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Abstract

An integrable third-order system of Darboux-Halphen type that
depends on three arbitrary parameters α, β, and γ is considered. The
general solution of this system is given in terms of Schwarzian triangle
functions associated with circular triangles with angles απ, βπ, and
γπ. It is shown that when the three parameters α, β, and γ are equal
or when two of the parameters are 1/3 the Darboux-Halphen sys-
tem reduces to the generalized Chazy equation which is a classically
known third-order scalar polynomial ordinary differential equation.
This gives rise to representations of the solution of the generalized
Chazy equation in terms of Schwarzian functions that differ from that
given by Chazy. These results are then used to derive relations be-
tween various Schwarzian triangle functions.

1 Introduction

In [1, 2] the authors obtained the system

ω̇1 = ω2ω3 − ω1(ω2 + ω3) + a,

ω̇2 = ω3ω1 − ω2(ω3 + ω1) + a, (1)

ω̇3 = ω1ω2 − ω3(ω1 + ω2) + a,

1The work reported in this paper was partially supported by NSF grant number DMS –
9703850. S.C. acknowledges partial support from an Australian Research Council Grant,
no. A69803721.

1



where

a = α2(ω1 −ω2)(ω3 −ω1)+β2(ω2 −ω3)(ω1 −ω2)+γ2(ω3 −ω1)(ω2 −ω3), (2)

and α, β, and γ are constants, as a special case of the Darboux-Halphen
system DH–IX. Without loss of generality we choose α, β, and γ in (2) to
have non-negative real parts. The general solution of the system (1–2) is given
in terms of Schwarzian triangle functions which are associated with circular
triangular regions with angles απ, βπ, and γπ (see [1, 2] and below). The case
a = 0 is the classical Darboux-Halphen system which appeared in Darboux’s
analysis of triply orthogonal surfaces [3] and was later solved by Halphen
[4]. The classical Darboux-Halphen system, which is also equivalent to the
vacuum Einstein equations for Riemannian self-dual Bianchi-IX metrics [5, 6],
is equivalent to the classical Chazy equation [7]

d3y

dt3
= 2y

d2y

dt2
− 3

(
dy

dt

)2

, (3)

where
y := −2(ω1 + ω2 + ω3). (4)

Halphen also studied and solved equations (1–2) [8]. For special choices
of (α, β, γ), solutions of equations (1–2) have been obtained in terms of auto-
morphic forms [9, 10]. In [2] the authors used Schwarzian triangle functions
to show that α = β = γ = 2/n or α = β = 1/3, γ = 2/n, et cyc., where n
is a constant, are the only choices of parameter for which y defined by (4)
satisfies an equation of polynomial type. In all cases this equation is

d3y

dt3
− 2y

d2y

dt2
+ 3

(
dy

dt

)2

=
4

36 − n2

(
6
dy

dt
− y2

)2

, (5)

which was also studied by Chazy [11, 7, 12] and is often referred to as the
generalized Chazy equation. In the next section we will show this result
directly. The case n = ∞ in equation (5) corresponds to equation (3), the
classical Chazy equation.

Through our solution of the system (1–2) in terms of various Schwarzian
triangle functions, we also obtain a number of representations (via equation
4) of the solution of the generalized Chazy equation (5) in terms of different
Schwarzian triangle functions. Chazy also (implicitly) solved equation (5)
in terms of Schwarzian triangle functions which are different from any of
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the representations obtained here. We show how these representations can
be used to obtain a number of identities between the Schwarzian functions
(hauptmodules) of different triangular groups.

The reduction of the SDYM equations to DH–IX induces a corresponding
reduction from the associated linear problem of SDYM [13] to a linear prob-
lem for DH–IX [14, 15]. This linear problem is monodromy-evolving in con-
trast to the isomonodromy problems associated with the Painlevé equations.
The general solution of the system (1–2) is densely branched for generic α, β,
γ and so does not possess the Painlevé property, which is closely associated
with integrability (see [16, 17, 18, 19, 20, 21]).

2 The Generalized Chazy Equation

In this section we will find all choices of the parameters α, β, and γ in the
Darboux-Halphen system (1–2) for which y defined by equation (4) satis-
fies the generalized Chazy equation (5). Without loss of generality we take
�e(n) ≥ 0. Using the system (1–2) we obtain

dy

dt
= 2(ω2ω3 + ω3ω1 + ω1ω2) − 6a,

d2y

dt2
= −12ω1ω2ω3 + 4(ω1 + ω2 + ω3)a − 6

da

dt
,

d3y

dt3
= −12(ω2

2ω
2
3 + ω2

3ω
2
1 + ω2

1ω
2
2) + 24(ω1 + ω2 + ω3)ω1ω2ω3

−16(ω2ω3 + ω3ω1 + ω1ω2)a + 12a2 + 4(ω1 + ω2 + ω3)
da

dt
− 6

d2a

dt2
,

where

da

dt
= −2{α2(ω2 + ω3)(ω3 − ω1)(ω1 − ω2) + β2(ω3 + ω1)(ω1 − ω2)(ω2 − ω3)

+γ2(ω1 + ω2)(ω2 − ω3)(ω3 − ω1)},
and

d2a

dt2
= 4{α2(ω3 − ω1)(ω1 − ω2)(ω

2
2 + 3ω2ω3 + ω2

3 − a)

+β2(ω1 − ω2)(ω2 − ω3)(ω
2
3 + 3ω3ω1 + ω2

1 − a)

+γ2(ω2 − ω3)(ω3 − ω1)(ω
2
1 + 3ω1ω2 + ω2

2 − a)}.
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By substitution of the above results, the generalized Chazy equation (5) now
has the form{

16(ω1 + ω2 + ω3)
2 − 88(ω2ω3 + ω3ω1 + ω1ω2)

}
a + 120a2

−20(ω1 + ω2 + ω3)
da

dt
− 6

d2a

dt2

=
64

36 − n2

{
(1 − 9α2)(ω1 − ω2)(ω3 − ω1) + (1 − 9β2)(ω2 − ω3)(ω1 − ω2)

+(1 − 9γ2)(ω3 − ω1)(ω2 − ω3)
}2

. (6)

Equation (6) must be satisfied for all solutions ω1, ω2, ω3 of the system
(1–2). In particular, we consider the three solutions with initial conditions
(ω1(0), ω2(0), ω3(0)) given by (1, 0, 0), (0, 1, 0), and (0, 0, 1) respectively. For
these three solutions, equation (6) at t = 0 yields the following three equa-
tions

(1−9α2)(n2α2−4) = 0, (1−9β2)(n2β2−4) = 0, (1−9γ2)(n2γ2−4) = 0.

If none of the parameters α, β, γ are 1/3 then α = β = γ = 2/n and
equation (6) is identically satisfied. If exactly one of the parameters is 1/3
(say α = 1/3) then β = γ = 2/n and the right side of equation (6) is
independent of ω1 but the left side is not. So we cannot have exactly one of
the parameters equal to 1/3. If α = β = 1/3 and γ �= 1/3 then γ = 2/n and
equation (6) is identically satisfied. Since we can cyclically permute (α, β, γ),
we see that the only choices of (α, β, γ) for which y defined by (4) and (1–2)
are

(2/n, 2/n, 2/n), (1/3, 1/3, 2/n), (2/n, 1/3, 1/3), (1/3, 2/n, 1/3). (7)

Alternatively, one could substitute the expressions for a, da
dt

and d2a
dt2

into
equation (6) and equate the coefficients of the resulting polynomial in ω1,
ω2, and ω3 to zero and solve for α, β, and γ.

3 Schwarzian Triangle Functions

In [1, 2] it was shown that the general solution of the Darboux-Halphen
system (1–2) is given by

ω1 = −1

2

d

dt
ln

ṡ

s(s − 1)
,
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ω2 = −1

2

d

dt
ln

ṡ

s − 1
, (8)

ω3 = −1

2

d

dt
ln

ṡ

s
.

where s is the general solution of the Schwarzian equation

{s, t} +
ṡ2

2
V (s) = 0 (9)

and

{s, t} :=
d

dt

(
s̈

ṡ

)
− 1

2

(
s̈

ṡ

)2

is the Schwarzian derivative and V is given by

V (s) =
1 − β2

s2
+

1 − γ2

(s − 1)2
+

β2 + γ2 − α2 − 1

s(s − 1)
. (10)

In order to make the parameter dependence explicit, we will sometimes
write a solution of equation (9) as s(α, β, γ; t). The general solution of the
Schwarzian equation (9) is given implicitly by

t(s) =
χ2(s)

χ1(s)
, (11)

where χ1(s) and χ2(s) are two independent solutions of the hypergeometric
equation

s(1 − s)
d2χ

ds2
+ [c − (a + b + 1)s]

dχ

ds
− abχ = 0, (12)

where a = (1 + α− β − γ)/2, b = (1− α− β − γ)/2, and c = 1− β (see, e.g.
[22, 23]).

From equations (4), (8) and the results of the last section, we see that
y can be represented in terms of any of the Schwarzian triangle functions
s(2/n, 2/n, 2/n; t), s(1/3, 1/3, 2/n; t), s(2/n, 1/3, 1/3; t), and s(1/3, 2/n, 1/3; t)
by

y(t) =
1

2

d

dt
ln

ṡ6

s4(s − 1)4
. (13)

On the other hand, Chazy [12] analyzed equation (5) and showed that its
solution is related to the Schwarz function J = s(1/n, 1/3, 1/2). In terms of
J and its derivatives, the general solution of equation (5) is given by

y(t) =
1

2

d

dt
ln

J̇6

J4(J − 1)3
(14)
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(see, for example, [23] page 195). The function J, and hence y, is single-valued
if n is an integer greater than one.

Equating the expressions (13) and (14), we obtain

J̇6

J4(J − 1)3
= κ

ṡ6

s4(s − 1)4
, (15)

where κ is a constant of integration. On taking the logarithmic derivative of

equation (15), solving for the expression
d

dt
ln J̇ and forming the Schwarzian

derivative {J, t}, we find

{J, t} +
J̇2

2

(
8/9

J2
+

3/4

(J − 1)2
− 1/6

J(J − 1)

)

= {s, t} +
ṡ2

2

(
8/9

s2
+

8/9

(s − 1)2
− 8/9

s(s − 1)

)
. (16)

Using the fact that J solves equation (9) with (10) for α = 1/n, β = 1/3,
γ = 1/2 and s solves the same equation with (α, β, γ) equal to one of the
choices in (7), we see that equation (16) becomes

J = K
{(α2 − 1/9)s2 + (γ2 − β2 − α2 + 1/9)s + (β2 − 1/9)}3

s2(s − 1)2
, (17)

where K = κ−1 (n−2 − 1/36)
−3

and we have used equation (15). For each
of the cases (7), the value of κ can be determined by substituting J given
by equation (17) into the Schwarzian equation (9) with α = 1/n, β = 1/3,
γ = 1/2 and using the fact that s also solves a Schwarzian equation. The
resulting transformations are summarized in Table 1.

Note that the last three transformations in Table 1 are related by the frac-
tional linear transformations s �→ 1− s (between the second and third trans-
formations) and s �→ 1/s (between the third and fourth). These fractional lin-
ear transformations cyclically permute the angles (α, β, γ) = (1/3, 1/3, 2/n)
in equation (9) with V given by (10). However the first relation between J
and s is “symmetric” since it is invariant under these transformations. In
the special case n = ∞, this is a classically known result [24] between the the
hauptmodule J(0, 1/3, 1/2; t) of the full modular group Γ and the hauptmod-
ule s(0, 0, 0; t) of the subgroup Γ(2). Recall that the case n = ∞ corresponds
to the Chazy equation (3) which is equivalent to the classical Darboux-
Halphen system (equation (1) with a = 0). In this case Takhtajan [25] has
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Table 1: Transformations between Schwarzian Triangle Functions

s = s(α, β, γ; t) J = s(1/n, 1/3, 1/2; t) κ

s(2/n, 2/n, 2/n; t) J =
4

27

(s2 − s + 1)3

s2(s − 1)2
432

s(1/3, 1/3, 2/n; t) J = − 4s

(s − 1)2
-16

s(1/3, 2/n, 1/3; t) J = 4
(s − 1)

s2
-16

s(2/n, 1/3, 1/3; t) J = −4s(s − 1) -16

also written the solution of the Chazy equation in terms of s(1/3, 1/3, 0; t).
We note that the relation between J(0, 1/3, 1/2; t) and s(1/3, 1/3, 0; t) is con-
tained in Table 1 (with n = ∞).
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