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0. SPECTRAL SEQUENCES

Usually, we begin with some initial data (like a filtration F of a
topological space X) and just like a matrix is an array of numbers, a
spectral sequence is an “infinite” book if you like, a series of pages,
each of which is a 2 — D array of abelian groups. On each page there
are maps called differentials that “go to the left” between the groups
which form chain complexes. The homology groups of these chain com-
plexes are precisely the groups which appear on the next page, taking
the “homology of the homology” recursively eventually (under suitable
conditions) leads to each group stabilizing to the E* page of the book,
from which we interpolate our desired (co)homology groups (again un-
der certain conditions). The general mantra of spectral sequences is
that we’d like to have terms at the E' or E? pages that we somehow
understand and wind up with the E°° page that relates to something
we’d like to compute (although it is possible to run the knowledge the
other way and deduce things about the E's from the E*s we wind up
with, the recovery is often complicated and is usually a collection of
extension problems).

0.1. Spectral Sequence Definition. Formally, an E" spectral se-
quence (of homological type) is a collection { £ | d;,q};ilez of bigraded
abelian groups £, and differentials (i.e. homomorphisms) d; , for each

E, , such that:

(1) d,,: B}, — Ey_, .. of bidegree (—r, 7 —1), where the total
degree p + q on the bigraded abelian group decreases by 1 “like
homology” for maps moving r units leftwards and r — 1 units
upwards simultaneously such that:

(2) dy,ody, .1 =0 for any same page composition

T d’l’
r p+r,q—r+1 r (2EN r
- Ep+r,qfr+1 Ep,q Ep*?ﬁqwfl -

and isomorphisms of Eytt = H,(E] ) given by:

” Ker(dy )
(3) Ep,j;l — Tm(d; .

TS = H,(E] ,) which appear on the next page.
Definition. An E* spectral sequence {E] . d;’q}rzlC is called first quad-
rant if and only if E;jiq #0=p >0 and q > 0, that is, the lattice
point (p,q) belongs to the first quadrant of the plane and if this holds
true for k, it clearly holds for all r > k.

e Addendum 1: The E° page is simply the filtration and its quo-
tients taken on the chain complex, the E' page, where our story
begins, is made up of the standard horizontal homology long ex-
act sequences of the E° page. We usually begin at the E? page

as this is where the differentials begin mapping in interesting
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directions (i.e. possible non-zero maps between groups on dif-
ferent levels), the elements of Eiq are a second-order approxi-
mation of the homology of E;,q’ and so the E™! is the bigraded
homology group of the preceding (E",d"). Note for later con-
venience, we may consider spectral sequences beginning at any
stage E* for k € N where r > k.

e Addendum 2: The E" and d” determine E"*! but not neces-
sarily d"*!, finding d"*! in terms of what has come before is
much more complicated, unless certain conditions are included,
for example, considering cohomology spectral sequences which
are naturally endowed with a multiplicative structure on their
differentials due to their cup product. Also note that an object
on the lattice point EJ ! is a subquotient of EF = due to (3).

e Addendum 3: We shall only encounter first quadrant spec-
tral sequences, so all other quadrants consist of zero lattices
throughout the rest of this essay. This condition implies that
for fixed p and ¢ at a particular lattice point, as one keeps turn-
ing successive pages for r >> 1 whilst focusing on (p,q), the
d" differentials will eventually go to zero (i.e. have trivial co-
domain) making them zero maps which do not go through (p, ¢),
so they affect groups at the lower left hand of the quadrant for
a limited time only. Thus each d" eventually becomes trivial.
So for large enough r and fixed (p, q), E} , = E;j(;l = =EX
i.e. things settle down and the groups E] , become fixed for all
r passed a certain point.

Dual Definition. A spectral sequence of cohomological type starting
at stage Ey, is a sequence {EP, dP9},5~1 of bigraded objects together
with differentials d2? going “to the right”:

D9 . P4 p+r,g—r+1
avt . EPT — B

of bidegree (r, —r + 1) satisfying ™91 . dP% = (O and such that the
homology of E, is E,41, i.e. H(E,) = E} .

Explanatory Remark. In other words, it is the same thing as a ho-
mology spectral sequence, reindexed via EP? = E"  _ . so that d?? in-
creases the total degree p+q of EP? by 1. Furthermore, the cohomology
version has extra structure, namely H*(X) has a ring structure induced
by the cup product, and the differentials d?? respect this ring structure:
dla-p)=d(a)- B+ (=1)PT9a-d(5). More precisely, there are bilinear
products EP1 x ESt — EPTSIT which are just the standard cup product
when r = 2.



1. LERAY-SERRE SPECTRAL SEQUENCE

1.1. The Leray-Serre Theorem. Let F % EZ B be a fibre bundle
with fibre map p : £ — B, under certain conditions, namely:

e The base space B is pathwise and simply connected

e the fibre F' is pathwise connected

e and m(B) acts trivially on H.(F;G) (i.e. trivial monodromy
on the homology of the fibres)

Then there is a first quadrant spectral sequence (£ . d; ) with:

p,q’
(1) dy, - Ep, K_>(f;)‘r7q”_1

(2) BpY' = s,

(3) Bpy = Hy(Bi Hy(FiG))  ~ Hyey(E)

(4) By = e

P4 T Hp-1,g41

The last condition gives the E°°-page, where the spectral sequence
stabilizes and the limiting groups are denoted £, which are the groups
we are after. The punchline is that with sufficient assumptions on
our fibration, the groups EJ5, which we constructed from the data
H,(B;H,(F;G)), are related to the groups H,i,(E). Furthermore,
if there is monodromy, the spectral sequence still works by replacing
E? = Hp(B; Hy(F)) with E2 = H,(B;Hy(F)), where Hy(F) is a lo-
cal system on B, but we will not go into that.

Fibre Bundle Relationship. The fundamental group m;(B) acts on
the fibre F' (i.e. it acts on all the algebraic invariants of F). So if
h: F — h(F') is an algebraic invariant, then h(F') is a module over the
group ring Z[m(B)].

Suppose you are given a fibre bundle: g

Ny

E
|
B
Construct pullbacks of coverings and universal covering spaces:
F F
D 7
\ E Projl\’ E
-
B Proja B

where E and B are universal covers of E and B respectively, with

standard definition: £ = {(b,e) € B x E : Projy(b) = p(e)} with
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B having a similar definition. Since m;(B) acts on B, therefore it also
actson E. If g € m(B), then g:b— g-b € B.

p~H(b) p~'(g-b)
\ %ication
pH(b)

i
Hence, ¢ : h(p~'(b)) = h(p~(b)). An easy hypothesis is to assume
m(B) = {0} so that the fundamental group acts trivially on F.

Specializing. Take a fibre bundle of CW-complexes F — X = B
(where we call X the total space now) such that B is simply connected.
Then consider the skeletal filtration of the base space B:

BcB'c.--cB'cBPcCc---CB

where BP/BP~! =\/ S™ is a wedge of n-spheres by the classification of
bundles. The p-skeletons of B induce a filtration on X:

' BYcr'(BYc---cai(BPHY crn (B C---Ccn Y(B)

such that 7=!(BP) /7~ }(BP~!) = \/ S x F. By setting X" := 7~ !(B"),
we get the same filtration on X:

XcX'cocXrlcXPc-CcX
We are essentially filtering the cellular chain complex C,(X) by letting
F,(C.(X)) = Cu(m1(B?)). Then F,C.(X)/F,_1(Ci(X)) is the quo-

tient complex C, (7~ 1(BP))/C, (7~ 1(BP™Y)) = C, (7~ Y(BP), =~ 1(BP1)).
By excision, the homology of this complex is the direct sum:

@ H, (7' (e?), 71 (DeP))

over the p-cells e? of B. But since e is contractible, the fibre over it is
trivial and so homotopy equivalent to e x F'. So

H*<7T_1(6p)777'_1(a€p)) = H*(ep X Fa aep X F) = H*(Dp X F, Sp_l X F)

which by the Kiinneth theorem is just H,_,(F'), which we can also
interpret as H,(DP, SP~% H, ,(F)). But since H,(S™) is torsion free,
we can define the Kiinneth theorem as H, (SPx F') = H,(S?)QH,,_,(F).
The inclusions 7=!(BP) = X? — X induce maps H,(X?) — H,(X)
and so we set:
F" = Im(H,(x Y(B?)) — n(B)) = Im(H,(X?) — H,(X))

P
This gives a filtration where p is the cellular dimension, n the homo-
logical dimension

F=0CF/ CF'C---CF',CFC--CF!=H,(X))
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Then the theorem of Leray-Serre says:

B, = ErJE

pn—p

which we get by doing the E' spectral sequence of the filtration F:

EL, = @D Hy(DP, 7Y Hy(F)) = Hypy(Fy/ Fyr) =y Hyig(X)

The map d' takes this to @ -1 Hy—1(DP~*, SP~% H,(F)) by the bound-
ary map of the long exact sequence of the triple (B?, B~ BP~2). By
the Kiinneth Theorem and the classification of bundles over S? and
BP:

Hp—i—q(Fp/Fp—l) = CP(‘B) ® Hq(F) e (‘)

By taking the homology of (#), we get the desired powerful result:

E]%,q = HP(B; HQ(F)) = Hp+q(X)

Naturality. Thus we have shown for maps of fibrations:

F——F——B

Ll b

F—sF  —B

such that the fibre of b € B maps to the fibre over ¢(b) € B', we get
maps £ — E ", (including the case r = oo) which respect all differ-
entials and 1sornorph1sms

Example. An easy application occurs when most of the E2 terms
vanish. Consider the fibre bundle X over an n-sphere with ﬁbres m-
spheres. We seek to compute the homology H,e(X),

Sm— X

|

STL

oo ) Z ifi=0,r

where we know that H;(S™;Z) = { 0 otherwise.
Serre Theorem in a “direct” fashion to fill up the E? page as follows:

H,(S™Z) ifq=0,m

0 otherwise

We use the Leray-

E} = Hy(B; Hy(F)) = H,(S"; Hy(S™; Z)) = {

Then the only non-trivial Ef,,q groups will be Zs at p = 0 and p = n.
Thus there are four lattice points: (p,q) = (0,0), (0,m), (n,0), (n,m).
We get the following E? page with one possible transgressional differ-
ential d, (edge homomorphism) if (0,m) = (n —r,r —1) for some

n—r,r—1
T
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m-—7. 7
\\\\d:L—T,T—l
5 N
1
0 FJ \\\FJ
0 1 2 3 n

All differentials are clearly trivial if the above differential does not
exist for any r. So we compute the groups on the E? page using:

T . T T
Er+1 _ Ker(dp,q ) Ep,q — Ep—vzq+r—1)

g T . T
[m(dp-ﬁ-nq—rﬂ : Ep+r7q—r+1 — Equ)

but the d" are all trivial so the spectral sequence collapses, all groups
stabilize giving:

2 >3 o~ [
EM = EM - = Epvq

By Leray-Serre we know: E} = H,(S™; Hy(S™;Z)) = Hpyq(X) so:

Ho(X) = Dpg=0 By

7 ife=0,m,n,m+n
ORifm=n

H.(X) = 7 if e=0,2n
7?2 ife=n

Special Case. If (0,m) = (n — r,r — 1) for some r, then there are
other possibilities as the differential ], . ; connects non-trivial groups
on different levels which the relative homology does not record as ex-
plained earlier. Take for example the Hopf fibration of S with S? as

a subquotient:

St— 53

E
52
By Leray-Serre: E> = H,(S% Hy(S";Z)) = H,4(S% Z) which has

only one possible non-zero differential d%o on the E? page:
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=5
O rJ rJ

0 1 2 3

Since we know H,(S%;Z) already, we must have d3 is an isomor-
phism so d3, = £1, otherwise for S x S', we must have d3, = 0.
We get the following E? pages by taking the homology of the E? page
using

B Ker(d}, - E2, — E> ;5 ..1)

P 2 . or 2
Im(dzﬂr?,q—l : Ep+2,q—1 - Ep,q)

to get the qu groups which remain stable (the differentials move up
by atleast three rows now) and are therefore isomorphic to the E*
groups, so to “read-off” the n'* homology group, we sum the groups
along the dashed lines ¢ = n — p for all n.

3

3
p )
1 %
027 6
0 1 q2:3§p\:\> H3(S?) =7
3
2 )
1—% %
027 Z 0

2
q:n—3p2>Hn(52 x S1)

Z ifn=20,1,2,3

. 2 1. _
. H, (5" xS Z) _{ 0 otherwise.




2. SPECTRAL SEQUENCE CALCULATIONS

2.1. The Complex Projective Plane CP(—). The computation of
H,.(CP(—)) involves “working backwards” as we already know the ho-
mology of the total space (the £ page) and using this fact, we can
compute the homology of the base space (the E? page). We give two
examples, the first is a “finite case” H,(CP(2)).

Example 1. Consider the fibre bundle:
St —— 6%
CP(2)
Z ifi=0
We know that H;(S™;Z) =< Z ifi=r
0 otherwise.
We know the E> page will give the homology of S®, so we will have
Zs on EgG ...(x) and Ef9 only.
Using Leray-Serre and the definition of a spectral sequence:

By, = Hy(B; Hy(F;G)) = Hywo(E)
E?, = H,(CP(2); H(S";Z)) = Hyyy(S°)

<1) dz%éq : Ezg,q - 13572,%1 )
(11> Ep,q = Ker(dp,q)/lm(dp—l-lq—l)
(iii) Using () or by connectedness of CP(2); E§y = Ej, =Z
since Eg, = Ho(CP(2); Hi(S";Z)) = Hy(CP(2); Z) = Z.

(iv) E}, = Hy(CP(2); Hy(S"Z)) = { gfp(CP(Q);Z) g g § (2), 1

So on the E? page, the only possible non-zero terms are on the p-axis
and the “line” ¢ = 1, thus E} = H,(CP(2); Hy(S";7Z)) = 0 for ¢ > 2
as H,(CP(2);0) will have zero coeflicients.

2
E? page
i R D 2
1 \Z lil(C,LD(2)) Ed,l E T E171 (SO far!)
2
d1,0
0 7 I A{(CIP(O)) _ F2 L2 L2
/9] T (£)) =20 30 10
-1 0 1 2 3 4



Step 1. Compute H,(CP(2);Z) = E}, = E}, =7
3 _ Ker(dio : E12,0 — Ezm) _ Ker(d%o : E12,0 —0) _ E12,0
YO Im(d3_y B3, — EYy) Im(d3_,:0— E) 0

~ 72
= E1,0

But since all the subsequent differentials that go to (or from) Ef, will
come from a zero (or go to a zero) are trivial, the group will stabilize
thus:

Eioinoino:“':E%:O
as E7Q is a subquotient of H,(S% Z) = 0. .. Ef, = H(CP(2);Z) = 0.

2
E? page

7 I (CIP(9)) __F2 L2
1

/u\ EEDAN ST IRyl 17 ,1 1_1171

2
d2,0

0 /4 I (CIP(o))  E2 L2

] L2\ (<)) 3,0 =0

0 1 2 3 4

Step 2. Show Hy(CP(2);7Z) = Z. To see this it suffices to show that

d3, - E3 5 E§, is an isomorphism, for then Hy(CP(2);Z) = E3, =
Ey1 = Z (known). Hence we must show:

(a) d3, is injective

(b) d3 is surjective

Injectivity of d3 :

Ker(d%jo : E%,o — Eal) Ker(dg’o)

B, = = = Ker(d;
207 TIm(d 10— E3,) 0 erido)
Now Ej, = Ej forr > 3asall d” = 0 for r > 3. But since Hy(S5% Z) =
0, it follows that ES, = --- = E5y = 0 as L5 is a subquotient of
H,(S%7Z) =0. . Ker(d;,) =0= d3 is injective.
Surjectivity of d3 :
o Ker(d(z)’l : E&l — 0) _ Eg,1 _ 7 0

o1 [m(d%,o : E%,o - Eg,l) B Im(d%,o) B Im(d%o)

Because by the subquotient argument, H:(S% Z) = 0, so Ej | = Ej, =

o= Egq =0, So I'm(d3 ) = E§, = Z. .. d3 is surjective. Thus d3,

is an isomorphism, so Hy(CP(2);Z) = Z. It follows immediately that

E3, = Hy(CP(2);Z) = Z and this will give us our next isomorphism.
9



Step 3. Show H3(CP(2);Z) = 0. To see this we must show E3; = 0
on the last drawn E? page.

7 Ker(d3,: E5y— E})) Ker(d3,: E5)—0) _ 2
PO Im(d2_y 10— E2,) 0 o0
However, the abutment term E5g = 0 as it is a subquotient of Hs(S°; Z) =
0. Hence E2, = E2, = Hy(CP(2)) = 0.

2
E? page
1 iy o (CIP(9)) 2
25 J\ > THAHEE =) 5T
> .
d4,0
0 rz; . T (CPO)) R
/9] ] 110 () 1_4)70
0 1 2 3 4 5

Step 4. Show H,(CP(2);Z) = 7Z. It suffices to show that dj, is an
isomorphism.
Injectivity of df :
5 _ Ker(dio : Eio — E221) _ Ker(dio : Eio — 7)
Y Im(ds—y : B2, — E3g)  Im(dZ_,:0— E3%,)
As before, Hy(S%7Z) = 0 so Ey(= Efy) = 0 as it is a subquotient.
Thus Ker(d o) = 0 so d3 , is an injective map.
Surjectivity of d%,(ﬁ

= Ker(dio)

5 _ Ker(d3, : E3, —0) __ Z
2l [m(di,o : Eio - E221) Im(dio)
However, E3, = Ey, = --- = E33 = 0 as it is a subquotient of

Hj(S°%Z) = 0. Thus, Im(dj,) = E3, = Z making d3 , surjective and
hence an isomorphism. So H4(CP(2);Z) = Z.

Step 5. Although we know that the complex projective plane CP(2)
has real dimension four because of its cell structure decomposition,
one may wonder what about H5(CP(2);Z) = E3, = E3, = 7. Even
though the homology will be a subquotient of Hs(S%; Z) = Z this time,
the dashed map dZ, (above) belongs to a (very) short exact sequence
0 — H5(CP(2);Z) — 0 and so the homology group must be trivial.

Z iti=0,2,4
0 otherwise.

H,(CP(2):Z) = {
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The result can be easily generalised to compute the homology of any
fibre bundle: S' — $*"*! — CP(n) giving:

H;(CP(n);Z) =0 if r is odd
{ Z ifi<n

Ha(CPMSZ) =0 it i > n

Example 2. We next consider the fibre bundle S* — S — CP(00).
We ]mosz(Sl,Z):{Z Zf’t:O,l Hl(SOO,Z):{Z ZfZ:O

0 otherwise, 0 4f2>0.
Setting
Hy(CP(c0));Z ifq=0,1
2 ._ : L.7)) = P 7 ’

E, = H,(CP(c0); Hy (S Z)) = { 0 otherwise.
2
1—7 (B (R H (B H {R)

Z T\ D) i3\ D) (D) 11517
0—1 (R AR\ T (R H {R)

7 11\ D 113\ D 114{D | 115({1)

0 1 2 3 4 )

By the same arqumentation used for H;(CP(2);Z) we fill up the first
few terms of the E* page above and we note that the differentials on
page 2 are

d* : H,(CP(c0)) — Hy_(CP(0))

Furthermore, these are the only differentials that have a chance of
killing anything because differentials dj, , for r > 3 will travel at least
two rows and start or end with a zero having trivial (co)kernels. So the
E3 page will be the same as the E* page. Consider that the middle
space S is contractible, so that each E) must be 0. We show that
each differential is an isomorphism (except do o) as follows:

Claim: H; 2(CP(c0);Z) = Hy(CP(o0); )fork; >0 To show this it
suffices to show that:

2 L2 = 2
20t Eryapg = Eiq

s an isomorphism for all k > 0.
Injectivity of di5,:

. _ Ker(diH,O : E]%Jrz,o — Eil)
k+2,0 Im(dpya—1:0— Ef )

= K‘fr(diw,o)

However, since CP(c0) is a subquotient of Hy(S™), we get E} ,, =
= EpX50 =0 so the kernel is trivial and thus di ., is injective.
11



Surjectivity of di 5:

£ Ker(ali1 . Eg’l —0) E,f,l 0
k1 [m(diw’o : Ek»+270 — El%,l) N Im(dk+2,0) N
since By = - = E% = 0. So Im(dy420) = Ej, making it surjective

and thus an isomorphism. So we have shown:

Hoy1(CP(00);Z) = Hop1(CP(00);Z) = --- =2 Hi(CP();Z) =0
and

Hop(CP(00);Z) = Hop2(CP(00);Z) = --- =2 Hy(CP(0);Z) = 7

1.€.

Z if k>0 is even
0 if k is odd.

H(CPlo)2) = {

We have actually computed Ho(K(Z,2)) = H*(K(Z,2)) if we consider
the fibre S* as a K(Z,1) which is also a loopspace of CP(o0) and the
infinite sphere S as a homotopically trivial contractible space of paths
in CP(o00) starting at the base point, all in the setting of a fibration as
the homotopy lifting property is satisfied.

2.2. The Quaternionic Projective Plane HP(—). We use the fibre
bundle S? — S$°° — HP(co) (which can be regarded as a generalisation
for the fibre bundle S? — S§4"*3 — HP(n)) to compute the homology
of the infinite quaternionic projective space H,(HP(c0);Z).

7 ifi=0,3 Z ifi=0
Q3. _ ) [ Qoo. _
We know HZ(S,Z)_{ 0 otherwise, H(S ,Z)_{ 0 fi>0.

Using the Leray-Serre Theorem we fill up the E? page with:

H,(HP(x);Z) ifq=0,3
Ei,q - HP(HP(OO);H‘?(SS;Z)) - { 0 ol (R 2) otl?lerwise.

We further assume that HP(oo) is a connected space so we can fill
Efy = E§s = Ho(HP(00);Z) = Z. We can tell that E} = H(E} )
will remain the same by the subquotient of H,(S*) = 0 argument since
the differentials will have trivial (co)kernels, this only tells us that the
groups stay the same from the E? to the E3 pages. This leads us to
consider transgressions as the only possible non-trivial differential is an
edge map dy : By — Ej, ;. Thus we consider the spectral sequence
beginning at stage 4 (i.e. at the E* page):

12



3 (o074 p4 p"4
/o a3 8,3
\ b \ A
2
4
dy |
1
0 74 p’4 p4
] =40 8,0

0 1 2 3 4 ) 6 7 8 9

Obviously we must study dj, : Ej, — Ej4 = Z which is a possible
non-trivial differential. We switch attention to Ef 4 = Ef 4 first:
,  Ker(dys:Eg;—0)  Eg, o
03 = : = = 03
Im(d, : B3, — Eg3) 0

Now its clear that dj , is an isomorphism since we have:

=~ : E?, = 7Z so this gives
di,: Bl —— F} X 4,0 g
40 - 740 04 Hy(HP(c0);Z) = Z. Immediately
H‘ ‘ we fill Ej; = Z and extend viz
the isomorphism argument used for
Eio=1?/  Ej3=1 CP(0).

Z it k=0mod(4), k>0

0 otherwise.

We get Hi(HP(0);Z) = {

2.3. The Unitary Group U(n).

Definition. We define the unitary group as a subgroup of the general
linear group as follows:

Un)={X¢eM,(C) : X-X"=1,}cGL,(C)

where for all complex vectors u,v we define the inner product on C"
by:

< X(v),X(u) >=<wu,v> where <u,v>= Zuz i
i=1
Now M,,(C) act on C", so U(n) acts on the sphere in S?"~1 in C™:
U(n) x 821 — 5271

(X, v)r— X0
13



U1
where v = : Yo ufP=1st <v,v>=16< Xv, Xy >=

Un
1 by above. Define the standard basis B = (eq, ..., e,,) and let

0

then U(n), = {X : X % =%} = X = (X’
U(n—1).

(1) ) where X' €

Un),=U(n-1)

so U(n) acts transitively on S?"! ie. Vu € S?*"7!1 3X € U(n) such
that X - x = u.
Define a map ¢ that gives a fibre bundle for n > 2 as follows:

¢:U(n) — S*1
given by o(X)=X-x€U(n—1)

o~

= ¢:Un—1)\U(n) = S* !

U(n—1)—— U(n)

l”
S2n—1
Firstly, when n = 1, the group U(1) corresponds to the circle group
S' ={z € C : |z|> = 1} under multiplication of complex numbers. All

unitary groups contain copies of this group. Also note, dim(U(n)) = n?

by induction on successive fibre bundles and H*(S™;Z) = \,[z] the
torsion free exterior algebra on a single generator of degree n. So

H*(SYZ) = N\,lx1] = Z & Z generated by {1,z;} such that 27 = 0.

Example 1. We attempt to compute H,(U(n);Z) and we realise that
for n > 3 we exhaust all the various tricks used in previous examples as
the d"*'s cant be determined, so we need more extra structure which
we obtain through cohomology spectral sequences. Note: We can re-
cover H,(U(n); Z) from cohomology via the cap product. Consider the
following fibre bundle which we use to compute H*(U(2);Z):

U(l) ——U(2)
83
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H?(S%Z) ifq=0,1

B39 — HI(S% HO(U(1):2)) = { (U (2)

0 otherwise.
1—% % . .
On the E5 page the differentials go
0-7 S~ dbt . EPY — EPT2971 50 we must
i - have db? = 0 Vp, q.

0 1 2 3
oo BRI ERIY ... FPA g0 the groups above stabilize to the E.,
page. We use the Kiinneth Theorem for cohomology:

H"(U(2);2) = @ HP(S% HY(S";2))
ptg=n
~ B H(S%2) @ H(S"; Z)
pt+q=n
. k . ~ * 3. * 1, _ Z 1fk:0717374
. HY(U(2);Z) = H*(S°;Z) ® H*(S ,Z)_{ 0 ifk—2o0rk> 5

Hence we see that U(2) behaves from the cohomology point of view
as if we've got 5% x S, infact U(2) = S x S. Since H*(S3;Z) = \[z3]

we get H*(U(2);Z) = \|z1,x3] such that we have 72 = 23 = 0 and
x1 AN xg = —xg A xy. Infact, H*(SP x S = Az,y] s.t. * € HP and
y € HI.

Example 2. Using cohomology spectral sequences, consider the fibre
bundle:

U(2) —— U(3)

|

SS

HP(S*7Z) ¢=0,1,34
0 otherwise.

By = (% 0 D) - {

= HP™(U(3);Z)

Since dP4 : EP? — EPTTL we only get one intersting transgres-
sional differential on the F5 page which may be non-trivial, namely
dg’4 . EY g E2° which is an edge homomorphism. We use the Leibintz
rule which the differential satisfies on the exterior algebra generators
to show dg’4 =0:
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E5 page
T1T3 4 V/9) %
T3 3 v 7
2
0,4
d5
T 1 7 i

.

d(l’l A 273) = d(l’l) A T3 + T A d(l‘g)

= 0/\1‘3 :t[)?l A0
=0.
So we must have FY? = Ef9 = ... = EP4.

. H*(U3);Z) = H*(SY;Z) ® H*(S*;Z) ® H*(S°,7Z)
“reading off” = @ EPd = /\[xl,xg,xg,]
pt+g=n
such that 23 = 25 = 22 = 0, z; Ax; = —x; A, Vi < j.
Theorem. We generalise our results and prove the following by induc-
tion on n:

H*(U(n);Z) = H*(S' x 8% x --- x §21; 7)
= H*(SYZ)® H*(S*Z)®---® H*(S* 1, 7Z)

= /\Z[xl, ] where x; € H* 1 (U(n); Z).

Proof. Induction base is done for U(2), for the induction hypothesis we
assume:

*

H*(U(n—1);Z) = H*(S'" x S® x --- x §?"73,7) = /\[ml,xg, ceey Top 3]
Take the fibre bundle U(n — 1) < U(n) — S**~! and use Serre-Leray:
Byt = (s U - 1) = @D B = B U () Z)

p+g=n
since the only possible non-zero differential which occurs on the Fs, 1
. 0202 20,2n—2 2n—1,0 .
page is """ 1 Eq " — E5— 1 and since
16



d(l’l N l‘gn_g) = d(!L’1) A Ton—3 + T VAN d($2n_3) =0£0=0

Whence the result H*(U(n); Z) = N[z, ..., x,| with z; € H* " (U(n)).
) 2 VLA
U

2.4. Eilenberg-MacLane Spaces K (G, n). We essentially computed
the cohomology of K(Z,2) by computing H*(CP(c0);Z). So we next
try to find: H*(K(Z,3)) by considering the pathspace fibration F' —
S — B, where B is a K(Z,3), and since S is contractible we use
the long exact sequence of a fibration

e — 7TZ<F) — WZ(SOO) — WZ(B) — 7TZ‘_1(F) — 7'('2'_1(800) —

for i > 0 to show 7Tz(B> = 7TZ'_1<F) SO 7T7J<K<Z,3)) = Wi_l(K(Z,Q))
hence F'is a K(Z,2) (and so homotopy equivalent to CP(c0)). By the
Hurewicz Theorem, we know that H*(K(Z,3)) = Z and by taking a
model of K (Z, 3) with no 4-cells such that H*(K(Z, 3)) = Hy(K(Z,3)) =
0 which gives us more leverage, we can use the U.C.T.C. to see that:

H*(K(Z,3)) = Ext(Hy(K(Z,3),Z)) ® Hom(Hs(K(Z,3)),Z) = 0

Using Leray-Serre we fill up the Fy page which has infinitely many
non-trivial even rows:

Ey" = HP(K(Z,3); H*(CP(0); Z))

5
4 . 7 75/ R\ 176( D\
Y/ y/9) 11 D11 D)
0,4
ds” = x2
3
2—7 \r 0 I75( R\ 176/ R\
] \\ 4 11 D11 )
) /!
d3
1 B
0,2 RN
dy \ \
0 . e ﬁ5 D\ 176/ R\
4 4 1T L}} 11 L}}
0 1 2 3 4 5 6

LH*(CP(n);Z) = Z[y]/(y"*") is a polynomial algebra with one generator s.t.
deg(y) = 2 and H*(HP(n);Z) = Z[z]/(2"*1) is a stunted polynomial ring with a
single generator z s.t. deg(z) = 4.
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So lets try to calculate to H?(K(Z,3)) and HS(K(Z, 3)). Since every
other row is 0, all the differentials on the Fy page are trivial, so EY? =
E%1. Using the Leibintz rule on the differentials we let x € H°(K(Z, 3))
and y € H3(K(Z,3)) be generators, then consider the map on the Fj
page:

dy : Ey? — E3°

ds : H'(K(Z,3); H*(CP(0))) — H*(K(Z,3); H'(CP(0)))
We need to understand the image of x = x - 1. Upon inspection we
see that the only differential which can affect the terms E%? or E2?°
is the differential dg’Q on page 3 above. Furthermore, we know that
H(S*) = 0 for all i > 0, and so E&? = (0 whenever either p or ¢
is non-zero. Thus the Zs on E’g’Q and Eg”o will get killed so E%? and
E30 are both zero. This can only happen if d3(z) is a generator for
H3(K(Z,3)) and so we choose the sign of y so that d3(z) = y. Similarly,
we can move up and use the multiplicative structure to calculate:

dy - Byt — E37
dy : HY(K(Z,3); HH(CP(0))) — H*(K(Z,3); H*(CP(0)))

This time the generator for the left term is 2%, and we “break it
down” viz dy(2?) = dy(z)x + zds(z) = y -2 + o - y and since z has
even degree, the cup product of x and y is commutative, so we get
y-x+x-y=2x-y. In particular, this tells us that the differential d;
is a times 2 map. We deduce that on the next page E2’4 is zero since
the differential is injective.

We use the dashed map on the “FE; page” to show that E{?’O =
H5(K(Z,3)) = 0 since the only differential with a chance to kill it is:

dy : B — EY° = HY(K(Z,3))

and so the differential must be zero.
Furthermore, the differential dg on the F3 page:

/!

227 = B3 Im(d) 2 ES® = HS(K(Z,3))

must be an isomorphism; indeed everything on the p + ¢ = 5 and
p+ q = 6 diagonals must eventually die, and this is the last differential
with a chance to kill either. We conclude that:

HY(K(Z,3);Z) = 7./27
Over rational coefficients, we get a more general result by induction:

. Qlx r € H"(K(Z,n), n even
A (K(Z,n);Q) = { QM/QL‘2 T € H”EKEZ,H;, n odd.
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