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ABSTRACT

In earlier work we introduced and studied two commuting generalized Lamé operators, obtaining
in particular joint eigenfunctions for a dense set in the natural parameter space. Here we consider
these difference operators and their eigenfunctions in relation to the Hilbert space
L2({0,7/r), w(x)dx), with r > 0 and the weight function w{x) a ratio of elliptic gamma functions. In
particular, we show that the previously known pairwise orthogonal joint eigenfunctions need only
be supplemented by finitely many new ones to obtain an orthogonal base. This completeness prop-
erty is derived by exploiting recent results on the large-degree Hilbert space asymptotics of a class
of orthonormal polynomials. The polynomials p,(cos(rx)),n € N, that are relevant in the Lamé
setting are orthonormal in L2((0, 7/r), wp(x)dx), with wp(x) closely related to w(x).

1. INTRODUCTION

In this paper we are primarily concerned with eigenfunctions of second order
analytic difference operators with quite special elliptic coefficients. More spe-
cifically, the difference operators may be viewed as one-parameter general-
izations of the Lamé operator [1]

d2
(L) -5 tele— e,

where p is the Weierstrass p-function and g a coupling constant. (The param-
eter can be physically interpreted as the speed of light [2].) Although our results
pertain to these special difference operators (explicitly given by (1.25)-(1.32)
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below), they also have a bearing on more general questions that are to date wide
open.

Indeed, only a few general results on existence and uniqueness of solutions to
analytic difference equations are known, whereas we are not aware of any gen-
eral Hilbert space theory of analytic difference operators. Therefore, feedback
from explicit examples may be of considerable help in the search for a more
comprehensive theory of analytic difference operators and their eigenfunctions.
In keeping with this angle, we discuss the pertinent issues in a somewhat more
general framework, specializing in several steps to the ‘relativistic’ Lamé case
(1.32), and presenting clementary examples along the way to illustrate the do-
main problems that arise.

We begin by introducing a large class of analytic difference operators (from
now on AAQs), to which the generalized Lamé operators studied in this paper
belong. The class involves elliptic functions with real period 7/r and imaginary
periods ia. More precisely, we fix

(1.2) r,a;,a- € (0,00),

and first consider operators of the form

(1.3) AL =Ty +E.(0)T 0,

where T, denotes the translation

(1.4) (T,F)(x)=F(x—~a), acC', FeM,

with M the space of meromorphic functions, and where &, (x) denotes an el-
liptic function with periods 7/r, ia,. We may and will view .4 as an operator on
M, which leaves M invariant.

Now suppose that F € M solves the eigenvalue equation

(15) A+F = E+F, E+ € C

(Observe that we restrict attention to meromorphic solutions.) Then u(x)F(x)
yields another solution for any p € M with period ia_, so that the solution
space is infinite-dimensional (assuming F € M*, of course).

On the other hand, whenever two solutions Fi, F, exist whose Casorati de-
terminant

(1.6) D(F, F;x) = Fi(x+ia-/2)F(x —ia_/2) — Fi(x —ia_/2)F)(x + ia_/2)

does not vanish identically, the solution space is two-dimensional over the field
Pia_, where

(1.7) Po={FeM|F(x+a)=F(x)}, acC.

We include a short proof of this well-known result 3], since it involves in-
gredients we need below.

First, whenever F, F, are solutions with Fi/F> ¢ Py,_, their Casorati de-
terminant satisfies the first order analytic difference equation (henceforth
AAE)
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D(x+ia_/2) 1
(1.8) D(x —ia_/2) E+(x)’

as is easily checked. Second, assuming Fj is a third solution, we have
(1.9) ui(x) = D(Fs, Fjy x + ia_ /2)/D(F\, F; x +ia_/2) € Piy, j=1,2.

(Indeed, ia_-periodicity follows from (1.8).) Now one readily verifies the iden-
tity

(1.10)  F3(x) = p(x)Fa(x) — pa(x)F1(x),

which completes the proof.

Next, letting ay # a- from now on, consider again a fixed solution
F(x) € M". Since £,(x) is iay-periodic, the functions Fy(x) = F(x £ ia,) are
solutions, too. Assuming F. (x)/F(x) is not ia_-periodic, we deduce

(1.11)  F_(x) = i (x)Fs(x) — pa(x)F(x), Fe(x)=F(xtiay), pi,p2 € Pia.

Viewing this relation as an additional AAE satisfied by the given solution F(x)
of (1.5), 1t 1s an obvious question to ask whether the ia_-periodic ‘monodromy
coefficients’ u; and py can be prescribed. Equivalently, the problem is whether
Jjoint solutions to (1.5) and (1.11) exist when p, o € Py, are given.

We now specialize this question to a setting that is closer to our specific
A AOs (1.31) (although it is still far more general). Consider a second A AO of
the form

(1.12) A_ =Ty, +E(x)T-ia,,

with £_(x) an elliptic function with periods #/r,ia_. Then A_ commutes with
A, , so we are naturally led to the question whether joint eigenfunctions exist.
From the previous more general perspective, the second eigenvalue equation

(113 A F=EF, E €C,

amounts to prescribing p(x) = —£_(x) and pa(x) = —E_ in the monodromy
equation (1.11).

To our knowledge, there is no information on these issues in the literature. As
will be recalled below, in the relativistic Lamé case there exists a two-dimen-
sional space of joint A.-eigenfunctions for a dense subset of the parameter
space [4]. One of the new insights detailed in (Section 3 of) this paper is, how-
ever, that at most a one-dimensional subspace can be continuously inter-
polated to all of the parameter space.

The latter ‘no-go’ result has a function-theoretic flavor, whereas in most of
the paper we address the question whether the commuting Lamé AAOs 4. can
be reinterpreted as commuting self-adjoint operators A_ on the Hilbert space

(1.14)  H = L*((0,7/r),dx).

To be more precise, the first problem is to find a dense subspace D of H con-
sisting of functions F(x) that are restrictions to (0, 7/r) of meromorphic func-
tions, and which is such that the meromorphic functions (A+F)(x) belong to H.
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(Here and below, this means that the restrictions to (0, 7/r) belong to H.) With
such a subspace D given, one therefore obtains Hilbert space operators
A. : D — H.The second problem is whether the operators A, are symmetric,
Assuming they are, the third problem is whether D is a core (domain of essen-
tial self-adjointness). Assuming D is a core, the fourth problem is to show that
the self-adjoint closures of A commute, in the sense that the associated time
evolutions or resolvents commute [5]. Last but not least, the spectral properties
of the self-adjoint operators should be elucidated.

Of course, whenever one can exhibit (or prove the existence of) joint eigen-
functions F, € M of the AAOs A with real eigenvalues, which belong to H
and are pairwise orthogonal and complete, then all of the above problems are
trivialized by choosing D equal to the linear hull of the eigenfunctions F,. (To
ease the notation, we use the same notation for F € M and for its restriction to
(0, 7/r), the distinction always being clear from context.) The simplest situation
in which this happens for the above A AOs is when

(1.15) Es(x)=cs€R, 6=++,—.
Indeed, the functions
(1.16) FP)(x) = exp(2inrx), neZ,

are then joint eigenfunctions with .A,-eigenvalues exp(2nraz)+ c.exp
(—2nraz). This choice of domain amounts to reinterpreting the AAO
T, a € R, as exp(ap), where p denotes the self-adjoint extension of the sym-
metric operator —id/dx on C§°((0,7/r)) obtained by imposing periodic
boundary conditions.

Turning to non-constant elliptic function coefficients, it seems quite unlikely
that one can reinterpret the commuting AAOs AL as commuting self-adjoint
operators on 7 unless one imposes at least formal self-adjointness. Interpreting
as before the shifts T4, as exp(Fiasd/dx), this amounts to requiring

(1.17) E(x)=E(x—ia ), & (x)=E_(x—iay).

(Here and below, F* denotes the conjugate meromorphic function of F € M,
ie., F*(x) = F(X).)

At first sight, the requirement (1.17) may seem very restrictive: it entails that
E5(x) must have a suitable dependence on a_s, when we view a and a_ as free
parameters, constrained only by (1.2). In fact, however, (1.17) can be readily
satisfied, for instance as follows. Let ¢s(x), § = +, —, be arbitrary elliptic func-
tions with periods n/r, ias and no dependence on a_s. Now sct

(L18)  &(x) = ¢5(xX)s(x +ia), &=+, ~.
Then (1.17) is obeyed. Note also that the resulting A AOs can be rewritten as
(119) -’45 = ]}a_,g + ¢Z(X)T——ia_5¢§(x), 5= +, —.

From this representation formal self-adjointness on H can be read off directly.
(The generalized Lamé AAOQOs can also be written in this form, but the func-
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tions Vs playing the role of ¢s are not elliptic in that case, cf. (1.28)—(1.32) be-
low.)

With (1.18) in effect, the span D) of the functions (1.16) is a first candidate
for a dense domain on which the AAO-actions might give rise to symmetric
operators on H. Assuming that the factors ¢} (x) and ¢s(x + za s) have no poles

n [0, 7/r], we do obtain well-defined operators As from D®) to H. But in gen-
eral these operators are not symmetric on D)

To see why this is so, let a— < a. and shift contours over ia to test symmetry
of the summand £_(x)T_;,. (the first summand Tj,, is of course symmetric on

(P)). The vertical parts of the pertinent rectangular contour cancel (by 7/r-
periodicity), but since £.(x) has poles inside the contour, one is left with res-
idue terms that have no reason to vanish. Thus the horizontal parts do not
generally cancel, entailing symmetry violation. To remedy this, one might re-
strict the functions in DY) by requiring they vanish at the pole locations, but
then it is no longer obvious (and probably false) that the resulting subspace is
dense in H.

In our special case the factors have simple poles at x = 0 and x = «/r, and
the As-action on D) does not even yield a subspace of . Again, one might be
inclined to restrict attention to functions F € D) for which AsF does belong
to H, but we will not explore this avenue. Instead, we work with initial domains
that are not subspaces of DF), but whose definition reflects properties of the
joint eigenfunctions from [4].

One of the crucial features of these initial domains is that neither of the two
summands of 4. has a symmetric action on it, whereas the sum does yield a
symmetric action. As a last example before embarking on the details, we show
that the latter state of affairs can already arise for the special case £1.(x) =1, so
that we are dealing with the ‘free’ AAOs

(1.20) AV =Ty +T 4, 6=+—
Specifically, the functions

(1.21) FP)(x) =sin(n+ Drx, neN,

and

(1.22) F™M(x) = cosnrx, neN,

are pairwise orthogonal and complete in H, and we have
(1.23) AOFD) = 2 cosh((n + 1)ra_s)F®),

(1.24) ADEN — 2 cosh(nra_s)FMN.

Therefore, we are led to two distinct ways to associate self-adjoint operators on
H to the AAOs (1.20); the four summands involved, however, yield well-de-
fined, but non-symmetric operators on the linear hulls D) and D) of the
functions (l 2l) and (1.22). (For example, one has (F; (™) Za+F( )) =0, but
(Tia +F ) ) # 0.) This state of affairs may be V1ewed as a consequence of
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—id/dx not being symmetric on D® and DW), whereas —d2/dx? is of course
essentially self—adj oint on these subspaces. Thus we are basu:ally reinterpreting
the free AAOs AL as the power series 237, a2 (—d?[dx?)* | (2k)\.

Having provided a more general context for the specific problems we address
and partly solve in this paper, we now proceed to define the two commuting
generalized Lamé operators at issue. We find it convenient to use a relative
s(r,a; x) of the Weierstrass o-function as a building block for elliptic functions
with periods 7/r and Za. Specifically, using the conventions of [1], we have

(1.25) s(rya; x) = J(x TP 2)exp( —nx’r/T).

Since two distinct periods ia.,ia_ are involved, we also put
(1.26) ss(x) = s(rya5,x), 6=+,—

The functions ss(x) are entire, odd, w/r-antiperiodic functions with simple
zeros in the elliptic lattice points Zr/r 4+ iZas. They satisfy the AAEs

ss(x +ias/2)
ss(x — iag/2)

and converge to sin(rx)/r for as — oo and to sinh(wx/as)as/~ for r — 0.
Next, we define the factor functions

(1.28) Vs(b; x) = exp(—rb)ss(x — ib)/ss(x), 6§=+,—, beR,

(1.27) = —exp(—2irx),

and coefficient functions Cs(b; x) via (1.18). More precisely, we have

s5(x + ib)ss(x — ib + ia_s)

(1.29) Cs(b; x) = exp(~2rb) ss(x)ss(x + ia_s)

5=+,

Clearly, the functions Cs(b; x) are indeed elliptic, whereas Vi(b; x) is 7/r-peri-
odic, but not ias-periodic. We also point out the invariance property

(1.30) Cs(ar +a_ — by x) = Cs(b; x).

The generalized Lamé A AOs now read

(131)  As(b) = Tia, + Cs(b;0)Toia;, 6=+, -,

or, equivalently,

(1.32) As(b) = Tig_, + Vi(b;x)T_iy_;Vs(b;x), 6=+4,—.
Due to (1.30), they satisfy

(1.33) As(ay +a_ —b) = As(b), 6=+,—.

From now on, we often suppress the b-dependence.

There exist several distinct avatars of the Lameé A AOs that each have their
pros and cons. To suit our present purposes, we mostly work with operators A
arising from A, via a similarity transformation with the function
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Gen(x — ib+i(ar +a_-)/2) .

(134)  elbix) == e a0

H

Here, G denotes the elliptic gamma function

H 1 —exp[—(2m + Dra,. — 2n+ )ra_ — 2irx]

(1.35) Gen(x 1 —exp[—(2m+ Dra, — 2n+ Vra_ + 2irx]’

introduced and studied in [6]. The scattering function
(1.36) u(b; x) = —e 2 c(b; x)/c(b; —x),

and weight function

(1.37) w(b; x) = 1/c(b; x)c(b; —x),

from [6] also play important roles below. Note that each of these functions is
invariant under interchange of a.. and a,. Moreover, u(b; x) is invariant under
taking b — a, + a_ — b, but the ¢- and w-functions are not.

As a consequence, the commuting AAOs

(1.38) As(b) = c(b; ) As(b)e(b; x) 7, 6=+, —,

are not invariant under » — a. + a_ — b. But in contrast to A4, they commute
with the parity operator

(1.39) (PF)(x) = F(-x), FeM,
as will now be made clear. The point is that Vs(x) (1.28) can be written as
(1.40) Vs(x) = c(x)/c(x —ia_s), 6=+,—,

a representation that readily follows from the AAEs satisfied by the elliptic
gamma function [6]. Thus we obtain from (1.32) and (1.38)

(1.41) AL = Vi(x)T,-a‘I + Vi(hx)T,,-a;,
whence the vanishing of the commutators,
(1.42) [P,A:] =0,

is plain.
This parity property is crucial in Section 2, where we show that when the
natural elliptic parameter space

(143> 55{(7",614.41_,17) €R4 |r,a+,a_ >0}a
is restricted to
(1.44) C={(rar,a_,b)c&|be (0,a; +a_)},

then the AAOs 4. admit a reinterpretation as symmetric operators on a dense
subspace D, of

(1.45) H, = L2((0, /1), w(x)dx).
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(This also involves detailed information on the weight function, obtained in
Subsection VB of [6].)

We would like to stress that on the one hand this symmetry result is in-
dependent of our findings concerning joint eigenfunctions in [4]. On the other
hand, the definition of D,, is inspired by the latter. Indeed, we allow the mer-
omorphic functions in D,, to have simple poles at those locations in the strip

(1.46) S={xeC||Imx| < max(a,,a_ )},

for which the pertinent eigenfunctions can have simple poles as well.

Without previous explicit information on joint eigenfunctions of the AAOs,
however, we do not know how to proceed beyond the symmetry results in
Section 2. Even though it is easy to see that the associated symmetric operators
on D, admit self-adjoint extensions, the properties of the latter seem quite in-
accessible without having such information available. In any event, only for
parameters in the dense subset

(1.47) Cirr = CN Dipy,
where
(1.48) Dy ={(r,ay,a_,(Ny+1)ay —N_a_) €& |a;/a_¢Q, N, N_ € N},

we are going to obtain detailed answers to the Hilbert space questions.

The key point is that for parameters in (1.48) we do know explicit joint ei-
genfunctions ¥(+£x,y) of the AAOs A; from [4]. (We focus on Dy, for sim-
plicity; the larger set D given by (3.33)-(3.35) in [4] can be treated by making
some rather obvious changes.) In the first part of Section 3 we summarize some
algebraic and function-theoretic aspects of these functions. The second part
concerns the question whether the functions #(+x, y) can be continuously in-
terpolated to all b € R (for fixed a,,a_ with a, /a_ irrational). Here we report
new results on this interpolation problem, which are however not used for the
Hilbert space analysis undertaken in Section 4.

More in detail, we obtain representations for Casorati determinants that can
be exploited to study the interpolation question. For the hyperbolic speciali-
zation we invoke results from [7] to answer it in the negative. (We refer to our
lecture notes [8] and [9] for discursive accounts covering the joint eigenfunc-
tions and the associated interpolation problem.)

To be sure, in the hyperbolic case the even combination ¥(x, y) + ¥(—x, )
does admit an analytic interpolation (cf. [9]), and in the elliptic case it seems
plausible that the sequence of even joint eigenfunctions relevant for the Hilbert
space arena also admits an analytic interpolation, at least for parameters in C.
At any rate, this is strongly suggested when the Hilbert space results in Section 4
(which pertain to Cy,) are combined with the ones in Section 2 (which hold on
all of C).

To sketch the results of Section 4, we should first recall that the Hilbert space
results in [4] are incomplete, even for parameters in Cj;,. The findings reported
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in Section 4 complete our previous results for Cy,, inasmuch as we solve all of
the problems mentioned in the general setting below (1.14).

The key new ingredient compared to [4] is a comparison of the pertinent even
eigenfunctions x,(x) = ¥(x,nr) + ¥(—x,nr) for large n to the orthonormal
base of polynomials p,(cos(rx)) for the Hilbert space

(149)  Hp = L2((0, 7/r), wp(x)dx).

Here the weight function wp(x) is constructed such that the dominant large-n
asymptotics of the functions w(x)l/ 2xa(x) is proportional to that of
Wp(x)l/zpn(cos(rx)).

The n — oo asymptotics of the latter functions in H (1.14) follows from our
recent paper [10]. Its relevance for the comparison argument just mentioned
hinges on a completeness result that can be found in a monograph by
Higgins [11]. To be quite precise, the reasoning in the proof of Theorem A on
p- 72 of [11] can be adapted to our situation. In this connection we point out that
our starting point differs significantly from loc.cit. This is because [4] only
yields pairwise orthogonal functions x,(x) for n > K/r, and we know very little
about the minimal choice of X.

In two important special cases, however, we do know that K can be chosen
negative. These are the cases (N, N_) = (0,0), (1, 0). The first case gives rise to

3

the “free’ AAOs (1.20). More precisely, we have
(150) A5(Cl+) — e*i-a,éeﬁrxA((SO)eirx’ § — +, -,

clay; x) = Ne™[s_(x),

1.51 . .
( ) Xn(aJr;x) — N(ez(n—rl)rx _ e‘l(n+1)rx>/s~ (x)’ neN,

with A a constant. Hence orthogonality and completeness are immediate,
cf. (1.21).

The second case is not elementary. This special case is studied in consider-
able detail in [12], and the results in Section 4 entail that the relativistic b = 2a,
Lamé functions x,(x),n € N, of [12] are complete in H,, for b € (0,a. +a_), a
conjecture left open in [12].

Returning to the general case (No,N_) € N?, our adaptation of the com-
pleteness argument only proves that the pairwise orthogonal joint eigenfunc-
tions x, with n> M >0,n,M €N, have an orthogonal complement of
dimension M. But once this finite-dimensionality is known, we can show by
additional arguments that it consists of functions in the symmetry domain D,
defined in Section 2. It is then straightforward to establish the existence of an
orthonormal base of joint eigenfunctions with real eigenvalues. (This proves
conjectures we already made in Section IV of [4].) Thus all of the above-men-
tioned problems are solved for parameters in Cj.

Since Cy, 18 dense in C, it is eminently plausible that these results interpolate
continuously to all of C, as already suggested above. But it is better to have a
proof than to have no doubt. In this connection, we would like to mention re-
cent results by Komori [13] (see also his earlier paper [14]). He studies multi-

523



variable generalizations of one of the above AAOs A.., proving essential self-
adjointness on suitable domains, and also the existence of an orthonormal base
of eigenfunctions for suitable parameters. Specializing his results to the above
one-variable case, it is unfortunately not clear whether they have a bearing on
the conjectured interpolation of our results to all of C. The problem is that
Komori focuses on only one of the AAOs, using perturbation theory to com-
pare it to the ‘free’ case b = a,. In view of possible differences in domains
(whose ambiguities are largely unexplored to date), the precise relation to his
findings is elusive. In fact, since Komori’s Hilbert space eigenfunctions arise
after taking closures, it is not even clear whether they are restrictions of mer-
omorphic functions to (0, w/r).

2. SYMMETRY DOMAINS FOR PARAMETERS IN (

Consider the M-subspace

@1) P, ={F € Py | F(x) = F(-x)}

of 2w /r-periodic even functions, cf. (1.7). Setting

(2.2) FO(x) = F(x) £ F(x+/r), FePy,,

one easily checks F&) ¢ 73;)/ .- Moreover, F (+) and F) satisfy
(2.3) FO(x+x/r) = £F®)(x),

and

(2.4) F®(r/r — x) = +F®) (x).

It follows that Pg‘;) , 1s the direct sum of its subspaces PE) of functions satisfy-
ing (2.3), or equivalently (2.4). Now the AAOs 4; (1.41) not only commute with
parity, but also leave the M-subspaces of w/r-periodic and 7/r-antiperiodic
functions invariant. Thus they leave the decomposition

@s) Py, =P ept)

invariant.
The weight function w(b; x) (1.37) is clearly even and 7/r-periodic, so we have
w e P and

(2.6) w(m/r — x) = w(x).

Accordingly, the Hilbert space (1.45) is a direct sum
(2.7) Hy =HD o H)

of orthogonal subspaces

28)  HE ={f €My |f(x/r—x) = £/ (X)}.

It is convenient to write w(x) as
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(2.9) w(b; x) = Csi(x)s_(x)w,(b; x).

Here, C is a positive constant depending on r,a,,a_, and w, is the ‘reduced’
weight function

(2.10) wi(b; x) = Gen(x +ib —i(ar +a_)/2)Gen(~x +ib — i(ay +a-)/2),
cf. [6] (5.41). The ss-functions yield zeros at

(2.11) x=ima,, x=1ina., mnel,

and the Gg-factors yield poles at

(2.12) x=4i(b+kay +la), kileN,

and zeros at

(2.13) x = xi(b—may —na_), mynecN,

cf. (1.35).

For the remainder of this section we assume that the parameters belong to C.
This entails in particular that the w-poles (2.12) are at a distance b > 0 from the
real axis. Therefore, the vector spaces Pol®, p = +, —, of polynomials in cosrx
that are even/odd for p = +/— are dense subspaces of H). (Indeed, if f € H
is orthogonal to Pol®, then all Fourier-Neumann coefficients (f, F,EN)) neN,
vanish, cf. (1.22). Hence f(x)w(x) = 0, so f(x) = 0.)

We now define subspaces DY) of H'), as follows. Functions in DY) are re-
strictions to (0, w/r) of functions in P), whose poles in the strip S (1.46) are at
most simple and occur at

w?

(2.14) x = tilmay +na_—b) +jr/r, mneN', jel.

Thus, setting

(2.15) a; =min(a;,a ), a =max(a;,a_),

the pertinent pole locations can be rewritten

(2.16) x==xila+a;—b+kas) +jr/r, keN, (k+Da;<b, jel.

Since we have Pol® ¢ DY ), the subspaces DY are dense in Hgf).
Defining now

217y D, =D @D,

it is not hard to see that the AAOs A; give rise to well-defined operators

(2.18) As : Dy — Hy, 6=+4,—,
the action of A5 being defined via the 4s-action on the meromorphic extension
of F(x) € D,,. Indeed, letting F € D‘(f ), consider the meromorphic function
ss(x — ib)
55(x)

S5 (x + ib)

(2.19) (AsF)(x) = e < F{x—ia_s) +———"F(x+ ia_,5)> ,

S (x)

taking e.g. a; = a... Clearly, we have 4sF € P?). Poles of the functions F (x+
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ia_) on the real axis can only occur when b equals a;; in that case they must be
located at x = jn/r,j € Z, and they are at most simple, cf. (2.16). Now for
b = a;, the functions s (x & ib) /s (x) are entire. Since 4. F is even, no simple
poles at x = 0 can occur. Since A F is also w/r-periodic or w/r-antiperiodic, no
real poles occur at all, and so 4. F € H?. For b # a; the functions s, (x +
ib)/s.(x) yield simple poles for x = jr/r, but since 4. F € P?), no real poles
occur for A, F. Thus we infer again A, F € HEVP).

Likewise, poles of F(x % ia,) for real x can only arise for » = (k + 1)a;; then
they are located at x = jz/r and are at most simple. But for these b-values the
functions s_(x & ib)/s_(x) are entire, so we conclude as before 4_F € H.

Denoting the restrictions of A4 to DW byA5 , we have

®)

(220) /16 Dv(f) — HOU)’ (5 = +7 - P= +> >

as just demonstrated. The main result of this section is that the operators Aép)
and (hence) A5 are symmetric on their definition domains D? and D, resp.

Theorem 2.1. Letbh € (0,a; +a_)and F,G € Dv(f),p € {+,—}. Then we have
(2.21) AsF,G), = (F,45G),, 6=+, —,

where (-, -),, denotes the inner product on H,, (1.45).

Proof. To ease the notation we detail the case § = —. (To handle § = + one
need only interchange all subscripts + and —.) Our task is to prove equality of

(et b) s (xmib)
) n=[ (P s ) + S - ) ) G,
and

s_(x +ib)

/¥ X —1
(223) Ig= J F*(x) (i—_(._b) Glx —ia,) + = e

0 s-(x)

In order to do so we introduce

G(x+ ia+)> w(x)dx

(x+zb—e)

b eEia+.
S =) F*(x+ e)G(x —e),

(2.24) I(x) =w(x— e) -

From [6] (5.43) we have

wx+e) s_(x+ib—e)s (x+e)

(2.25) wx—e) s (x—ib+e)s_(x—e)

so I(x) can also be written as

s_(x—ib+e)

(2.26) I(x)=w(x+e) s 1 o)

F'(x+e)G(x — e).
Since w(x), F*(x), G(x) are even and s_(x) is odd, we obtain
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T/
IL—‘IR:J I(x+e)+I(—x+e)—I{(x—e)—I(—x—e)dx

(2.27) 0

/¥
_ J U(x+e)—I(x—e)dx, e=iay/2.

—7/¥

Now I(x) is w/r-periodic, so to prove Ir = Iy it suffices to show I(x) has no
poles for [Im x| < a. /2.
To this end we set

s-(x —ib)
s_(x)

and prove J(x) is pole-free for Im x € [0, a;]. To begin with, we observe that the
factor 1/s_(x) is matched by the factor s_(x) in w(x), cf. (2.9). Since J(x) is =/r-
periodic, it remains to show that the poles of w,(x) given by (2.12) and the
(eventual) poles of F*(x) and G(x — ia.) are matched by zeros when x varies
over i[0, a4 ].

We continue to prove this, assuming first a; = a,. Then the only w,-poles
(2.12) in [0, a ] are of the form i(b + la_),/ € N, and they are simple (since we
need la_ < a.). These poles are matched by the zeros

(229)  ib+ila_, 1eN,

(2.28) J(x) =I{x—¢e) = w(x) F'(x)G(x — iay),

of the factor s_(x —ib). The pertinent poles of F*(x) are of the form
ilay +a- —b+ka ), keN, (cf. (2.16)), so they are matched by w,-zeros oc-
curring in (2.13).

Finally, consider the poles of G(x — ia. ) on the imaginary axis. They must be
located at

(2.30) x=ia.+ilay+a-—b-+ka), keN,
and
(2.31) x=1ia, —ila. +a —b+ka.), keN.

Clearly, the locations (2.30) are above ia,, so these poles are innocuous. The
poles (2.31) belong to i[0, a;] for b > (k + 1)a_, but they are matched by zeros

(2.32) ib—ima_, meN",

of the factor s_(x — ib) that are distinct from the zeros (2.29) already invoked.
Thus J(x) has no poles for Imx € [0,4.], as asserted.

It remains to study the case a; =a_. Then the only relevant poles of
w(x), F*(x) and G(x — iay) occur at ib,i(ay +a_ —b) and ib — ia_, so as in the
previous case they are matched by zeros of s_(x — ib),w,(x) and s_(x — ib),
resp. Therefore, J(x) is again pole-free for Imx € [0,a,]. [

It is obvious that the symmetric operators fiép) and A5 commute with complex
conjugation. Therefore they admit self-adjoint extensions [3]. In fact, however,
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we believe the operators are essentially self-adjoint. Far stronger yet, we state
the following conjecture.

Conjecture 2.2. Assumeb € (0,04 +a.). Then there exists an orthogonal base of
]omtAi-ezgenvectors Xn € Dy,n €N, with x, € DW for neven and x, € DW for
n odd, and with positive eigenvalues satisfying

(2.33) E, . ~exp(nrag), n- o0.

In Section 4 we show that this conjecture holds true for the dense subset Cj,,
(147).

We proceed with some observations that are valid for all of C. From the
above proof we have

. 7 /F
@34)  (FAYG), =27 J I(x)dx, F,Ge D)
0

where I(x) is given by (2.24). Choosing G = F and recalling the alternative rep-
resentation (2.26), we deduce that I(x) is real-valued on (0,x/r). Now the
function

s_(x+ib~—e)

s (x—e)

s_(x—ib+e)

(2.35) K(x) = w(x - e) s_(x+e)

=w(x+e)

has no zeros for x € (0, 7/r), so it is either positive or negative. One readily
verifies K(m/2r) > 0, so in fact we have

(2.36) K(x) >0, xe(0,7/r).
Since (2.34) and (2.24) entail

~ /T
237 (FAYF), = 2e"bJ K(x)|F(x - ia./2)dx, FeD®,
0

we deduce

238)  (F,AYF), >0, FeD?.

Similarly, we obtain

239)  (F,A”F), >0, FeD®.

From these positivity properties it follows once again that the symmetric op-
erators A; admit self-adjoint extensions. Moreover, whenever the operators
are essentially self-adjoint, their self-adjoint closures are positive operators on
HY).

To conclude this section, we briefly examine the above in terms of the A AOs
AL (1.31) and the Hilbert space H (1.14), as this yields useful information for
the more general contexts considered in the introduction. Clearly, H can be
identified with H,, (1.45) via the unitary similarity transformation

(2.40) I:Hy—H, fx)=f(x)/c(x),
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cf. (1.37). Then we obtain symmetric operators
(2.41) As = I, 6=+, -,

on the domain

(2.42) D=1D,,

whose action on D coincides with the Ag-action.

We now discuss some salient features of the meromorphic functions belong-
ing to the space D. To start with, we have D C Py, since Dy, C Ppyyp and
¢(x) € Py, But since ¢(x) is not even, functions in D are not even either. Ac-
cordingly, the decomposition

(2.43) D=1D @ ID),
in invariant subspaces for
(244> “L{gw Em\gp)lia 5:+1_7 p:+7*7

is present, but not readily recognizable from the definition (1.31) of the AAQOs
As.

Turning to properties pertaining to the critical strip S (1.46), we begin by
noting that the multiplication of F(x) € D,, by 1/¢(x) takes out the poles (2.16)
in the lower half plane, due to zeros of 1/¢(x) at these locations. The only other
zeros of 1/¢(x) in S occur at

(2.45) x = iay ikag, k€N, ka, <q, (modz/r).
But 1/¢(x) also yields new poles in S at
(2.46) x=ib+ijas, jeN, b+ja,<a, (modnr/r).

(More precisely, for b € (0, a;] functions in D can have at most simple poles at
these points.) Together with the upper half plane poles (2.16), i.e.,

(2.47) x=ila;—b+na), neN', na;<b, (modn/r),

(relevant for b € [ay, a; + a;)), these are the (at most simple) poles allowed for
functions in D, whereas all functions in D have zeros at (2.45) with multiplicity
at least one. Observe that the zeros at ia_s and ia_; + «/r are essential for
AsF,F € D, to yield a function in H, cf. (1.29) and (1.31).

It is particularly clear in the setting just worked out that the two summands
of the generalized Lameé operators are not separately symmetric on the perti-
nent domains. Indeed, the summand T;,_ , of Aj; shifts functions in D without
encountering poles (since F(x) € D has no poles for Imx € [—a;,0]), but the
vertical parts of the relevant contour integral only cancel when F happens to be
w/r-periodic or 7/r-antiperiodic. (On the other hand, when F belongs to D)
or ID§ ), resp., then this is indeed the case.)

Unfortunately, it is false in general that two =/r-periodic and =/r-anti-
periodic meromorphic functions that are regular for real x are orthogonal in H.
(Take for instance Fy(x) = 1, F>(x) = sinrx.) In view of this state of affairs, a
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symmetry analysis for the large class of commuting AAOs of type (1.19) re-
mains elusive.
3. JOINT EIGENFUNCTIONS: FIRST STEPS

Throughout this section the parameters belong to Dj.. (1.48). It is convenient to
set

(3.1) by =Ny+1lar—N_a_, Ny N_eN.

For these b-values the c-function (1.34) specializes to

ik
(3.2) clbi;x) = NH"N: S+x + ka- )exp[(2N+N_ + Ny 4+ N_ + D)irx],
H o 5 (x — ija)
where A is a constant. (This readily follows from the AAEs satisfied by the el-
liptic gamma function [6].)
We proceed to sketch how joint 4s-eigenfunctions of the form

3.3 Ulbh,_;x,p) =N H(b,_;x,y),
(3.3) (b+ ¥) ]—1__1[\/ (x — ijay) H(b+ ¥)
H(bs—x, J’)
(3.4) . .
H Hs s(x -+ Z ) - exp[(2N N_ + Ny + N_ + D)irx + iyx],
b=+~ j=

arise [4]. Viewing (3.3)-(3.4) as an Ansatz for the eigenvalue equations
ALY = E. ¥, it follows that the zero functions Zf(y) must satisfy a rather in-
volved constraint system. Using the implicit and inverse function theorems, it
can then be shown that for y real and sufficiently large, real-analytic solutions
exist with asymptotics

(3.5) z?(y) = ilas + O(exp(—2lasy)), I=1,...,Ns, 6=+,—, y— 0.
The associated eigenvalues F5(y) are real and have asymptotics
(3.6) Es(y) = exp(a-sy)(1 + O(exp(—2a,y))), y — oc.

Moreover, all of the joint eigenfunctions corresponding to the eigenvalue pair
(E+(»), E_(y)) with y sufficiently large are of the form A¥(x,y) + p¥(—x,y),
with A, p € C, cf. Appendix B in [4].

The even joint eigenfunctions

(3.7) Xn(bio;x) = (bs_sx,nr) + U(be_;—x,nr), neN, nr>K(b,),

are the ones relevant for our reinterpretation of the AAOs A5 as operators on
the Hilbert space H, (1.45). Here, K is chosen large enough so that various
conditions are met. In particular, the solutions to the constraint system exist
and take values in (0, co), the eigenvalue pair (E.(y), E_(y)) separates points
on (K, 00}, and x,(x) does not vanish identically. Introducing the integer
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(3.8) M(bs-) = max(0, [K(b._)/r] + 1),

we therefore obtain an infinity of distinct joint As-eigenfunctions x,,n > M.
It is clear by inspection that the functions ¥(x, y) are real-analytic in x for x €
R (recall a; /a_¢Q) and that they obey the monodromy relation

(3.9) U(x+w/r,y) = exp(imy/r)¥(x,y).

Accordingly, the functions x,(x) (3.7) are real-analytic for real x as well, and
they belong to PP for n even/odd, cf. (2.1)-(2.5). It is not obvious, but
true that for parameters in Cy;; we also have x, € Df:r ) DEV_) for neven/odd. The
crux is that the holomorphic functions (3.4) satisfy

Hiksay +ik_a_,y) = H(—ikia- — ik_a_,y),

3.10
( ) ﬂ:k&E{O,...,Né}, 6=4,—,

cf. [4] (3.44). The resulting zeros of H(x,nr) — H(—x,nr) now cancel poles of
the product in (3.3), leaving only poles in the strip S (1.46) given by (2.16). (This
easily follows from (3.49)—(3.50) in [4]; note that all of the product poles in (3.3)
are simple, since @, /a_ is irrational.)

Since the joint eigenvalue pair E, = (E(nr), E_(nr)) is real and E, # E,, for
M < n < m, it now follows from Theorem 2.1 that for b,_ € (0,a; +a_) the
functions y, are pairwise orthogonal:

(3.11) (XnmsXm)y =0, M<n<m.

Thus we have rederived one of the principal results of Section IV in [4] from
Theorem 2.1. In the next section we will show that in case M (b, ) > 0, there
exist M independent additional joint As-eigenfunctions x,,n=0,...,M — 1,
belonging to Dy DY) for n even/odd, and having positive As-eigenvalues
Es,, 6 = +,—. Moreover, (3.11) holds for 0 < n < m.

The results we are now heading for conclude this section, and will not be used
in the next one. Fixing r,a,,a_ € (0, 00) with a, /a_¢Q, they have a bearing on
the eventual existence of joint 4s-eigenfunctions for arbitrary real b, which are
continuous in » and reduce to a (possibly parameter- and y-dependent) multiple
of (b, _; x,y) for the dense set of b-values b, _ (3.1).

Our better understanding of this interpolation problem stems from new rep-
resentations for the Casorati determinants

Dﬁ(b+—; X, y)

3.12
CA ot ias/ 2 Wb, —xtiasf2,3) — (= i), b=+

whose derivations we now sketch. The key point is that the special Casorati
determinants given by (2.43) in [4] can be exploited to get rid of the dependence
of Ds on the zero functions z]‘?, Jj=1,..., Ns. To this end the plane wave factor in
(3.4) should first be traded for dependence on zf and zj“5 via [4] (3.5) and (3.10).
The zj_‘s—sum in [4] (3.10) can then be disposed of by using (cf. (1.27))

(3.13) ss(x + iag/2 - zj"s) = —exp[—2ir(x = 2;5)]S5(x —ias/2 + 2;6).
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Finally, various sy -factors not involving the z]‘? can be combined in terms of the
c-function ¢(b,.; x) given by (3.2).
As a result of these calculations (whose details we skip), we obtain

(3.14) Ds(br—;x,y) ~ c(bi_;x —ias/2)c(by—; —x —ias/2)Qs(bi—; x — ias/2,y).

Here and below, ~ denotes equality up to a multiplicative factor that may de-
pend on the parameters and y. The quotients Q5 are given by

e ss(x 4+ z70)ss(x — z;7°)
3.15 biix,y) = . i s)
G135 o) = ety

The advantage of these formulas is that the existence of interpolations to arbi-
trary b can now be studied in terms of the factors Qs. (Indeed, the h-interpola-
tion of the c-factors is immediate: one need only replace b, _ by b)

For the hyperbolic specialization, where r=0 and ss5(x) reduces to
sinh(mx/as)as/m, the interpolation question can now be answered negatively by
using (3.14). We detail this case first, since it renders clear what remains to be
shown in the elliptic case. In the hyperbolic case we need not work with the zero
system, since a far more accessible representation of the joint eigenfunctions
and their eigenvalues exists for » = b, [7]. From the latter it is clear that the
constraint system admits solution vectors z+ and z~ for arbitrary real y, and
that ¥(x,—y),y > 0, amounts to ¥(—x,y). Moreover, the constraint system
decouples into separate systems for z* and z™.

The latter feature is critical: it entails that for a given y > 0 the zero vector z*
is independent of N_. To see how this can be exploited, let us first be more
precise about the assumption that the functions ¥(b, _;x,+y),y > 0, admit ar-
bitrary-b interpolations. Specifically, we assume that for y € (0,00) and b € R
joint As-eigenfunctions Z(b;x,y) and J(b;x,y) exist with the following prop-
erties:

@) for fixed (b,y) € Rx (0,00) they are analytic in the region
R ={Rex > 0};

(i) for fixed (x,y) € R x (0, 00) they are continuous in b on R;

(iii) for b = b, _ they reduce to multiples of ¥(b._;x, +y).

We stress that we are deviating from our requirement that eigenfunctions be
meromorphic in x. This is because the poles of ¥(b,_; x, +y) get dense on the
imaginary x-axis as N, N_ — oo, so that the imaginary axis might be a natural
boundary for b not of the form 5, ..

We now use (3.14) with § = — to exclude the existence of such interpolating
functions. Specifically, (iii) entails that the Casorati determinant C_(b;x, y) of
Z(b;x,y) and J (b; x, y) reduces to a multiple of D_(b;_;x, y) for b = b, _. Fix-
ing b € R not of the form 4, _, and choosing a sequence b(+"_ converging to b as
n — 00, the numbers Nfr") and N must go to co. By the assumed continuity in
b, this entails that for a suitable multiple A® the n — oo limit L_(b;x,y) of
Ao (bgf)_ x,y) exists. Since Q_(b1_;x,y) does not depend on N_, however,
L_ can only depend on b via a multiplicative constant. Since L_(b; x,y) is also
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continuous in b and reduces to a multiple of Q_(b;_;x,y) for b =b,_, we ar-
rive at the desired contradiction. (Indeed, two distinct choices of M. yield two
distinct functions Q_ of x, cf. (3.15).)

Returning to the elliptic case, we encounter several snags when we try to
emulate the above hyperbolic reasoning. The first one is that we do not know
whether there exists a y-interval (C, oo0), with C independent of (N, N_) € N%,
on which the constraint system admits solutions. Let us assume this is the case,
however. Then the natural requirements for a joint 4s-eigenfunction Z(b; x, y)
that interpolates W(b, _; x, v} consist again of the above items (i)—(iii), but now
with the region R equal to the strip Rex € (0, 7/r} and y varying over (C, oo).
Moreover, in view of the monodromy relation (3.9), the function

(316)  J(bix,y) =I(hsn/r—x), (b,xy) €Rx R x (C,00),

is then an interpolation of ¥ (b, _; —x,y). Comparing the Casorati determinants
of 7 and J to (3.14), it follows again that suitable multiples of Q. (b._;x,¥)
have finite limits Ly (b; x,y) for b, _ converging to any b € R

Unfortunately, the coupling of the two systems for z* and z~ via the spectral
variable y (cf. (3.16)—(3.18) in [4]) now prevents us from concluding that the
limit function L_(b;x,y) can only depend on b via a multiplicative x-in-
dependent factor. (This would again yield a contradiction to L_(b; x, y) being
proportional to Q_ (b, _; x,y) when b equals b, _.)

Even so, it seems difficult to believe that the N_-dependence of z* (which
only makes itself felt in variations of the curve parameter ¢, for a fixed y [4])
could lead to such a variety of distinct limit functions L_(b;x,y). Moreover,
since we have already shown non-existence of interpolations for r = 0, an el-
liptic interpolation in the above sense cannot have well-behaved r | 0 limits for
arbitrary b, whereas it does have r | 0limits for the dense set of b-values b, _. In
sum, the above renders the existence of an elliptic interpolation extremely un-
likely.

To conclude this section, we observe that the above reasoning has a ‘local’
character, in the following sense. When we restrict the region R by decreasing
the interval over which Rex is allowed to vary, then the notion of As-eigen-
function still makes sense, since the shifts are in the imaginary x-direction. This
observation is relevant in relation to previous results on the existence of formal
interpolating joint A.-eigenfunctions [15]. Indeed, in view of the above hyper-
bolic ‘no-interpolation’ result, the explicit formal power series (2.57)-(2.58)
in [15] cannot converge in a half plane Re x > R, no matter how large R and y
are chosen.

4. HILBERT SPACE RESULTS FOR PARAMETERS IN Cj;,

Throughout this section we assume that the parameters belong to C (1.44). We
begin by obtaining an auxiliary result (Lemma 4.1) that is valid for all of C, but
which involves an assumption. This assumption is satisfied for parameters in
Cirr, S0 in that case we can proceed much further. In detail, the assumption is
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that there exist an integer M € N (which may depend on the parameters) and
pairwise orthogonal vectors

(4.1) Xn € Hyw, n>M, nelN,

with

(4.2) Xn €M), noeven, x,eH), n odd,

and n — oo asymptotics

(4.3) xn(X) = c(b; x)e™™ + c(b; —x)e™™* + pu(x), x € (0,7/r), n— oo,
where ¢(b; x) is given by (1.34) and the remainder vectors satisfy

(4.4) > (ons ), < 00.

n>M
Observe that we are not assuming that the vectors y, are /ig—eigenfunctions,
even though we aim to apply the result following from the above assumption to
that case. The result in question is of a geometric nature: it yields a precise de-
scription of the orthogonal complement £,, of the vectors xas, Xar<1, - - -
Lemma 4.1. The H,,-subspace L, is M-dimensional. More specifically, we have
(4.5) dim(£7) = (M +1)/2], dim(L{)) = [M/2],
where
(4.6) LY =L, nHY, p=+-.

To prove this lemma, we need some new ingredients. First, it is convenient to
switch to the Hilbert space H (1.14) by a similarity transformation that differs
from (2.40), namely,

(4.7) U:Hy—H, [f)—wx)(x).

(Here and below, the positive square root of positive functions is taken.) The
U-images of the subspaces ’H(Vf) are then equal to the H-subspaces

(4.8) HO) ={f eH|f(n/r—x)=pf(x)}, P=+—
(Recall (2.6).) The asymptotics (4.3) entails

(4.9) Uxn = 0n -+ Upn,

(410)  ap(x) = (=2 u(x))?e™* +cc., xe(0,7/r),

where c.c. stands for complex conjugate, and where the square root sign is de-
termined by requiring

4.11)  (=u(x))? = c(x)/w(x)'?, x e 0,1/r),
cf. (1.36)(1.37).
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Next, we recall that for parameters in C the w-function admits the rep-
resentation

(4.12) u(b; x) = exp <2i i su(B) sin(2nrx)> ,

n=1
sinh(nr(a. — b)) sinh(nr(a- — b))
nsinh(nra, ) sinh(nra_)

K

(4.13) sa(b) =

cf. [6] (4.87). We now define a new ¢-function

(4.14) cplb;x)=(1—e 2’” exp( an -2inrx>’

and w-function

wp(b; x) = 1/cp(b; x)cp(b; —x)

= 4sin*(rx) exp <2 i sn(b) cos(2nrx)> :

n=1

(4.15)

Note that the u-function

(4.16)  up(b;x) = —e > ep(b; x) [ep(b; —x),
satisfies

(4.17) up(b; x) = u(b; x),

an equality that is crucial in the sequel.

The weight function wp(b; x) is positive on (0, 7/r), so by the Gram-Schmidt
procedure applied to the functions 1,cosrx,cos2rx,... we obtain an ortho-
normal base

(4.18) P,(x) = palcosrx), neN,

in the Hilbert space

(4.19) Hp = L*((0, /1), wp(x)dx),

where p,(y) are polynomials of degree n. Since we have
(4.20) wp(m/r — x) = wp(x),

we obtain an orthogonal decomposition

(421) He=H @My, HE = {7 € Hp | f(rfr—x) =pf ()}, p= -+,

with P, € HED /H Pf for n even/odd. (Indeed, (4.20) implies the polynomials
Pa(v) have parity (—)")

Next, we explain the rationale of this construction: we have defined ¢p(x) and
wp(x) such that the Hilbert space asymptotics of P,(x) as n — oo is explicitly
known. Specifically, wp(rx) belongs to the class W, defined in [10], so from
Theorem 2.4 in [10] we deduce

535



Pn(x) _ <%T)1/2(CP(X)einrx_I_CP(_x)eAinrx_._pn]P(x))’

xe (0,7/r), n— oo.

(4.22)

Here the remainder vectors p, p satisfy
(4.23) llpnpllp=0(™), K£>0, n— oo,

with || - || » the norm in Hp (4.19).
Transforming now to H (1.14) via

(4.24) Up : Hp — M, f)—wp(x)V?f(x),

we have due to (4.17)

r\1/2 r\1/2
_ (L © RO = (I
(425  UpP, (27r) an+ RO, R _(27?) Uppnp,

where o, is given by (4.10). We are now prepared to prove Lemma 4.1.

Proof of Lemma 4.1. Setting

with U given by (4.7), we need only show that the dimension of £ equals M and
that

(4.27) dim(£™M) = (M +1)/2], dim(£) = [M/2).
To this end we introduce the vectors

(428) = (ZLW) P e n> M,

and unit vectors
(4'29) On = Tln/”nn”a n>M
430) ¢V =UpP,, meN.

Due to (4.9) and (4.25), we have
n

1,2
@31) ¢ —p,=RY_R, R,= (%) Upny 1> M,

where (cf. (4.23) and (4.4))

(4.32) IRD|| = 0(e™), n— o0,
433 Y (RnRi) <.
n>M

Using (4.31), we now estimate the norm of d)ﬁ,o) — ¢, in terms of the norms of the
remainder vectors;
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165 = gull < 16 = nall + lIme ~ ull
= 16 — ]l + 1 — {mall
< 2|6 —
<2([ROY + [Rll), 7> M.

(4.34)

Thanks to the bounds (4.32) and (4.33), this entails that there exists an integer
I > M such that

435 S0 — sl <1,
n=J

We denote the orthogonal projection on the subspace spanned by ¢,,n > I, by
Py, and introduce the complementary projection and subspace

(4.36) P,=1-P,, Hy=P/H.

(Here, the subscripts stand for ‘big’ and ‘small’)) Clearly, to prove dim(L) = M
it suffices to show

(4.37) dim(H,) = 1.

We proceed to prove (4.37). Assume that 4 is a unit vector that is orthogonal to
all of the unit vectors

(4.38) o0 n=0,.... 11, ¢,, n>1I
Since c,b,(,o),n € N, is an orthonormal base of H, we have

439 1= AP =Y (0 e = 10 s = 1k 6 — ).
n=0 n=l n=I

On the other hand, by the Schwarz inequality and (4.35) we can majorize the
rhs by

(4.40) 1A Y~ 165 — aall* < 1,
n=I

so we have arrived at a contradiction.

As a consequence, the span of the unit vectors (4.38) is dense in H. In par-
ticular, H,; must be spanned by the vectors Psgb,(qo), n=0,...,I — 1. From this we
deduce dim(H,) < I.

Next, we assume dim(H,) < I. Then there exists a unit vector

—~

—1
Oln¢(0)

n

(4.41) ¥

3
I
=}

such that Py = 0. Hence Py = 1, so that

(442) =) Butn

n=I

Moreover, since 1) is a unit vector, we have
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b~

-1

(4.43) ol =318 = 1.
n=I

3
Il
S

Consider now the unit vector
(444) PO =3"B.e0.
n=I

On the one hand, we have

-1 o0 I-1 o0
(4.45) 1 = O =1 el = 3" Bt =Dl + D187 = 2.
n=0 n=I n=0 n=Il

On the other hand, from the Schwarz inequality and (4.35) we obtain

oo 0 2
I = w12 = 11> Buldn — 6)I1” < <Z |Balll b — ¢,§°)H>
(4.46) n=1 n=1

< 'ﬂn|2'2”¢n“‘¢5’0)“2 < 1)
n=I n=I

contradicting (4,45). Hence we have proved (4.37).

To obtain the stronger result (4,27), we need only repeat the above reasoning
for the Hilbert spaces H*) and H(), recalling that ¢, and gb,(,o) belong to H{*)
for n even and to H'™) for # odd. As this is merely a matter of introducing suit-
able notation, we skip the details. []

As already mentioned in the introduction, a large part of the reasoning in this
proof can be found on pp. 72-73 of Higgins’ monograph [11]. In the latter set-
ting, however, stronger assumptions are made: {¢.” Feny and {@y } o are given
sets of pairwise othogonal unit vectors, with the first set assumed complete.
Completeness of the second set is then shown to follow from the assumption

@4 360 gl < co.
n=0

From now on we assume that the parameters belong to Ci,.. As detailed in
Section 3, this restriction ensures the existence of joint As-eigenfunctions
X, Xm+1, that are pairwise orthogonal and satisfy (4.1)-(4.2). Furthermore,
from (3.2)—(3.7) we see that (4.3) holds true, with

(4.48) on(x) = O(exp(—2nra;)), xR, n— oo,

and the bound uniform on compact subsets of R. Thus (4.4) holds true as well.
The upshot is that all assumptions of Lemma 4.1 are met. The resulting fi-
nite-dimensionality of the orthocomplement L, of xur, Xar11, - - - {as explicitly
expressed in (4.5)) plays a pivotal role in the sequel. Skipping technicalities, we
now preview a first crucial consequence of dim(£,,) < oc.
We are going to encode the salient features of X, Xar+1, . - . in a subspace D,
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(4.58) of the domain D,, (2.17), which in turn contains a subspace Dy (4.63) that
is still dense in H,,:

(4.49) Dy C D, C D, CH,y.

Denoting the orthogonal projection onto the span of x,,7 > M, by Pg and let-
ting ¢ € Dy, we then prove

(4.50) o5 = Ppp € D,

in Lemma 4.2 below. The vector ¢ — ¢, which belongs to £,, by construction,
therefore belongs to D, as well. The crux is now that the finite dimension of £,,
allows us to deduce that L,, is a subspace of D,, cf. the paragraph containing
4.77). (If £,, were infinite-dimensional, this would not follow, so that we would
be left in the dark as concerns the character of vectors in £,,.)

Turning to the details, we begin by defining the products

N_g

(4.51) os(x)= ] ss(x—ijass), 6=+ —.
J=—N_s

Recalling (3.2) and (1.37), we see that the w-function can be written
(4.52) w(by_;x) = (=N VTN ()5 (I (x)/ T ().
Furthermore, (3.3) and (3.7) entail
(4.53) Xin(%) = Nbn (%) /1T -(x),
where we have introduced
(4.54) Yu(x) = H(x,nr) — H(—x,nr), n>M.

Next, we define the vector space

O = {F € Py, | F(x) entire, odd,

(4.55) F(zi) = Flzu +7/r) =0, k| <N, [[| <N},

where
(4.56) zp =ikay +ila_, k,leZ.

(This space is the same space as O; (4.11) in [6].) Due to the identities (3.10), we
have

(4.57) neO, n>M.
Therefore, setting

(4.58) D, =1_(x)"'0,
we obtain from (4.53)

(4.59) Xn €Dy, n>M.

It is not hard to check the inclusion
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(4.60) D, C Dy,
announced above (cf. (4.49)), as well as the decomposition

(461)  D,=DPeoD), D¥ =D, nHE.

We now introduce spaces
(462) DY =s. () (x)Pol?, p=+,-,
(4.63) Dy =D{Y @ D).

(The space II_{x)Dy equals the space O_ (4.18) in [6]) Since
S(x) I (x)II_(x)p(cos(rx)) € O for a polynomial p(y), we have

(4.64) DY cD®, p=+,-.

Moreover, Dg’ ) is readily seen to be dense in HV(VP), so the same is true for D)(f ),

We are now prepared for our next lemma.

Lemma 4.2. Denoting the projection onto the H,-subspace spanned by
Xn, B > M, by Pp, we have

(4.65) PgDy C D,.

Proof. Fixing a polynomial p(y), we set
(466) 600 = s (DI XPR), P(x) = pleos(r)),

so that ¢ € Dy. Putting ¢p = Pg¢, we should show (4.50) or, equivalently
(cf. (4.58)),

(4.67) II_(x)¢p(x) € O
In order to prove (4.67), we begin by noting

(468)  d5=>_ Xulxns )/ Oxns Xn)-
n>M

We now estimate the two inner products on the rhs. Using (4.52), (3.7) and
(4.66), we have

w/r 7/r 5
(469) () = | AWl o) = C [ dxs (x5 (0P Hx P,

—7/r

where C'is a constant. Recalling (3.4), we see that this is of the form

7/r
(470) (X”’¢)w :J dX<€ H HS 5 X+Z nr ) lnrx

~m/r b=+,— j=

with e(x) entire and 27/r-periodic. Shifting the contour up by iR, we therefore
obtain
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/r Np
(471) (Xny Qb)w = g”""RJ dx (6(}6 + lR) H HS_‘S(X + iR+ Zf(nr))) einrx.

-/ 5=+, =1
Recalling (3.5), we readily deduce
(4.72) |(xns @),,] < Cre ™%, n>M,

where R > 0 is arbitrary.
Next, using (4.3) and (1.36) we obtain

/r ) )
(4.73) (Xn — Pns Xn — Pn)y, = 27)7 — J dxu(x)e¥* ¥,

~m/r
Since b € (0,a, + a_), the u-function is analytic in a strip [Im x| < &, k € (0, a4
(cf. the representation (4.12)-(4.13)). Since it is also 27 /r-periodic, the Fourier
coefficient in (4.73) is O(exp(—2nrk)) as n — oco. Recalling the bound (4.48), we
infer

(474) (Xn; Xn)w = 27T/7’ + O(e—an), 1 s co.

On the other hand, in view of (3.4) and (3.5) the entire functions ,(x) (4.54)
satisfy

(4.75) [ha(x)] < Cge™, n>M, |Imx| <d,

where d > 0 is arbitrary. Therefore the series

(4.76) > 00(%) (Xts D)o/ s X,

n>M

converges absolutely and uniformly on arbitrary strips |[Imx| <d,
yielding a function in O (4.55), c¢f. (4.57). Recalling (4.68) and (4.53), this
entails (4.67). [

As already sketched in the paragraph containing (4.50), we can now combine
Lemmas 4.1 and 4.2 to deduce the critical inclusion

(477) L. CD,.

Indeed, with (4.50) proved in Lemma 4.2, we infer ¢ — ¢ € D,. Now we also
have ¢ — ¢p € L,, and we know that when ¢ ranges over Dy, the vectors ¢ — ¢p
are dense in £,,. Since dim(L,,) < co by Lemma 4.1, the vectors ¢ — ¢p must
range over all of £, and so (4.77) follows.

We are at last prepared to derive further consequences of Lemma 4.1 and
(4.77) for the Hilbert space operators A, introduced in Section 2. In view of
(4.77) and (4.60), they are well defined on £,. Since they are symmetric (by
Theorem 2.1) and leave the linear hull of x,,,# > M, invariant, they map £,, into
itself. Since their action amounts to the action of the AAOs A, they commute
on L, and leave the subspaces ﬁgf) invariant. Finally, since they are symmetric,
the dimension formula (4.5) entails there exist pairwise orthogonal joint ei-
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genvectors Xo, X2, - - -, X2{(M~1)/2) Spanning E&T) and x1, X3, - - - X2[m/2 1 Span-
ning ££V‘), the eigenvalues being real.
In the following theorem we summarize and extend these results.

Theorem 4.3. Assume that the parameters belong to Ci,y (1.47). Then there exists
an orthogonal base of joint A,.-eigenvectors

(4.78) Xn €Dy, neN,

with x, € D for n even and x, € Dx for n odd. The Ai-ezgenvalues On Xy
satisfy

(4.79) E,+ €(0,00), neN.

The operators A.. are essentially self-adjoint on their definition domain D,, (2.17)
and any vector [ in the domain of the self-adjoint closure of As has the following
properties: [ is the restriction to (0, w/r) of a function f(x) that is meromorphic in

the strip |Im x| < a_s, its only poles occurring at the locations (2.16) and being of
multiplicity at most one; moreover, f(x) is even and 27/ r-periodic.

Proof. We have already proved the first assertion. Recalling (2.37) and (2.36),
we deduce (4.79). Since A, and A_ are e.s.a. on the span of their eigenvectors
xn,1 € N, they are a fortiori e.s.a. on Dy and D,,.

It remains to prove the asserted properties of f. To this end we write f as

480)  f= Z X (X Dl (s X,

Then we have

(481)  Us) S = EnsXn(nf )/ Ous Xy
n=0

the series converging in the strong H,,-topology. Recalling (4.74), we deduce
(4.82) EpsOnS ), = 0(1),  n— oo

Now E, s equals Es(nr) for n > M, so (3.6) entails

(4.83) (Xn.S )y = Oexp(—nra_s)), n— oo.

Combining (4.83) with (4.80), we readily obtain the pertinent f-properties
from arguments already detailed in the proof of Lemma 4.2. More specifically,
(4.83) plays the role of (4.72), and comparing it to the bound (4.75), we see that
the series

@84) > 1 (0 ot Dl s X
n=0

whose terms are functions in O (4.55), converges absolutely and uniformly on
any strip [Im x| < a_s — €, € > 0. The eventual simple poles then arise as before
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from multiplication by JT_(x)™". (They are the zeros of II_(x) in [Imx| < a_s
that are not matched by the zeros of functions in ©0.) [

It seems not an easy task to characterize the boundary values of f(x) (4.80) at
the pertinent strip boundaries. In this connection it should be noted that the
ranges of the self-adjoint operators (/ii)_ are equal to H,, since their inverses
are bounded due to (4.79) and (3.6). (In fact, their inverses are even trace class,
as follows from (3.6).)

To conclude, we state a conjecture.

Conjecture 4.4, All of the joint eigenvectors x,,n € N, are of the form

(4.85) Xnlbs;x) =N H

]——-N X— l]a+)

(Ha(by—;x) = Ha(by 5 ~x)),
where H, is given by

(4.86) Hp(bs_;x) = H s_s(x+ z ) - exp[(2NLN_ + Ny + N_ + 1 + n)irx],
b=+,~ j=1

for certain complex numbers z° Z}

Forn > M(b, ) we already know this is true, cf. (3.3)—(3.8). We believe that this
conjecture might be proved by a more refined analysis of the constraint system,
yielding equality of z¢ zZ, 10z §(nr) for all n € N. We stress that even if this could
be pushed through, the arguments related to Lemma 4.1 would still be needed
to prove completeness of {xn},en i Hoy.
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