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TARGETS IN HIGH DIMENSIONS*
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We investigate local MCMC algorithms, namely the random-walk
Metropolis and the Langevin algorithms, and identify the optimal
choice of the local step-size as a function of the dimension n of the
state space, asymptotically as n — oo. We consider target distri-
butions defined as a change of measure from a product law. Such
structures arise, for instance, in inverse problems or Bayesian con-
texts when a product prior is combined with the likelihood. We state
analytical results on the asymptotic behavior of the algorithms under
general conditions on the change of measure. Our theory is motivated
by applications on conditioned diffusion processes and inverse prob-
lems related to the 2D Navier-Stokes equation.

1. Introduction. The Markov chain Monte-Carlo (MCMC) methodol-
ogy provides a flexible approach for simulating high-dimensional distribu-
tions appearing, for instance, as posterior information in a Bayesian context
[15] or as integrators in importance sampling methods [14]. This paper is
concerned with local MCMC algorithms, namely the random-walk Metropo-
lis (RWM) and the Langevin algorithms. Our objective is to investigate the
optimal choice of the local step-size as a function of the dimension n of
the state space, asymptotically as n — oco. In particular, we examine if the
step-size should diminish with n and, if so, at what rate.

The results in this paper extend significantly those in [21] and [22] since we
here consider a family of non-product target laws. Our theory covers prac-
tical, involved probabilistic models: we will consider conditioned diffusion
processes and inverse problems related to the 2D Navier-Stokes equation. In
both these cases, the target measure is a change of measure from a Gaussian
law on some appropriate infinite-dimensional Hilbert space. Gaussian laws
on abstract Hilbert spaces correspond to product Gaussian densities via the
Karhunen-Loéve expansion. This motivates the setting in which we present
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2 BESKOS ET AL.

our results: target distributions defined as change of measure from a product
law.

Consider the target probability density 7, : R™ — R defined w.r.t. the
Lebesque measure dx. The Metropolis-Hastings theory defines a Markov
chain reversible w.r.t. m,. Under the assumption of ergodicity, a path of the
chain will provide, once convergence to stationarity is achieved, correlated
draws from 7,,. The dynamics of the chain are developed as follows. Given
the current location x € R™ a move to y is proposed according to some user-
specified transition kernel g, (z,dy) = g, (z,y) dy. Reversibility w.r.t. m, is
then guaranteed [18] if the chain moves from z — z  according to the rule:

(L1) Sl with probability a,(z,y),
' | x, otherwise ,

where the acceptance probability is given by:

™m@an(y,z)
12)  an(my) =4 N m@atey L @)(Ey) >0,
0, if mp(z)gqn(z,y) =0 .

Ergodicity holds under regularity conditions on 7, ¢,, see e.g. [15].
In this paper, m, will be a change of measure from a reference product
law, denoted by 7,,. In particular, the family of targets is specified as follows:

dm
dmy,

(1.3a) (z) = exp{—¢n(z)}

for some B(R™)-measurable mapping ¢, with 7,, having Lebesque density:

1

- n 1 €T; n 1
(1.3b) n(z) =] +f <A—> =11 1 P {—g (@i/X)}
i=1"" i=1""
for appropriate f, g : R — R. Motivated by applications, the standard devi-
ations are assumed to satisfy:
(1.3¢) N=i" i=1,2,...

for some x > 0'. We investigate MCMC algorithms corresponding to the
following local-move proposals:

(1.4) RWM: y=z+0,2,
2
(1.5) SLA: y=z+ U—Z"Vlog Tn(x) + 0nZ

"'We later relax this assumption to allow for algebraic decay at rate i~ ", see (2.6).
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OPTIMAL SCALING OF MCMC ALGORITHMS 3

with Z ~ N(0,1,,) and step-size o,, > 0. The first corresponds to a random-
walk update; the second to a simplified version of the standard Metropolis-
adjusted Langevin algorithm (MALA) with proposal:

o2

(1.6) MALA: y=z+ 7"Vlog7rn(a:) +onZ .

We will show that using only the reference law 7, in SLA (which stands
for ‘Simplified Langevin Algorithm’) does not reduce the asymptotic prop-
erties of the resulting algorithm. The objective is the identification of the
“appropriate” scaling of ¢, as a function of the dimension n, for large n.
Excessively large or small o,, will typically result in unacceptably small or
high acceptance probabilities respectively and to poor ergodicity and mixing
properties for the MCMC.

[21] and [22] analyze RWM and MALA as applied to iid targets corre-
sponding to our 7, with k = 0. They show that step-sizes should be arranged
as 02 = O(n~!) for RWM and o2 = O(n~'/?) for MALA. Extensions of such
results have thereafter appeared in several papers: see [1], [2], [20] for prod-
uct targets. For non-product targets, [8] examines an exchangeable target,
[9] a local interaction model related with Gibbs distributions and [24] ellip-
tically symmetric targets. See [3] for an analytical review. Using a different
approach, we look at the structure of the non-product target , in (1.3) and
present general, analytical conditions on ¢,, under which we show that one
should select 02 = O(n=2¢1) for RWM and o2 = O(n~2¢"1/3) for SLA.
We will use the average squared-jump-distance as an index of the efficiency
of MCMC algorithms, as it allows for transparent, explicit calculations. Our
analysis is considerably simpler than the approach adopted in the preceding
papers and, as we will show, the results are relevant for probability measures
arising in practical applications.

A motivation for investigating the change of measure (1.3) are cases when
the densities m,, 7, under consideration are finite-dimensional approxima-
tions of some infinite-dimensional measures 7, 7 related through the density:

(1.7 T (X) = exp{-0(X))
T

on an appropriate space. In this paper we substantiate the intuition that
the presence of absolute continuity in the limit n — oo implies similar
asymptotic behavior for the MCMC between the product and non-product
scenarios.

The structure of the paper is as follows. In Section 2 we state and prove
the scaling results for RWM and SLA. In Sections 3, 4 and 5 we present
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4 BESKOS ET AL.

applications of the theory in the context of conditioned diffusion processes
and Navier-Stokes inverse problems. In Section 6 we show some additional
ideas and algorithms which can deliver improved results. We finish with some
conclusions in Section 7. Proofs are collected in an Appendix B; before that,
we have collected some Taylor expansion results needed in the proofs in
Appendix A.

2. The Main Results. We will state rigorously the scaling results out-
lined in the introduction. For both RWM and SLA, as applied to our target
7, in (1.3), the acceptance probability in (1.2) can be written as:

(2.1) an(2,y) = LA exp{on(z) — dn(y) + Bn(z,y)}
for an exponent R,, = R, (z,y), which in the case of RWM is equal to:
(2.2) RVM = {g(xi/N) — g(yi/ X))}

i=1

whereas for SLA:

n

(2.3) R = RN 4> "6 s
=1
@ g Wi/ N) +g (@) ok /
G = (3 3y LRI o (4 /0 — (6 M) -

In the case of RFYM, y and x are connected via (1.4), whereas in the case of
RS via (1.5). We impose the following regularity conditions on g and the

density f = exp{—g}.

CONDITION 1. i) The function g is infinitely differentiable with deriva-
tives of all orders having a polynomial growth bound. ii) All moments of f
are finite.

We henceforth assume that Condition 1 holds without further reference. We
will explore the behavior of MCMC algorithms in equilibrium; we note that
algorithmic properties could be different in transient regimes, see [10]. Thus,
most expectations are considered in stationarity and E[-] will in general
denote expectation under the relevant target m,; we will sometimes write
Er,[-] or Ez [-] when we need to be explicit about the measure under
consideration.

Broadly speaking, our approach will be to identify the limiting properties
of the exponent ¢, (z) — ¢n(y) + Ry, as n — oo. Through this term we will
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OPTIMAL SCALING OF MCMC ALGORITHMS 5

then be able to derive the asymptotic properties of the average acceptance
probability E, [a,(x,y) | and obtain analytical results for the squared-jump-
distance over the various choices of the step-size o,. We will work with L,
limits and convergence in law, and we will obtain results under fairly general
assumptions, suited to complex (non-product) probabilistic models arising
in applications. In contrast, the analysis so far in the literature has been
somewhat technical, focusing mostly on a rich array of results available in
the (restrictive) product set-up.

2.1. The Product Case. To connect with the literature, we will initially
state a result for the simplified product case when ¢, = 0 for all n > 1.
Several of the ideas in the proof will be relevant in the non-product scenario
later. All stated expectations are in stationarity (here z ~ 7,); ® is the CDF
of N(0,1). To avoid repetition when stating results for RWM and SLA we
define the following index I:

RWM: I=1,

(24) SLA: I=1/3.

THEOREM 1. Let 7, in (1.3) be the target distribution for RWM and
SLA. Assume that 02 =1?>n~" for l,p > 0. Then, as n — oo:

(i) if p=2k+1, for I as in (2.4), then E[a,(z,y)] — a(l), where

1 [rcrwm 13 K RWM
aRWM(l) — 2@(_5\/;); aSLA(l) = 2@(—5\/;) >

for constants K™ K544 > 0, with 78"™ = 14 2k and 75" = 1+ 6k.

(i1) if p> 2k + I then E[ap(z,y)] — 1.
(111) if 2k < p < 26+ I then n? E [a,(z,y)] — 0 for any p > 0.

The constants K™ and K54 are given in the proof and depend only on
the density f appearing at the definition of 7,,. The results are based on the
limiting behavior of R,,. When p = 2k + I, R, is subject to a central limit
theorem, forcing a limit also for the average acceptance probability. Other
step-sizes will n-eventually lead to a degenerate acceptance probability. We
will see in the sequel that a quantity providing an index for the efficiency of
the MCMC algorithms considered here, is the product:

o Elan(z,y)] .

Clearly, in the context of Theorem 1, this quantity is maximized (in terms
of the dimension n) for p = 2k + I; it is larger for SLA than for RWM due
to the presence of information about the target in the proposal.
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6 BESKOS ET AL.

2.2. The General Case. The above results describe the behavior of the
expectation Ez [1Aexp{R,}] for large n. One could now look for conditions
on the change of measure (1.3a) that allow some of these results to apply to
the more interesting non-product scenario. The quantity under investigation
is now Er, [1Aexp{¢n(z) — én(y) + Ry} ], an expectation w.r.t. m,. We will
first consider the following condition:

CONDITION 2. There exists M > 0 such that for any sufficiently large n

| ()| < M, for all z € R™ .

Of course, it would suffice that the condition holds 7,-a.s.; in the sequel,
conditions on ¢, should be interpreted as conditions on some 7,-version of

¢n::'_log(dﬂn/dﬁn)

THEOREM 2. Let m, in (1.3) be the target distribution for RWM and
SLA. Assume that 02 = I>n=" for l,p > 0. If {¢,} satisfies Condition 2
then as n — oo:

(i) if p > 2k + I then liminf,, - E[a,(z,y)] > 0,
(i1) if 2k < p < 2k + I then nPE[a,(x,y)] — 0 for any p > 0,
for the appropriate index I for each of RWM and SLA specified in (2.4).

Condition 2 provides a recipe for a direct transfer of some of the results of
the product case to the non-product one. A more involved result, motivated
by the collection of applications we describe in the following sections, is
given in the next theorem. For any s € R, we define the norm |- | on R" as
follows:

n 1/2
(2.5) |z|s = (Z z'25:g$> .
=1

We also set |-|=|-],.
CONDITION 3.  There exists M € R such that, for all sufficiently large n,
¢n(z) > M, for allz € R™ .

CONDITION 4. There exist constants C' > 0, p > 0, and s < k — 1/2,
s’ < Kk —1/2 such that, for all sufficiently large n,

0n(y) — o) < C L+ |25 + |y — 2[%) |y — s

for all x,y € R™.
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OPTIMAL SCALING OF MCMC ALGORITHMS 7

Condition 4 is motivated by the application to conditioned diffusions in one
of the following sections; we shall see that, in some contexts, it follows from a
polynomial growth assumption on the derivative of ¢,,. Condition 3 prevents
the non-product measure 7, from charging sets with much higher probability
than 7,. The following condition (clearly weaker than Condition 4) will be
relevant in the Navier-Stokes problem. We set Rt = [0, 00).

CONDITION 5.  There exists locally bounded function 6 : RT x R* - RT
and constants C > 0, p > 0, and s,s',s" all three (strictly) smaller than
k —1/2, such that, for all sufficiently large n,

(@) [6n(y) — dn(@)] < 6(|2ls, [yls) ly — zls, (@) |dn(2)] < C (A +[2[5))
for all x,y € R™.

THEOREM 3. Let m, in (1.3) be the target distribution for RWM and
SLA. Assume that o2 = I>n=° for l,p > 0. If {¢,} satisfies Conditions 3
and 5 then as n — oo:

(i) if p=2k+1, then E]ay,(z,y)] — a(l), for a(l) defined in Theorem 1.

(ii) if p > 2k + I then Efan(z,y)] — 1.

(i1i) if 2k < p < 2k + I then nP E[a,(z,y)] — 0 for any p > 0.

REMARK 1. Condition 5 implies the probabilistic statement

Lq(7n)
Pn(y) — dnlz) == 0
for arbitrarily large q. This result, together with Condition 3, suffices for
showing that the effect of the change of measure in the scaling properties of
RWM and SLA is asymptotically negligible.

2.3. Optimality. We use the squared-jump-distance as an index for the
efficiency of different MCMC algorithms. Specifically, for the algorithms we
have considered so far, we will calculate the quantity

Sy i=E[ (g — xi+)?]

for some arbitrary fixed i*; here 2’ in the location of the MCMC Markov
chain after one step given that currently the chain is at  ~ 7, and ¢* refers
to a fixed element of {1,2,...,n}. Note that
Sn
2Var,, ’
Corr,, denoting correlation and Var,, the variance of z;+ in stationarity. Thus,
larger S, implies lower first-order autocorrelation.

Corrp (20, wp ) = 1
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8 BESKOS ET AL.

THEOREM 4. Let 7, in (1.3) be the target distribution for RWM and
SLA. Assume that o2 = I>n=° for l,p > 0. If {¢,} satisfies Conditions 3
and 5 then as n — oo:

(i) if p =2k + I then

for a(l) defined in Theorem 1.
(i) if p > 2k + I then S, = I>n=" + o(n™").
(iii) if 2k < p < 2k + I then S, = O(n™P) for any p > 0.

Theorem 4 shows how to scale the proposal step, as a function of n, to
maximize the mean squared-jump-distance; we can then tune the parame-
ter . When maximizing the coefficient 1% a(l) over of | we retrieve a famil-
iar result characterizing RWM and the Langevin algorithms: in the case of
RWM, [2a(l) is maximized for that | for which a®™¥™(I) = 0.234, and in the
case of SLA for a®* (1) = 0.574, for any choice of the reference density f and
any change of measure satisfying Conditions 3 and 5. These characteristic
numbers were first obtained in [21] and [22], in the simplified context of iid
target distributions.

2.4. A Generalization. It is straightforward to extend the results so far
stated to a larger family of target distributions. Such a generalization will
be required in the applications considered in the sequel.

COROLLARY 1.  Allow the target distribution m, to be as in (1.3) but with
parameters \; that may also depend on n, so \j = X\; . Assume that there
exist constants C_,Cy > 0 and k > 0 such that, for alln and 1 < i <n,

(2.6) C_ i< N <Cpi ™.

Then all statements of Theorems 1-/ apply directly to the target m, with
Ai = Ain, except for those where the limiting probabilities ™" (1) and a***(1)
appear. For the latter cases, the statements will hold after replacing the stated
values for 7™M and 754 with

n—oo n—oo

n n
TIVM — i (2R Z)\Zm = lim n~ 6+ Z)\Z
=1 i=1

provided that the above limits exist.
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OPTIMAL SCALING OF MCMC ALGORITHMS 9

3. Applications in Infinite Dimensions. In this section we intro-
duce a range of applications which require the sampling of a probability
measure on function space. The common mathematical structure of these
problems is that the measure of interest, 7, has density with respect to a
Gaussian reference measure 7 ~ N'(m,C) :

(3.1) 9T (X) o exp{~0(X)}.

T
The Karhunen-Loeve expansion for Gaussian measures on a Hilbert space
allows us to view the target m as a change of measure from a product of
scalar Gaussian densities on R*°, thus casting the simulation problem into
the theory presented in the first part of the paper.

We highlight two types of problem where the structure (3.1) arises nat-
urally. The first type concerns SDEs conditioned on observations. Here the
Gaussian reference measure is typically a conditioned Gaussian diffusion, in
which nonlinear drifts are ignored, and the posterior measure is found via
application of the Girsanov formula. The second type of problem concerns
inverse problems for differential equations, where prior knowledge about an
unknown function, in the form of a Gaussian measure, is combined with ob-
servations, via application of Bayes formula, to determine a posterior mea-
sure on function space. The common structure inherent in these problems
allows for the use of the same notation in the different contexts: the mean
of the reference Gaussian measure will be m and its covariance operator will
be C; the precision operator —C~' will be denoted by £. The state space will
be a separable Hilbert space H.

The Gaussian law is well-defined if and only if C : H — H is a positive,
self-adjoint and trace-class operator, the last property meaning that it’s
eigenvalues are summable. Thus, we may construct an orthonormal basis
of eigenfunctions {e;}$2, and corresponding eigenvalues {\?}°; satisfying
Ce; = Me; with 3, A\? < co. A typical draw X ~ N (m,C) can be written
via the Karhunen-Loéve expansion as

[oe)
(3.2) X = Zﬂ?iei poomp=my + NG,
i=1

where the sequence {&;}°; is iid with & ~ N(0,1) and m; = (m, e;). It is
readily verified that

E[(X —m)® (X —m)] =Y X(e®e) =C
=1
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10 BESKOS ET AL.

which agrees (here ® stands for tensor product, and expectation is over a
random linear operator, see [12] for more details on theory of expectations on
general Hilbert spaces) with the familiar identity for the covariance matrix
on Euclidean spaces. From (3.2), the isomorphism X — {x;} allows us to
view N (m,C) as a product measure on /o, the space of square summable
sequences.

A Gaussian measure on a Hilbert space is thus easy to build, given an
orthonormal basis for the space, simply by specifying the eigenvalues of the
covariance operator. Such an approach provides also a natural way to specify
regularity properties of Hilbert space valued random functions. To illustrate
this, we define the norm ||-||s on H, (which by the duality X — {z;} can
also be seen as a norm in ¢3) as follows:

(3.3) I1X[ls = (> %)

i=1

for s € R. The largest s for which || X[, is finite is a measure of the regularity
of X as it encodes information about the rate of decay of the coefficients z;.
From the Karhunen-Loéve expansion we deduce that

o0
EIX —m|2=>) i)} .
=1

Thus, the Gaussian measure delivers realizations of finite || - ||s-norm if A? is
chosen to decay like i~(2t14€) for some ¢ > 0. Depending on the particular
space under consideration, the definition of the || - ||s can slightly vary from
the one in (3.3): we will give explicit definitions for each of the applications in
the sequel. In many cases there is a natural relationship between the spaces
of finite || - ||s-norm and various function spaces which arise naturally in the
theory of partial differential equations. For example, in 1D with function
e;(t) = /2sin(int) one obtains Sobolev spaces (see e.g. [23]).

REMARK 2. Finite-dimensional densities 7,, 7,, corresponding to ap-
proximations of 7, 7, can be derived by spectral methods, finite difference
methods or other approaches. We present such directions in the context of
the example applications that follow. We show that under general conditions
on the concrete functional ¢ under investigation, its discretised counterpart
¢n, will satisfy some of the conditions introduced in Section 2. Thus, we can
use the results from that section to optimize MCMC methods applied to the
complicated sampling problems presented in the next two sections.
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OPTIMAL SCALING OF MCMC ALGORITHMS 11

4. Diffusion Bridges. There is a variety of applications where it is of
interest to study SDEs conditioned to connect two points in space-time: the
so-called diffusion bridges. We limit our study to problems with additive
noise satisfying the equation

dx AW
o ( )+'vdt,

X0)=2", X(T)=at.

Here h : R? i R? and v € R¥%; we define I' = 44T and assume that T
is invertible. We denote by 7 the d-dimensional Brownian bridge measure
arising when h = 0 and by 7 the general non-Gaussian measure. Under mild
conditions on h (see e.g. [13]), the two measures are absolutely continuous
w.r.t. each other. Their Radon-Nikodym derivative is given by Girsanov’s
theorem and assumes the general form (3.1) where now

T
o) = [ (3O - (h(X).ax)r)

with (-,-)r = (-,'71.) the latter being the standard inner product on R
In this context H = Lo([0,T],R?). The expression for ¢ above involves
a stochastic integral; it can be replaced with a Riemann integral in the
particular scenario when I'"'4 is a gradient. In this context we will consider
the bridge diffusion:

dX 2 dW
m =V + \/%ﬁ :

X(0)=z", X(T)=az",

with inverse temperature 8 > 0 and potential V : R? — R. Applying Ito’s
formula and ignoring constants, we get that

T
(4.2) $(X) = /0 G(X)dt

where

Glu) = %W(U)P _ % AV(w), ueR®.

A typical application from molecular dynamics is illustrated in Figure 1.
The figure shows a crystal lattice of atoms in two dimensions, with an atom
removed from one site. The potential V here is a sum of pairwise potentials
between atoms which has an r~12 repulsive singularity. The lattice should be
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12 BESKOS ET AL.

viewed as spatially extended to the whole of Z? by periodicity. The removal
of an atom creates a vacancy which, under thermal activation as in (4.1), will
diffuse around the lattice: the vacancy moves lattice sites whenever one of the
neighboring atoms moves into the current vacancy position. This motion of
the atoms is a rare event, and we can condition our model on its occurrence.
This application, as well as others involving conditioned diffusions arising in
signal processing, are detailed in [0].

009000
0~,0~0
0~0
0~,0~0
0~0
0~,0~0
a0
0~0~0
o~ 0O
o o
0,0
00,0
00
05050
oO~0~0

Fic 1. Crystal lattice with vacancy. We condition on the red atom moving into the vacancy.

4.1. The Fourier Ezpansion. We focus on model (4.1). The mean of the
reference Brownian bridge Gaussian measure is m(t) = 2~ (1—¢/T)+x*t/T.
Without loss of generality we will assume that x= = 2% = 0, therefore
m = 0; otherwise, one should work with X — m. The precision operator of
the Brownian bridge is the Laplacian (see [10]):

_sa

L=35q

with Dirichlet boundary conditions on [0, T, specified through the domain
of L. In the scalar case d = 1, the (orthonormal) eigenfunctions {e;} and
eigenvalues {\?} of the covariance operator C = —L~1 are:

2 ,  2T* _,
(4.3) e =e;i(t) = \/; sin(int/T) ; A = BF i~?

with ¢ > 1. For general dimension d, the covariance operator is simply the
diagonal operator matrix with copies of the covariance operator for d = 1 in
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OPTIMAL SCALING OF MCMC ALGORITHMS 13

the diagonal. In this context we will use the expansion
o0

(4.4) X = Z:E"iei N :E,J' = ($1,i,1‘27i,...,$d7i)—|— .
i=1

A finite-dimensional density approximating exp{—¢(X)} can be obtained
via spectral truncation. For n = d x N and the vector in R"

(4.5) T = (:ETl,ng, e ,I'TN)
we get the density?

dmn
dmy,

N
(4.6a) (x) x exp{—¢(Pn(x))}; Pn(z):= Z:I:,J-ei .
i=1

By the Karhunen-Loéve expansion, the reference measure will be

N

d
=1 j=1

for the A;’s in (4.3).

4.2. The Results. For s € R, we define the norm:
o 1/2
IX1ls = Q_ *z.al?) 7"
i=1

We need the following condition:

CONDITION 6. G is bounded from below and there exist constants C' > 0,
p > 0 for which

|G(w) — Gw)| < C A+ |vfP + |w—vP) |w—wv|, for all v,w e R? .

Note that the stated condition on |G(w) — G(v)| is implied by a polynomial
growth assumption on the gradient of G. Condition 6 will imply Conditions
3 and 4 making possible the application of the results of the previous section
for the target 7, in (4.6). To see this, for X,Y € H we use Condition 6 to
get:

T
B(Y) =6 < C [+ IXOF +1Y () = XOF) Y () - X(2)|

(4.7) <O (L4 X%, IV~ XIE )Y~ Xz, |

2Note that Py(z) is the Lo-projection of X onto the linear span of {e1,es,...,en}.
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14 BESKOS ET AL.

where for the second calculation we used Cauchy-Schwartz and the triangle
inequality for the Lg-norm. Now, the Sobolev embedding theorem (stated
in Lemma 3 in the Appendix) gives that for any 2 < ¢ < oo one can select
s =s(q) < 1/2 so that

1Xlz, < ClIX]ls

for all X. Thus, continuing from (4.7):
(48)  6(Y) = (X)| < C (1+ | X[E+ Y = X[E)IIY = X1,

for some s = s(p) < 1/2. Equation (4.8) can now be used to deduce that
¢n(z) = ¢(Pn(z)) satisfies Condition 4.

ProrosITION 1. If G satisfies Condition 6 then the limiting results of
Theorems 3, 4 apply for the case of m, in (4.6) under the specifications:

2 3.6
RWM pr SLA pom

e 61242 | 567640

4.3. Finite Differences. Similar results also hold for other approximation
schemes such as finite differences. In particular, assuming that paths are
approximately constant on subintervals of length At = NL+1 we get that:

dmy, N ' B
%(X) x exp{—;G(Xt)At}, At = N1

for argument X = (X;)Y,, with X; € R% The reference law 7,, represents
the finite-dimensional distributions of d independent Brownian bridges at
the discrete time instances At, 2A¢t, ..., NAt:

—2 1
1 -2 1
~ d /V‘ —11& —1 ﬁ 1
= 1 -2 1
1 -2
The eigenvectors {e;}}Y; of C'= —L~" and its eigenvalues {7, }/*, are as
follows (in this context e; = (e;1,...€;n)):

2 . imt ™, . 2
€t = f SIH(N+ 1) 5 Ain = % (Sln(m)(N—i— 1)) .
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OPTIMAL SCALING OF MCMC ALGORITHMS 15

The natural inner product for RV in this context is (u,v) = YN | uv; At
under which one can verify that {e;}}¥; is an orthonormal basis. We factorize
7, via the Karhunen-Loeéve expansion. That is, we write:

N
(4.10) Xe=> w ey,
i=1
and work on the space of z = (mTl,mT% o ,a:TN) when the target can be

re-written as:

dm N
(4.11) #(m) ocexp{—ZG(Xt) At}; T =
n t=1

d
{H (0,32,)} -
PROPOSITION 2. If G satisfies Condition 6 then the limiting results of
Theorems 3, 4 apply for the case of m, in (4.11) under the specifications:

K = 1’ TRWM — 5 TSLA — 553

242 27645

||::]2

5. Data Assimilation. Data assimilation is concerned with the op-
timal blending of observational data and mathematical model to enhance
predictive capability. It has had major impact in the realm of weather fore-
casting and is increasingly used by oceanographers. As a concrete (and sim-
plified) model of these applications from the area of fluid mechanics, we
consider the problem of determining the initial condition for Navier-Stokes
equations for the motion of an incompressible Newtonian fluid in a two di-
mensional unit box, with periodic boundary conditions, given observations.
The equation, determining the velocity X = X (¢,v) over the torus domain
T2, can be written as follows:

X
dd_t =vAX +B(X,X)+h, t>0,

X(0,v) = Xo(v), t=0.

This should be rigorously interpreted as an ordinary differential equation
in the Hilbert space H, defined as the closure in L?(T? R?) of the space of
periodic, divergence-free and smooth functions on [0,1] x [0, 1], with zero
average (see e.g. [L1] for more details). We specify the operator A in detail
below, noting here that it is essentially the Laplacian on H; the operator B
is a bilinear form and h a forcing function, but details of these terms will
not be relevant in what follows.
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16 BESKOS ET AL.

As a first example of the type of data encountered in weather forecasting
we assume that we are given noisy observations of the velocity field at po-
sitions {v;}/; and times {t,,}}/_,. To be precise, we observe {W, ,,} given
by

Wim=X,tm)+&m, l=1,....,L,m=1,...,M,

where the § ,,’s are zero mean Gaussian random variables. Concatenating
data we may write
W=2z+4+¢

for W = (Wi, Wau,....Wrm), 2 = (X(v1,t1), X(v2, t1),..., X(vr, tn))
and £ ~ N(0,X) for some covariance matrix ¥ capturing the correlations in
the noise. We refer to this setting as Eulerian data assimilation, the word
Eulerian denoting the fact that the observations are of the Eulerian velocity
field.

For a second example, illustrating a data type commonly occurring in
oceanography, we assume that we are given noisy observations of Lagrangian
tracers with position z solving
@:X(Zl,t), 21(0)2210, l:1,...,L.
dt ’

For simplicity assume that we observe all tracers z at the same set of times
{tm}M_, and that the 210’s are known to us:

VVl,m:Zl(tm)‘f‘fl,my lzlu"'aLJm:17"'7M7
so that, similarly to the Eulerian case, we may write:
W=2z+¢

with W = (W11, Wa,....,Wrm), 2= (21(t1), 22(t1), ..., z.(tar)) and noise
& ~ N(0,%) for some covariance matrix Y. Figure 2 illustrates the set-
up, showing a snap-shot of the flow field streamlines for X (v,t) and the
tracer locations z;(t) at some time instance t. We refer to this problem
as Lagrangian data assimilation, since the observations are of Lagrangian
particle trajectories.

Note that, for both Eulerian and Lagrangian observations, Z is a function
of the initial condition X of the Navier-Stokes equation.

In applications to weather forecasting, compressible fluid flow models
would in fact be more appropriate. We have chosen to use the incompressible
Navier-Stokes equation to model the fluid in both examples simply to unify
the presentation of the Eulerian and Lagrangian data models. A more re-
alistic model for weather forecasting would employ a non-dissipative model
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OPTIMAL SCALING OF MCMC ALGORITHMS 17

for the velocity field, supporting waves, such as the shallow water equations
[1, 19]. The techniques described in this section could be generalized to such
models.

1.0"\\\\‘\\\\\‘\\\‘////‘///\‘\
==X\ [ S -~
TN T
= 7~ \
08} (({/\\}}} {,,\} E
to [
\\\~~~/) Vo7
LANN—77 7 iv=-7 )| b
6 S———e—— Vo~ ) i
SN AN AN
AN A R AV VAN BN
=S\ [ s s
0-4’//’=ﬁ\\\\\\ [ /7=~ s
(77NN ) L APre NIy
((17#7}}}) B
0.2} \\~~// (SR 1
\\\\\\..//2// =270
N NS ATV N B AN
AN A A B AN
[ NN > D D N AV e N AN N
0‘.0 0‘.2 0‘.4 0‘.6 0‘.8 1‘0

F1a 2. An example configuration of the velocity field at a given time instance. The small
circles correspond to a number of Langangian tracers.

5.1. The Fourier Expansion. We now construct the probability measure
of interest, namely the probability of X, given Y, for both the Eulerian and
Lagrangian problems. Any mean-zero X € L?(T?,C?) can be expanded as
a Fourier series in the form

X(v) = Z xy exp(2mik - v) .
kez2\{0}

The divergence-free condition is equivalent to setting xj - k = 0 for all k, so
we can form an orthonormal basis for H by letting
1

e = T exp(2mik - x) |

where k+ = (ko, —k;). Then any X € H may be written as

X = Z xkek:Z(X,ek>ek .

kezZ2\{0} k
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18 BESKOS ET AL.

We want to restrict attention to real-valued functions, whence the above
expansion can be re-stated as

(51) X = Z {xi;in eiin _’_xios eios} 7
keZ%

for the orthonormal €5 (u) = %\/isin(%rk ‘u), e (u) = %ﬁcos@wk )
and the upper half of Z2\{0},

Zg :{k’:(k‘l,k‘Q)EZz:k’l >0,k‘2 >0 or ky §0,k:2 >0} .
The Stokes operator A is such that
(5.2) Aey, = 4m2|k|%ey, .

We will assign a prior measure, 7, on Xy. We choose this to be a Gaussian
measure with mean zero and precision operator £L = —A® for a positive real
a. To be precise, the covariance operator will be

C= 3 (4n®) k2 e © " + e @ )
keZ?

For the Gaussian measure to be well-defined it is necessary that C is trace-
class, that is 572 |k|~2% < oo, which requires @ > 1. We condition the
prior on the observations, to find the posterior measure, w, on Xj. As noted
before, Z is a function (the so-called observation operator) G of Xy, the initial
condition, so we may write

W =G(Xo) +¢,

where one should have in mind that G = G¥* and G = G“* for the Eulerian
and Lagrangian case respectively. The likelihood of W conditionally on X
is

1
B[V | Xo] o< exp(—5W — G(Xo)3) -
By Bayes’ rule we deduce that

63 EX0) we(—5W - GXR) 7= AO.0).

We have thus constructed another explicit example of the structure (3.1)
where now

H(X) = 5IW ~ GX
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By tuning o we may induce more smoothness in the prior and posterior
measures. From the Karhunen-Loéve expansion, under the prior Gaussian
measure 7™ we get

(5.4) i, 2f ~ N0, (47%) 7 k|72 |

all coefficients being independent of each other. A finite-dimensional approx-
imation of (5.3) will be derived by truncating the Fourier series. For integer
N > 0 we define

7%y = {k € Z% : |k1|, |ke| < N} .

One can check that the cardinality of Z2  is 2N(N + 1). We will arrange
Z, 2§ with k € Z2  into an n-dimensional vector z, with n = 4N (N +1).
To this end, we order the elements of Z?2 spiral-wise, as shown in Figure 3;
the construction gives rise to an ordering mapping o : Z2 + Z%, analytically

specified as
o((i,7)) =2(N = 1)N + M

where
J+1 i1=N,j<N,

N =N((i,§) = lilvj; M =M((Gj) =4 2N —i+1, j=N,i>-N,
AN —j+1, i=—N.

The mapping is better understood via Figure 3. We set

sin cos 2N(N+1
(55) T = (xofl(iyxo’*l(i))i:l( ) .

We can now approximate (5.3) as follows:

dﬂ-n sin _sin cos ,cos
(5.6) Z=" (@) o oxp(~@(Py (@) Py(e) = 3 {ai ™ +af= e} .
" keZ?

5.2. The Results. In this context, for s € R we define
s sin cos 1/2
X[l = (32 R (@) + 252)?))

2
kez?

with corresponding space H® = {X : || X||s < oo}. We will need some
analytical results from [11]. Assume that the force h in the Navier-Stokes
equation is such that fOT |h||2dt < oo for some € > 0. Then, in the Eulerian

case it is true that
GPH(X)| < C 1+ [IX]) ,
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20 BESKOS ET AL.

(-N,N) (N,N)

2N(N+1) 2(N-1)N+2
B | 2(N-1)N+1
(-N,0) (-1,0) (0,0) (1,0) (2,0) (N,0)

F1c 3. The construction of the ordering mapping o : 22 — Z7 . The circles represent points
in Z%. The paired numbers in parenthesis are co-ordinates of points; the single numbers
show the ordering of points w.r.t. o(-). For example, 0((2,0)) =5, 0((2,2)) = 7.

for any X € H. Also, there exists locally bounded function § : RT xR* — R
such that
G"7H(Y) = GFH (X < s(IXIL YD 1Y = XI-

For the Langrangian case we have
GHA(X)] < C(1+[|IX[1H)*?

and, if X,Y € H® for some s > 0 then there exists locally bounded § such
that
GHE(Y) = GM (X0 < (I X Nls, Y IIY — X5 -

Note that Ez|| X||? < oo for any s < a— 1, so we can restrict attention on the
set, of full probability measure H* for some chosen 0 < sg < a — 1 instead
of the whole H. Under this observation, one can see that the conditions on
G“A% and G"U* both imply that for Y, X € H*:

6(Y) = d(X)] < 61X s [V [ls0) 1Y = Xlso

7
57 60 < €L+ 1X]9)

for some locally bounded function J; these are reminiscent of Condition 5
which, as we show in the Appendix, they imply after making the standard
correspondence between X and its Fourier coefficients and employing a spec-
tral truncation to obtain a sampling problem in R".
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PROPOSITION 3.  For any o > 1, the limiting results of Theorems 3 and /
apply to the target m, in (5.6) both for G = GPUF and G = G**¢, under the
specifications

1
k=2, TIM_=_ g2 / (2% + y?)%dx dy,
2 [0.1]2

1
FSLA _7T6a / (£2 + y2)3o¢dx dy
2 [0,1]2

6. Further Directions. We present some additional MCMC samplers
which can give improved results.

6.1. Preconditioning. The local MCMC samplers we have so far consid-
ered use the same step-size over all directions of the target domain. The
standard deviations decrease as =% and the sampler will adjust its step-
size to accommodate for the smallest scale, n =%, resulting in the O(n=2¢"1)
squared-jump-distance reported in the paper. When the different scales are
analytically known one can think of allowing the step-size to vary over the
different co-ordinates. We will now briefly pursue such a direction: we demon-
strate that the analytical conditions stated so far in the paper suffice to also
describe these slightly modified algorithms.

We follow the general context with target distribution m, in (1.3) and
scalings \; = A, with C_ 7" < \; ,, < C4i7" for some k > 0. Consider the
following MCMC proposals:

U2>\in ’
(6.2) P-SLA: Y; = T; + %(—g (l‘l//\z,n)) + 0n>\i,n Zi ’

which compared with the original RWM and SLA, adjust the step-size to
the individual scales and use step-size o, \; , for the i-th co-ordinate instead
of o,,. The prefix (P-) stands for “preconditioning” referring to the effect of
these algorithms to flatten the standard deviations along the scalar compo-
nents before applying a regular RWM or SLA proposal. For the following
result we set A = A,, = diag{\i ..., A}

COROLLARY 2. Let m, in (1.3) be the target distribution for P-RWM and
P-SLA. Assume that o2 = 1>n=° for l,p > 0. If {¢,} satisfies Conditions 3
and 5 then:

(i) if p=1 then E[a,(z,y)] — a(l) and
) ] = Pa) xn ! Fo(n)
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for a(l) as in Theorem 1 under the specification T = 7504 = 1.

(ii) if p > I then E[an(z,y)] — 1 and SE = 1>n=P + o(n™").
(iii) if 0 < p < I then Elan(z,y)] = O(n7P) and ST = O(n=?) for any
p=0.

PRrROOF. On the transformed space x — A~!z algorithms P-RWM and
P-SLA coincide with RWM and SLA respectively as applied to the target
7l specified as:

dmy, ~t -

—— (@) = exp{—¢n(A2)} ;@ (z) =[] f(@i) -

drt ey
It is a straightforward consequence of the definition of the |z|s-norm that
if ¢, satisfies Condition 5 then so does ¢!, (z) = ¢,(Ax). So, all results of
Theorems 3 and 4 apply for the target 7’. The statements of the corollary

correspond only to a translation of these results on the original co-ordinates
x = Azt O

6.2. Implicit Scheme and Gaussian Law. An implicit version of SLA ap-
plied when the reference measure is Gaussian satisfies an identity allowing,
in some cases, for O(1) squared-jump-distance. To see this, assume that 7, is
Gaussian with f = N(0,1) and consider the proposal y for current position
x defined through the equation:

Xy

on Yi
(6.3) 0-SLA: y; =x; + ?" (_HP —(1-9)
for 6 € [0,1]. Note that # = 0 corresponds to the standard SLA proposal
(1.5). After some calculations we find, that for this proposal the acceptance
probability is:

02
an(,) = 1A exp{0n(z) — 6uy) + (6 - 5) 05 (2232 —2/30)}

4N2

Clearly, a,(z,y) = 1if § = 1/2 and ¢,, = 0, so Gaussian targets are invariant
under the update (6.3) with # = 1/2 (which corresponds to the familiar
trapezoidal rule in the numerical analysis literature) for any step-size oy,.
Thus, in the Gaussian scenario, we get O(1) squared-jump-distance. Even
for the case when the change of measure makes the target non-Gaussian, we
have shown in [5], [6] that such implicit proposals can provide well-defined
MCMC algorithms for infinite-dimensional targets having a density w.r.t.
a Gaussian measure thus giving rise to algorithms of O(1) squared-jump-
distance in the discretised context.
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7. Conclusions. We have presented a family of non-product distribu-
tions, arising naturally in high-dimensional applications, for which analytical
results for the asymptotic behavior of local MCMC algorithms can be ob-
tained. The results in the paper constitute a contribution towards the under-
standing of the computational complexity of Metropolis-Hastings methods
in application to high dimensional, complex target measures with mathe-
matical structure tailored to a range of important applications.

In this context, the inverse of the squared-jump-distance .S,, provides a
measure of the number of steps required to cover the invariant measure, as
a function of the dimension of the state space, n. In a concrete application
this needs to be combined with information about the cost of each proposed
step, again as a function of n. To be concrete we consider the case where the
reference measure is a mean-zero Gaussian one with covariance operator Cy,
and precision operator £,, = —C;;! and observe that, although our analysis
in the paper is conducted in the Karhunen-Loéve basis, we need not assume
that this is known to implement the methods. That is, we may write the
proposals as:

RWM: y=x+o0,7,
2
U—Z"E,Lx—i—anZ,
P-RWM : y:x—l—JnC,l/2Z,

2
P-SLA: y:x—%aH—UnC}/QZ

SLA: y=x+

2
§-SLA : y=x+”—2" O Loy +(1—0)Lnz) +0nZ .

Having in mind also the calculation of the acceptance probability, all meth-
ods require evaluation of ¢, (z) and £, x; then, P-RWM and P-SLA require
drawing from N(0,C,) and 0-SLA (for § = 1/2) inverting I — Z:L,,. All
such costs should be taken into account for an overall comparison of the
different algorithms. Thus, even in the case of Gaussian reference measure,
the relative efficiency of the methods depends crucially on the precise struc-
ture of the reference measure; for instance the case of Markovian reference
measures, for which the precision operator has a banded structure, will be
markedly different from arbitrary non-Markovian problems.

From a mathematical point of view the results in this paper center on a
delicate interplay between properties of the reference measure and properties
of the change of measure. The tail properties of the reference measure are
captured in the scaling properties of the standard deviations (see (1.3c) and
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(2.6)). The assumptions we make about ¢ in Conditions 3, 4, 5 control the
manner in which the target measure differs from the reference measure, in
the tails. Since the tails control the optimal scaling of the algorithms this
is key to the analysis. In particular the conditions on the exponents used
in the norms in Conditions 4 and 5, and their upper bounds in terms of k,
are precisely those required to ensure that the product measure dominates
in the tails; the choice of norms really matters as we approach an infinite
dimensional limit. It is notable that the conditions imposed on the change
of measure do indeed hold for the complex infinite dimensional applications
that we consider in this paper.

We anticipate that there is a whole range of other applications which fall
into the class of problems we consider in this paper. For example, one other
natural application area is the case when 7, represents a prior of indepen-
dent components for a Bayesian analysis with dm,, /d, corresponding to the
likelihood function. In this context for instance, the lower bound for ¢, in
Condition 3 (resp. upper bound for the likelihood) will be typically satisfied.

A particularly interesting avenue for further study in this area concerns
the possibility of obtaining diffusion limits for the MCMC methods when the
proposal steps are scaled optimally. This program has been carried out in the
case of iid product targets in [21] and [22] (see also [1], [2]). In that case each
component is asymptotically independent from the others, so it is possible
to consider an independent scalar diffusion process in each coordinate. In
the non-product scenario considered in this paper it is anticipated that the
diffusion limit will be a stochastic PDE which is reversible w.r.t. the target
measure. Proving such a result would yield further insight into the optimality
of MCMC methods.
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APPENDIX A: TAYLOR EXPANSIONS FOR MCMC ALGORITHMS
(TARGET #y)

We present a Taylor expansion for the term R,, in (2.1) to be used through-
out the proofs. In this context we assume that the target is 7,, with z ~ 7.

A.1. The RWM Algorithm. We consider the exponent R, = RiWM
in (2.2).

Case A: o2 = 2n=2""In=¢ with € > 0.
Viewing R,, as a function of g,,, we employ a second order Taylor expansion
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around o, = 0, separately for each index ¢ = 1,...n. Thus,
(Al) Rn = Al,n + A2,n + Z/[n 9

where we have defined

o ¢ U% - 02
(A2)  Ap=3 Cu Ayu=3 5Ch Un=3 5Uin;
i=1 7\ i=1 "\ i=1 "1

Cri=—g (xi/N)Zi, Cai=—g (xi/N)Z2/)2,
Uin = —g® @i/ N + Zio} IN)Z2 6

for some o € [0,0,] different for each i. Note that {C1;}i, {Ca,}i are both
sequences of iid random variables. Using Condition 1(i) we find that

(A.3) \Uin| < Mi(zi/Ni) Ma(Z;) M3 (07 /i)

for some positive polynomials My, Ms, Ms. From Condition 1(ii) we get
E[Mi(zi/N\)] < oo; also E[My(Z;)] < oo, both these expectations not
depending on i. Note that o,/A\; — 0, so Ms(c}/X\;) < Ky for a constant
Ky > 0. We can now obtain the following results.

[ ] Un Lﬁl) 0.

o if € >0 then Ay F2(Z) 0, Az, Lo .
l2

. L La(7n
e if ¢ =0 then A; , — N (0, lZH%), Aoy, 2(Fe) —7%, where

(A.4) K= K™ =E;[(g(X)?*].

The limit for U, follows directly from (A.3). Also, the stated limits for
e > 0 follow from simple calculations. For the results when ¢ = 0 we note
that a version of the Lindeberg-Feller theorem for the case of scaled sums
of iid variables, see e.g. Theorem 2.73 of [7], gives that A;, converges in
law to a zero mean Gaussian random variable with variance the limit as
n — oo of E[ A}, ] which can be easily found to be PE[C] ]/(1 + 2x).
For Ajs,,, straightforward calculations give that it converges in Lo(7y,) to
I’E[C5.]/(1 + 2k); the product law gives that

!

Eflg (X)?] = Eslg (X)],

so, in fact, the limit for A, can also be expressed in terms of K.
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Case B: 02 = I?>n=2""In¢ with € € (0,1).
We now select a positive integer m such that

m+1>2/(1—¢)

and use the m-order expansion:

j=1
in the place of (A.1), where now
n j n m+1
(% ’ g ’
Ajn = Z _7; Cji, Uy = Z )\Zwl Ui
i=1 7Y i=1""

’ m+1

Cj,i = _g(])(xl/)‘i)zj/(]')7 Ui,n - g(m—i-l (‘TZ/)‘ + Zi 105 /)‘ ) m—i—l)

for some corresponding o € [0, 0,,]. We can now obtain the following results.

o ul L1 (%)

n — 0.
e E[R, ] - —o0 as fast as —n".
e for any positive integer ¢, E[ (R, — E[R,])%] = O(n<9).
For the first result note that the residual terms U;n can be bounded as in

(A.3), so the limit follows from the particular choice of m. For E[R,, | we
remark that, since E[ A ,,] =0, we have

m n O'%
B[Ra)= 3Bl Ajn] +001) E I ITA
j=2 =1 "\

From the analytical expression for Cy ;:

| = —%/]R{gl(u)}2 exp{—g(u)}du <0 .

All other Cj. satisfy E|C};.| < oco. Trivially, the highest order term among
the summands for E[R,, | is the one corresponding to j = 2 which indeed
grows to —oo as fast as —n. For the third result, among the (m + 1) zero-
mean sums comprising R, —E [ R,, ] the one with the highest order Ly,-norm
is A1, so the triangle inequality gives that the provided expectation is of
the same order as E [A%?n ]. Now we can take out of the expectation the n/2
factor of o,,: the remaining expectation is O(1). To prove this last statement
one needs to consider the polynomial expansion; we avoid further details.
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A.2. The SLA Algorithm. We now use Taylor expansions for the
corresponding term R,, = Ry given in (2.3).

Case A: o2 = >n=2"1/3p¢ with € > 0.
We employ a sixth order Taylor expansion to obtain the structure

6
(A.5) Ry =Y Ajn+ Uy
j=3
n 0% n O_T7L
A],n:;_jcj,iy un :Zl/\_ZUz,n )

We start the summation from j = 3 since the first two sums are identi-
cally zero. The above expansion considers some corresponding iid sequences
{C},i}i, for each j and residual terms; any Cj; is a polynomial function
(the same over i) of Z; and z;/)\;. Using the calculations in [22] we have:

Ci,=C2.=0; E[C3.]=E[Cy. ]=E[C5.]=0; E[Cs.]<0;

From this paper we will also require the analytical calculation
Csi = 9P (@i/N)Z2 )12 — g (2i/ X)) g (wi/Ni) Zi /4 .
From the product rule,

Ef[(g(X)g (X)*]-2E;[(g g ¢d®)X)] =Es[g (X)*],

thus
E[C5]=Ef[3g (X)® +5(g®(X))*]/48 .

We will need the following results:

o Uy F2Tn) .
e if € > 0 then A;, 120 6 for all 3 < j <6.

e if ¢ = 0 then As, £, N(0, IK), both Ay, As La(®s) 0 and
As.n L2(Fp) —?H%, where
(A.6) K=K =E;[3¢ (X)>+5(¢®(X))?]/48 > 0.

The residuals can be bounded as in (A.3); the limit is then straightforward.
For the other quantities we work as in the case of RWM; note that the
identity

E[C; ]+2E[Cs.]=0.
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demonstrated in [22] allows for the limits of A3, and As, to be expressed
in terms of the same constant K.

Case B: 02 = I’n~2%"1/3n¢ with € € (0,1/3).
We now use a m-order expansion, where m is such that

(m+1)(1—-3¢)>6
and consider the corresponding expansion
i /
R, ::EE:J4$N'+ZIn'
j=1
Working as for Case B of RWM we obtain the following results

° Z/{; Lﬂ)

0.
e E[R,|] — —o0 as fast as n
e for any positive integer ¢, E[ (R, — E[R,,])%] = O(n3<9).

3e

APPENDIX B: PROOFS

The following lemmas will be used at the proofs.

LEMMA 1. Let T be a random wvariable. Then:

(i) for any -~y > 0:

E[1nel]>e™ (1—M> .

~y
(i) If E[T] = —c < 0, then for the residual Tyes = T — E[T] and any
q>0:
E T’f‘esq
E[1Ael] ge‘c/2+2q¥ .

ProoOF. For the lower bound we have that:
E[1Ae" | >E[(IAe") - H{|T| <A} = e "P[|T| < 7],

which, from the Markov inequality, gives the required result. For the second
inequality:

B[] =E[(UAeT) 1| Tres < S} +E[AAET) - | Tl > 5}]
<2 L P[|Tres| > g] :

which, again from Markov inequality, gives the required result. O
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LEMMA 2. If X ~ N(p,0?) then
E[1AeX]=®(u/o) + 72 (-0 — pjo) .

LEMMA 3 (Sobolev Embedding).

i) Let X € L*([0,T],R). Consider the expansion w.r.t the sinusoidal basis
fsin(km/T)}2, -

X(t) = iazk sin(knt/T) .
k=1

If s,p € R are such that s < % and 2 <p < (% —5)7! then:

Xz, < Clals

1/2
for a constant C > 0, where |z|s = ( 1 /<;2S]a:k]2) .
i) Let X = (Xy)IY, € RN for integer N > 0. Consider the sinusoidal

N
basis in RY, {sin(%); t=1,... N} , and the expansion:

X —i:n sin( ot )
t_kzlk N1

If s,p € R are such that s < % and 2 <p < (% —5)7! then:

N 1 1/p
X¢|P—— < s
@ ! N+1> <Ol
for a constant (independent of X and n) C > 0.

ProOOF. i) If Y € L%([-T,T],C) is periodic with period 2T, its Fourier
expansion is:

s . 1 .
_ ikmt/T . — ikm- /T
(B.1) Y(t)= ) e ok = (Ve

k=—00

The Sobolev embedding (see pg.436 of [23]) gives that, for s,p as in the
statement of the Lemma:

k=00

(B2) Wi, <c{ Y @+ km) .

k=—o0
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This is a consequence of the fact that for conjugate positive reals p, ¢ (that
is p~t +¢ ! =1) we have:

(B.3) IYllz, < Cllyll, -

See the above reference for more details. Assume now that Y is specified
as follows: Y (t) = X(t) for t > 0, and Y (t) = —X(—t) when ¢ < 0. This
symmetricity around the origin means that y_; = —yy (for instance yo = 0),
so using this:

Y(t)= i 2iyy sin(knt/T) .
k=1

X, Y coincide on [0,T] so zj = 2iy; and, using (B.2):
1 Xz, o,mR) < 1YL, (~r1R) < C l2ls -

ii) Consider a vector Y = {Y}}i\’:_(NH) € C?N+2, We define a function Y
on [-T,T1:

N
Y(t) = YT o ), Y(T)=Y_ .
(t) j:_%ﬂ) f [Ié_i’(JJi)lT)( ); Y(T) (N+1)

The continuous and discrete time Fourier expansions can be written as fol-
lows:

o) N
~ . . +
YOy = Y g™ vi= Y g,
k=—00 k=—(N+1)

where, after some calculations, we find that for k € Z with k # 0:

N
1 ik Ity Py N
gk:_zzkﬂ. § Y}(e Zkﬂlj\hrl_e zk7rNJ+1)’
j=—(N+1)

with o = gy Sy (v41) Y- Also, for —(N +1) <k < N:

1

N )
_ Y. —ikﬂﬁ )
= oNT 1) 2. Yje

j=—(N+1)
One can easily now check that, for —(N +1) <k < N:

1 e—iwk/(N-i—l) -1
ir k/(N+1)

Uk = — Yk -
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whereas for M € Z and —(N +1) <k < N:

_ k _
YM@N+2)+k = M@2N +2) + & Yk -

Note that |e/™® — 1| < Cla| for a € [0,1]. So, using the last two equations
and (B.3), for conjugate p, ¢ we get:

N 1 1/p ~ N 1/q
(Y mPs) " =W lernn < (> wl?) " =yl -
t=—(N+1) k=—(N+1)

An application of Holder’s inequality gives (see pg.437 of [23] for details)

that:
k=N

s 1/2
lyl, <C{ 3+ [RP)lul?}
k=—(N+1)

for a constant C' independent of {y;} and n. So, in total:

al 1\ /P = 2s 2V
(S mPy) "<l X kP mP
t=—(N+1) k=—(N+1)

To prove the statement (ii) we use the standard method as in (i): we specify
the vector Y = {YV;} as Y, = Xy, fort =1,...,N, Y5 =0, and YV; = —X_4,
fort =—N,..., =1, Y_(n41) = 0. Then one can find that yo = y_(y41) =0
and xp = 2iy; for k = 1,...n. The required result then follows directly. [

PROOF OF THEOREM 1. Expectations are in stationarity, so x ~ 7,, and
y is determined from the transitions (1.4) or (1.5) for RWM or SLA respec-
tively.

The RWM Algorithm:
Case (i): 02 = [2n=2+"1,
From Appendix A.1 we get that

L 2 K , K
R, = N(—— l
" ( 21+ 2k’ 1+2/-e)

So, Lemma 2 gives that

. l K

) -
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Case (ii): 02 = I’>n=2""In=¢ for € > 0.
From Appendix A.1 we get that R, — 0 in L;(7,). The result follows from
the Lipshitz continuity of x — 1 A e”.

Case (iii): 02 = I>n=2""1n¢ for € € (0, 1).

Appendix A.1 gives that E[R,, | — —oo as fast as —n¢, and that for arbi-
trary integer ¢ > 0, E[ (R, — E[R,])?] = O(n<9). So, Lemma 1(ii) implies
that E[a,(z,y)] — 0 faster than any polynomial order.

The SLA algorithm.:

The proof is similar and follows from the results in Appendix A.2. U

PROOF OF THEOREM 2. Here a,(x,y) = 1 A e?n@)=0nW)+En for R as
in the product case. Note now that

B, [ 1A efr@=0W R ] < Oz [14 €]

for a constant C' > 0. So, the required result for 2x < p < 2k + I follows
now directly from Theorem 1(iii). For the case when p > 2k + I note that,
using the Taylor expansions for R, in Appendix A, we can easily find that

limsup Ez, |R,| < oo .

n—~0o0

The boundedness condition on ¢,, gives that

limsupE | ¢on(x) — dn(y) + Ry | < Cy + CalimsupExz, |R,| < oo,

for constants C1,Cy > 0. So, Lemma 1(i) implies that E [a,(x,y)] is lower
bounded. O

PrOOF OF THEOREM 3. We will first show that, for any p > 2x, Condi-
tions 3 and 5 imply that ¢, (y) — ¢n(z) — 0in Ly(7m,) for any ¢ > 0, for both
RWM and SLA. We will then proceed with some calculations to obtain the
required results.

Let 02 = [?n=2"¢ for some € > 0. Recall that under 7, z; ~ N(0,i~2)
independently over i. Note that for an arbitrary s < k — 1/2,

n n

Er,J2f? = Br, [} i%af] ~ Y %0 < ©
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for a constant C' > 0. Similarly, we find that if ¢ is a positive integer then
Ez, 227 ~ (7, %6799 5o for any integer ¢ > 0:

(B.4) Es, |22 < C .
This result directly implies that, for both the RWM and SLA proposal v,
(B.5) Ez |y — 227 = 0.

To see that note that, from the triangle inequality, applied for the |-|s-norm,
and the definition of the proposal vy,

Ez |y — 2|2 < C(E|0n 2|2 + Ez, | 2[29)

for vector z with z; = 0 in the case of RWM, and z; = %7% gl(xi /i) /i in the
case of SLA. Note now that we can write 7 = i~2%¢2 for some iid random
variables ¢? (in this case £ ~ x2, but the particular distribution is not
important for our argument, as long as it has finite moments). Similarly, we
can write (0,7;)% = n=n"2r¢2 and 2?2 = n~2n"2r(n/i)"2¢? for some iid
positive random variables §Z-2, different for each case. It is now clear that

El0,Z)?7 < Cn “E; |z*?, Ez |2°? < Cn 2E; |z|*
which explain (B.5). Given (B.4), (B.5), the triangular inequality implies
(B.6) Ba gl < C.
We now set Agy, := ¢n(y) — ¢n(x) and proceed as follows: for any R > 0,
E[Adn|* =
= B ||A¢al"I[|z]s < R, lyls < R]| + E[|Agu|*T[[a], > R or |y|s > R]]|
<Y(R)Ely — 2[5 + CE [+ |2l + |y[g) L[|zl > R or |y|s > R]]
<R By —olf, + C (BL1+ 227 + |y[27]) (P (|2l > R] + P[[yls > R])

1/2

where y(R) = sup,<g p<r 0%(a,b). Let € > 0. From (B.4) and (B.6) and the
Markov inequality, we can choose some R = R(€) so that the second term on
the right side of the last inequality is smaller than €/2. Also, (B.5) implies
that the first term is smaller that €/2 for sufficiently large n. Thus, for any
q >0,

Lq(ﬂn)

Pn(y) = dn(z) — 0.
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Condition 3 gives also that, for any ¢ > 0,

(B.7) bn(y) — dnl@) 10 .

From the Lipschitz continuity of x +— 1 A e*, for any p > 2k,
(B.8) Eg, [1A e @=nWHRa] B [1Aefin] 50,

We now distinguish between RWM and SLA and the various step-sizes.
The RWM Algorithm:
We use the expansion R,, = Ri"M = Ay ,, + Az, + Uy, in Appendix A.1.

Case (i): 02 = I2n=271,

For this step-size we have showed in Appendix A.l that A, — _gl-k%
and U, — 0 in L1 (7). Due to Condition 3, the same limits will also hold in
Ly (7). Recall from (A.2) that Ay, = 0, Y0 & for & = =N g (i) N) Zi.
Due to Z;, for each n the process {S; , }iy with S;,, = oy, Z§'=1 &in is a mar-
tingale. Under 7, the independence among &; ,, together with some tedious
calculations give that

K
142k

n
2 2 Li(7n) ;92
O-nzgi,n !
i=1

From Condition 3, the same limit holds in L;(m,). The Martingale CLT
from pg.58 of [17] now gives that, under 7,:

K
1+ 2k

Ain 5 N(0,12 ).

So, comparing with the results for the product case in Appendix A.1, R,
has the same limiting behavior under 7, and 7,, implying that:

(B.9) E. [1Aeff"] = a(l)

for the same a(l) as in the case when the target law is 7,. Equations (B.8)
and (B.9) give the required result.

Case (ii): 02 = I>n=2""In=¢ for € > 0.

For this step-size Appendix A.l gives that R,, — 0 in L;(7,) and Condi-
tion 3 implies that the same limit holds also in L;(m,). Equation (B.8) now
provides the required result.
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Case (iii): 02 = I>n=2*"1Inc for € € (0, 1).

From Condition 3, it suffices to show that n? Ez_ [1 A e?n(@)=¢n)+En] 0,
In Appendix A.1 we have shown that Ez [R, ] — —oo as fast as —n€; also,
for any integer ¢ > 0, we have shown that Ex [ (R, —Ez, [R,])??] = O(n®9).
From (B.7), the same orders persist if we replace R,, with ¢, (z)—¢n(y)+ Ry,
The result now follows from Lemma 1(ii).

The SLA Algorithm:

We use the corresponding expansion R,, = A3, + A4 p + Asp + Asn + Z/{,/L.
The results for cases (ii) and (iii) are obtained exactly as in the case of
RWM. For case (i), the Martingale CLT gives (as for RWM) that R,, has
the same limiting behavior under both m, and 7,,, and the required result
then follows from (B.8). We avoid further details. O

PRrOOF OF THEOREM 4. Note first that
(B.10) Sp=E[(zp —2¢+)?] = E[(ysr — 2)2 1 A efn@) =)+ hn)
Simple calculations give that for any p > 2k
(B.11) nPE[(yir —x0)?] — 1% nPE[(yir —x0) Y2 = 12

Since n? E [ (ys+ — x4+ )*]"/? is n-uniformly bounded, the Lipschitz continuity
of z +— 1Ae” and Cauchy-Schwartz inequality imply that any term appearing
in the exponential in (B.10) can be replaced with it’s Lo(m,)-limit when
considering the limiting behavior of n”S,,. To be more precise, we have shown
for instance in the proof of Theorem 3 that ¢,,(y) — ¢n(z) — 0 in Lo(m,) for
any p > 2k. This gives:

|nPS,, — n? B [(yp — )2 1 Aefin]| <
< CnPB[(yi — )" (Blén(y) — ¢n(x)P)

For case (ii) of the proposition, we have showed in Appendix A that R,, — 0
in Lo(7y,), so also in Lo(m,) from Condition 3. Now, ignoring ¢, () — ¢n(y)
and R, from the expression for S,, we get that n”S, — (2. For case (iii), we
use Cauchy-Schwartz to get

1/2 0

n? Sy < nPE|[ (i — zi) Y2 E[an(z,y) />

so the result follows from (B.11) and Theorem 3(iii). We now focus on the
case 02 = [2n=2"~1 and RWM (whence I = 1): the proof for SLA is similar.
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We use the expansion R, = Ay, + As, + U, in Appendix A.1. Let A7,
A5 ., Uy, be the variables derived by omitting the i*-th summand from the
expansions for Ay ,,, As ., Uy respectively. We define R} as the sum of these
terms. From the analytical expressions in Appendix A.1l, it is clear that
R, — R} — 0 in La(m,). Thus:

n2 LS, LB (g — )2 1A R ] 5 0.
We can now factorise
N E[(yp —zp) 21N | = PE[Z2 ] xE[1Aefn] .
From the proof of Theorem 3 the last expectation however converges to a(l)

and the required result is established. O

Proor oF COROLLARY 1. One needs only to replace A\; with \;,, in all
statements of Appendix A and the proofs of Theorems 1-4. When the con-
stants K™M_ K54 appear in these proofs (where \; = i7") they are always
divided with (14 2k), (14 6k) respectively; these values arise as the limits of
n~ GRS A2 and n~(0%F1) S L A0 respectively. Revisiting the proofs
shows immediately that in the extended setting of the corollary one should

now use lim, n= ) 37 | A7 and lim, n= 6D 572 A% in the place of

the above limits. O

PROOF OF PROPOSITION 1. For z,y € R”, let Xy = YNz ;e; and
Yy =N, x. ;e;. Then, from (4.8) and the equivalence between the norms
I Xn||s and |x|s, the latter defined in (2.5), we have:

[6n(y) = én(@)] = [6(Yn) — G(Xn)|
<O (14 1Xn]Z + 1Yx = Xn|B) [V = X1,

<C(1+[af+ly—2k) ly—al

for s = s(p) < 1/2. In this context x = 1 since the reference measure 7, is
of the structure [[_; N(0, A?) with

2T i1t

so clearly C_i~! < A; < Ci~! for appropriate C_,Cy > 0. Thus, we have
found that ¢,, satisfies Condition 4. Then, for the case of RWM:

2 _B A
2 12 3 FZP" 2;2 d3N- 3Zdz a2,
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so we have found 7%, A similar calculation gives the required limit 754
for SLA. O

PROOF OF PROPOSITION 2. In this case ¢, (x) = 2N, G(X,)At, for val-
ues X; = Xy(x) from (4.10). We adjust appropriately the specification of
the norms. So, for X = (X;)¥, with X; € R? we define:

al 1/p al 2s 2\ Y/
1X]l, = (3 1xeae) 51Xl = (30 e, o)
t=1 i=1

Let z = (:E,Tl,l‘TQ, szl N), Y= (yTl,yTQ, - ,yTN) be elements of R™, for
n=dx N, and X = (Xt)t 1» (Y)), the corresponding discrete-time paths
from (4.10). Then, working exactly as in (4.7) and (4.8), using the discrete
version of the Sobolev embedding in Lemma 3(ii), we obtain that

[6n(y) = $n(@)| < C (1 X2+ 1Y = X[2) [V = X]|r,

for some s = s(p) < 1/2. Note now that || X||z, = |z| and || X||s < C|x|s for
arbitrary X, thus {¢,} satisfies Condition 4 for s = s(p ) < 1/2 and ¢ = 0.
In this context x = 1. Indeed, under @,, 2 ~ [[j=; N'(0,A?,)) where

1 [i/d]m -
Aip = %T(Sln(2(N+l))(N+1)) .

Using the fact that C_ < sin(v §)/v < Cy when v € (0,1) for constants
C_,Cy > 0 we get that C_i~! < Aiy < C,i~! for some (other) constants
C_,Cy > 0. It remains to identify 7™ and 75“*. For the case of RWM:

n—2r—1 ZA;% = d—3N— stm N 1))(N +1)? —
i=1

%6
ﬁd 2/0 Slnz(’Ug)dU

so T"WM ig as stated in the Proposition. One can similarly calculate 75%4. [

PROOF OF PROPOSITION 3. For z,y € R™ with the structure (5.5), with
n=4N(N +1), let Xy = Py(z) and Yy = Py(y). Recalling the definition
of 0 = o((i,7)) we can write for any real s,

n/2

IXNIE = D0 k(@™ + (25) ZIJ (@)1 (231 +23,) -

2
ke,
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From the particular ordering of the elements of z one can easily see that
C_NZ <o '(@)]* < C.N& when 2(Ny — 1)Ny + 1 < i < 2No(Ng + 1)

for some Ny < N. Now, for a given i and corresponding Ny = Ny () satisfying
the second inequality it is true that C_ %2 < N, < C+z'1/2, therefore

(B.12) C_i<|o'(i)*<Cyi.

This gives that
C_||Xnlls < |2ls/2 < C4l| Xn]ls -

Using now (5.7) we obtain that

[P0 (y) — dn(2)] = [6(YN) — S(XN)| < (I XN 505 YN 50) YN — X ]ls
< 05/("%’80/27 ’y‘so/Q)’y - x’so/2 ’

for the locally bounded § = § (-, -) defined as 0 (a, b) = SUP)<y<a,0<v<b O(Us V)
for a,b > 0. Again from (5.7),

[6n(2)] = [6(XN)| < CA+ | XN %) = O+ [2°) .

Thus, ¢,, satisfies Condition 5 for parameters s = s’ = s9/2 and s” = 0; in
this context k = /2 since under 7, z; ~ N(0, A?) with

A7 = (4m®) = o= ([i/2]) 7> .

So, from (B.12), C_i~*/2 < A; < Ci~%/2. Also,

n

RWM __ 1; —(a+1) -2 _ s—(a+1) PAVARE —2(a+1) 200 __
T —hrrlnn ZA- =4 (47*) hj{fn{N 2 Z k| }—

)

i1 KeTE
1 200 i Z (k% 4 kf% )a 1
= —71°* lim —L 42—
2 2 2
2 N _NTR<N N N N
0<ko<N

which gives the stated result for 7%°%"M. A similar calculation gives 759, [
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