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Abstract This article contains an overview of the literature conaggrthe com-
putational complexity of Metropolis-Hastings based MCM@&thods for sampling
probability measures oRY, when the dimensiod is large. The material is struc-
tured in three parts addressing, in turn, the following ¢joes: (i) what are sensible
assumptions to make on the family of probability measurdsexead byd ?; (ii) what
is known concerning computational complexity for Metrapefiastings methods
applied to these families?; (iii) what remains open in thes&

1 Introduction

Metropolis-Hastings methods [19, 15] form a widely usedslaf MCMC meth-
ods [17, 21] for sampling from complex probability distrilmns. It is therefore of
considerable interest to develop mathematical analyséshvelxplain the structure
inherentin these algorithms, especially structure whigseirtinent to understanding
the computational complexity of the algorithm. In this staoticle we overview the
literature concerning the computational complexity of Meblis-Hastings based
MCMC methods for sampling probability measures®h when the dimensiod
is large. The presentation will be discursive: theoreménat be given, rather we
will outline the essential ideas and give pointers to thewvaht literature where the
theorems are stated and proved.

The article is organized around three sections. In sectiwe 2ddress the ques-
tion of how to make sensible assumptions on the family of gbilliy measures
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indexed by dimensiod. In section 3 we overview what is known concerning com-
putational complexity for Metropolis-Hastings methodlégd to these families.
Section 4 highlights open questions.

2 Structure of the Target

2.1 Product Target

A pioneering paper in the study of Metropolis methods in tdghensions is [10];
it studied the behaviour of random walk Metropolis methotiewapplied to target

distributions with density
6 (x) = MLy £ (%) (1)

A similar study was undertaken in [22] for Langevin based fdgolis methods.
Whilst these were amongst the first papers to pursue a rigatody of Metropolis
methods in high dimensions, a natural objection to this vietkat families of target
measures of the form (1) are restrictive from an appliedgestive and, in any case,
can be tackled by sampling a single one-dimensional tabgeguse of the product
structure. Partly in response to this objection, there e several papers which
generalize this work to target measures which retain théuarisstructure inherentin
(1), butare no longeri.i.d.. To be precise, we introducediad deviation$)\i,d}id:1
so that
_md oy —lgoy-1y,
m5(x) = MZaA g F (A g %) 2)

The papers [2, 23] consider this form of measure in the casgeMy = A; only,
when the standard deviations do not change with dimensionile® objections
maybe raised concerning applicability of this work, nanmtélgt the product struc-
ture renders the problem far from most applications.

2.2 Beyond the Product Structure

In [5, 3] a different approach was taken, motivated by an itgidimensional per-
spective arising in many applications. The target measusalefined on a function
space and is absolutely continuous with respect to somdesimgierence measure
o:

dmt

s (x) Oexp(—¥(x)). (3)

For exampleat and rp might be the posterior and prior distributions respectivel
the Bayesian formulation for an inverse problem on funcpace [7], or might
arise from a (possibly conditioned on observations, endtponstraints etc.) SDE
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via the Girsanov formula [12]. Oftemp has a product structure when written in an
appropriate basis.

Perhaps the simplest context in which to see such a productuste is to con-
sider the case whem is a Gaussian distributiont” (0, %) on a Hilbert space?’.
The eigenvalue problem

@ =Aq (4)

provides a basiéq@ };* ; in which the operatd¥’ is diagonal and hence may be used
to create a coordinate system in which there is a produdttsirel For the Gaussian
measure to be well defined, must be a trace-class operator which in turn implies
that theA;’s are square summable [9]. Any functigre 2" may be written as

x:_iw. (5)

If X~ 47(0,%) then the{x;} form a sequence of independent Gaussian random
variables orR with x ~ .#7(0,A2). Thus we may write

X= iifi)\i(ﬂ (6)

where theé; are an i.i.d. sequence of standard unit Gaussians. Thissstiatvany
Gaussian measure can be identified with a product measulé’pan important
idea which underlies the connections between simple ptadeasures and quite
complex measures given by (3). The representation (6) is known asKlaehunen-
Loéveexpansion.

In the applications cited in [7, 12], the exponé#tis shown to satisfy useful
properties which can be exploited in the design and anabfsampling methods.
In particular,’ can be shown to be bounded from below and above polynomially,
and to be Lipschitz, on some Banach sp&aaf full measure under.

Consideration of some finite dimensional approximation3)f ill lead to a
target measura® of the form

dnd d

arg (x) O exp(—¥%(x)) (7)
Wheren(‘)j is given by (2). Such measures are no longer of product folonédyer, the
fact that they arise as approximations of measures on famsgiace which are abso-
lutely continuous with respect to a product measure leadertain properties ¢¢/¢
being uniform ind. Furthermore, absolute continuity mfwith respect tagp means,
in rough terms, that if we expand a sample frmand one fromg in an orthonormal
basis fors7, then the expansion coefficients are asymptotically (irptir@ameter in-
dexing the expansion) identical: indeed absolute cortragts strict conditions on
the rate at which this asymptotic behaviour must occur (#idriran-Hajek theorem
[9]). Intuitively this allows for insight gleaned from thease of product measures
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to be transferred to this more applicable context and empldie importance of the
initial work in [10, 22, 23] concerning product measures.

These insights enable proof that, in some conte®fsjs bounded from below
and above polynomially and is Lipschitz, with constantsfem in dimensiond,
provided appropriate norms are chosen to reflect the uridgiilyfinite dimensional
norm onX; see [3].

To give a little more detail on the nature of finite dimensiaa@proximations of
(3) we continue with the case where the reference measuyeisistric Gaussian
and the Karhunen-Loéve expansion (5). If we denot®bshe orthogonal projec-
tion of 2# onto the linear span

PIz :=spad @, ..., @)

then we may define the measutg on JZ by

drgy
e 0 exp(—¥(P%)). ®)

TQis measure is identical tm on .\ PY.>7, i.e. on the orthogonal complement of
paz.

On P47, it provides a measure with the structure (7) and with theresfce
measure'lg given by (2) forA; ¢ = Aj given by (4); see [3] for details. Further ap-
proximation may be necessary, or desirable, as it may nobvbsilgle to evaluaté’,
even onP%.7. In the case of SDE (possibly conditioned on observatiom;moint
constraints etc.), and finite difference approximationslédEMaruyama method)
one again obtains a measure of the form (7) with the refenslmiazzzesuren{)j given by
(2), but now thej; g depend ord and satisfyA; ¢ — A asd — oo, for each fixed;
see [3] for details.

In summary, the early foundations of the study of the comprial complex-
ity of Metropolis methods in high dimension are based in tinel\s of families of
product measures (2); see [23] for an overview. More regetiitis has given way
to the study of wider classes of problems arising in appbeatwith target measure
of the form (3); see [5] for an overview. Whilst product me@sumight seem un-
duly restrictive, it turns out that a great deal of intuiticem be transferred from this
situation to the more applied problems, whenever the upiderteference measure
in (3) has a product structure, a situation arising fredyentpractice. With this in
mind we now turn to the study of complexity.

3 Computational Complexity

We study Metropolis methods applied to the target measfirgiven by (7), and
based on approximating (3). We assume that there are cométarC~ <C" < «
andk > 0 such that, for all indicesand dimensiond,
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CcC < iK/\i,d <Ct

giving bounds on the standard deviations.

Note that this setup subsumes the simpler cases (1) and {23hdosing¥ =
0 for both cases, and; 4 = 1 for the first. In real applications a wide range of
Kk > 0 are encountered. For SDEs, possibly conditioned on oatens, we have
k = 1. For Gaussian random field priors based on covariance topgrahich are
fractional powers of the Laplacian in spatial dimension @t (io be confused with
the dimensiord of the approximating space) we requike> % to obtain almost
surely continuous fields; more generally, increasingill correspond to random
fields with increasing regularity, almost surely.

3.1 The Algorithms

The Metropolis methods we will consider are based on prdpaseR? with kernel
QY(x,dy) derived from the following expression in which the paraméte- 0 and
the square root is applied to a positive-definite matrix:

%:adﬂlogn{,’(x)+\/%f, &~ A(01). (©)

In the casea = 0 we refer torandom walk methodand fora = 1 to Langevin
methods We will take & = | or & = 64 where we define the diagonal matrix
b4 = diag{/\fd, e ,)\jd}.

In the case wherag is Gaussian we will also be interested in proposals of the
form, for 6 € [0,1],

y—x [24
T—G,szZDIogng(y)—i—(l—G)MDIogng(x)—i- ¢ (10)

for & ~ .47(0,1). For both classes of proposal we will referdas theproposal vari-
ance All these proposals can be viewed as being derived fromrBM&uyama-
like discretizations of stochastic differential equad¢8DESs) which are either?-

invariant orrlg—invariant. Note, for instance, that proposals (9) foe= 1 and (10)
could be conceived as approximations (the first an exptloét,second aimplicit

one, see [16] for background on numerical approximationSIES) of therp-

invariant SDE: q

d—i(:,cfﬂlogng(x)+\/2xz{%v

driven byd-dimensional Brownian motiow. See [1, 14, 13, 11, 24] for more de-
tails on this interpretation. In this settidyis the time-step in the Euler-Maruyama
discretization.

The Metropolis-Hastings MCMC method [19, 15] create®'anvariant Markov
chain{x"} as follows. Leta(x,y) denote the acceptance probability, that is:
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(y) ()

ax,y) = 1A —22 < D7
DY) = T80 Qi)

Givenx" we make a proposgl ~ QY(x", -). With (independent) probabilitg(x", y")

we setx"t1 = y": otherwise we set"*1 = x".

3.2 Complexity

Application of the Metropolis-Hastings accept-rejecertd proposals generated by
the kernelsQ described above gives rise tord-invariant Markov chain{x"}_,
on RY: we are interested in the computational complexity of ragnihis chain
to explorerd. Let y" denote the proposed state at stealculated from setting
x=x"andy =y"in (9) or (10). The cost of each update is usually straightéod
to compute, as a function of dimension, and thus the questic@omputational
complexity boils down to understanding the number of stegsired to exploret.
Complexity of Metropolis methods dRd, for d large, is a difficult subject and the
work we are about to overview does not provide the kind of detepanalysis that
is currently available for MCMC methods applied to some covatorial problems.
We will overview results related to optimizing choices.@f, a and8 (andd, as
a function of the dimensiod) according to four (inter-twined) criteria, which we
now describe.

Assume that® ~ i and thaty | x is given by one of the proposals (9), (10)
above. The four criteria are:

1. choose proposal parameters to maximize the mean squajpe ju
E (x|

2. choose proposal parameters to maximize the mean tipe-ste
o xE[axX",y"];

3. choose proposal parameters to maximize the proposaneaisubject to the
constraint that the average acceptance probability is éediaway from zero,
uniformly in dimension:

liminf E[a(x",y")] > 0;

—00

4. choose proposal parameters to maximize the proposaingarifor which there
exists arr-invariant diffusion limit forZ(t) := x| asd — oo.

In all four cases we use the rule of thumb that the number p&8téd) required to
sample the invariant measure is given by the expression

M(d)Od6 71, (11)



Computational Complexity of Metropolis-Hastings 7

where the constant of proportionality is independent ofeafisiond, but the pro-
posal varianc& depends oml. Later in this section we discuss the theory which
justifies this decision. In the final section we will discuiss telations among these
criteria and ideal criteria for convergence of Markov clsaifor now we proceed on
the assumption that the four criteria listed are useful acfice.

In [3] it is shown that, for proposals of the form (9), the opdlity criteria 1.,
2. and 3. all lead to the same conclusion (in an asymptotiseseasd — ) about
optimal scaling of the proposal variance, hence to the saqpeession forM(d).
We summarise the specification Ki(d) for the different choices ofr and .« in
Table 1.

Briefly, for a = 0 and«” = | we find thatM(d) = d?*%; for a = 0 ande” = %y
we remove the-dependence, at the expense of inverting a covariancetopeaad
find thatM(d) = d. Similar considerations apply for the case wiees 1, only now
the corresponding values ai&+1/3 andd®/3.

Proposal (9), witta =0 and.e” = | M(d) = d?+1
Proposal (9), wittr = 0 ande/ = %y M(d)=d
Proposal (9), withr = 1 and.«/ = | M(d) = d?+1/3
Proposal (9), withr = 1 and.«/ = €4 M(d) = d¥/3
Proposal (10), witt® = 1/2 andmp GaussiapM(d) = ¢/(1)

Table 1 Number of stepd/(d) to sample the invariant measure for each of the various MCMC
algorithms derived via proposals (9) and (10).

In [4] we show that, by choosing = % in proposal (10), it is possible to achieve
M(d) = €(1) when the reference measure is Gaussian. In [4] numerigatrifition
is given only in the case of SDEs conditioned to start and érgpecified points
(diffusion bridges); however, [8] shows application of #ame algorithmic idea to
the problem of data assimilation for the Navier-Stokes &qoa

3.3 A Special Result: Diffusion Limit

We now turn to the subject of diffusion limits. This will enetus to connect crite-
rion 4. with criteria 1., 2. and 3., providing substantiatfor the use of the heuristic
(11) to measure the number of steps required to explore thettdistribution in
stationarity.

First we consider the simplest case where the target mehasréhe form (1).
In [10] it was shown that, using (9) with = 0 and.<¥ = |, and choosing the pro-
posal variancé to scale a® = ¢°d 1, for some constarit> 0, leads to an average
acceptance probability of order 1. Furthermore, with thisice of scaling, individ-
ual components of the resulting Markov chain converge tasthetion of an SDE.
Analytically, if the Markov chain is started in stationgriand
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Lo ldit]
A(t) :=x

denotes a continuous-time interpolant of ifecomponent of the Markov chain,
thenZ = zasd — « in C([0, T|;R), wherez solves the SDE

‘;—tz = h(¢) (log f)/ (2) + \/2h(?) %ltv (12)

Hereh(?) is often termed thepeed measurand simply sets a time-scale for the
SDE; it is identified explicitly in [10].

The diffusion limit leads to the interpretation that, staktin stationarity, and
applied to target measures of the form (1), the random walkdpelis algorithm
will require an order o steps to explore the invariant measure; it also provides
the justification for (11). Furthermore, the existence offeudion limit in this case
shows that optimality criteria 1., 2., 3. and 4. all coinciBeit the diffusion limit
contains further information: it can be shown that the vaifié which maximizes
h(¢), and therefore maximizes the speed of convergence of thenigndiffusion,
leads to a universal acceptance probability, for randonk Wadtropolis algorithms
applied to targets (1), of approximately2@4. This means that, for the stated class
of target distributions and algorithms, optimality can liained simply by tuning
the algorithm to attain this desired acceptance probgbilit

These ideas have been generalized to other proposals, subbse based on
(9) with a = 1 and< = | in [22]. In this case, the choic& = ¢2d~1/3 leads to a
diffusion limit for

At) = x}dl/atj

again implying that optimality criteria 1., 2., 3. and 4. &incide. This leads to the
interpretation that the algorithm will take time of ord#r3 to explore the invariant
measure. Furthermore, the choice/offhich maximizes the speed of the limiting
SDE can be identified and results from an acceptance pratyaifiapproximately
0.574.

These papers of Roberts and coworkers concerning i.i.dlystaneasures are
extended to non-i.i.d. products in [2, 23]. The impact obthiork has been very
high, in part because of the simple criteria for optimalityem expressed in terms
of the average acceptance probabilitie®833 and 0674, and in part because the
existence of a diffusion limit provides an important corntcepunderstanding of the
behaviour of MCMC methods in high dimensions. It is therefoatural to wonder
if these optimal average acceptance probabilities ars®ialthe nonproduct case
and if diffusion limits can then be found. We finish this sentby discussing these
two issues.

As mentioned above, [5, 3] study the question of optimalisgadf the proposal
variance according to criteria 1., 2. and 3., for propos@)swith a € {0,1} and
o/ € {1,64}, for non-product target measures of the form (7). Thers,shown that
the mean square jumping distance (criterion 1.) and the rtiesmstep (criterion
2.) are both maximized by choosing the acceptance probabito be ®234 (for

)
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o =0) or 0574 (fora = 1) as in the i.i.d. product case (1). It is also shown that
such a choice corresponds to optimizing with respect tergoit 3.

For target measures of the form (7), individual componefthe Metropolis
Markov chain cannot be expected to converge to a scalar ShEa@Esens for (1).
However, it is natural to expect convergence of the entirédglachain to an infinite
dimensional continuous time stochastic process. In [13,it14 shown that the
target measura given by (3) is invariant forZ’-valued SDEs (or stochastic PDEs,
labelled SPDESs) with the form

dz aw
Go= 2 %Dway+¢52ds, (13)
whereW is cylindrical Brownian motion (see [9] for a definition) i##”. In [18],
we show that for proposal (9) with = 0 and.«¥ = %y, started in stationarity, and
A(t) :=xl4 A = zasd — « in C([0, T];.7#). This generalizes the work in [10,
22, 23] to the non-product set-up and shows that, in statignéhe random walk
Metropolis algorithm require&’(d) steps to explore the target distribution.

4 Open Questions

There are, of course, many open questions in the broad asgsbfzing and con-
structing efficient MCMC methods in infinite dimensions. Wention a few inter-
esting avenues in this general area, reflecting our persastak.

e Rigorous complexity estimateBerhaps the primary open question concerning
the work described herein is whether it can be used as the béshe proof
of a spectral gap for the Markov cha{x"};_,, and determination of how the
spectral gap scales with dimensidnA natural approach to this problem would
be to use the theory highlighted in [20]. This theory progidemethodology
for establishing convergence results of the following fothere are constants
C > 0,A < 1 and functionV : RY — [1,00) such that, for every® € RY, and
every functiong with |g| <V,

IE[g(x")] - n(g)| <CV(2)A™.

The distance of the constahtfrom 1 can be used to estimate the spectral gap of
the Markov chain. In typical proofs, the value bfreflects both the mixing rate

of the Markov chain in the center of the state space émall sef and the rate of
return to the center of the state space. Since the resultsexiitn the previous
section are concerned with behaviour in stationarity, likisly that they reflect
behaviour in the center of the state space. Thus, they doomtdio information
about travel times from outside the center of the state spadeed this may
lead to optimal scalings of the proposal variance whichediffom those in the
center of the state space, as shown in [6]. This relates tbuhein time of the



10 Alexandros Beskos and Andrew Stuart

algorithm, whereas the work described in section 3 is prignaoncerned with
behaviour in stationarity.

e [Number of steps]/[work per step] trade-offe have indicated above that the
work in [4] demonstrates that, for measures of the form (Ihvng Gaussian,
it is possible to construct algorithms which explore thdestgpace in a num-
ber of steps independent of dimension. These algorithmpragmsals given by
(10) with 8 = % However, the algorithms require, at each step, either argqwi
a sample from the Gaussian reference meastif@, ¢y) (in the cases = %y),
or inversion of the operatdr+ %%’d’l (in the casesZ =1). In contrast, proposal
(9) with &7 = | is potentially considerably cheaper per step, but doesinequ
0(d*+1) steps to explore the invariant measure. There is, thereddrade-off
between cost per step, and number of steps, for proposad bag9) and (10).
For probability measures arising from SDEs (possibly cbowléd by observa-
tions, end-point constraints etc.) the linear algebra@ated with proposals of
the form (10) is (asymptotically il) no more expensive than the cost of an
update under (9) witheZ = I, so it is clear that methods based on (10) with
6= % have a significant advantage; this advantage is illustratexderically in
[4]. However, for other classes of problems the trade-offaims to be studied.
This poses an interesting avenue for study.

e Non-Gaussian reference measur@sihe end of subsection 3.2 we highlighted
the fact that certain probability measures can be exploredimber of steps-
dependent of the dimensionwhen started in stationarity. However this relies
heavily on the assumption that the reference mea@h& (7) is Gaussian. It re-
mains an open question whether similar ideas to those il gar8be developed
in the case of non-Gaussian reference measures. Thisrsatelly related to the
development oft-invariant SPDEs for measures of the form (3) [1, 13].

e Other proposals.The proposals we have discussed have been based on the
discretization ofr- or m-reversible SPDEs, leading to the Metropolis and
Metropolis-Hastings variants of MCMC methods. Howevegréhare many other
proposals known to be effective in practice. In particutéybrid Monte Carlo
(HMC) methods are widely used by practitioners. These nugldouble the size
of the state space, fromhto 2d, by adding a momentum variable; they then use
randomized Hamiltonian mechanics to explore the proligbilieasure. Practi-
cal experience indicates that these methods can be vemtieffeand theoret-
ical studies of these proposals, of the type described srihiiew, would be
of interest. More generally, there may be other proposalshiwjield improved
complexity and this area is likely to be fruitful for furthdevelopment.
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