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Abstract

We survey our work on a number of special functions that can be viewed as
solutions to analytic difference equations. In the infinite-dimensional solution spaces
of the pertinent equations, these functions are singled out by various distinctive
features. In particular, starting from certain first order difference equations, we
consider generalized gamma and zeta functions, as well as Barnes’ multiple zeta
and gamma functions. Likewise, we review the generalized hypergeometric function
we introduced in recent years, emphasizing the four second order Askey-Wilson type
difference equations it satisfies. Our results on trigonometric, elliptic and hyperbolic
generalizations of the Hurwitz zeta function are presented here for the first time.
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1 Introduction

In the following we survey various special functions whose common feature is that they
can be viewed as analytic solutions to (ordinary linear) analytic difference equations with
analytic coefficients. Some of these functions have been known and studied for centuries,
whereas a few others are of quite recent vintage.
The difference equations that will be relevant for our account are of three types. The
first type is the first order equation
F(z +ia/2)

mz@@% a>0, (1.1)

and the second type its logarithmic version,
f(z+41ia/2) — f(z —ia/2) = ¢(2). (1.2)

The third type is the second order equation
CH(2)F(z+ia) + CO(2)F(z —ia) + CO()F(2) =0, a>0. (1.3)

Introducing the spaces

M = {F(z) | F meromorphic}, (1.4)
M= M\ {F(z) =0,Vz € C}, (1.5)

we require
o, CH 0O e M, (1.6)

and we only consider solutions F' € M to the equations (1.1) and (1.3). The right-hand
side functions ¢(z) in (1.2) are allowed to have branch points, giving rise to solutions f(z)
that have branch points, as well.

We are primarily interested in analytic difference equations (henceforth AAEs) ad-
mitting solutions with various properties that render them unique. In this connection
a crucial point to be emphasized at the outset is that the solutions form an infinite-
dimensional space (assuming at least one non-trivial solution exists). More specifically,
introducing spaces of a-periodic multipliers,

730(6*) = {u(z) € M | p(z + o) =u(z)}, aeCr (1.7)

and assuming F' € M* solves (1.1) or (1.3), it is obvious that u(2)F(z),u € Py, is also
a solution. Likewise, adding any p € P}, to a given solution f(z) of (1.2), one obtains
another solution.

In view of this infinite-dimensional ambiguity, it is natural to try and single out solu-
tions by requiring additional properties. In a nutshell, this is how the special functions at
issue in this contribution will arise. The extra properties alluded to will be made explicit
in Section 2, with Subsection 2.1 being devoted to the first order equations (1.1) and
(1.2), and Subsection 2.2 to the second order one (1.3).

Section 2 is the only section of a general nature. In the remaining sections we focus
on special AAEs, giving rise to generalized gamma functions (Section 3), generalized zeta

functions (Section 4), the multiple zeta and gamma functions introduced and studied
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by Barnes (Section 5), and a novel generalization of the hypergeometric function oF;
(Section 6). This involves special AAEs of the multiplicative type (1.1) for the various
gamma functions, of the additive type (1.2) for the zeta functions, and of the second order
type (1.3) for our generalized hypergeometric function.

The special functions surveyed in Sections 3 and 6 play an important role in the context
of quantum Calogero-Moser systems of the relativistic variety. Here we will not address
such applications. We refer the interested reader to our lecture notes Refs. [1, 2] for an
overview of Calogero-Moser type integrable systems and the special functions arising in
that setting. The present survey overlaps to some extent with Sections 2 and 3 of Ref. [2],
but for lack of space we do not consider generalized Lamé functions. The latter can also
be regarded as special solutions to second order AAEs. They are surveyed in Section 4
of Ref. [2] and in Ref. [3].

2 Ordinary linear AAEs

In most of the older literature, nth order ordinary linear AAEs are written in the form

n

ch(w)u(w +k)=0, weC. (2.1)

k=0

Here, the coefficients ¢o(w), .. ., ¢,(w) have some specified analyticity properties, and one
is looking for solutions u(w) with corresponding properties. We have adopted a slightly
different form for the AAEs (1.1), (1.3), since this is advantageous for most of the special
cases at issue. (Note that these AAEs can be written in the form (2.1) by taking z — iw,
shifting and scaling.)

To provide some historical perspective, we mention that the subject of analytic differ-
ence equations burgeoned in the late 18th century and was vigorously pursued in the 19th
century. In the course of the 20th century, this activity subsided considerably. Norlund
was one of the few early 20th century authors still focussing on (ordinary, linear) AAEs.
His well-known 1924 monograph Ref. [4] summarized the state of the art, in particular
as regards his own extensive work. Later monographs from which further developments
can be traced include Milne-Thompson (1933) [5], Meschkowski (1959) [6], and Immink
(1984) [7].

Toward the end of the 20th century, it became increasingly clear that a special class
of partial analytic difference equations plays an important role in the two related areas
of quantum integrable N-particle systems and quantum groups. An early appraisal of
this state of affairs (mostly from the perspective of integrable systems) can be found in
our survey Ref. [8]. The most general class of AAEs involved can be characterized by
the coefficient functions that occur: They are combinations of Weierstrass o-functions
(equivalently, Jacobi theta functions).

Even for the case of ordinary AAEs (to which we restrict attention in this contribu-
tion), this class of coefficients, referred to as ‘elliptic’ for brevity, had not been studied
in previous literature. Our outlook on the general first order case, which we present in
Subsection 2.1, arose from the need to handle the elliptic case and its specializations.
In the same vein, the aspects of the second order case dealt with in Subsection 2.2 are
anticipating later specializations. In particular, we point out some questions of a gen-
eral nature that, to our knowledge, have not been addressed in the literature, and whose
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answers would have an important bearing on the special second order AAEs for which
explicit solutions are known.

2.1 First order AAEs

In this subsection we summarize some results concerning AAEs of the forms (1.1) and
(1.2), which we will use for the special cases in Sections 3-5. The pertinent results are
taken from our paper Ref. [9], where proofs and further details can be found.

To start with, let us point out that all solutions to (1.1) satisfy

F(z +ika) = H D(z+ (j — 1/2)ia) - F(z), (2.2)
F(z —ika) = H . (jl_ 3ia) F(z). (2.3)

Whenever ®(z + 1y),z,y € R, converges to 1 for y — oo, uniformly for z varying over
arbitrary compact subsets of R and sufficiently fast, the infinite product

1

Filz) = ]Hl (24 (j — 1/2)ia) (24)

defines a solution referred to as the upward iteration solution. Similarly, the downward
iteration solution

F_(z) =[]~ (j - 1/2)ia) (2.5)
j=1
exists provided ®(z + iy) — 1 for y — —oo (uniformly on z-compacts and sufficiently
fast).

The restrictions on ®(z) for iteration solutions to exist are clearly quite strong. Indeed,
they are violated in most of the special cases considered below. It is however possible to
modify the iteration procedure, so as to handle larger classes of right-hand side functions
®(z). This is the approach taken by Norlund [4], which gives rise to the special solution
he refers to as the ‘Hauptlésung’ (cf. also Ref. [10]).

Norlund’s methods do not apply to the case where ®(z) is an elliptic or hyperbolic
function, whereas the solution methods we consider next do not apply to all of Norlund’s
class of ®(z). The latter methods, however, can be used in particular for elliptic and
hyperbolic right-hand sides ®(z). (Specifically, by exploiting the elliptic and hyperbolic
gamma functions of Subsections 3.3 and 3.4.)

We begin by imposing a rather weak requirement: We restrict attention to functions
®(z) without poles and zeros in a strip |Im z| < ¢,¢ > 0. (Usually, this can be achieved by
a suitable shift of z.) Then we can take logarithms to trade the multiplicative AAE (1.1)
for the additive one (1.2), with z restricted to the strip |[Im z| < ¢. Let us next require that
¢(z) have at worst polynomial increase on the real axis. Then we may and will restrict
attention to solutions f(z) that are polynomially bounded in the strip [Imz| < a/2 and
that are moreover analytic for |Im z| < ¢ + a/2.

We call solutions f(z) of the form just delineated minimal solutions: Their analytic
behavior and asymptotics for |Re z| — oo are optimal. The polynomial boundedness is
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critical in proving that minimal solutions are unique up to an additive constant, whenever
they exist. (Note that entire ia-periodic functions such as ch(27z/a) are not polynomially
bounded.)

It is readily verified that the resulting function F(z) = exp(f(z)) extends to a mero-
morphic solution of (1.1) that has no poles and zeros for |Imz| < ¢+ a/2, and whose
logarithm is polynomially bounded for |Im z| < a/2. Once more, solutions to (1.1) with
the latter properties are termed minimal, and now they are unique up to a multiplier
aexp(2rkz/a),a € C* k € Z. (The exponential ambiguity reflects the ambiguity in the
branch choice for In ®(z).)

A large class of right-hand sides arises as follows. Assume that ¢(z) satisfies (in
addition to the above)

o(z) € L'(R), dly) € L'(R), o(y) = O(y), y— 0. (2.6)

Here, ¢(y) denotes the Fourier transform, normalized by

~ 1 o0 .
o) = 5= [ dwotae. (2.7)
Then the function .
> ¢(2y) —2iy
= A I <a/2 2.
P = [ ay S e sl <2 2.9

is clearly well defined, and analytic for |Im z| < a/2. Proceeding formally, it is also obvious
that f(z) satisfies (1.2) (by virtue of the Fourier inversion formula).

As a matter of fact, it can be shown that the function f(z) defined by (2.8) analytically
continues to |Im z| < ¢+a/2 and indeed obeys the AAE (1.2). Moreover, f(z) is bounded
in the strip [Im 2| < a/2 and goes to 0 for |Re z| — oo in the latter strip. (Therefore, it
is a minimal solution.) The solution f(z) is uniquely determined by these properties. A
useful alternative representation reads

fz) = — /_OO dud(u)th™ (=~ u), [mz| < a/2. (2.9)

© 2ia )
(See Theorem I1.2 in Ref. [9] for proofs of the facts just mentioned.)

Another extensive class of right-hand sides ®(z) admitting minimal solutions arises by
assuming that ®(z) has a real period, in addition to the standing assumption of absence
of zeros and poles in a strip [Imz| < ¢. To anticipate our later needs, we denote this
period by 7/r,r > 0. Now ¢(z) = In®(z),z € R, is well defined up to a multiple of
27mi. We assume first that ®(z) has zero winding number around 0 in the period interval
[—7/2r,7/2r]. Then ¢(z) is a smooth m/r-periodic function, too. Defining its Fourier
coefficients by

R r w/2r '
On = —/ dxp(z)e*™ ™, n €7, (2.10)
T J—n/2r
we also assume at first ngSO =0.
With these assumptions in effect, it is clear that the function

—2inrz

f(z) = % 3 O 2| < a2, (2.11)
nez*
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is well defined, and analytic for |Im z| < a/2. Again, it is formally obvious (by Fourier
inversion) that f(z) satisfies the AAE (1.2). Once more, it can be shown that f(z) (2.11)
has an analytic continuation to [Imz| < ¢+ a/2 and solves (1.2) (cf. Theorem II.5 in
Ref. [9]). Thus one obtains minimal solutions to the AAE (1.1).

Next, we point out that the assumption QASO = 0 is not critical. Indeed, when QASO # 0,
one need only add the function ¢yz/ia to f(z) (2.11) to obtain a solution. Of course, this
entails that f(z) is no longer m/r-periodic.

The obvious generalization detailed in the previous paragraph is relevant to the case
in which ®(z) has winding number [ € Z* on [—7/2r,7/2r]. Then one needs to take the
z-derivative of the AAE (1.2) to obtain a rhs ¢/(z) that is 7/r-periodic, but for which
the zeroth Fourier coefficient of ¢'(x) equals 2irl, cf. (2.10). Thus the solution f’(2)
obtained as just sketched has a term linear in z, and so f(z) is the sum of a m/r-periodic
function and a quadratic function. Clearly, this still gives rise to a minimal solution
F(z) =exp f(z) to the AAE (1.1).

The idea underlying this construction is easily generalized to functions ®(z) for which
a suitable derivative of In ®(z) has period 7/r. Likewise, the Fourier transform method
yielding the minimal solution (2.8) can be generalized to ®(z) for which ¢(z) = 0% In ®(2)
has the three properties (2.6) for a suitable k£ € N*. (See Theorems I1.3 and I1.6 in Ref. [9]
for the details.)

We have thus far focussed on the AAE (1.1) with meromorphic rhs ®(z) and its
logarithmic version (1.2). But we may also consider (1.2) in its own right, relaxing the
requirement that exp ¢(z) be meromorphic to the requirement that ¢(z) be analytic for
Imz| < ¢. In that case the above —inasmuch as it deals with (1.2)—is still valid.
Moreover, the analytic continuation behavior of the minimal solution f(z) follows from
the AAE (1.2), in the sense that one can extend f(z) beyond the strip |[Im z| < ¢+ a/2,
whenever ¢(z) can be extended beyond the strip [Im z| < ¢. For example, a function ¢(2)
that has branch points at the edges of the latter strip gives rise to a minimal solution
f(2) that has the same type of branch points at the edges of the former strip.

This more general version of (1.2) is relevant for the various zeta functions encountered
below. In those cases the pertinent functions ¢(z) are analytic in a half plane Im z > —c or
in a strip |Im 2| < ¢, and they extend to multi-valued functions on all of C due to certain
branch points for [Imz| > ¢. Using the AAE, the zeta functions admit a corresponding
extension. We will not spell that out, however, but focus on properties pertaining to the
analyticity half plane or strip.

2.2 Second order AAEs

We begin by recalling some well-known facts concerning the general second order AAE
(1.3), cf. Ref. [4]. Let Fy, F» € M* be two solutions. Then their Casorati determinant,

D(F\, Fy; 2) = Fi(z +ia/2) Fy(z —ia/2) — Fi(z — ia/2)Fy(z + ia/2), (2.12)

vanishes identically if and only if F}/F; € P;,. Assuming from now on F;/Fy ¢ Py, it is
readily verified that the function (2.12) solves the first order AAE

D(z+ia/2)  CO(2)

D(z —ia/2) CH(z) (213)




Next, assume Fj5(z) is a third solution to (1.3). Then the functions
wi(z) = D(F}, F5; 2 +ia/2) /D(Fy, Fo; 2 +ia/2), j=1,2, (2.14)

belong to P, (1.7). (Indeed, quotients of Casorati determinants are ia-periodic in view
of the AAE (2.13).) It is routine to check that one has

F3(2) = p(2) F(2) — pa(2) Fi(2). (2.15)

Conversely, any function of this form with pq, o € Pj, solves (1.3). Therefore, whenever
two solutions F, Fy exist with D(F}, Fy; 2z) € M*, the solution space may be viewed as a
two-dimensional vector space over the field P;, of ia-periodic meromorphic functions.

In contrast to ordinary second order differential and discrete difference equations,
various natural existence questions have apparently not been answered in the literature.
As a first example, the existence of a solution basis as just considered seems not to be
known in general.

Further questions arise in the following situation. Assume that two AAEs of the above
form,

C () F(z4ia_s)+C ) (2)F(z—ia_s) + OO (2)F(2) =0, a5 >0, 6=+,—, (2.16)

are given. Then one may ask for conditions on the two sets of coefficients such that joint
solutions F' € M* exist. Next, assume there do exist two joint solutions to (2.16) whose
Casorati determinants w.r.t. ay and a_ belong to M*. When a, /a_ is rational, this
entails that the joint solution space is infinite-dimensional. (Indeed, letting a, = pa and
a_ = ga with p, ¢ coprime integers, one can allow arbitrary multipliers in P;,.) Now it is
not hard to see that one has

73@’(14r NP = (C, CL+/(I_ ¢ @ (217)

But it is not clear whether this entails that the joint solution space is two-dimensional for
irrational a, /a_.

On the other hand, assuming F, I, € M* are two joint solutions to (2.16) with a /a_
irrational, there is a quite useful extra assumption guaranteeing that the solution space
is two-dimensional with basis {F}, F5}. Specifically, one need only assume

lim Fi(z)/Fy(z) =0, (2.18)
Im z—o00
for all Rez in some open interval. Indeed, the sufficiency of this condition can be eas-
ily gleaned from the proof of Theorem B.1 in Ref. [11], where certain special cases are
considered.

Questions about joint solutions arise from commuting operator pairs, not only in the
elliptic context of Ref. [11], but also in the hyperbolic one of Ref. [12] and Section 6. In
order to detail the latter setting in general terms, consider the eigenvalue problems for
the analytic difference operators

As = Cs(2)Tha_s + Cs(—2)T_ju_y + Vs(2), 6=4,—, (2.19)
on M, with C5 € P

w:as?

Vs € Pigy, and Tq, given by

(TuF)(2) = F(z —a), ae€cC". (2.20)
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Thus we are interested in solutions to the AAEs
AsF = E(;F, Es e C, 0= +, —. (221)

Fixing F/, and E_, these are of the form considered before. Moreover, since A, and A_
clearly commute, it is reasonable to ask for joint solutions.

In Section 6 we encounter an operator pair with this structure. Furthermore, we have
one joint solution R(z) available for a family of joint eigenvalues (E.(p), E_(p)),p € C.
Fixing p, the three solutions R(z+ia), R(z—ia;) and R(z) to the AAE AL F = E,(p)F
are related via the AAE (A_R)(z) = E_(p)R(z) with coefficients in P;,_, in agreement
with the general theory. Put differently, when one fixes attention on one of the AAEs,
the other AAE can be viewed as an extra requirement of monodromy type.

The coefficients occurring in Section 6 are analytic in the shift parameters a,,a_ for
ay,a_ € C* and entire in four extra parameters. The joint solution R(z) is real-analytic in
ai,a_ foray,a_ € (0,00) and meromorphic in the extra parameters. But we do not know
whether another joint solution exists for general parameters. On the other hand, upon
specializing the extra parameters, we do obtain two joint solutions for all a,,a_ € (0, 00)
and p € C, which moreover satisfy the extra condition (2.18) for all Re z > 0 and p in the
right half plane, cf. Ref. [12].

In the latter article we also arrive at a commuting analytic difference operator pair
Bs(b),b € C, as considered above, which depends analytically on the extra parameter b,
and which admits joint eigenfunctions for a set of (a,,a_,b) that is dense in (0,00)? x
R. But from the properties of these eigenfunctions one can deduce that the pair does
not admit joint eigenfunctions depending continuously on ay,a_,b. (See the paragraphs
between Egs. (3.11) and (3.12) in Ref. [12].) From such concrete examples one sees that
expectations based on experience with analytic differential equations need not be borne
out for analytic difference equations.

3 Generalized gamma functions

When F'(z) solves the first order AAE (1.1), it is evident that 1/F(z) solves the AAE with
rhs 1/®(z). Likewise, when F(z), F5(z) are solutions to the AAEs with right-hand sides
O, (2), Pa(2), then Fi(z)Fy(z) clearly solves the AAE with rhs ®,(2)®,(z). Since elliptic
right-hand sides ®(z) and their various degenerations admit a factorization in terms of the
Weierstrass o-function and its degenerations, it is natural to construct ‘building block’
solutions corresponding to the o-function and its trigonometric, hyperbolic and rational
specializations.

We refer to the building blocks reviewed below as generalized gamma functions. In-
deed, in the rational case considered in Subsection 3.1, the pertinent gamma function
amounts to Kuler’s gamma function. Trigonometric, elliptic and hyperbolic gamma func-
tions are surveyed in Subsections 3.2-3.4. As we will explain, these functions can all be
viewed as minimal solutions, rendered unique by normalization requirements. They were
introduced and studied from this viewpoint in Ref. [9]. The hyperbolic gamma function
will be a key ingredient in Section 6, where we need a great many of its properties sketched
in Subsection 3.4.



3.1 The rational gamma function

We define the rational gamma function by
. , )
Grat(a;2) = (27) V2 exp(—Z mna)D (-2 + 2). (3.1)
a a 2
(This definition deviates from our previous one in Ref. [2] by the first two factors on the
rhs. We feel that the present definition is more natural from the perspective of the zeta
functions in Sections 4 and 5.) The I'-function AAE I'(z + 1) = 2I'(z) entails that G
solves the AAE
G(z +1a/2)
G(z —ia/2)
More generally, when ®(z) is an arbitrary rational function, we can solve the AAE (1.1)
by a function F'(z) of the form

[T, Grarla; 2 — o)
ngl Grat(a; Z— ﬁk)

Indeed, when we let the integers N, M vary over N and ¢, o, B over C, then we obtain
all rational functions on the rhs of (1.1) (save for the zero function, of course).

We now explain the relation of G,,; to the notion of ‘minimal solution’. To this end
we first of all need a shift of z on the rhs of (3.2) in order to get a function ®(z) that is
analytic and free of zeros in a strip around the real axis. Taking

F(z) = exp(co + ¢12)

(3.3)

O(2) = —i(z +ia/2), (3.4)
a simple contour integration yields
1 [ , —ayexp(ay/2), y<0
Ty 92 — ) )
o | dze™ 07 In ®(x) { 0. >0 (3.5)

Therefore ¢(z) = 9 In ®(z) has the three properties (2.6), and the corresponding minimal
solution (2.8) is then given by

ay

f(z)=-2 /O dy 2 o~2iv> (3.6)
B e yshay ' '

The point is now that the rhs of (3.6) equals 9 In G, (a; z +ia/2), so that G (a; z +
ia/2) may be characterized as a minimal solution to the AAE with rhs (3.4). It is not
hard to check the asserted equality via Gauss’ formula for the psi function (the logarithmic
derivative of I'(x)). But one may in fact reobtain various results on the gamma function
(such as Gauss’ formula) by taking the function (3.6) as a starting point. Put differently,
if one would not have been familiar with the gamma function beforehand, one would have
been led to it (and to a substantial part of its theory) via the ‘minimal solution’ approach
sketched above.

We have worked out the details of this useful perspective on Euler’s gamma function
in Appendix A of our paper Ref. [9]. We cite in particular one I'-function representation
derived there, which we have occasion to invoke in Subsection 4.1. It reads

I(w) = (2m)? exp (/OOO% ((w — %)et 1y e—zt_t» , Rew >0, (3.7)




cf. Eq. (A37) in Ref. [9]. Here we only add a few more remarks on several features that
are important with an eye on the generalized gamma functions introduced and studied in
later subsections.

First, it should be observed that the shift of z by ia/2 is arbitrary; any shift z —
z 4 1c,c > 0, would yield substantially the same conclusions.

Second, a shift z — z—1ic, ¢ > 0, on the rhs of (3.2) yields in the same way as sketched
above solutions to (3.2) of the form aexp(—iza™'Ina)exp((2k + 1)7z/a)/T'(iz/a + 1/2),
with o € C*, k € Z. Hence the quotient of such a solution and G.(a; 2) is ia-periodic.
This is in agreement with the well-known reflection equation, which becomes here
1z 1 1z 1 mZ
E -+ §)F(—E —+ 5) = ’/TCh(?)_l.

(This identity can also be derived from the AAE-viewpoint, cf. Appendix A in Ref. [9].)

Third, we recall that the minimal solutions to the AAE (1.1) with rhs (3.4) (obtained
via twofold integration of f(z) (3.6)) are analytic and zero-free for |Im z| < a. From the
AAE one then sees that they are analytic and zero-free for all z not in —:aN*, whereas
they have simple poles for z = —iak, k € N*. (Similarly, the shift z — z —ic,c > 0, in
(3.2) yields minimal solutions without poles and with a zero sequence in the upper half
plane.) Of course, this is once again well known for the special function Gpa4(a; 2) (3.1).
It is illuminating to compare its pole sequence

I'( (3.8)

z=—i(k+1/2)a, keN, (poles), (3.9)

to those of the generalized gamma functions introduced below.

3.2 The trigonometric gamma function

In the same way as Grag(a; 2) (3.1) serves as a building block to solve AAEs with rational
right-hand sides, the trigonometric gamma function can be used to handle trigonometric
functions ®(z) with period 7/r. (More precisely, functions in the field C(exp(2irz)).)
Specifically, letting

Hj]\/il Gig(r, a; 2 — )

F(2) = exp(co + 12 + ¢227) ) (3.10)
H]kV:1 Guig(r, a5 2 — )
with Giig(r, a; ) solving
G(z +1ia/2) :
= =1- 2 A1
Gz —iaj2) exp(2irz), (3.11)

one obtains all trigonometric functions by letting N, M vary over N and ¢y, ¢2, o, B, over
C in the quotient F(z —ia/2)/F(z +ia/2).
The obvious solution to (3.11) is the upward iteration solution

Glrig(r, a3 2) = H(l — Pttt g = e, (3.12)
k=1

Indeed, the infinite product clearly converges, yielding a meromorphic solution without
zeros and with poles for

z=gn/r—i(lk+1/2)a, j€Z, keN, (poles). (3.13)
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Another representation for Gy, arises by writing

H(]- B q2k—1€2irz)—1 _ exp(— Zln(l . q2k—1€2irz))7 (314)
k=1 k=1

and using the elementary Fourier series

X 2inr(z+ic)

In(1—e2retioy = _ N5 " o5, 3.15
a1 - oien) - 3T 319
Indeed, this gives rise to the formula
0 e2inrz
Glrig(1, 05 2) = exp Z:l Setra | Imz > —a/2, (3.16)

as is easily checked.

Taking z — z + ic,c > 0, in the AAE (3.11), it is of the form discussed in Subsec-
tion 2.1. Taking next logarithms and using (3.15), one deduces that (3.16) amounts to
the special solution (2.11). That is, Gyig(r, a; 2) is once more a minimal solution to the
(shifted) AAE (3.11). As such, it is uniquely determined by the asymptotics

Gig(r,a;2) ~ 1,  Imz — oo, (3.17)

which can be read off from (3.16).
Our trigonometric gamma function is closely related to Thomae’s g-gamma function
I',(z) [13]: One has

1z 1
Gtrig(r, a; Z) = eXp(CQ + clz)FeXp(,gar)(—Z + 5), (318)
for suitable constants co, c;. The AAE-perspective from which Gy, arises leads to various
other features that are detailed in Ref. [9]. A useful limit that is not mentioned explicitly

there reads )

lim exp(— )Glrig (1, a3 0) = 2712, (3.19)

r10 12ar

(This follows by combining Eqgs. (3.128), (3.129) and (3.154) in loc. cit., taking z = 0.)
Using Proposition II1.20 in loc. cit., we then deduce

. w2 %
lim exp | — + —In(2r) ) Gig(7, a; 2) = Grat(a; 2). (3.20)

r10 12ar a

Finally, we point out that it is evident from the infinite product representation (3.12)
that one can allow r to vary over the (open) right half plane, whereas one cannot take
r € iR. This is why one needs another building block function to handle hyperbolic
right-hand side functions ®(z) in the AAE (1.1), cf. Subsection 3.4.
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3.3 The elliptic gamma function

The elliptic gamma function is the minimal solution to the AAE

G(z +ia/2) . cos(2nrz)
m = exp (— ; W) . |[Imz| <0, (3.21)

obtained via the formula (2.11):

oy — sin(2nrz)
Gen(r,a,b; z) = exp (z; 2nsh(m“a)sh(nrb)> , |Imz| < (a+0b)/2. (3.22)

Indeed, our definition entails that the functions
Hj]\il Gen(r,a,b;z — o)
Hivzl Gell(ru a, b7 Z = ﬁk) 7

give rise to all elliptic right-hand side functions ®(z) with periods 7/r and ib.
To explain why this is true, we recall first that any elliptic function with periods 7 /r
and ¢b admits a representation as

F(z) = exp(co + 12 + c22° + ¢32°) (3.23)

N

o(z =Y 30, %)
o] AT ES (3.24)
j=1 U(z_d?’ﬂ’g)

where «,7;,0; € C. The crux is now that the function on the rhs of (3.21) is of the form

b
exp(do + dyz + dy2?)o (2 +ib/2; %, %) (3.25)
Hence the functions F(z+1ia/2)/F(z—ia/2), with F(z) given by (3.23), yield all functions
(3.24) (with « # 0) by choosing

N:M, aj:7j+ib/2, ﬁJ:6J+Zb/2, jzl,...,N7 (326)

and appropriate constants cq, ¢, c3 determined by the constants «, dy, d; and ds.
Next, we mention that the elliptic gamma function can also be written as an infinite
product

0 1— q2m—1q§n*1€—2i'rz b
Gell(ra a, b7 Z) = H a2m_1 2n—1 _2irz ° o = e—ar’ Qb = e (327)
m,n=1 L= 9a qb €

To check this, one need only proceed as in the trigonometric case: The infinite product
can be written as the exponential of a series; using the Fourier series (3.15) and summing
the resulting geometric series yields (3.22).

From (3.27) one can read off meromorphy in z and the locations of poles and zeros.
Specifically, one obtains the doubly-infinite sequences

z=gn/r—ilk+1/2)a—i(l+1/2)b, j€Z, k,leN, (poles), (3.28)

z=gm/r+i(k+1/2)a+i(l+1/2)b, j€Z, k,leN, (zeros). (3.29)
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It is immediate from the product representations (3.12) and (3.27) that one has
Glrig(T, a5 2) = })1Tm Gen(r,a,b; z —ib/2). (3.30)

It is also not difficult to see that for the renormalized function

~ 7T2Z

Gon(r, 0,1 2) = exple— ) Ganlra.b52), (331
the r | 0 limit exists. This yields the function
Ghypla, b; z) = lig)l Gen(r,a,b; 2), (3.32)

studied in the next subsection. For further properties of the elliptic gamma function we
refer to Subsection III.B in Ref. [9].

3.4 The hyperbolic gamma function
The defining AAE of the hyperbolic gamma function reads

G(z +ia/2)

Glz—ia2) = 2ch(mz/b). (3.33)

Clearly, any solution Ghyp(a, b; z) of (3.33) can be used to solve (1.1) with ®(z) an arbitrary
hyperbolic function with period ib. Indeed, all functions ® € C(exp(27wz/b)) arise via
functions of the form

Hj]\il Ghyp(a, bz — o)
H;cvzl Ghyp(a, b; 2 — fy)

As before, there is a certain arbitrariness in the choice of AAE for the building block
function. Our choice 2ch(7z/b) together with the requirement that the solution be min-
imal will lead us to a function Ghyp(a,b; z) with various features that would be spoiled
by any other choice, however. (In particular, the constant 2 cannot be changed without
losing the remarkable (a < b)-invariance of the hyperbolic gamma function (3.35).)

Following the method to construct minimal solutions sketched in Subsection 2.1, one
readily verifies that ¢(z) = 92 In(2ch(rz/b)) has the three properties (2.6). The Fourier
transform can be done explicitly, and integrating up three times then yields our hyperbolic
gamma function,

Giyp(a, b; 2) = exp (@ /Oood—;’ (% . ;Ty» . [Imz| < (a+b)/2.  (3.35)

Since Ghyp(a,b; z) has no poles and zeros in the strip [Imz| < (a + b)/2, one readily
deduces from the defining AAE (3.33) that Gy, extends to a meromorphic function with
poles and zeros given by

F(z) = exp(co + 12 + c22?) (3.34)

z=—i(k+1/2)a—i(l+1/2)b, k,leN, (poles), (3.36)
z=i(k+1/2)a+1i(l+1/2)b, Kk, 1 €N, (zeros). (3.37)
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In Section 6 we need various other properties of Gpyp(a, b; 2). Some automorphy prop-
erties are immediate from (3.35): One has

Ghyp(a,b; —2) = 1/Gryp(a, b; 2), (3.38)
Ghyp(a, b; 2) = Ghyp(b, a; 2), (3.39)
Ghyp(Aa, Ab; Az) = Ghypla, by z), A >0. (3.40)

It is also easy to establish from the defining AAE that the multiplicity of a pole or zero
2o equals the number of distinct pairs (k,l) € N? giving rise to 2, cf. (3.36), (3.37). In
particular, the pole at —i(a+b)/2 and zero at i(a+b)/2 are simple, and for a/b irrational
all poles and zeros are simple.

The remaining properties we have occasion to use are not clear by inspection, and we
refer to Subsection IITA in Ref. [9] for a detailed account. First, we need to know the
residue at the simple pole —i(a + b)/2. It is given by

Res(—i(a +0)/2) = %(ab)lﬂ. (3.41)

(Here and below, we take positive square roots of positive quantities.)
Second, we need two distinct zero step size limits of the hyperbolic gamma function.
The first one reads

lim Ghyp(T, b; 2 +iAb)

o oo (b2 i)~ SPUA — ) In(2chz)), (3.42)

where the limit is uniform on compact subsets of the cut plane
C\ {£iz € [7/2,00)}. (3.43)

When X — p is an integer, this limit is immediate from the (a < b)-invariance of Gy,
and the AAE (3.33). For A — i ¢ Z, the emergence of the logarithmic branch cuts on the
imaginary axis may be viewed as a consequence of the coalescence of an infinite number
of zeros and poles on the cuts.
The second zero step size limit yields the connection to the I'-function. Consider the
function
H(p; 2) = Ghyp(1, p; pz +1/2) exp(izIn(2mp))/ (2m) /2. (3.44)

From the AAE (3.33) and its (a <> b)-counterpart one sees that H satisfies the AAE
H(p;z+1/2)  ish(mpz)

H(p;z—i/2)  @p 34)

and reflection equation
H(p; 2)H(p; —z) = n~'chrz. (3.46)

(Recall also (3.38) to check (3.46).) Therefore, it should not come as a surprise that one
has
liﬁ)l H(p;z)=1/T(iz+1/2), (3.47)
p

uniformly for z in C-compacts.
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We have made a (convenient) choice for the first parameter a of the hyperbolic gamma
function, but it should be pointed out that the scale invariance (3.40) can be used to handle
arbitrary a. In particular, recalling the definition (3.1), this yields the limit

ll;iTm exp (E ln(27r/b)> Ghyp(a, b; 2 — ib/2) = Ga(a; 2), (3.48)
o0 a

which should be compared to the trigonometric limit (3.20).
Third, we need the |[Re z| — oo asymptotics of Glyp. To detail this, we set

c =max(a,b), oc=1—¢ €>0. (3.49)

Then we have

2 b
Filn Ghypla, by 2) = —;TTZLb - % (% + a) + O(exp(F2moRez/c), Rez — +oo. (3.50)
Here, the bound is uniform for Im z in R-compacts, but it is not uniform as € | 0, since it
is false for 0 = 1 and a = b.
Finally, in Subsection 4.4 we need the representation
O In(2ch(7u/b))

0, 1In Gyyp(a,b; z) = 22 | duch2(7r(z ~0/a) Im z| < a/2, (3.51)

which cannot be found in Ref. [9]. To prove its validity, we first note that when we take
two more z-derivatives, then the resulting formula amounts to a special case of (2.9).
Indeed, this follows upon trading the z-derivatives for u-derivatives, and then integrating
by parts three times.

As a consequence, 0, In Gyy,, is given by the rhs of (3.51) plus a term of the form Az+B.
Now since 0,Ghyp/Ghyp is even, we must have A = 0. To show B = 0, we consider the
Re z — oo asymptotics of the rhs of (3.51). Changing variables u — z — z, it is routine to
check it reads —imz/ab + o(1). Comparing to the derivative of (3.50) for Re z — oo, we
deduce B = 0. (By virtue of Cauchy’s formula, it is legitimate to differentiate the bound
(3.50).)

To conclude this subsection we add some further information on the hyperbolic gamma
function. First of all, this function was introduced in another guise and from a quite
different perspective in previous literature—a fact we were not aware of at the time we
wrote Ref. [9]. Indeed, our hyperbolic gamma function is related to a function that
is nowadays referred to as Kurokawa’s double sine function [14]. The latter is usually
denoted Sy(x|wi,ws), and the relation reads

Ghypl(a, b; 2) = Sa(iz + (a + b)/2]a, b). (3.52)

The first occurrence of the double sine function is however in a series of papers by
Barnes, published a century ago. He generalized the gamma function from another view-
point to his so-called multiple gamma functions; the double sine function is then a quotient
of two double gamma functions. We return to Barnes” multiple gamma functions in Sub-
section 5.2, where they will be tied in with the minimal solution ideas of Subsection 2.1.

Multiple gamma functions show up in particular in number theory. The double gamma
and sine functions were studied from this viewpoint in a paper by Shintani [15]. He derived
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a product formula that can be used to tie in the hyperbolic and trigonometric gamma
functions in a quite explicit way, and we continue by presenting the pertinent formulas.

First, we should mention that Gy (a, b; z) admits a representation as an infinite prod-
uct of I'-functions, from which meromorphy properties in a, b and z follow by inspection.
To be specific, using the scale-invariant variables

A= —iz/a, p=bla, (3.53)
one has

Ghyp(a,b;z+%)2 = 2cos(m\/p)e*!n?

)p+A)
p—N)

>~ T((j+ 42 A T(1 ] 1
1 ((J+§)p+ J)TA+(G+ e~ PG (3 54)
o DG +3)p =

1
2

MNT(A+ (G +3)

Here, one needs p € C\ (—o0,0] for the infinite product to converge, cf. Prop. IIL.5 in

Ref. [9]. (Observe that for non-real p the poles and zeros on the rhs are double, as should
be the case.)

It follows in particular from this representation that Ghyp(a, b; 2) has an analytic con-

tinuation to b € i(0,00). Now for b = in/r,r > 0, the rhs of (3.33) can be rewritten

exp(—irz)[1 — exp(2ir(z + w/2r])]. (3.55)

Comparing to the rhs of (3.11), we deduce that the quotient function
exp(—1z%/2a)Guig(r, a; 2 + m/21) | Gugp(a, i /1 2) (3.56)
is ta-periodic.

Using Shintani’s formula, we can determine this ia-periodic quotient explicitly. For
the case at hand his product formula amounts to

o r2 1 2\ 1or 1 + exp(2ima=iz + i(k — 1/2)7r™1))
Ghyp(a,im/r;2) = exp <_% - ﬂ(ra - %)) g 1+ exp(2ir[z +i(k — 1/2)a])
(3.57)

From the definition (3.12) of the trigonometric gamma function we then get the remarkable
relation

(3.58)

rz? 1 w2 ) Glig(r,a; 2 + 7/2r)

Gyp(a, i /15 2) = exp <_% a ﬂ(ra - Giig(m/a, /1512 + a/2)’

ra

from which the ia-periodic function (3.56) can be read off. (The reader who is familiar
with modular transformation properties may find more information on this angle below
Eq. (A.27) in Ref. [16], where we rederived Shintani’s product formula.)

4 Generalized zeta functions

This section is concerned with the Hurwitz zeta function (s, w), and with ‘trigonometric’,
‘elliptic” and ‘hyperbolic’ generalizations thereof. These generalizations are arrived at by
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combining the perspective of Subsection 2.1 with the trigonometric, elliptic and hyper-
bolic gamma functions of Section 3, respectively. To our knowledge, the generalized zeta
functions studied in Subsections 4.2—4.4 have not appeared in previous literature. (In any
event, our results reported there are hitherto unpublished.) A different generalization of
the Hurwitz zeta function has been introduced and studied by Ueno and Nishizawa [17].

A suitable specialization also leads to a ‘trigonometric’ and ‘hyperbolic’ generalization
of Riemann’s zeta function ((s) = ((s,1). Via the latter we are led to some integral
representations for ((s) that seem to be new. See also Suslov’s contribution to these pro-
ceedings [18], where—among other things—different generalizations of ((s) are discussed.

4.1 The rational zeta function
The Hurwitz zeta function is defined by
C(s,w) = Z(w+m)_s, Rew >0, Res> 1. (4.1)
m=0

From this definition it is immediate that (s, w) is a solution to the (additive) first order
AAE

C(w+1) = ((w) = —w°. (4.2)
Let us now introduce
¢s(z) = —(c—1iz)™%, ¢>0, (4.3)
and consider the AAE
fz+1i/2) = f(z —i/2) = ¢s(2). (4.4)
Using Euler’s integral
['(x) :/ u* e "du, Rex >0, (4.5)
0
we may write
1 oo .
¢s(2) = ——/ ts7 e dt, Res >0, Imz> —c. 4.6
=06 ) 0
Thus we have ()16 T (s)
n | —(=y)e¥/I(s), y <O,

cf. (2.7). Taking Res > 2, we deduce that ¢,(z) satisfies the conditions (2.6). The
corrresponding minimal solution (2.8) to the AAE (4.4) reads

1 > A
fs(z) = TS)/ dy(2y)* e 2¥e*V* /shy, Res > 2, (4.8)
0

where we may take Im z > —c — 1/2. Writing

o0

1/shy = 2¢7Y Z eIy >0, (4.9)

m=0
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this yields (using (4.5) once more)

— 1 1
s(2) = 5 —12)"" =((s, 3 —12), Res>2. 4.10
fs(2) 77;)(2+m—|rc iz) C(32+c iz) es > (4.10)

The upshot is that for Res > 2 we may view the function ((s,1/2 + ¢ — iz) as the
minimal solution (2.8) to the AAE (4.4). Note that it manifestly has the properties
mentioned above the alternative representation (2.9). For the case at hand the latter

specializes to

1 [
C(s,é +c—iz) = %/ (¢ —iu)"*tanh w(z — u)du. (4.11)
Next, we integrate by parts in (4.11) and change variables to obtain
T ® (w—1/2 +ix) 3
JW) = ———— dr, Rew > 1/2. 4.12
(s, w) 2(s—1) /_OO ch?(rx) ! cw>1/ (4.12)

Clearly, one can shift the contour up by i(1—¢€)/2,e > 0, so as to handle more generally w
in the right half plane. From these formulas (which we have not found in the literature)
one can easily deduce some well-known features of (s, w).

Specifically, one infers that for Rew > 0 the function s — ((s,w) has a meromorphic
continuation to C, yielding a simple pole at s = 1 with residue 1. Moreover, one obtains

C(0,w)=1/2 —w, (4.13)

and

0sC(s,w)|s=0 = _1+w+z/00 (w—1/2+iz)In(w — 1/2 + ix)

d 1/2. (4.14
2 2 ) o ch?(rx) z, Rew>1/2. (4.14)

The latter formula gives rise to a representation for InT'(w) that seems to be new.
Indeed, one also has

0sC(s,w)|s=0 = InT'(w) — %ln(27r), Rew > 0. (4.15)

This well-known relation can be more easily derived via the representation

C( ) - ! / te tdt Res>1 (4 16)
8 w = —¥ —_— eS .
’ F(s) 0 1 (2 t ’ ’

which follows from (4.8) and (4.10). Indeed, noting

t t
=1+- t2), t 4.1
1 o e_t + 2 + O( )7 - 07 ( 7)

we can write (using (4.5))

1 [ dt / i w1
I I B 2. 4.1
s, w) F@LA 2" ° (1—et 2>+w (3—1+2) (4.18)
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It is clear by inspection that this representation continues analytically to Res > —1, and
it yields (using 1/I'(s) = s + O(s?) for s — 0)

dt 1 1 1 Inw
—0 = —e v ———=) = Inw— —. 4.1
05C(s,w)]s=0 /0 nt (1_€t ; 2) w+wlnw 5 (4.19)

Using the I'-representation (3.7), it is now straightforward to check (4.15).

The above properties of the Hurwitz zeta function have been known for a long time,
cf. e.g. Ref. [19]. But the minimal solution interpretation of ((s,w) seems to be new.
From the AAE viewpoint it can also be understood why the relation (4.15) between the
zeta and gamma functions holds true. Indeed, due to the (analytic continuation of the)
AAE (4.2), the lhs of (4.15) satisfies the AAE

f(w+1)— f(w) =Inw, (4.20)

just as the rhs. (Of course, the constant does not follow from this reasoning.)
We now introduce a ‘rational zeta function’

1z 1

Zeat(a;8,2) =a°C(s, —— + 5), a>0, Imz>—a/2 (4.21)
a

In view of (4.11) and (4.12), it admits integral representations

Ziat(a; s, 2) = i/ (—iz +ix) *th(rz/a)dr, Res>1, Imz >0, (4.22)
T ® (—iz +ix) s
Zra 7S - d s I . 4.2
i(a; s, 2) 202(s — 1) /_OO WZ(rz /) z, Imz>0 (4.23)

Furthermore, it satisfies the AAE
Z(z+ia/2) — Z(z —ia/2) = —(—iz)"". (4.24)

(As before, it is understood that in (4.22)—(4.24) the logarithm branch is fixed by choosing
In(—iz) real for z € i(0,00).) Finally, upon combining (4.15), (4.13) and (3.1), one obtains

05 Zrat(a; 8, 2)|s=0 = In(Grat(a; 2)), Imz > —a/2. (4.25)

In the following subsections we take the above state of affairs as a lead to introduce
‘zeta functions’ that are minimal solutions to trigonometric, elliptic and hyperbolic gen-
eralizations of (4.24). These generalizations turn out to be such that analogs of (4.25)
are valid, with the rational gamma function replaced by the trigonometric, elliptic and
hyperbolic gamma functions from Subsections 3.2-3.4, resp.

4.2 The trigonometric zeta function

Following the ideas explained at the end of the previous subsection, we start from the
AAE '
Z(z +ia)2) — Z(z —ia/2) = —(1 — *"%) 75, (4.26)
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Indeed, the s-derivative of the rhs at s = 0 reads In(1—exp(2irz)), which equals In G, (2+
ia/2) —1In Guig(z —ia/2), cf. Subsection 3.2. Thus we expect to obtain a minimal solution
Ziyig to the (shifted) AAE (4.26), satisfying

O0s Zinig (1,43 8, 2) |50 = In(Glrig (1, a; 2)). (4.27)
We proceed by validating this expectation. Taking z — z + ia/2, we obtain an AAE
f(z+ia/2) = f(z—ia/2) = —(1- qem)_s

= —exp(s Zn Lgne? =) (4.28)

to which the theory sketched in Subsection 2.1 applies. Indeed, for all s € C the rhs is
analytic in the half plane Im z > —a/2 and 7/r-periodic.
As a consequence, a minimal solution to (4.28) is given by

iz 1= tr(r,a;8) o
—+ = ——e"* 4.29
P Zl sh(kra) “ (429)
with p
ti(r,a;s) = Z/ exp(s Zn Lgne?mre)e=2ikrrgy ke N*. (4.30)
T J_x/2r

Due to analyticity and 7/r-periodicity of the integrand, the contour can be shifted down
by i(a — €)/2 for any € > 0. From this we obtain a majorization

[tx(r, a; 5)| < exp(C(€)|s|) exp(—kr(a —€)), k€ N7, (4.31)

where C'(e) > 0 diverges as € | 0. Now t,(s) is manifestly entire. Hence it readily follows
that the solution (4.29) is analytic in the half plane Im z > —a for fixed s € C, and entire
in s for z in the latter half plane.

We now define the ‘trigonometric zeta function’ by taking z — z—ia/2 in this solution.
Expanding the first exponential in (4.30), one readily obtains

ti(r,a;5) = ¢"p(s), (4.32)
with pg(s) the polynomial
Lm0 1
pi(s) = rnzl o nl,.%l e (4.33)
e =
Thus our definition amounts to
Ziig(r,a;s,2) = % i i(—k?LL)QQiW’ Imz > —a/2. (4.34)

Next, we observe that (4.33) entails
Ospr(8)]s=0 = 1/k. (4.35)
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From this we deduce
o0 2ikrz

e
Os Zuwig(1, 458, 2)|s=0 = ) 577 4.36
iig(1 @3 8, 2)|s=0 kz:; 2ksh(kra) (4.36)
Comparing this to (3.16), we see that (4.27) holds true, as announced.
An alternative representation for Zy,4, can be obtained by noting that when one adds
1 to the rhs of (4.26), one obtains an AAE that admits an upward iteration solution. A
uniqueness argument then yields

oo

—ia/2)
Zinig(1, 058, 2) = iz~ ia/2) Z @ e’ )= 1), Imz>—a/2.  (4.37)

a

Observe that the relation (4.27) to Gl is also clear from this formula and (3.12).
The relation to the Hurwitz zeta function can be readily established from (4.37), as
well. Indeed, one has

li(2r)* 5, ) =l Oo (—esesmrymea) —)

= Z[(n—i—l/Q)a—iz]_s
= a:SC(s,—iz/a+1/2), Res>1, Imz>—a/2. (4.38)

This can be abbreviated as

lim o Zyig(a/2,a;8,2) = Zya(a;s,2), Res>1, Imz> —a/2, (4.39)

al0

of. (4.21).
The Riemann zeta function ((s) is obtained from Z,.:(a; s, z) by choosing a = 1 and
z =1/2, cf. (4.21). Thus, setting

Ctrig(a; 5) = O-/SZtrig<05/27 1; S, Z/2>a (440)

one obtains a ‘trigonometric’ generalization of ((s). In view of (4.34) and (4.37) it admits
the representations

o —ka
Gl 8) = " )~ (), (4.41)
k=1
Corig (0v; 8) = Z ((ﬁ) — Oﬁ) ) (4.42)
n=1

These formulas entail in particular that Cuig(c; s) is positive for all (a, s) € (0, 00)2.

4.3 The elliptic zeta function

Proceeding as before, we should start from the AAE

Z(z+41a/2) — Z(z —ia/2) = —exp ( Z Sh2§:;>)> (4.43)
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cf. (3.21). The rhs is manifestly analytic for |Imz| < b/2, so we need not shift z. Thus
we define Z; as the minimal solution

% er(r,0;8) _oikrs
Zen(r,a,b;s,2) = Eeo(r, b;s) — Z We 2ikrz, (4.44)
kez*

where e(s) are the Fourier coefficients
(r,b:5) r /”/2’" i cos(2nrx) dkr g e 7 (4.45)
ex(r,b;s) = — exp|sy ———— e T . .
S T J _njor P 4~ nsh(nrb) ’

Next, we note that by analyticity and 7 /r-periodicity of the integrand, we may shift
the contour by ic, with 2¢ € (—b,b). Therefore, choosing any € € (0, b], we obtain

lex(r, b; )| < exp(C(e)|s]) exp(—|k|r(b—¢)), k€ Z, (4.46)

with C'(e) > 0 diverging as € | 0. Thus Zg is analytic in the strip [Im z| < (a + b)/2 for
fixed s € C, and entire in s for fixed z in the latter strip.
We proceed by demonstrating the expected relation

O0sZen(r,a,b; 8, 2)|s=0 = n(Gen(r,a,b; 2)), |Imz| < (a+0b)/2. (4.47)

To this end we observe that (4.45) entails

0, k=0,
Duer(5)ls=0 = { 1/2ksh(krb), k € Z*. (4.48)
Hence we have ik
e_ IRKTZ
aSZe N ,b7 ) s=0 — — . 449
n(r; @, 5; 5, 2)]s=o kezz: Aksh(krb)sh(kra) (4.49)
Comparing this to (3.22), we deduce (4.47).
4.4 The hyperbolic zeta function
In the hyperbolic context the pertinent AAE reads
Z(z+1a/2) — Z(z —ia/2) = —[2ch(mz/b)] "%, (4.50)
cf. (3.33). From the known Fourier transform
o ety b s iby._. s by 4
=1+ - Dy 4.51
/_OO [2ch(mx/b)]* YT or (2+ 27T) (2 27r> ()7, Res>0, (4:51)

and the I'-function asymptotics, we readily deduce that the conditions (2.6) apply to the
function

¢(2) = —0,[2ch(mz/b)] "%, Res > 0. (4.52)
The minimal solution (2.9) corresponding to the rhs (4.52) can be rewritten as
f(z) = 22—; / dul2ch(mu/b)]~* Jch?(n(z — u)/a), Res > 0. (4.53)
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Integrating once with respect to z, we obtain a minimal solution

Znyp(a,b;s,z) = % /OO du[2ch(mu/b)]*th(n(z —u)/a), Res >0, |Imz| < a/2, (4.54)

— 00

o (4.50). More precisely, (4.54) is the unique minimal solution that is odd in z. (The
requirement of oddness fixes the arbitrary constant.)
Of course, we can also start from (2.8) and (4.51) to obtain a second representation

ib [ sin(2yz) s iby. ., s iby 71
Z b: = — dy———I'(=—+—3)['(=——)T R | 2.
hyp(a, b; s, 2) 2%2/0 ysh(ay) (2+7r) (2 7T) (s)™, Res>0, [Imz| <a/
(4.55)

This formula appears less useful than (4.54), however.

Performing suitable contour shifts in (4.54), one easily checks that for fixed s with
Re s > 0 the function Zy, is analytic in the strip |Im 2| < (a +b)/2, and that for fixed =z
in the latter strip Zyy, is analytic in the right half s-plane. Alternatively, these features
readily follow from (4.55). But the representations (4.54) and (4.55) are ill defined already
for s on the imaginary axis.

This different behavior in s (as compared to the trigonometric and elliptic cases)
can be understood from the AAE (4.50). For Res < 0 the function on the rhs is no
longer polynomially bounded in the strip |Imz| < a/2, so the theory summarized in
Subsection 2.1 does not apply. Even so, Zyy,(a,b; s, z) (with [Im z| < (a4 b)/2) admits a
meromorphic continuation to the half plane Res > —2b/a.

We proceed by proving the assertion just made. To this end we begin by noting that
the assertion holds true for 0% 7, with k& > 1 (cf. (4.53)). Now we exploit the identity

1

ch(mu/b)~* = - 283((;h(7ru/b)_s) + (14 =)ch(ru/b) 52, (4.56)
s

which is easily checked. Inserting it in (4.54) and integrating by parts twice, we deduce

the functional equation

m282 %

1
Znyp(a,b; s, 2) = (9 Inyp(a,b;s,2) +4(1 + E)Zhyp(a, bys+2,z). (4.57)

Consider now the two terms on the rhs of (4.57). The first one has a meromorphic
extension to Res > —2b/a, and the second one to Res > —2. In case b > a, one can
iterate the functional equation, so as to continue the second term further to the left. In
this way one finally obtains a meromorphic continuation to the half plane Re s > —2b/a,
as asserted.

At face value, (4.57) seems to entail that Z, has a pole for s = 0. This is not the
case, however. Indeed, we may write (4.57) as

abiss) = 1 . 2sh(mu/b)
Ziyp(a,b; / ( CLSCh2<’7T(Z—'LL)/&) [2ch(mu/b)]s+!

1, th(m(z —u)/a)
0+ ) a2 ) ‘

(4.58)
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From this it is clear that there can be at most a simple pole at s = 0. But in fact we have

i du( b th(ru/b) +th(7r(z—u)/a))

Z o “ach?(7(z —u)/a) ch?(mu/b)

= o/ du%&u[th(wu/b)th(ﬂ(z—U)/@)]

= 0. (4.59)

lir% $Zwypla, by s, z) =
S—

Hence Zyyp(a, b; s, ) is regular at s = 0, as claimed. (The same reasoning shows that Zy,
has no poles in the half plane Res > —2b/a.)
Next, we study the function

L(a,b; z) = 05 Znyp(a, b; s, z)|s=o. (4.60)
Its z-derivative is given by
—% duIn[2ch(mu/b)]/ch?(7(z — u)/a), (4.61)
a —0o0

cf. (4.53). Comparing this to (3.51), we infer
0.L(a,b; z) = 0, In Gpyp(a, b; 2). (4.62)

Thus we have L = Ghyp, + C. Finally, because both L and In Gy, are odd, we obtain
C = 0. As a result, we have proved

Os Zhyp(a, b; 8, 2)|s=0 = In(Gryp(a, b; 2)), |[Imz| < (a+b)/2. (4.63)

We continue by considering some special cases. First, let us observe that one has
b2
Inyp(a,b;2,2) = —Faf In Ghyp(a, b; 2). (4.64)
T

Indeed, when we take the z-derivative of (3.51), we can integrate by parts twice to obtain

this formula, cf. (4.54) with s = 2. Alternatively, (4.64) follows by combining equality of

the AAEs satisfied by both functions, their minimal solution character, and oddness in z.
Second, we point out the explicit specialization

Ziyola, a;1,2) = ith(wz/m). (4.65)

To check this, one need only verify that the rhs satisfies (4.50) with b = a, s = 1. (Indeed,
(4.65) then follows from minimality and oddness.)

Third, we claim
Zhnyp(a,b;0,2) = iz/a. (4.66)

To show this, we use (the continuation to s = 0 of) (4.53) to infer that the z-derivative
of the lhs is a constant. The rhs is odd and satisfies (4.50) with s = 0, so (4.66) follows.
Fourth, we note that Zyny,(a,b;s,z) is not polynomially bounded for |Rez| — oo
whenever Re s is negative. Indeed, this feature follows from the analytic continuation of

the AAE (4.50). As an illuminating special case, we use (4.53) to calculate
0, Znyp (75 —1, 2) = — / i BC =) e, (4.67)

T J ch?x
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so that (by oddness)
Iyyp(m,m;—1, 2) = ish(z). (4.68)
Next, we obtain the relation to the rational zeta function (4.21). Changing variables

in (4.54), we get

Znypla, by s,z —ib/2) = % /00 [—2ish(7(z — ) /b)]*th(rz/a)dz, Imz € (0,b). (4.69)

—0o0

(The logarithm implied here is real-valued for x = 0,z € i(0,b).) Recalling (4.22), we
now deduce

2 S
lim <%) Inypla,b; s,z —ib/2) = Zya(a;s,2), Res>1, Imz>0. (4.70)

bToo

Via suitable contour shifts, this limiting relation can be readily extended to the half plane
Imz> —a/2.

To conclude this section, we introduce and study a natural ‘hyperbolic’ generalization
of the Riemann zeta function, viz.,

Cuyp (03 8) = (27p)° Znyp(1,1/p; s, 1/2 = i/2p),  p>0. (4.71)

Indeed, from (4.70) we have
liﬂ)l Chyp(p;s) =((s), Res>1. (4.72)
p

From (4.71) we read off that (uyp(p;s) is analytic in the half plane Res > —2/p and that

Chyp(1;5) = 0. (4.73)

Moreover, from (4.69) we deduce the representation

.S :i - T 7Tp ) X €S . .
ool s) = [ thtr) (M) e pe(0.2), Res> 0. (4T

We proceed by turning (4.74) into a more telling formula. To this end we first write
i [ 1 ° mp(z —1i/2) \° m(z—1/2) \°
ce) — & th - — d
G (58) = 3 /_ _ thima) (wc n 1/2) ((Sh(ﬂ'p(x —i/2)) sh(r(z —i/2))) )"
(4.75)

where the three logarithms are real for # = 0. The point is now that for Res € (0,2) we
may shift the contour up by /2 and take  — u/m to obtain the representation

Gunp59) = 7 sin(rs/2) [ S coth(hipisia), p€ (0.2). Rese (0.2), (170
0

where we have introduced

Mois,u) = (h%) - (h?u)) p=0 4




From the latter representation we read off in particular that (uyp(p;s) is positive for
(p,s) € (0,1) x (0,2). It can also be exploited to obtain representations for the Riemann
zeta function that have not appeared in previous literature, to our knowledge.

In order to derive the latter, we observe that (4.77) entails uniform bounds

\h(p;s,u)| < Ciu®, pe[0,1), Rese(0,2), u€cR, (4.78)

|h(p;s,u)] < Cq pel0,1), Rese(0,2), ueR. (4.79)

Therefore, choosing Re s € (1,2), we may interchange the p | 0 limit and the integration,
yielding

o0 1 1
((s) =71 sin(ﬁs/2)/0 coth(u) <E - m) du, Res € (1,2), (4.80)
cf. (4.72). Writing v=* = (1 — s)"'9,u'~*, we may integrate by parts to get

C(s) = ! 17TS’1 sin(ms/2) /000 u'*0, (cothu[l — (u/shu)®])du. (4.81)

S —

Evidently, the latter representation makes sense and is valid for Res € (0,2). Using the
functional equation, we also deduce

((s) = _1“(218—4—13) /OOO ud,(cothu[l — (u/shu)'"*])du, Res € (—1,1). (4.82)

5 Barnes’ multiple zeta and gamma functions

In this section we present a summary of some results from our forthcoming paper Ref. [20].
Specifically, we focus on those results that hinge on interpreting the Barnes functions from
our AAE perspective.

Barnes” multiple zeta function may be defined by the series

(n(s,wlay, ... ay) = Z (w+mia; + -+ +myay)”?, (5.1)
where we have

ai,...,ay >0, Rew >0, Res> N. (5.2)

It is immediate that these functions are related by the recurrence

CM+1<37w+&M+1’a17 v 7aM+1)_CM+1(S>w‘ala S 7aM+1> = _CM(Saw’ala s 7aM)a (53)
with

Co(s,w) =w™°. (5.4)

As Barnes shows [21], (5 has a meromorphic continuation in s, with simple poles

only at s = 1,..., N. He defined his multiple gamma function T'{(w) in terms of the

s-derivative at s = 0,

\I/N(w|a1,...,aN) EaSCN(S,IU|(I1,...,CLN)|5:0, N e N. (55)
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Analytically continuing (5.3), it follows that the functions Wy satisfy the recurrence
Uy (w+ apgala, - an1) = Yy (wlag, ..o ane1) = =V (wlas, ... ap).  (5.6)
Comparing (5.1) with N =1 to (4.21), we infer
G(s,wla) = Zyat(a; s, ifw — a/2]). (5.7)
Also, comparing (5.5) and (4.25), we get

Uy(wla) = In(Grat(a;ilw —a/2]))
= In((27) Y2 exp([w/a — 1/2] Ina)T'(w/a)), (5.8)

cf. (3.1). Now we have already seen that G, and Z.,; can be viewed as minimal solu-
tions to AAEs of the form (1.1) and (1.2), respectively (cf. Subsections 3.1 and 4.1). In
Subsections 5.1 and 5.2 we sketch how, more generally, the functions ( and ¥y can be
tied in with the AAE lore reviewed in Subsection 2.1.

In brief, (yr+1 and ¥y may be viewed as minimal solutions to the equations (5.3)
and (5.6), reinterpreted as AAEs of the form (1.2), with the right-hand sides viewed as
the given function ¢(z). In this way we arrive at a precise version of Barnes’ expression
‘simplest solution’ [21], and we are led to new and illuminating integral representations
for the Barnes functions.

5.1 Multiple zeta functions
Using the identity

N o)
H(l —e )7l = Z exp(—t(mia; + - - +myay)), ai,...,an,t>0, (5.9)
j=1 mi,....,mn=0

and Euler’s integral (4.5), we can rewrite (y(s,w) (5.1) as

N

(n(s,w) = ﬁ /000 %tse_“’tjljl(l —e %"t Res > N, Rew > 0. (5.10)
Consider now the function
dms(z) = —Cu(s, Ay +d—iz), d>—-Ay, Res>M+2, (5.11)
where we have introduced N
ANE%Z%, N e N. (5.12)
j=1

Since we choose the displacement parameter d greater than —Aj;, we obtain a non-empty
strip [Im z| < Ap + d in which ¢y 4(2) is defined and analytic. Thus we can use (5.10)
to write

¢ ( ) 21—M /oo p (2y)s—16—2dy egiyz Res > M+2 Imz>—A d (5 13)
Mal2) = = Yy = M2 S
I'(s) Jo Hjj‘il sh(a;y)
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Now the Fourier transform ¢y ,(y) (2.7) can be read off from (5.13). Clearly, it
belongs to L'(R), and it satisfies ¢prs(y) = O(y) for y — 0. Moreover, using the series
representation (5.1) for ¢y s(x),z € R, it is easily seen that ¢y ¢(x) belongs to L'(R),
too.

As a consequence, the conditions (2.6) are satisfied. Therefore, we obtain a minimal

solution
2—M e (2y)5_1€_2dy )
fus(2) = —/ dy—srm——— - "
I'(s) Jo Hj\gl sh(a;y)
= CM+1(87AM+1 +d—’i2), (514)
to the AAE

f(z+iapi1/2) — f(z —iap1/2) = dms(2), Res>M+2, Imz>—Ay —d. (5.15)

In summary, for Res > M + 2 we may view (j41 as the unique minimal solution (2.8).
Next, we exploit the formula (2.9) with ¢(2) given by ¢ s(2) (5.11). Changing vari-
ables, it yields

Crg1(s, Ay +d—iz) = / dxCp (s, ¢ — iz + iz)th T T, (5.16)

an+1 J oo anM+1

where ¢ = Aj); + d and where we may take Im z > —c. This relation can now be iterated,
but first we integrate by parts, using the relation

Owln(s,w) = —s(n(s+1,w), N eN. (5.17)

(This formula can be read off from (5.1).) Doing so, we obtain

(s Ay +d—iz) = = 1 / iy 1(s— 1, Ay 1 +d — iz + i) fch®(mz Jax)
2ay s — 1 J_
N _9 N N—s
B wch™*(rz, /ay) L N
- /RN (TH 202 (s — 1) ) (d —iz+1 ngl xn) d*x. (5.18)

(Recall (5.4) to check the last iteration step.)

Now we derived this new representation for Res > N and Imz > —d. But it is
evident that it yields a meromorphic s-continuation of (n to all of C, with simple poles
occurring only at s = 1,..., N. Moreover, suitable contour shifts yield analyticity in z
for Imz > —Ayx — d. (Observe that we are generalizing arguments we already presented
in Subsection 4.1, where we are dealing with ¢, cf. (5.7).)

The above integral representation (5.18) was derived for the first time in Ref. [20].
For Res < N + 1 one can also view (y(s,w) as a minimal solution, but now in the more
general sense of Theorem I1.3 in Ref. [9]. (This hinges on (5.17) and its iterates.) The
details can be found in Section 4 of Ref. [20].

In Ref. [20] we also approach (y(s,w) from yet another, quite elementary angle. The
latter does not involve AAEs, but rather a certain class of Laplace-Mellin transforms.
In this way we can easily rederive various explicit formulas and properties established in
other ways by Barnes. For brevity we refrain from sketching this other approach, which
is complementary to the AAE perspective.
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5.2 Multiple gamma functions

As we have just shown, (i (s, w) has a meromorphic continuation to C, which is analytic in
s = 0. From (5.18) we can also obtain a representation for the function ¥y (w|ay,...,ay)
(5.5), namely,

N(0, Ay +d —iz)

2na2 /oo ch? Wxn/an)> In(@), (5.19)

N

bo()NH (
where the integrand reads

[N(x)—<d—iz+i2xn> In (d—iz—i—inn). (5.20)

The s = 0 value of (y appearing here follows from (5.18), too, yielding an Nth degree
polynomial in z. (The coefficients of the latter can be expressed in terms of the Bernoulli
numbers [20].)

As before, the restriction Im z > —d can be relaxed to Imz > —Ay — d by contour
shifts, revealing that Wy (w) is analytic for Rew > 0. Now a second continuation of the
logarithm in the shifted integrand to z € C\ i(—o00, — Ay — d] reveals that ¥y (w) admits
an analytic continuation to the cut plane C\ (—o0,0]. Defining

Cy(wlay,...,ay) =exp Un(wlay,...,ay), (5.21)

it follows that I'y(w) is analytic and zero-free in this cut plane. Furthermore, the recur-
rence (5.6) entails

Cy(wlag, ... ape) = Dy(wlag, ..o ap)Tygr(w + aprialas, - aner), M €N
(5.22)
We can now determine the analytic character of I'y(w) on the cut by exploiting (5.22).
Specifically, taking first M = 0 and noting I'o(w) = 1/w, we can iterate (5.22) to get

-1

1
Ty(wlay) =[] o Ty (w + lay]ay), €N (5.23)
k=0

From this we read off that I'; (w]a;) has a meromorphic extension without zeros and with
simple poles for w € —a;N. Writing next

-1
Fg(w|a1, CLQ) = H Fl(w + ka2|a1) . Fg(w + la2|a1, ag), l < N*, (524)
k=0

we deduce that I'y(w|ay, az) has a meromorphic extension without zeros and with poles
for w = —(kiay + koas), k1, ko € N. The multiplicity of a pole wy equals the number of
distinct pairs (kq, ko) such that wy = —(kya; + keas). In particular, all poles are simple
when a;/ay is irrational, and the pole at w = 0 is always simple. Proceeding recursively,
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it is now clear that I'y(w) has a meromorphic extension, without zeros and with poles for
w = —(kyay + -+ kyayn), k1, ..., kn € N, the pole at w = 0 being simple.

Before concluding this section with some remarks, we would like to point out that
the above account of the functions (y(s,w) and I'y(w) has only involved Euler’s formula
(4.5) and the ‘minimal solution’ consequences of the properties (2.6). Taking the latter
for granted, the arguments in this section are self-contained, leading quickly and simply
to a significant part of Barnes’ results.

At this point it should be remarked that Barnes used a different normalization for his
multiple gamma function I'§ (w). Specifically, the relation to I'y(w) reads

Iy (w) = pnTn(w), (5.25)

where py is Barnes’ modular constant. Our use of I'y(w) is in accord with most of the
later literature. The constant py in (5.25) is (by definition) equal to the reciprocal residue
of I'y(w) at its simple pole w = 0. Equivalently, one has

wl(w) =1, w—0. (5.26)

We further remark that Kurokawa’s double sine function Sp(z|w;,ws), which we en-
countered in Subsection 3.4 (see (3.52)), can be defined by

Sg(w\al, CLQ) = Fz(al + ag — w|a1, CLQ)/FQ(’UJ|CL1, CLQ). (527)

(Note that one may replace I'y by I'F in this formula.)

Finally, the special function I' y (w) can once again be interpreted as a minimal solution
to an AAE of the form (1.1). This is explained in detail in Section 4 of Ref. [20]. We
also mention that the second (Laplace transform) approach alluded to at the end of
Subsection 5.1 can be exploited to derive uniform large-w asymptotics away from the cut
(=00, 0], cf. Section 3 in Ref. [20].

6 A generalized hypergeometric function

The subject of this section is a function R(a,,a_,c;v,0), depending on parameters
ay,a_ € (0,00), couplings ¢ = (cg,cy,co,c3) € R? and variables v, 0 € C. It general-
izes both the hypergeometric function oF(a,b, c;w) and the Askey-Wilson polynomials
pn(q, o, B,7,9;cosv). (For a complete account of the features of o F} used below we refer
to Refs. [19, 23]. For information on the Askey-Wilson polynomials, see Refs. [22, 13].)
The R-function was introduced in Ref. [1]. Detailed proofs of several assertions made
below can be found in our paper Ref. [16].

In Subsection 6.1 we review various features of the ,Fj-function that admit a gener-
alization to the R-function. The latter is defined in Subsection 6.2, where we also obtain
some automorphy properties. In Subsection 6.3 we introduce the four independent hyper-
bolic difference operators of which the R-function is an eigenfunction. In Subsection 6.4
we derive the specialization to the Askey-Wilson polynomials. Subsection 6.5 concerns
the ‘nonrelativistic limit” R — 5F}. In Subsection 6.6 we study how the R-function is
related to the Ismail-Rahman functions [24, 25], which are eigenfunctions of the trigono-
metric Askey-Wilson difference operator. Though we shed some light on this issue, we
leave several questions open.
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6.1 Some reminders on [

The hypergeometric function was already known to Euler in terms of an integral repre-
sentation. Our generalized hypergeometric function is defined in terms of an integral as
well, but this integral representation does not generalize Euler’s integral representation
for o F}, but rather the much later one due to Barnes.

The latter representation can be readily understood from Gauss’ series representation,

N~ Lla+n)Tk+n) Tl w"
2Fi(ab,cw) = ) T(a) T(b) T(c+n)n!

n=0

(6.1)

Using for instance the ratio test, one sees that this power series converges for |w| < 1.
The Barnes representation makes it possible to analytically continue 5 F} to the cut plane
|Arg(—w)| < m. It reads

() - I'(iz)l'(c) T(a—ix)I'(b—iz)
/Cdzexp( n(=w)) 3 e =2 OROEER

Here, the logarithm branch is fixed by choosing In(—w) € R for w € (—o0,0). Taking first
Rea,Reb > 0, the contour C runs along the real axis from —oo to oo, with a downward
indentation at the origin to avoid the pole due to I'(iz). Thus it separates the downward
pole sequences starting at —ia and —ib from the upward sequence starting at 0.

Invoking the asymptotics of the I'-function, one sees that the integrand has exponential
decay for Rez — =+o0, provided |Arg(—w)| < m. Thus the integral yields an analytic
function of w in the cut plane. After multiplication by 27i, the residues at the simple
poles z = in of the integrand are equal to the terms in the Gauss series (6.1). A second
somewhat subtle application of the I'-function asymptotics now shows that when one
moves the contour C up across the poles 0,1,...,in, picking up 27 times the residues
in the process, then the integral over the shifted contour converges to 0 for n — oo,
provided |w| < 1. Thus the integral (6.2) yields an analytic continuation to the cut plane
|Arg(—w)| < 7, as advertised.

The analyticity region cannnot be much improved, since the function oFj(a,b, c; w)
has a logarithmic branch point at w = 1 for generic a,b,c € C. In this connection we
should add that the representation (6.2) can be modified to handle arbitrary a,b € C:
For Rea < 0 and/or Reb < 0 one need only shift the contour C up, so that the downward
pole sequences starting at —ia and —ib stay below it. In this way one can demonstrate
that for fixed w in the cut plane one obtains a meromorphic function of a,b and c.

Next, we recall that the hypergeometric function can be used to diagonalize the two-
coupling family of Schrodinger operators

¢ glg—1)* gg-— 1

(6.2)

Hig.9) = da? * sh?vz ch’vz (63)
Specifically, one first performs the similarity transformation
H(g,) = w(va)™"*H (g, gw(vz)"?, (6.4)
where w(y) is the ‘weight function’
w(y) = shy*chy. (6.5)
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A straightforward calculation yields

. d? d
H(g,9) = e 2v]g coth(vzx) + §tanh(um)]% —1*(g+ )% (6.6)
Then one has the eigenvalue equation
ﬁ(gag)qlnr :p2q]nr7 (67)

where W, is the nonrelativistic wave function

. 1 _ap, 1 ip
\IIHI"(Vmgag;xap)EQFl(_(g+g__) 2(g+g+ )

1
5 g+ =; —sh?vz). (6.8)

2
Indeed, (6.7) is simply the rational ODE satisfied by o F}(a, b, ¢; w), transformed to hyper-
bolic form via the substitution w = —sh?vz.

The wave function V., (6.8) is also an eigenfunction of two analytic difference oper-
ators, one of which acts on z, while the second one acts on the spectral variable p. We
will obtain this fact (which cannot be found in the textbook literature) as a corollary of
the nonrelativistic limit in Subsection 6.5.

6.2 The ‘relativistic’ hypergeometric function

The function R(ay,a_,c;v,0) we are about to introduce can be used in particular to
diagonalize an analytic difference operator (from now on AAO) that arises in the context
of the relativistic Calogero-Moser system, cf. Ref. [2], Subsection 3.3.

But just as the nonrelativistic wave function W, (6.8) serves as an eigenfunction
for a 2-coupling generalization of the (reduced, two-particle) nonrelativistic Calogero-
Moser Hamiltonian H(g,0) (6.3), we will find that the relativistic wave function W,y
(6.46) we associate below with the R-function is in fact an eigenfunction of a 4-coupling
generalization of the relativistic counterpart of H(g,0). Moreover, it is an eigenfunction
of three more independent AAOs with a similar structure. (In the nonrelativistic limit
two of these give rise to the AAOs mentioned at the end of the previous subsection.)

We have split the integrand in (6.2) in three factors to anticipate a corresponding
factorization of the integrand for the R-function. Setting

60 = (CO +c + Co + 03)/2, (69)
the latter reads
I(ay,a_,c;v,0,2) = F(co;v,2)K(ay,a_,c;z)F(¢; 0, 2). (6.10)

Here, the functions F' and K involve the hyperbolic gamma function G(z) = Gpyp(a4,a_; 2)
from Subsection 3.4, cf. (3.35).
Specifically, F' and K are defined by

' _ (G(z+y+id—ia)
Plas) = (CE ) - ), (6.11)
L G(is;)
K(ay,a_,c;z) = ceriollanriy (6.12)



where we use the notation
S1=c+c—a_/2, ss=cy+ca—ay/2, ss=cot+c3, a=(ay+a_)/2. (6.13)

We have suppressed the dependence on a, and a_ in G and in F, since these functions
are invariant under the interchange of a;, and a_. (Note K is not invariant, since s; and
S are not.)

Just as we first have chosen Rea, Reb > 0 so as to define the integration contour C in
the Barnes representation (6.2), we begin by choosing

s; € (0,a), 7=1,2,3, co,co,v,0 € (0,00). (6.14)

Then we choose once more the contour C going from —oo to oo in the z-plane, with a
downward indentation at the origin. The choices just detailed ensure that C separates the
four upward pole sequences coming from the four z-dependent G-functions in K (6.12)
and the four downward pole sequences coming from the z-dependent G-functions in the
two F-factors of the integrand (6.10). (At this point the reader should recall the pole-zero
properties of the hyperbolic G-function, cf. (3.36), (3.37).)

Our R-function is now defined by the integral

R(ay,a_,c;v,0) =

1 .
W /Cdzl(a+,a_,c;v,v,z). (6.15)

The asymptotics (3.50) of the G-function plays the same role as the Stirling formula for
the I-function in showing that the integral converges. Indeed, using (3.50) one readily
obtains

Iay,a_,c;v,0,2) = O(exp(:FQW(ai + ai)Re z)), Rez — +o0. (6.16)
n _
Therefore, R is well defined and analytic in v and v for Rev, Rev # 0.

The R-function has in fact much stronger analyticity properties, but to demonstrate
these in detail is well beyond our present scope. Thus we only summarize some results,
referring to Ref. [16] for proofs. Briefly, the R-function extends to a function that is
meromorphic in all of its eight arguments, as long as ay and a_ stay in the (open)
right half plane. Moreover, the pole varieties and their associated orders are explicitly
known. For the case of fixed positive a;,a_ and (generic) real ¢y, ¢1, co, ¢z, the R-function
is meromorphic in v and o, with poles that can (but need not) occur solely for certain
points on the imaginary axis. These points correspond to collisions of v- and v-dependent
z-poles in the integrand with z-poles in the three upward s;-pole sequences and points
that are given by the poles of the factors 1/G(£v + icy — ia) and 1/G(£0 + i¢y — ta) in
the integrand.

We conclude this subsection by listing some automorphy properties of the R-function.
To this end we introduce the ‘dual couplings’

1 1 1 1
L IR T T B
1 -1 -1 1
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whence one has (cf. (6.13))
C()—l-Cj:éO—i—éj, Sj:<§j7 ]:1,2,3 (618)

We also define the transposition

Ic = (cg, 9,01, 03). (6.19)

Then one has the symmetries
R(ay,a_,c;v,0) = R(ay,a_,¢;v,v), (self — duality), (6.20)
R(ay,a_,c;v,0) = R(a_,ay,Ic;v,0), (6.21)

R(Aay, Aa_, Ac; Ao, \0) = R(ay,a_,c;v,0), A>0, (scaleinvariance). (6.22)

These features can be quite easily checked directly from the definition (6.15). (Use the
G-function properties (3.39) and (3.40) to check (6.21) and (6.22), resp.)

6.3 Eigenfunction properties

In order to detail the four AAOs for which our R-function is a joint eigenfunction, we
introduce the quantities

ss(y) = sh(my/as), cs(y) = ch(my/as), (6.23)
)= ss(z —icy) cs(z —icy) ss(z — icyg —ia_s/2) c5(z —icg —ia_g/2)
Cole;2) = ss(2) cs(2) ss(z —ia_g/2) cs(z —ia_g/2) (6:24)

As(c;y) = Cs(c;y) <T5L5 — 1) +Cs(c; —y) <Tgm,6 - 1) +2¢s(i(co+c1+catc3)), (6.25)

where 0 = +, —, and where the superscript y on the shifts indicates the variable they
act on. The eigenfunction properties of the R-function are now specified in the following
proposition, whose proof we sketch.

Proposition 6.1 The function R(a,,a_,c;v,0) is a joint eigenfunction of the AAOs
A+(C;U), A*(IC;U% A+<éa /8)7 A*([éaﬁ)v (626)

with eitgenvalues
2¢,(20), 2¢_(20), 2c¢4(20), 2¢_(2v). (6.27)

Sketch of proof. In view of the symmetries (6.20) and (6.21) we need only prove the AAE
Ay (c;v)R(c;v,0) = 2¢4(20)R(c; v, 0). (6.28)

Also, due to the analyticity properties of the R-function already detailed, we may restrict
the parameters and imaginary parts of v and ¢ in such a way that R is given by

1
R(c;v,0) = 7z /F(co;v, 2)K(c; 2)F(¢o; 0, 2)dz, (6.29)

(aya-) c

and that we may let the AAO A, (c;v) act on the integrand.
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A main tool in proving the second-order AAE (6.28) is now to exploit the first-order

AAE
G(z +ia_/2)

G(z —ia_/2)
satisfied by the G-function. Indeed, using (6.30), one readily checks that the function F'
(6.11) solves the two AAEs

= 2c4(2), (6.30)

F(dyy+ia_/2,2z) s (y+z+id—ia_/2)s,(y—id+ia_/2)

= 6.31
F(d;y —ia_/2,z)  sy(y—z—id+ia_/2)si(y +id —ia_/2) (6:31)
F(d, —ia_ 1
( ,y,Z a ) — . . . . . (632)
F(d;y, z) dsi(y+ 2z +id —ia_)si(y — z —id + ia_)
Using (6.31) with d = ¢y and y = v, one can calculate the quotient
Q(c;v,2) = (Ay(c;v)F)(co;v,2) /) F(co; v, 2). (6.33)
A key point is now that () can be rewritten as

ATTE, ey (2 —da_ /2 +is;

2c4 (22 + 2icy) + Lo e / ) sS4 = a. (6.34)

st(v+z+ico—ia_)sy(v—z—icg+ia)’

This fact amounts to a functional equation that can be proved by comparing residues
at simple poles and |Rev| — oo asymptotics. We now observe that the denominator in
(6.34) appears in (6.32) with d = ¢p,y = v. Thus we get

AL (c;v)F(co;v, 2) = 24 (22 + 2i¢9) F(co; v, 2) + F(co; v, 2 — ia_)(c; 2 —ia_/2), (6.35)

where we have introduced the product

II(c;2) = 16 H cy(z +1sj). (6.36)

j=1
The upshot of these calculations is the identity

1
(aya_ )12 /dz[20+(2,z + 2ic¢y)I(c;v,0, 2)
+a- )% Je

+F(co;v, 2 —ia_)1I(c; z —ia_/2) K (c; z) F(¢o; 0, 2)]. (6.37)

Ai(c;v)R(c;v,0) =

To proceed, we now shift C down by 7a_ in the second term and then take z — z + ia_.
Then we are in the position to exploit a critical property of the function K(c; z): Due to
(6.30) it obeys the AAE

K(c;z+ia_/2) = K(c;z —ia_/2)/TI(c; 2). (6.38)
Therefore we obtain
1
A (c;v)R(c;v,0) = — i / dz[2c4 (22 + 2i¢y)I(c; v, 0, 2)
(ara-) c
+F(co;v, 2)K(c; 2) F(¢o; 0, 2 + ia_)]. (6.39)
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Finally, we use (6.32) with d = ¢y, y = 0 to get

F(éo;0,z+ia_) = 4si(0+ z+1icy)s4 (0 — z —icy) F(Co; 0, 2)
).

= 2[cy(20) — c4(22 4 2i¢y)| F (o5 0, 2 (6.40)

Then substitution in (6.39) yields (6.28). O

The joint eigenfunction property just demonstrated shows that the R-function may
be viewed as a solution to a so-called bispectral problem, cf. Griinbaum’s contribution to
these proceedings [26]. In this respect, it has however a much more restricted character.
Indeed, it solves in fact a ‘quadrispectral’ problem. (Note that the latter problem can
be posed more generally whenever one is dealing with a pair of commuting AAOs of the
form (2.19).)

6.4 The Askey-Wilson specialization

We continue by sketching how the Askey-Wilson polynomials arise as a specialization of
the R-function. With the restriction (6.14) on the arguments in effect, we may and will
use the representation (6.15). We are going to exploit the analyticity properties of the
R-function in the variable © and the eigenvalue equation

AL (¢;0)R(c;v,0) = 2¢4(20)R(c; v, 0). (6.41)

To prevent nongeneric singularities, we choose ¢q rationally independent of a,,a_, ¢y, éo
and ¢3. Then R has no pole at the points v = i¢y + ina,n € Z, so we may define

R,(v) = R(c;v,i¢y +ina_), n € Z. (6.42)

Proposition 6.2 One has R,(v) = P,(c+(2v)),n € N, with P,(u) a polynomial of degree
n mu.

Proof. The pole of I(z) at z = 0 is simple and has residue —i(a;a_)"/?/2r. (This follows
from (3.41) and (3.38).) Thus we have

A 1 .
R(C; v, U) =1+ W /C+ dZI(C, v,0, Z), (643)

where C* denotes the contour C with an upward indentation at z = 0 (instead of down-
ward).

We can now let © converge to i¢, without 9-dependent poles crossing C*. The factor
1/G(=0 + iéy — ia) in I(z) has a zero for 0 = i¢y, whereas the factor 1/G(0 + i¢y — ia)
has no pole for © = ié¢q (due to the rational independence requirement). Hence we deduce

Ry(v) = 1. (6.44)
Next, we write out the eigenvalue equation (6.41) for 0 = i¢y + ina_:

Ci(¢;i¢y + ina_)[Ry—1(v) — R, (v)] + C4(€; —icy — ina_)[Rp41(v) — Ry (v)]
+2¢, (2ico) Ry (v) = 2¢4 (20) R, (v).  (6.45)
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The rational independence assumption entails that the coefficients are well defined, and
that Cy(¢; —i¢p — ina_) does not vanish for n € N. Since we have C,(¢;icy) = 0
(cf. (6.24)), we may now use (6.44) as a starting point to prove the assertion recursively.
O

Note that when one restricts attention to a finite number of the above functions R, (v),
one may let ¢y vary over suitable intervals without encountering singularities or zeros of the
recurrence coefficients (save for C', (¢; i¢g), of course). We can now continue a, analytically
to —im/r,r > 0, to obtain polynomials P, (cos(2rv)) with recurrence coefficients that can
be read off from (6.45). The a -continuation turns the hyperbolic AAO A, (c;v) into
a trigonometric AAO with eigenvalue 2ch2r(¢y + na_) on P,(cos(2rv)). In essence, the
latter AAO is the Askey-Wilson AAO and the recurrence is the 3-term recurrence of the
Askey-Wilson polynomials. More precisely, taking r = 1/2, the polynomials P, (cosv)
turn into the Askey-Wilson polynomials p,(q, «, 3,7, d; cosv) under a suitable parameter
substitution and n-dependent renormalization, cf. Ref. [16].

6.5 The ‘nonrelativistic’ limit R — 9 F)

We continue by clarifying the relation between the R- and 5 Fj-functions. To this end we
introduce the relativistic wave function

\Ijrel(ﬁa v, (907 g1, 92, 93)7 :U7p) = R<7Ta ﬁya ﬂ’/(QOa 91, 92, gd)v vx, ﬁp/2) (646)

Now we change variables z — (vz in the integral representation (6.15), and rewrite the
result as

\Ijre - d SMST; 6.47
1 /c 2] ( )
where
S; = exp(2izIn 2) F(Brgo; v, frz), (6.48)
Sy = exp(2izIn(26v))F(Bvgo; Bp/2, Brz), (6.49)
1/2
M= (%) exp(—2izln(4ﬂu))K(7r,ﬁl/, ﬂV(goaglaQ%QS);ﬁyz)- (650)

The factorization performed here ensures that the § | 0 limit of the three factors
exists. Indeed, using the two zero step size limits (3.42) and (3.47), we obtain

%{18 S; = exp(—iz In(sh’vx)), (6.51)

[(=3 + 3(g+9) —i2)
o8 o = e D), 9=go+92 G=g1+gs (652
oL < (=2 +3(9+3) p—=p), 9=g+9, §=g+gs, (6.52)

T(iz)[(g+ 1
T g LU -V
3810 2rl(g + 5 —12)
where the limits are uniform on sufficiently small discs around any point on the contour.
When we now interchange these 5 | 0 limits with the contour integration, we obviously
get

(6.53)

%ﬁ)l \Ijrel(ﬁ7 v, (90,91,92793);17,]7) = \Ijnr(l/,g,g;lﬂ7p), g = 4o +92a g =0 + gs, (654)
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cf. (6.8), (6.2). To date, we have no justification for this interchange. A uniform L!
tail bound as # | 0 would suffice (by dominated convergence), but it remains to supply
such a bound. In any case, we conjecture that the limit (6.54) holds true uniformly on
z-compacts in {Rex > 0,|Im x| < 7/2v} and p-compacts in C.

Let us now consider the § | 0 limits of the above four AAOs with parameters and
variables

ay =T, afzﬁy, C:ﬁy(go7gl7927g3)7 v =z, @:ﬁp/Q (655)

Clearly, A_(¢&;0) and its eigenvalue E_ = 2ch(2rz/3) diverge for § | 0. For the remaining
AAOs and their eigenvalues one readily verifies the following limiting behavior:

Ay(cv) =2+ °H(g,5) +O(B"), B0, (6.56)

B, =2ch(fp) =2+ 6%° + O(8"), 610, (6.57)

lim A_(c; v) = exp(—in(g + §) Tz + (0 = =), (Rex > 0), (6.58)

E_ = 2ch(mp/v), (6.59)

lim A4 (&9) = P = i”}gg +9) lp— i”p__“;ig “ N ip _1ys(i——i) 42, (6.60)
E, = 2ch(2vz). (6.61)

It can be shown directly that the limiting operators do have the pertinent eigenvalues
on W, (6.8). Indeed, for the AAO A, (c;v) this amounts to (6.7). The limit AAO on the
rhs of (6.58) does have eigenvalue 2ch(7p/v) by virtue of the known analytic continuation
of 9 F1(a,b,c;w) across the logarithmic branch cut w € [1,00). (To appreciate the role
of the cut, it may help to recall that the rhs of (6.8) reduces to cos(xp) for g = g = 0.)
Finally, the eigenvalue 2ch(2vz) for the AAO on the rhs of (6.60) can be verified by using
the contiguous relations of the hypergeometric function, cf. Ref. [19].

6.6 The relation to the Ismail-Rahman functions

As we mentioned above (6.17), the R-function admits a meromorphic continuation in the
shift parameters a,,a_, provided one requires they stay in the right half plane. Equiv-
alently, scaling out a, via (6.22), we retain meromorphy as long as the scale-invariant
quotient p = a_/ay varies over the cut plane C\ (—o00,0]. (Just as for the hyperbolic
gamma function, where the meromorphic continuation is explicitly given by (3.54), we do
not know what happens when p converges to the cut.)

Consider now the function

Q(r,a,c;v,9) = R@rr, wa,we;wv,wd), w=e™*  ra>0. (6.62)

It is meromorphic in ¢y, ..., c3,v and v, and satisfies
AQ = 2cos(2r0)Q, (6.63)
BQ = 2ch(2ma™'9)Q. (6.64)

Here, A and B are the AAOs (cf. (6.24) and (6.25))

A = Cy(r,a,c;v)[exp(—iad/dv) — 1] 4+ (v — —v) + 2ch(2réy), (6.65)
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B = Cy(r,a,c;v)[exp(—mr~d/dv) — 1] + (v — —v) + 2 cos(2ma""¢y), (6.66)

with
Ci(z) = sin rgz —icg) cosT(z —icy) sin'rj(z —icy - ia/2) cosr(z — icy - ia/2)7 (6.67)
sinrz COSTZ sinr(z —ia/2) cosr(z —ia/2)
shma™(z —icg) chma™ (2 —icy)
C
n(2) shra=1z chra=tz
shma™(z —icy —imr='/2) chra™'(z — icy — imr™'/2) (6.68)
shra=1(z — inmr=1/2) chra=1(z —imr=1/2) '
Moreover, one has
Q(r,a,c;v,icy + ina) = P,(r,a,c;cos(2rv)), n €N, (6.69)
where P,(z) are the polynomials from Subsection 6.4.
It is immediate from (6.64) that we have the implication
Qv +7/r,0) =Q(v,0) = £i0 = & + ka, k€ Z. (6.70)

Put differently, Q(v, 0) is not 7 /r-periodic in v for generic spectral parameter 0. Now as we
mentioned at the end of Subsection 6.4, the trigonometric AAO A is essentially the Askey-
Wilson AAO. Ismail and Rahman [24] construct independent solutions F}(r, a,c;v,0),j =
1,2, to the Askey-Wilson AAE (6.63) in terms of the g¢7 basic hypergeometric function.
Their solutions are manifestly 7/r-periodic in v for arbitrary spectral parameters. But in
contrast to our solution Q(r, a, c;v,v), the functions Fj(r, a, c; v, 0) do not admit analytic
continuation to the hyperbolic regime. This is for basically the same reason as Gyg (3.12)
does not admit continuation to a hyperbolic gamma function: When one takes ¢ from
the open unit disc to the unit circle, one looses convergence. (Cf. the last paragraph of
Subsection 3.2.)

On the other hand, the general theory sketched in Subsection 2.2 entails that we must

have

Q(v,0) = 1 (v,0)Fa(v,0) — po(v,0) Fi(v,0), (6.71)
with gy, pe ia-periodic in v, cf. (2.15). The open problem of finding these multipliers
explicitly can be further illuminated by a reasoning that is of interest in its own right.

As a first step, let us note that the above AAOs A and B commute. But in contrast
to the situation considered in Subsection 2.2, the shifts in the complex plane are not in
the same direction. Therefore, the space of joint eigenfunctions is left invariant by elliptic
multipliers, with the period parallellogram corresponding to the two directions. But when
one lets the two directions become equal, such elliptic multipliers generically will diverge.
Accordingly, joint eigenfunctions in general do not converge in the pertinent limit.

The point is now that from the Ismail-Rahman solutions Fij, Fy to (6.63) we can
construct joint solutions Jy, Jy to (6.63) and (6.64), as we will detail in a moment. It is
quite plausible (but we could not prove) that J; and J, form a basis for the space of joint
solutions, viewed as a vector space over the field of elliptic functions with periods 7 /r and
ia. Assuming this, the problem of explicitly finding py, o in (6.71) gets narrowed down
to the problem of finding two elliptic functions e; such that

Q(v,0) = e1(v,0)J2(v,0) — es(v,0)J1 (v, D). (6.72)
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(In this connection it should be recalled that @ (6.62) is given in terms of a rather
inaccessible integral.)
We continue by filling in the details concerning the functions Jy, Jo. They are defined
by
Ji(r,a,c;v,0) = Fj(r,a,c;v,0)F;(n/a,m/r ic;iv,iv), j=1,2. (6.73)

(This makes sense, since F} and Fy are meromorphic in ¢y, ..., cs,v and 0.) To see that
they solve both (6.63) and (6.64), note first that since the first Fj-factor is m/r-periodic
in v, the second one is ia-periodic in v. Therefore, J; still solves (6.63). Next, observe
that the substitution

r,a,c,v,0 — w/a, /T, ic, v, i0, (6.74)

that turns the first factor into the second one, also turns A (and its dual) into B (and its
dual). Hence the second Fj-factor solves (6.64), so that J; solves (6.64), too.

The elliptic multiplier question is of particular interest in view of recent work by
Suslov [27], and by Koelink and Stokman [28]. They study Hilbert space properties
associated with an even and self-dual linear combination ®(r,a,c;v,0) of the Ismail-
Rahman functions Fy, F;. Now the above ‘doubling’ argument (which was suggested by
the relation (3.58) between the trigonometric and hyperbolic gamma functions) can be
applied to ® as well. It entails that the function

U(r,a,c;v,0) = ®(r,a,c;v,0)®(r/a,w/r,ic;iv, iv), (6.75)

is an even and self-dual solution to (6.63) and (6.64), just as Q(r,a,c;v,v). Thus one
would be inclined to expect that the even, self-dual function p defined by

Q(ﬂ a,C;v, @> = ,u(r, a,Cv, @)\I/(T, a,C;v, f})7 (676)

is already elliptic with periods 7/, ia.

We cannot rule out this hunch, but it does lead to consequences that seem startling.
Indeed, assuming p s elliptic, it has doubly-periodic poles and zeros. The zeros must
adjust the poles of the two ®-factors in (6.75) (which can be read off from their series
representations, cf. Ref. [28]) to those of the @-function, whose eventual locations follow
from Ref. [16]. But this gives rise to zero patterns for the Q- and ®-functions that appear
quite unexpected—though we cannot exclude them for the time being.
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