
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Forecastprobability of rain
0–0.1 0.1–0.2 0.2–0.3 0.3–0.4 0.4–0.5 0.5–0.6 0.6–0.7 0.7–0.8 0.8–0.9 0.9–1.0

N 0 4989 14449 10433 8912 6444 6591 18088 43776 30000

O 0.000 0.179 0.254 0.357 0.455 0.532 0.646 0.752 0.850 0.938

E 0.000 0.178 0.249 0.347 0.449 0.546 0.656 0.760 0.856 0.927

Table3.2: Checkingtheprobabilitystructureof occurrencemodel6 in Table3.1.Row N givesthe
total numberof daysin eachcolumn. Rows O andE give theobservedandexpectedproportions
of thesethatwerewet.

dependencewhensimulatingovera network of sites.Thetheorybehindthis canbecomplex, and
is not coveredhere.Detailsaregivenin thereferencestheendof thelecture.

Figure3.4 shows whatcanbeachievedusingsimulation.Here,1000daily rainfall sequences
have beengeneratedover the period1989–1997.Thesesequenceswereall initialised usingob-
serveddata. From eachsimulateddaily sequence,winter rainfalls wereextractedfor every year.
Thefigureshowspercentilesof thewinter rainfall distributionsobtainedin thisway. It alsoshows
theobservedwinter rainfall amounts,with someuncertaintyowing to missingdata.

Thesimulateddistributionsin Figure3.4 show someinterranualvariability, asa resultof the
NAO. Eachday’s probability distribution dependsuponthe valueof the NAO, andthe observed
NAO sequencefrom 1989–1997wasusedin all of thesimulations.Thehigh rainfall in 1995,and
low rainfall in 1996,areboth stronglyassociatedwith NAO activity, sincethis is theonly factor
in themodelthatcouldpossiblyproducethedramaticchangein simulateddistributionsbetween
thesetwo years.

Figure3.4alsoshowsthattheobservedwinterrainfallsoverthisperiodfall within thesimulated
distributions. The mostextremeobserved rainfalls, in 1994and1995,appearto lie betweenthe
upper5% and1% point of the simulateddistribution. We shouldnot interprettheseresultstoo
literally. However, they do indicatethat floods at leastas extremeas thosein 1994 and 1995
may occuragainundersimilar NAO conditions. Qualitative conclusionslike this are of useto
policymakers1.

3.1.2 Casestudy 3

In Section2.3.3,weintroducedtheproblemof modellingtemperaturesin theUSA, to illustratethe
useof theGLM approachin a continental-scalestudy. We decideto usenormaldistributions,and
to fit separatemodelsfor themeanandvarianceof eachobservation.In thissection,wesummarise

1Sincethis work wascarriedout,waterlevelsin theareahave againbeenvery high. To someextent,this justifies
theconclusionspresentedhere!
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Figure3.4: Simulatedandobservedwinter rainfallsoverGalwayBayarea,1990-1997.Thedistri-
butionsarebasedon1000realisations.

theprocedurethatwasusedto fit amodelto thesedata,andillustratetheuseof orthogonalseriesto
representsystematicregionalvariations,asdescribedin Section2.4.4.We will not discussmodel
checkinghere:all of theissueshavebeencoveredin CaseStudies1 and2.

As mentionedin Section2.3.3, the joint modellingof meanandvarianceis computationally
expensive. This is aparticularproblemin this casestudy, wherethedatasetis large.As afirst step
to reducethecomputationaldemands,wesplit thedatasetinto 2 groups.Half of the2,606weather
stationsweresampled,andtheir datawereusedto fit themodel.Datafrom theremainingstations
weresubsequentlyusedin anindependentmodelvalidationexercise.

The‘fitting’ datasetcontains733,169observations.This is still large.Within theGLM frame-
work, typically we choosepredictorsby fitting differentmodelsandcomparingthem. However,
becauseof the computationalexpenseof fitting a joint mean/variancemodel to a datasetof this
size,it is not feasiblehereto fit everypossiblemodel(typically it takesbetween4 and12hoursto
fit any realisticmodel,usinganextremelypowerful Sun computer).In orderto simplify matters,
therefore,we first usestandardmultiple regressiontechniques(which arecomputationallycheap)
to identify possiblepredictorsfor themeanpartof themodel.Next, westudythesquaredresiduals
from theresultingmultiple regressionmodelto identify predictorsfor thevariance.We thenfit a
very largemodel,containingall of thesepossiblepredictors.Finally, we deletegroupsof similar
termsfrom this large model, if they appearunimportant. Whenchoosingpredictors,we should
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rely on residualanalysesandinformal methods,ratherthanuponformal hypothesistests.This is
becausethedatasetis solargeherethatany formal testis likely to highlight very smalleffectsas
statisticallysignificant,evenif they areof nopracticalimportance.

In thiscasestudy, orthogonalserieshavebeenusedto representsystematicregionalvariability
in temperatures.As mentionedin Section2.4.4,a potentialdisadvantageof theorthogonalseries
approachis thatit mayrequirealot of parametersto representaneffect. Thenumberof parameters
increaseswith the complexity of the function being represented.It is likely that the dominant
effectsof spatiallocationupon temperatureare thoseof latitudeandaltitude. In order to keep
modelcomplexity to a minimum, we thereforeincorporatesite altitudeasa predictor, andthen
useorthogonalfunctionsof latitudeandlongitudeto representany remainingregionalvariability.
Hopefully, this remainingvariability will bereasonablysmooth.

In orderto usean orthogonalseriesrepresentation,we needto specifyan interval
���������

over
which this representationis valid. Orthogonalserieswill usuallyprovide anaccurateapproxima-
tion to any function, exceptnearthe endsof the choseninterval. This suggeststhat we should
choose

�
and

�
to bewell outsidetherangeof theavailabledata.However, if wedid this wecould

not considertheavailablevaluesto beuniformly distributedover
���������

, which is necessaryin or-
derfor theresultingpredictorsto beapproximatelyuncorrelated.Therefore,in practiceweshould
choosethe interval to be slightly wider than the rangeof the data. For this study, we represent
longitudeeffectsovertherange��������� to �! ���� , andlatitudeeffectsover therange"#��� to $%��� . The
region is shown in Figure3.5.

Over the rangeof latitudesconsideredhere,temperaturesincreaseon averagefrom North to
South.This suggeststhat theeffect of latitudemayberepresentedusinga low-orderpolynomial.
TheLegendrepolynomialsform anorthogonalbasis,andsowehaveusedthese.Polynomialsupto
degree4 havebeeninvestigated.Degree4 offeredno improvementoverdegree3, andaccordingly
latitudeis representedvia the3 predictors&('#)+*, - �

Latitude �.��$ �0/ ��$& '#)+*1 - 2 ��3 & '#)4*, 5 1 �6�87 / "
and

& '%)4*9 - 2 $ 3 & '%)4*, 5 9 �:� & '%)4*, 7 / "<;
Thechoiceof abasisfor representinglongitudeeffectsis notsoobvious.Theonly thingwecan

dois to try differentbasesandseewhichproducesthebestmodel.In thisstudy, weinvestigatedthe
useof Legendrepolynomialsup to degree8, anda Fourierrepresentationusingthefirst 5 Fourier
frequencies.After droppinginsignificanttermsfrom themodels,their performancewasvirtually
indistinguishable.However, theFourier-basedmodelcontainedfewer terms.This is thereforethe
preferredbasis,andlongitudeeffectsarerepresentedusingthefunctions& '�=?>A@B - CD EGF8H�I 34J BLK ,�MONPRQ S longitude5 T - � � � � $ �VU ;I0WYX 3 B NPRQZS longitude5 T - " �0[\�  ��] ;

WhenusingFourier seriesto representa function over an interval, we shouldrememberthat
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Figure3.5: Systematicregionalvariationof temperaturesovertheUSA, representedby orthogonal
basisfunctionsof latitudeandlongitude,andtheir interactionswith seasonalpredictors.Contour
unitsaredegreesFahrenheit.

Fourier seriesareperiodic. If ^_ � ; � is theFourier seriesrepresentationof a function
_ � ; � over the

interval
���������

, then ^_ ���4� - ^_ ���8� . The Fourier basisshouldthereforeonly be usedin situations
whereit is reasonableto assumethat

_ ���4�
and

_ ���8�
areapproximatelyequal.

In Section2.4.4,we saidthatto representthesystematicvariationof temperaturewith latitude
andlongitude,it is necessaryto includethe

& '#)+*
s,
& '#=`>a@

s andtheir interactionsinto themodel.
Usually, many of theinteractionswill beinsignificantandcanbedeletedfrom themodel.However,
to startwith wemustconsiderall of them.

At acontinentalscale,regionaltemperaturepatternswill varywith season.Therefore,weneed
to includeinteractionsbetweenthe

&
s andtheseasonalpredictorsin themodel.As in CaseStudy

2, seasonalitymayberepresentedby sineandcosinefunctions. We canusethe interactionsin a
modelto show thesystematicregionalvariationin UStemperaturesin eachmonth.If we takeany
GLM, andextractthetermscorrespondingto seasonality, regionalvariationandtheir interactions,
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we obtaina functionof latitude,longitudeandtime of year. This representsanaveragedeviation
from somebaseline,whoselevel is determinedby the remainingtermsin the model. In each
month, the seasonalpredictorstake differentvalues,andhencethe coefficients associatedwith
eachof the

&
s for thatmonthcanbe calculated.The resultingfunctionof latitudeandlongitude

can thenbe plotted. The functionsdefinedin our model for bdc areplotted, for eachmonth, in
Figure3.5 (note that the effect of altitude is omitted from thesemaps). The idea is exactly the
sameasthatusedto produceFigure3.1 in CaseStudy2. Thedominantfeaturein thewinter is a
North-Southtemperaturegradient.In thesummer, thedesertregionsin theWesternUSA become
very hot. This resultis not very exciting scientifically, but it doesindicatetheability of theGLM
approachto representknown climatepatterns.

Therearenolarge-scaleclimateindicesin thetemperaturemodelsconsideredhere.Themodel
for meantemperaturecontains112predictors,of which 99 arerequiredto definethestructurein
Figure3.5. Thevariancemodelcontains27 predictors,of which 23 representsystematicregional
effects (the remaining4 representseasonalvariation). In a climatologicalstudy, the resulting
modelcouldbetreatedasa base:predictorsrepresentingclimatologicalvariablescouldbeadded
to assesstheirsignificanceandimpacts.Maps,suchasthosein Figure3.5,couldbeusedto display
theimpactsat differenttimesof year.

3.1.3 Casestudy 4

Wehavenow illustratedmostof theimportantareasin whichGLMs canbeappliedto climatology.
Thefinal casestudygivesyou anopportunityto try out someof theseideasfor yourself.

In Section2.3.4,wedecidedthatthesewindspeeddatacouldbemodelledusingagammaGLM.
In principle,this couldbedoneusingR asin CaseStudy1. However, thedatasetis fairly large(it
contains125,181observations),andfitting GLMs in R canbe slow for large datasets.Here,we
will usea suiteof FORTRAN programsto fit models.Theseprogramsfit gammadistributions,
and logistic regressionmodels— originally, they were written for daily rainfall modellingand
usedto analyseCaseStudy2. Detailsof how to obtaintheprogramsmaybe found in Appendix
A.2. The softwarewill needto be installedandcompiledbeforeyou cantry this casestudyfor
yourself.On aUnix system,thecompilationwill produceanexecutablecalledfit gamm, which
is theprogramwe will useto fit gammaGLMs.

The GLM fitting programsrequirea numberof input files. Theseare all describedin the
softwaredocumentation.Thefirst is adatafile whichmaybedownloadedfrom thewebsitefor this
lectureseries,asdescribedin Section2.3.4.Theotherrequiredfiles aresiteinfo.def , which
containsdetailsof site locations;mn preds.dat , which is usedto definemonthly ‘external’
predictors(here,we just provideNAO data,asanexample);anda modeldefinitionfile. All of the
filesmaybedownloadedfrom thewebsite.A numberof modeldefinitionfilesareincluded.These
illustratehow wemaybuild upa GLM graduallyfrom a few ‘obvious’ predictors.

Thesimplestpossiblemodelfor this studyis theonein which all observationscomefrom the
samegammadistribution. In this model, e ��f c � - bdc , suchthat g X bhc -ji Q for all k . Thedefinition
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Results after 9 iterations:

Log-likelihood - -76773.038

Number of observations - 125181

No. of parameters estimated - 1

Nuisance parameter (NU) - 5.321411 (ML estimate is

Final parameter estimates:

Main effect: Coefficient Std Err

------------ ----------- -------

Constant 1.899159 0.0012

Spatial dependence structure:

--------------- -- -- -- --- -- -- --

Structure used is Independence

RESIDUAL ANALYSIS

================ =

Mean of observations: 6.680

Standard deviation of observations: 2.896

Mean error (observed - predicted): 0.000

Root mean squared error: 2.896

Proportion of variance explained by model: 0.000

Mean Pearson residual: 0.000

Standard deviation of Pearson residuals: 0.433

Expected std dev of Pearson residuals: 0.433

Mean Anscombe residual: 0.9792 (expected: 0.9791)

Std Dev of Anscombe residuals: 0.1441 (expected: 0.1445)

...

Figure3.6: Exampleof outputfrom gammaGLM fitting program(simplemodelwith nopredictors
excepta constant).
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Model File Predictors in model
0 model 0.def Constantonly
1 model 1.def Constant+ autocorrelation:g X � �ml f?npo B � for T - � � " � �
2 model 2.def As model1, + seasonalcycle
3 model 3.def As model2, + linearfunctionsof latitudeandlongitude
4 model 4.def As model3, + autocorrelation/seasonalinteractions
5 model 5.def As model4, with someinsignificantinteractionsremoved
6 model 6.def As model5, + site/seasonalinteractions
7 model 7.def As model5, + site/autocorrelationinteractions
8 model 8.def As model7, with someinsignificantinteractionsremoved
9 model 9.def As model8, + NAO
10 model 10.def As model9, + NAO/siteinteractions
11 model 11.def As model9, + NAO/seasonalinteractions
12 model 12.def As model11,+ NAO/site/seasonalinteractions
13 model 13.def As model11,+ lineartrend
14 model 14.def As model13,+ trend/siteinteractions
15 model 15.def As model14,+ trend/seasonalinteractions
16 model 16.def As model14,+ trend/site/seasonalinteractions
17 model 17.def As model14, includingspatialdependence

Table3.3: Descriptionof modelsfor which definitionfiles areprovided,for usewith CaseStudy
4.

file for this modelmodel 0.def . To fit this model,copy model 0.def to gammamdl.def

andrun the fitting program.Someimportantpartsof theoutputareshown in Figure3.6. These
includethelog-likelihoodfor thefittedmodel,thenumberof observations,theparameterestimates
andsomeresidualanalyses.Theestimateof i Q is 1.899. This correspondsto a meanwindspeed
of q ,sr tsusu -  v;w U#x ms

o ,
. Thefull outputcontainsfurtherresidualanalyses,which areomittedhere

for reasonsof space.UseCaseStudy2 asaguidewheninterpretingtheseanalyses.
The model fitting programcontainsa numberof output files. Theseare describedin the

softwaredocumentation.The importantonesaregammamdl.res , which containsresults,and
gammamdl.de2 , which is a model definition file correspondingto the fitted model2. If we
now want to extend the model by addingextra predictors,we can copy gammamdl.de2 to
gammamdl.def , add someextra lines correspondingto the extra predictors,and fit the new
model.

2Thefile anscombe.ps mayalsobeproduced.This producesa normalprobabilityplot of Anscomberesiduals.
However, this maybeincorrectandshouldbeignored!UseR to producenormalprobabilityplots.
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To give someideaof a typical sequenceof modelsfor this dataset,17 modeldefinition files
havebeenprovided.Themodelsaresummarisedin Table3.3.Notethefollowing:

1. The first predictorsto be addedare thoserepresentingautocorrelation.This is extremely
important,becauselikelihoodscanonly beusedto comparemodelsthathave beenfitted to
thesamedatavalues.In Model 1, we canonly fit modelsto caseswherethevaluesof each
of the 3 previous

f
valuesareknown. Sincesomedataaremissing,we thereforehave to

discardsomedaysfrom thedatabaseto fit themodel,andthesamplesizedecreases(from
125,181to 123,311). Therefore,we cannotcomparethe likelihoodfrom Model 1 to that
from Model0. However, all remainingmodelswill befitted to thesamedataasModel1, so
comparisonscanbemadebetweenthese.

2. After accountingfor autocorrelation,we add predictorsrepresentingseasonalityand site
effects. From the preliminaryanalysisin Section2.3.4,theseobviously affect windspeed.
Thelinearrepresentationof siteeffectsseemsreasonable,from Figure2.7.

3. Thegeneralprocedurefor dealingwith interactionsis to addagroupof themat a time,then
deletetheonesthatappearinsignificant.

4. Model8 is a ‘baseline’model,thatis deemedto accountfor seasonality, regionalvariability
and autocorrelation.We can investigatequestionsof climatological interest,suchas the
effectof theNAO, by comparingextendedmodelswith thisbaseline.

5. Model 17 is the sameasModel 14, except that the fitting programwill alsoestimatethe
correlationsbetweenAnscomberesidualsat eachpair of sites. Theseare storedin file
cor gamm.dat , and may be usedsubsequentlyto simulatecorrelateddaily windspeed
sequencesat these9 sites,if desired.Thesimulationprogramsuppliedwith thesoftwarecan
beusedto achieve this.

Wewill notdiscussthiscasestudyany further. It is almosttime for thestatisticianto stop,and
for theclimatologiststo takeover!

3.2 Other statistical methods

In theselectures,we have focusedupontheuseof GLMs to analyseclimatedata. Thereare,of
course,many otherstatisticalmethodsthatarecommonlyusedin climatology. In this sectionwe
summarisesomeof these,to placetheGLM methodologyin context.

3.2.1 Extr emevalue theory

In many applications,weareinterestedin studying‘extreme’events,sincetheseoftenhavea large
impactuponsociety. In CaseStudy2, for example,we studiedtheprobabilityof severeflooding
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in Irelandby building a GLM for daily rainfall, andsimulatingthis to estimatetheprobabilityof
largefloodsrecurring.

Usually, extremeeventsarestudiedusingExtremeValueTheory. This may involve eitherof
thefollowing techniques:

1. Split adatasetinto y timeperiods,eachof whichcontainsa ‘large’ numberof observations.
Extractthe largestobservationfrom eachtime period,andfit a GeneralisedExtremeValue
(GEV) distribution to theresultingsampleof y maxima. For daily data,we will typically
takeayearto bethebasictimeperiodsothatwearefit distributionsto theannualmaximum
values.Fromthesedistributions,we candeducestatementssuchas‘the probabilitythatthe
maximumdaily rainfall this yearwill exceedz is 0.01’, for somethresholdz .

2. Considerjust thoseobservations( z , � ;{;{; � z%| say)thatexceedsomelargethreshold} , andfit
a GeneralisedParetoDistribution (GPD) to the thresholdexceedancesz , �~} � ;{;�; � z�|���} .
Again, thefitted distributioncanbeusedto makeprobabilitystatementsaboutlargevalues.

Thesetechniquesareboth baseduponlarge-sampletheory(and,in fact, areequivalentfrom
a theoreticalpoint of view). Under very generalconditions,the maximumof a large number
of identically-distributedrandomvariableshasa GEV distribution, regardlessof the distribution
of the individual variables.A similar result justifies the useof the GPD in modellingthreshold
exceedances.Theseresultsare similar to the CentralLimit Theorem,which suggeststhat we
shouldusethenormaldistribution to model‘averages’.

Historically, themethodof moments(seeSection1.4.3)hasoftenbeenusedto fit distributions
in extremevalueanalyses.In modernstatisticalpractice,however, maximumlikelihoodis usually
used. Using maximumlikelihood,it is possibleto incorporatepredictorsinto the fitted distribu-
tions,andto assessthesignificanceof thesepredictorsusinglikelihoodratio tests.This allows us
to assessthe effectsof predictorsuponextremesdirectly (in a GLM, we have to studyextremes
by simulatingmodelsthat arefitted to all of the data),which canbe very useful if we areonly
interestedin extremeevents.

Themainadvantageof ExtremeValueTheoryis thatwedonothaveto chooseadistributionfor
thevariableof interest.It is knownthattheGEVdistributionis theonlypossibledistributionfor the
maximumof a largenumberof observations,andthattheGPDis theonly possibledistributionfor
thresholdexceedances.By fitting thesedistributions,wearecanthereforebereasonablyconfident
thatour estimatesof extremeeventprobabilitieswill befairly accurate.By contrast,if we derive
extremeeventprobabilitiesby simulatinga GLM, we needto beextremelycarefulthatthemodel
structureis correct.

ExtremeValueTheorydoeshave somedrawbacks.Thesearemostlyassociatedwith theneed
to fit distributionsto asmallsubsetof theavailabledata,andwith difficultiesin applyingthetheory
to datafrom morethanonesite. If we fit distributionsto annualmaxima,or to observationsthat
exceedsomehigh threshold,thenour samplesizewill be greatlyreduced.As a result,we may
notbeableto detectweakrelationshipsamongvariables.Also, notethatwecanonly useExtreme
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ValueTheoryif the quantityof interestis an extremeeventover a relatively small timescale.In
CaseStudy2, for example,we wereinterestedin large winter rainfalls. To performan Extreme
ValueAnalysisof winter rainfall, we would needwinter rainfall datafor many years,so thatwe
couldextractthe‘large’ valuesandstill haveenoughdatato fit adistribution.

In summary: ExtremeValue Theory is very useful for situationswhereextremesof direct
interest. Whenits useis appropriate,it will probablyestimateextremeevent probabilitiesmore
accuratelythana GLM. However, it is notalwaysappropriate,andtheneedto discardmostof the
databeforefitting distributionsmeansthatweakclimatologicalrelationshipsmaynot bedetected
using this technique. Ideally, any analysisof extremeswould combineboth an ExtremeValue
Analysis,andaGLM.

3.2.2 Multi variate techniques

It is probablyfair to say that multivariatetechniquesare currently the most popularstatistical
methodsin theclimatologicalliterature.SuchtechniquesincludePrincipalComponentsAnalysis
(PCA, alsoknown as ‘Empirical OrthogonalFunctions’,andeffectively the sameasa Singular
ValueDecomposition)andCanonicalCorrelationAnalysis(CCA). All of themaredesignedfor
theanalysisof high-dimensionaldatasets.In climatology, thehigh dimensionusuallyarisesfrom
thesimultaneousobservationof asinglevariableatanetwork of sites.For easeof presentation,we
will only discussPrincipalComponentsAnalysishere.Thegeneralcommentsapplyto all similar
methods,however.

Supposewe observe valuesof a climatologicalvariable,at � sites. The observationsat any
time canbeassembledinto an � -dimensionalvector � , say, andwe observe valuesof this vector
overmany timepoints.If � is large,it canbedifficult to visualiseall of theobservations.However,
in many applications,valuesfrom neighbouringsitesat thesametime will bevery similar. This
meansthateach� vectoreffectively containsfar fewer than � piecesof information,andsuggests
that we might searchfor a way of representingthe � s in a small numberof dimensions.PCA
is a methodfor achieving this, by transformingeach � vector into � new variables,which are
linear combinationsof its elements. Thesenew variablesare the principal componentsof the
system.They aremutuallyorthogonal(effectively, this meansthatthey areuncorrelated),andare
chosenin sucha way that, in somesense,thefirst T principal componentsgive thebestpossible
representationof the entiredatasetin T dimensions.It may be possibleto interpreta principal
component,by examiningthe weightsassociatedwith each z valuein the linear transformation.
For example,wemayconducta PCA of griddedglobalseasurfacetemperatures,andfind thatthe
secondprincipalcomponentallocateshigh weight to all grid nodesin theequatorialEastPacific,
andlow weight everywhereelse. In this case,we may be justified in interpretingthis asan ‘El
Niño’ component.

This approachis very differentto the oneusedin GeneralisedLinearModelling. In a GLM,
each� would be regardedasthe realisedvalueof a randomvector � . Thecorrespondingmean
vector � wouldbederivedfrom predictorsateachsite,andthedependencebetweensitesmightbe
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specifiedby studyingsomestructureamongsuitably-definedresiduals.
In comparingtheapproaches,noticethatPCAis essentiallyadescriptivetechnique.Its primary

aim is to reducea high-dimensionaldatasetto a few variables.Thereis no notionof probability
involved here(in fact, PCA canbe embeddedwithin the framework of a probability model,but
the theorybehindthis is complex andthe modelsinvolvedarenot particularlyhelpful for many
practicalapplications).Notealsothatthedefinitionof theprincipalcomponentsis anartificial one,
madeonpurelymathematicalgrounds.It is temptingto try andascribeameaningfulinterpretation
to eachof theprincipal componentsof a system(aswith theEl Niño exampleabove). However,
theclimateis a complex system,andnobodyreally believesthatit canberegardedasa collection
of uncorrelatedvariables! For this reason,it is potentiallydangerousto seekinterpretationsof
principalcomponents.

TheGLM approachhastheadvantagethat it modelsclimatevariablesdirectly, therebyavoid-
ing theartificiality of thePCArepresentation.Moreover, uncertaintyin aGLM is easilyquantified
becauseit is a probability-basedframework. In any PCA, we oughtto ascribesomeuncertainty
to the weightsin eachlinear combination,sincethesewill changewith the time periodusedfor
analysis.However, this is rarely(if ever) done— theresultis to underestimateuncertaintyin any
analysisbasedonPCA.

PCA canpotentiallybe very helpful for the climatologistusingGLMs. Supposewe wish to
useanentirefield of, say, seasurfacetemperatures(SSTs)to build a modelfor somevariableof
interest.We couldbuild a GLM containingeachof theindividualSSTvaluesaspredictors.How-
ever, this would leadto a hugemodel(andmany predictorswould appearinsignificant,because
the SSTvaluesat neighbouringsiteswould be highly correlated).In sucha situation,it may be
useful to carry out a PCA of the SST field, andusea few principal componentsas predictors.
Thereis noguaranteethatthefirst principalcomponentswill betheonesmoststronglyassociated
with thevariableof interest,so it maybenecessaryto try a varietyof differentmodelsusingthis
procedure.However, it doesoffer theopportunityto reducea complex problemto a manageable
form. Alternativesbasedon canonicalcorrelationsarepossible.

In summary: from a statisticalperspective, the applicationof most multivariatetechniques
in climatologyshouldbe primarily descriptive, andover-interpretationof their outputshouldbe
avoidedwherepossible.In applications,it is moreinformative to investigatevariablesof interest
directly, ratherthanvia anartificial constructionthatis motivatedby mathematicalelegancerather
than practicalusefulness.The ability to reducethe numberof dimensionsin a large datasetis
usefulhowever, andmaybeappliedto obtaina few predictorvariablesfrom a largespatialfield.

3.2.3 Time seriesmodelling

Whendataariseassequencesin time, it is commonto analysethemusing time seriesmodels.
Thesearetypically basedupontheAutoregressive-Moving Average(ARMA) classof modelsand
its extensions.An ARMA model,for a stationarysequenceof randomvariables

��f?���
, takesthe
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form f?n - b�l ��BL� ,(� B ��f?npo B �.b � l:� n � ��� � ,#� � � npo �
for someparametersb � � , � ;{;{; � � � � � , � ;{;{; � � � . � � n�� hereis a sequenceof uncorrelated,identically
distributedrandomvariableswith zeromean.

In anARMA model,thevaluesof
f?npo , � ;{;{; ��f?npo � and � npo , � ;{;{; � � npo � will beknown at time � .

They canthereforeberegardedaspredictors,andwecanwritee ��f?n0��f�npo , � ;{;{; ��f�npo � � � npo , � ;{;�; � � npo � � - b�l ��B0� ,�� B ��f�npo B ��b � � ��� � , � � � npo � ;
This takes the form of a GLM, with the previous

f
s and � s aspredictors. ThereforeARMA-

type time seriesmodelscanbe regardedasspecialcasesof GLMs. Indeed,the classof GLMs
that includesprevious

f
valuesas predictorsis sometimescalled the classof GENERALIZED

AUTOREGRESSIVE MODELS.
This descriptionappearsto trivialise the enormousamountof literatureon time seriesmod-

elling. However, therearemany issues,mainly regardingthetheoreticalpropertiesof models,that
we have not mentionedin our discussionof GLMs. If we really want to understandthestructure
andimplicationsof our models,we needto addresstheseissues.For the wider classof GLMs,
they arepoorly understood.In climatology, the largesizeof datasetsmeansthat this lack of un-
derstandingmaybeunimportant— any sensiblemodel,fitted andcheckedusinga largedataset,
is unlikely to havepoorproperties.Weshouldbeaware,however, thatat presentthereis plentyof
theoreticalwork to bedone,whenusingGLMs to studytimeseries!

3.2.4 Stochasticmodels

Sofarwehavediscussedpurelystatisticaltechniques.Thesemaybecontrastedwith STOCHASTIC

MODELS, whoseaim is to givea simplifiedrepresentationof a processin probabilisticterms.For
example,we know that rain occursin ‘storms’. Within storms,local areasof convection(‘rain
cells’) produceenhancedrainfall. The completemechanicsof the rainfall processareextremely
complex. However, averycrudemodelfor a rainfall sequenceat asiteis asfollows:

1. Stormoriginsfollow aPoissonProcess(seeSection1.3.3).

2. Eachstormgivesriseto arandomnumberof raincells,whicharriveat thesitein asequence
afterthestormorigin.

3. Eachcell hasa randomdurationandintensity.

In orderto completethedescriptionof sucha model,we needto specifydistributionsfor the
numbersof cellsperstorm,andfor thecell durationsandintensities.Themodel’s parametersare
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physicallyinterpretablequantitiessuchasstormarrival rate,meannumberof cellsperstormand
meancell duration.

It might appearthatsucha modelis far too simplistic to beuseful. However, in practiceit is
found that this type of structurecando an extremelygoodjob of reproducingmany featuresof
observed rainfall sequences,undera variety of differentclimateregimes. Stochasticmodelsare
particularlyappropriatefor thegenerationof high-resolutionsyntheticdata,which is requiredin a
varietyof applications(notablyin hydrology).

3.2.5 Bayesianmethods

In our discussionof statisticalmodelling,we have adoptedtheview thatmodelsshouldbefitted
by Maximum Likelihoodwhenever possible.This is basedon the ideathat, if we wish to usea
datavector � to learnaboutthe probability distribution that generatedit, Maximum Likelihood
estimatorsareoftenoptimalin varioussenses.

However, in many situationswe may be able to do betterthan this. The reasonis that our
knowledgeof a systemdoesnot just comefrom � . Pastexperiencewith similar data,andunder-
standingof the processeswithin the system,may both give us someideaof realisticparameter
valuesbeforeweevenseethedata.A simpleexampleillustratesthis:

Example 3.2: Supposewe wish to find theprobability thata coin comesdown headswhenwe
tossit. To do this, we tossthecoin 100 times,independently. On the k th toss,we record

f c - �
if the coin shows a head,and0 if it shows a tail. The

f
s are thereforeindependentBernoulli

variables,with unknown parameter� .
Whentheexperimentis carriedout,we observe valuesz , � ;{;{; � z , QsQ , andassembletheminto a

vector � . Thelog-likelihoodfunctionfor ���:��� � �8� is theng X�� � � � � � - , QsQ�c � , g X�� ��f c - z�c � - �� � � , g X �¡l �� � �\Q g X � �¢�£� � -¥¤ g X �¡l � �����¦� ¤ � g X � �§�¨� �©�
where ¤ is thetotal numberof headsobserved. To maximisethelikelihood,we differentiatewith
respectto � andsetto zero:themaximumlikelihoodestimateis ^� -6¤ / ����� , asexpected.

To expressour uncertaintyregardingthevalueof � , we couldestimatethestandarderroras-
sociatedwith ^� . However, asmentionedin Section1.4.3,it is moreaccurateto give a confidence
interval basedon thelikelihood.A 95%confidenceinterval is thesetof valuesof � Q for which the
null hypothesisª Q�« � - � Q is not rejectedat the5% level. Usingtheusualtheoryfor likelihood
ratio tests,this is thesetof values¬�� Q!« "�� g X�� � ^� � � � �g X�� � � Q � � � �¯®¥�°; ]#[°± , since3.84is theupper
5%pointof a ² 1 , distribution. Theendpointsof this interval arethereforethevaluesof � Q satisfying¤ g X 2 ¤����� 7 l � �{���³� ¤ � g X 2 �����³� ¤�{��� 7 � ¤ g X � Q � � ���#�´� ¤ � g X � ���¨� Q � - ��; x "µ ¶ ¤������� Q#·©¸ ¶ ���#�´� ¤����� � ����� Q � · , QsQ o ¸ - q ,sr us1 ;
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Thesolutionsto this equationcanbefoundstraightforwardlyusingnumericalmethods.
Supposenow thatwe carryout this experiment,andobserve 62 heads.We thereforecompute^� -  (" / ����� - �v;w (" , and the 95% likelihood-basedconfidenceinterval for � is

� �v;¹$�"#� � �v; U ��� � .
However, mostpeoplewould not acceptthis. They would arguethat thetruevalueof � is ‘obvi-
ously’ 0.5,andthat the resultsof this experimentaredueto chance— in effect, we have madea
TypeI error(seeSection1.4.2)in testingthenull hypothesisª Q<« � - �v;º$ againstthealternativeª , « �¼»- �°;º$ .

Thereasonfor thisreactionis thatwehavesomeprior understandingof thecoin-tossingexper-
iment.Wehaveaverystrongbelief thatacoin is equallylikely to show headsor tails. If werecord
620headsin 1000tosses,or 620,000headsin 1,000,000tosses,we may suspectthat thecoin is
biased;however, we areunlikely to changeour prior belief on thebasisof theresultsconsidered
here.Thelikelihoodanalysistakesno accountof prior knowledge,sinceit usesonly theobserved
datafor theexperiment. ½

How canwe incorporateprior knowledgeof a parametervector ¾ into a statisticalanalysis?
Note first that we have someuncertaintyabout ¾ (if we didn’t, therewould be no needfor any
analysis!). The naturalway to expressthis uncertaintyis via a probability distribution: we may
considerthat ¾ is itself a randomvectorwith density ¿ � ¾ � , say. This is calledthe PRIOR DIS-
TRIBUTION of ¾ . Note,however, thatprobabilitystatementsabout ¾ cannotbe interpretedin the
‘classical’ way. We cannotusuallyobtainmany differentvaluesof ¾ by repeatingsomeexperi-
mentalargenumberof times.However, ¿ � ¾ � doeshaveanintuitiveinterpretation,sinceit conveys
informationaboutuncertainty. In Example3.2above,wemaychooseaprior distributionfor � that
is extremelyconcentratedabout0.5. An exampleis shown in theleft panelof Figure3.7.

The effect of observing� is to modify our prior belief about ¾ . Our modifiedbelief canbe
expressedby theconditionalprobabilitydistributionof ¾ given � . This conditionaldistribution is
calledthePOSTERIOR DISTRIBUTION for ¾ , andis denotedby ¿ � ¾ � � � . By Bayes’Theorem(page
11),wehave ¿ � ¾ � � � - _ � � � ¾ � ¿ � ¾ �_ � � � ;
Here,

_ � � � ¾ � is thedensityof � given ¾ , and
_ � � � is theunconditionaldensityof � (whichdepends

upon ¿ � ¾ � , ratherthanupon ¾ itself). For theanalysisof any dataset� ,
_ � � � is fixed. It canbe

regardedasaconstant,chosento ensurethattheposteriordensityintegratesto 1 (sinceit represents
aprobabilitydistribution). We thereforehave¿ � ¾ � � �ÁÀ _ � � � ¾ � ¿ � ¾ �Â� or equivalently ¿ � ¾ � � �©À � � ¾ � � � ¿ � ¾ �©�
where � � ¾ � � � is thelikelihoodfor ¾ given � (seepage30).

Thepoint of all this is thattheposteriordistributionallows usto modify our prior belief using
theavailabledata.As wegathermoredata,thecontributionof thelikelihoodwill tendto dominate
thatof theprior. As a result,for very largedatasets,inferencebasedon theposteriorwill oftenbe
very similar to thatbasedon the likelihood.However, for smallor moderately-sizeddatasets,the
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Figure3.7: Left panel:a possibleprior distribution for theunknown parameter� in a coin-tossing
experiment(seeExample3.2). Right panel: the likelihood function for � when 62 headsare
recordedout of 100 tosses,and the posteriordensitythat resultsfrom combiningthis with the
suggestedprior. Thelikelihoodhereis definedupto aconstantof proportionality, andis presented
on thesamescaleastheposteriorfor easeof comparison.

prior caninfluenceresultsto a considerableextent. This is illustratedin the right-handpanelof
Figure3.7,wherethe likelihoodandposteriordensityarepresentedfor thecoin-tossingexample
discussedabove. The strongprior informationdominatesthe results,andthe posterioris much
morein agreementwith our intuition thanthelikelihood.

Statisticalinferencebasedon posteriordistributionsis calledBayesianinference. This caused
somecontroversyin thestatisticalcommunityduringthe20thcentury, mainly becausethechoice
of prior distribution wasseenassubjective. However, Bayesianmethodsarenow generallyac-
cepted,sincethey canbeverypowerful if appliedappropriately. Theideahastremendouspotential
in someareasof climateresearch,wherea lot of prior knowledgecanbeassimilatedinto ananaly-
sis.Thereare,however, anumberof difficult issuesinvolved.In particular, calculationof posterior
densitiesin realproblemsis usuallydifficult, andcomputationallydemanding.Moreover, for large
datasetssuchasthoseconsideredin CaseStudies2, 3 and4 here,any Bayesiananalysisis likely
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to be dominatedby the contribution of the likelihoodto the posteriordensity, so that resultsand
conclusionswouldbeverysimilar to thosewehavepresentedalready.

3.3 Relationshipswith physicaland dynamical modelling

The methodsdiscussedin theselectureshave all beenbasedon probability models. The useof
suchmodelsdoesnot meanthatwe regardtheclimateas‘random’ in theusualsenseof theword.
We regardour observationsas realisedvaluesof randomvariables,but in this context ‘random
variable’is a formalmathematicalconcept,asdefinedin Section1.2.3.

As an alternative to statisticalmodelling, we could study the climate as a systemwhich is
essentiallydeterministic.This is usuallydoneby writing down equationsthat representvarious
laws governing the system’s behaviour, and studyingthe evolution of the systemaccordingto
theseequations. We refer to suchan approachas ‘dynamical modelling’. Inevitably, there is
somedegreeof approximationinvolvedin this, but therecanbelittle doubtthat themore‘expert
knowledge’canbe embeddedin a model,the betterit is likely to perform. Sinceclimatologists
areexpertson theclimate,their climatemodelsarelikely to bebetterthanthosedevelopedby a
statistician!Nonetheless,noclimatemodelis perfect.Therewill alwaysbeuncertainty, andhence
theopportunityto incorporateprobabilitymodelling,in climateresearch.

The potentialfor incorporatingprobability into dynamicalmodelsis only just startingto be
recognised.We may begin to think abouthow to achieve this, using the framework set out in
Section1.4.Essentially, adynamicalmodeltellsuswhatto expectfrom asystem.Thisexpectation
mayberegardedasthemeanof aprobabilitydistribution. Thereis aclearconnectionwith GLMs
here:ourobservationsareregardedasdrawn from someprobabilitydistribution,whosemeanmay
be relatedto the valuesof variouspredictors. In a very simplecasewe could take a dynamical
modelfor, say, rainfall, andusethemodeloutputasa singlepredictorin a GLM. TheGLM could
thenbeusedto expresstheuncertaintyin thesystem.

An interestingquestionthat ariseshereis: what type of probability distribution shouldwe
usein sucha scenario?To continuewith therainfall example: ‘statistical’ models,suchasthose
consideredin CaseStudy2, typically usegammadistributionsat a daily timescale.Would the
gammadistribution still be appropriateif we wereto usemesoscalemodel24-hourforecastsas
predictorsin a GLM? If our dynamicalmodelis accurate,thenits errorsover small time intervals
canprobablybemodelledusinganormaldistribution(sincethishasapplicationsto ‘measurement
error’ problems— seeSection1.3.4).Perhaps,in thecaseof rainfall, thisnormaldistributionmay
be regardedasa Gammadistribution with a large shapeparameter(seeSection1.3.5). If this is
the case,thenwe might expectthataswe useour mesoscalemodelto forecastrainfall at longer
andlongertime intervals,theincreasinguncertaintymayresultin a steadyreductionin theshape
parameterof thegammadistributions.This is speculation,however— andit makesno attemptto
dealwith theproblemof forecasting‘dry’ intervalsin which thereis no rain.

Questionslike thesecanonly beansweredthroughcollaborationbetweenmeteorologists,cli-
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matologistsandstatisticians.To answerthemrequiresbothfamiliarity with probabilitytheory, and
agoodunderstandingof theclimatesystem.

3.4 Possibilitiesfor the futur e

In theselectures,we have tried to illustrate how probability modelsmay be appliedin climate
research.From a climatologicalperspective, the exampleshereare probablyrathersimplistic.
However, we hopethat they do at leastillustratethepotentialof modernstatisticalmethods.To
concludethelectures,wesetoutsomepossibleareaswhereprobabilitymodellingmayusefullybe
appliedin climateresearch.

The first areais in combiningstatisticalanddynamicalmodellingapproaches,asoutlinedin
theprevioussection.Thiswouldnotnecessarilyaffect the‘average’performanceof climatemod-
els. However, the useof a probability-basedframework would give us a realisticandstructured
representationof uncertainty. As we saidin Lecture1, we needto know how big our uncertainty
is, in orderthatweknow whetherit is important!

Thesecondareais in climatechangestudies.In CaseStudy2, we illustratedtheuseof GLMs
to studychangesin theclimateof anarea.Thesechangesareexpressedaschangesin probability
distributions,ratherthanin meanclimate.Thisgivesusa farmorepowerful andflexible approach
thanmoretraditionalanalysesbasedonmonthlyor annualmeanclimatedata.

The problemof downscalingGCM output is onewhich receivesa lot of attentionin the hy-
drologicalandclimatologicalliterature.This particularprobleminvolvesanenormousamountof
uncertainty, evenwithoutaccountingfor errorsin GCM output.Somecurrently-availablemethods
do useprobability in someform, but many do not. From the point of view of probability mod-
elling, thedownscalingproblemis actuallyratherdifficult, but alsovery interesting.Thisproblem
is presentedasachallenge!

Finally, an applicationwhich may be of morerelevanceto meteorologythanclimatology is
forecasting.Thereis scopeboth for the incorporationof probability into forecastingmodels(as
alreadydiscussed),andfor thedevelopmentof methodsfor assessingtheperformanceof proba-
bility forecasts.We havementionedsomeof theissuesinvolvedhere,in our discussionsof model
checkingfor GLMs. This areais the subjectof muchcurrentresearchin the United States,in
particular.

Thesethoughtsareinevitably arandomcollectionof itemsof personalinterest;therearedoubt-
lessotherareaswhereprobabilitymayusefullybeappliedin climateresearch.Theword ‘random’
hereshouldbeinterpretedin theusualsense!

3.5 Further reading

For further detailsof CaseStudy2, seeWheateret al. (2000
�
). This includesa descriptionof

theway in whichspatialdependencemaybeincorporatedwhensimulatingfrom aGLM atseveral
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sites.Furthertechnicaldetails,includingcalculationof Anscomberesidualpropertiesandmethods
for dealingwith ‘trace’ values,maybefoundin ChandlerandWheater(1998

�
) andChandlerand

Wheater(1998
�
). A useful reference,dealingwith the impactof the North Atlantic Oscillation

uponEuropeanprecipitation,is Hurrell (1995).TheNAOindex usedin thisstudyis thenormalised
monthly pressuredifferencebetweenstationsin Icelandand Gibraltar, definedby Joneset al.
(1997).

Theuseof probabilityplotsto checkdistributionsis astandardstatisticalprocedure.Theuseof
techniquessuchastheonepresentedin Table3.2 is not, however. Suchtechniques,for assessing
probability forecasts,were largely developedin the meteorologicalliteraturethroughthe 1960s
and1970s,by Allan Murphy andco-workers. Dawid (1986)containsa goodoverview. Murphy
andEpstein(1967)is animportantreference.

We arenot awareof otherstudiesthat useour approachto modelling temperaturesin Case
Study3. However, themethodfor jointly modellingthemeanandvarianceof anormaldistribution
is describedin Chapter10of McCullaghandNelder(1989).

A goodmoderntext onExtremeValueTheoryis Embrechtsetal. (1997).Althoughthis is pre-
dominantlytheoretical,it is very accessibleandgivesa thoroughoverview of thesubject.Smith
(1989)illustratestheuseof the theoryto studytrendsin extremeozonelevels— this providesa
niceexampleof how themodernstatisticalapproachmaybeappliedto environmentalproblems.
StuartColes(currentlyat theUniversityof Bristol, UK) haswrittensomesoftwarefor carryingout
extremevalueanalysis.Thiscanbedownloadedfrom http://www.sta ts .b ris .a c. uk /˜ masgc / ,
togetherwith a setof lecturenotesthat illustrateits use.Thesoftwareis written in SPlus, which
is verysimilar to R . As provided,it doesnot run in R , but smallmodificationsto thecodeshould
fix this.

Theuseof multivariatetechniquesin climatologyis standard.We thereforegive a singleref-
erence: Krzanowski (1988) gives an excellent, and very readable,accountof the areafrom a
statisticalviewpoint. It givesa clearandbalancedaccountof the advantagesanddisadvantages
associatedwith a varietyof methods.

For agoodintroductionto timeseriesanalysis,seeChatfield(1996).Thisbookcontainsabrief
outlineof many differenttime seriesmodellingtechniques.FahrmeirandTutz (1994)give some
theoreticaldetailsof GeneralizedAutoregressiveModels.

To date,the only climatologicalvariablefor which stochasticmodelshave beenextensively
developedis rainfall. Recentdevelopmentsin this areaaresummarisedby Wheateret al. (2000

�
),

andby Wheateretal. (2000
�
). Bothof thesereferencescontainextensive literaturesurveys.

A brief introductionto Bayesianmethodsis given in Chapter15 of Rice (1995). A more
detailedsummaryof theareais thebookby Gelmanet al. (1995),which is aimedprimarily at a
statisticalaudiencebut containssomeusefulmaterialthat is accessibleto non-statisticians.In the
climateliterature,Chandleretal. (2000)illustratetheuseof Bayesianmethodsto downscaleGCM
output.An alternativeprobabilisticapproachto downscalingis presentedby Hugheset al. (1999).



Appendix A

Useful software

A.1 The Rproject for statistical computing

TheRpackagewasintroducedin Lecture2, whereit wasusedperformsomesimpleanalyses,and
fit someGLMs, in CaseStudy1. On theRprojectwebsite,thepackageis describedasfollows:

“R is availableasFreeSoftwareunderthe termsof the FreeSoftwareFoundation’s
GNU GeneralPublicLicensein sourcecodeform. It compilesandrunsoutof thebox
on a wide variety of UNIX platformsandsimilar systems(including FreeBSDand
Linux). It alsocompilesandrunsonWindows9x/NT/2000andMacOS.”

For more details, and to download the package, see the R project homepageat
http://www.R-project.org/ .

In Section2.7,avarietyof Rcommandswerepresented.A coupleof otherpiecesof codemay
be helpful. Firstly, to illustratehow to draw simplediagrams,hereis the codeusedto generate
Figure1.1:

#

# Draw the graph of a plausible probability density function - use

# a gamma distribution for convenience, and put arrows on the axes

#

x <- seq(0,10,0.1)

fx <- dgamma(x,4,1) + 0.01

ylim <- c(-0.1*max(fx),1 .2 *max (f x))

plot(x,fx,type= "l ", ax es= F, lw d=2, xli m=c( 0, 10),y li m=yl im ,xl ab=" ", yl ab="" )

text(9.5,ylim[1 ]/ 2, "y ",c ex =1.5 )

text(0.6,0.95*y li m[2] ,"f (y )" ,c ex =1. 5)

arrows(0,0,10,0 ,l engt h=0.1 )

arrows(1,ylim[1 ], 1, yl im[ 2] ,l engt h=0.1 )

#

92



LECTURE NOTES, JUNE 2001 93

# Now add a shaded polygon, with some text in it

#

ab <-c(3,6)

ba <- seq(ab[2],ab[1] ,-0 .1 )

absector <- dgamma(ba,4,1) + 0.01

abpoly <- list(x = c(ab,ba), y = c(0,0,absector) )

polygon(abpoly, co l= "g rey ")

lines(x,fx,lwd= 2)

text(ab[1],ylim [1 ]/ 2, "a" ,c ex =1.2 ,ad j= c( 0. 5, 0))

text(ab[2],ylim [1 ]/ 2, "b" ,c ex =1.2 ,ad j= c( 0. 5, 0))

text(mean(ab),m ax (a bs ect or )/ 2, "S haded area\ncorrespo nds to",cex=1.2)

text(mean(ab),m ax (a bs ect or )/ 2. 5, exp re ss io n( P(a < Y <= b)),cex=1.2)

#

# And output to a Postscript file

#

dev.copy(postsc ri pt ," densi ty .p s" ,ho ri zo nt al =T, paper= "a 4")

dev.off()

Secondly, to illustratehow to addmathematicallabelsto plots,hereis thecodeusedto generate
Figure1.3.

#

# Initialise - set screen to 2x2, set up arrays of shape parameters

# and means, and set plotting ranges

#

par(mfrow=c(2,2 ))

nu <- c(0.5,1,2,5)

mu <- c(1,3)

xlim <- c(0,5)

ylim <- c(0,1.5)

xvals <- (1:1000)/200

#

# Now produce 1 plot for each shape parameter. Each plot contains 2

# lines - 1 for each value of mu. Also, plots get annotated with Greek

# letters.

#

for (k in nu) {

lambda <- k/mu[1]

gammden <- dgamma(xvals,k,1 /l ambda)

plot(xvals,gammd en,t yp e="l" ,x la b="y ",y la b="f (y )",

xlim=xlim,ylim =yl im ,l wd=2)

lambda <- k/mu[2]

gammden <- dgamma(xvals,k,1 /l ambda)
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lines(xvals,gamm den, lt y=3,l wd=2)

title(substitute (n u == nuval,list(nuva l= k) ), ce x.m ai n=2)

legend(2.5,1,c(e xp re ss io n(mu == 1),expression( mu == 3)),

lwd=c(2,2),lty =c(1, 3) ,c ex =1.5)

}

#

# And print to postscript file.

#

dev.copy(postsc ri pt ," gammdens. ps ",h or iz onta l=T ,p aper =" a4" )

dev.off()

A.2 FORTRANcodefor GeneralisedLinear Modelling

In Lecture 3, we used a suite of FORTRAN programsto fit gammaGLMs to daily data
from a network of sites. The FORTRAN source code for these programs is available
from http://www.ucl.ac.uk/ Ã ucakarc/work /rai n glm.html . The distribution is
zippedinto the singlefile rain glm.zip . Downloadthis file, unzip it, readthe READMEfile,
andhopefullyeverythingwill beclear!Thesoftwarealsocontainssimulationroutines,whichwere
usedto generatethesyntheticdatain CaseStudy2.
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