THE GENERALIZED CHAZY EQUA TION FR OM THE SELF-DUALITY EQUA TIONS^1

M.J. Ablowitz,S. Chakravarty, and R. Halburd

Department of Applied Mathematics, University of Colorado at Boulder, Boulder, CO, 80309-526,USA.

Keywords: Chazy, Darboux-Halphen, Schwarzian

Abstract

It is shown that classically known generalizations of the Chazy equation and Darboux Halphen system are reductions of the self-dual Yang-Mills (SDYM) equations with an infinite-dimensional gauge algebra. The general ninth-order Darboux-Halphen system is reduced to a Schwarzian equation which governs conformal mappings of regions with piecewise circular sides. The generalized Chazy equation is shown to correspond to special mappings where either the triangles are equi-angular or two of the angles are π/3.

The self-dualYang-Mills(SDYM) equations are known to be a rich source of integrable systems [1, 2, 3]. The complexified SDYM equations are a system of three partial differential equations for four Lie algebra-valued functions of C^4. Most of the earlier work in the literature have considered the SDYM equations with finite-dimensional Lie algebras where the integrability of the equations is well understood [4, 5, 6, 7]. The study of the SDYM equations with infinite-dimensional Liealgebras, however, has led to several interesting and important symmetry reductions including the Kadomtsev-Petviashvili equation, the 2+ 1-dimensionalN-wave equation, the self-dualEinstein equations, and the classicalDarboux-Halphen system (which is equivalent to the classical Chazy equation) [8, 2, 4, 3].

In this paper we investigate a particular reduction ofthe SDYMequations with an infinite-dimensional Lie algebra to a ninth-order system of ODEs

1The work reported in this paper was partially supported by NSF grant number DMS – 9703850. S.C. acknowledges partial support from an Australian Research Council Grant, no. A69803721.

which we call DH–IX (equation 9, see also [9]). In the generic case, this system can be transformed into the following third-order system

ω̇_1 = ω_2ω_3 − ω_1(ω_2 + ω_3) + τ^2, ω̇_2 = ω_3ω_1 − ω_2(ω_3 + ω_1) + τ^2, (1) ω̇_3 = ω_1ω_2 − ω_3(ω_1 + ω_2) + τ^2,

where

τ^2 = α^2(ω_1 − ω_2)(ω_3 − ω_1)+ β^2(ω_2 − ω_3)(ω_1 − ω_2)+ γ^2(ω_3 − ω_1)(ω_2 − ω_3), (2)

and α, β, and γ are constants. Note that τ^2 is given by equation (2) only when the ω_i are distinct (i.e. ω_i ≠ ω_j , i ≠ j). The case τ^2 = 0 is the classical Darboux-Halphen system which appeared in Darboux’s analysis of triply orthogonal surfaces[10]and was later solved by Halphen [11]. Halphen also studied and solved equations (1–2) [12] which are linearizable in terms of Fuchsian differential equations with three regular singular points. More recently, solutions of equations (1–2) for special choices of {α,β,γ} were determined in terms of automorphic forms. [13, 14]. We will show that equation (1–2) in the special case α = β = γ =: 2/n is equivalent to the equation d^3y dt^3 − 2y d^2y dt^2 + 3 ( dy dt )_2 = 4 36− n^2 ( 6 dy dt − y^2 )_2

, (3)

where y = − 2(ω_1 + ω_2 + ω_3).

Equation (3) was studied by Chazy ([15, 16, 17]) and is usually referred to as the generalized Chazyequation (to contrast it with the specialcase n = ∞ which is called the Chazy equation).

We show that the general solution ofthe system (1–2) can be expressedin terms of the general solution of the Schwarzian equation that corresponds to the conformalmapping ofcircular triangles (and somedegenerate caseswhich correspond to the mappings of crescent-shaped regions). These Schwarzian equations can be linearized via the hypergeometric equation.

We remark that for generic choices of α, β, γ, the general solution of equation (1) is denselybranched about movable singularities and sopossesses neither the Painlevé nor the poly-Painlevé properties which are often closely associated with integrability (see [18, 19, 20, 2, 21, 22]).

The Reduction of the SDYM Equations to DH –IX With respect to the standard Cartesian coordinates {x_μ}_{μ=0 ,1,2,3} on R^4 the self-dual Yang-Millsequations are [3]

F_{01} = F_{23}, F_{02} = F_{31}, F_{03} = F_{12}, (4) F_{μν} = ∂_μA_ν − ∂_νA_μ − [A_μ,A_ν], where ∂_μ = ∂/∂x^μ and the components A_μ of the Yang-Millsconnection lie in the Lie algebra g. One of the simplest reductions of the SDYM equations is obtained by demanding that the A_μ are functions of t =: x^0 only. The SDYM equations then becomethe well known Nahm equations [23]

∂_tA_i + 1 2 3∑ j,k=1 ε_{ij k}[A_j ,A_k] = 0, (5)

where without loss of generality we have taken A_0 ≡ 0.

In order to obtain the generalizedDarboux-Halphensystem as a reduction of SDYM, we consider the infinite-dimensional Lie algebra of vector fields on S^3 and express the components of the connection as

A_i(t) = − 3∑ j,k=1 M_{ij} (t)O_{jk}X_k, (6) where the operators {X_k} are the standard generators of sdiff(S^3). The X_k are divergence-freevector fields which satisfy the su(2) commutator relations

[X_i,X_j ] = 3∑ k=1 ε_{ij k}X_k, (7) where ε_{ij k} is totally antisymmetric and ε_{123} = 1. The points of S^3 are represented by the SO(3) matrix [O_{ij} ] (see, e.g. [24]) and the action of the vector fields X_i on O_{jk} is given by [25] X_iO_{jk} = 3∑ l=1 ε_{ikl}O_{jl}. (8) Substituting equation (6) into equation (5) and using (7) and (8) together with the identities 3∑ i,j ,k=1 ε_{ij k}O_{ip}O_{jq}O_{kr} = ε_{pqr} , 3∑ i=1 ε_{ij k}ε_{imn} = 1 2 (δ_{jm}δ_{kn} − δ_{jn}δ_{km}), yields the following ordinary differential equation for the coefficien t matrix M(t) Ṁ = (AdjM)^T + M^TM − (TrM)M, (9)

where (AdjM) := (det M)M^{− 1} is the adjoint of M and the dot denotes differentiation with respect to t (see also [26]). We refer to equation (9) as DH–IX (the ninth-order generalization of the classical Darboux-Halphen system). We have investigated special reductions of equation (9), e.g. the fifth-order reduction [27, 28] in previous work.

The Solution of DH –IX The DH–IX system (equation 9) admits a simple factorization upon decomposing M into its symmetric (M_s) and antisymmetric (M_a) parts. The symmetric part, M_s, can be diagonalized by an orthogonal matrix P giving

M = M_s + M_a = P(d + a)P^{− 1}, (10)

where d is diagonal and a := P^{− 1}M_aP is antisymmetric. We begin by considering the case in which the eigenvalues of M_s are distinct. Substituting equation (10) into equation (9), we obtain Ṗ = − Pa, (11) ȧ = − ad − da, (12) ḋ = 2 { d^2 − (Trd)d } + 1 2 { (Trd)^2 − Tr(d^2) − Tra^2 } I, (13)

from the off-diagonal symmetric, anti-symmetric, and diagonal parts respectively. Note we have used the characteristic polynomial equation for M,

M^3 − (TrM)M^2 + 1 2 [ (TrM)^2 − (TrM^2) ] M − (det M)I = 0,

in deriving equations (11–13). SinceP does not appear in equations (12–13), these equations form an independent subsystem. After equations (12–13) have been solved, P can be obtained by solving the linear equation (11). If two or more eigenvalues of M_s are the same, equation (11) is no longer valid but a suitable choiceofP can still be determined (e.g. it is convenient to take P to be the 3 × 3 identity matrix when ω_1 = ω_2 = ω_3). Equations (12–13) remain unchanged in these degenerate cases.

Weintroducethe parameterization d = diag(ω_1,ω_2,ω_3) and a_{ij} = ∑ k ε_{ij k}τ_k. Equations (12–13) generate the three equations (1) together with the three equations

τ̇_1 = − τ_1(ω_2 + ω_3), τ̇_2 = − τ_2(ω_3 + ω_1), τ̇_3 = − τ_3(ω_1 + ω_2), (14)

where τ^2 = τ^2_1 + τ^2_2 + τ^2_3 . (15) Hencethe solution ofequations (1) and (14) together with the determination of P provide a complete solution of the DH–IX system (9). Using equations (1) and (14), it can be directly verified that the quantities

α^2 := τ^2_1 (ω_1 − ω_2)(ω_3 − ω_1) , β^2 := τ^2_2 (ω_2 − ω_3)(ω_1 − ω_2)

, (16)

γ^2 := τ^2_3 (ω_3 − ω_1)(ω_2 − ω_3) , are constants, for ω_i ≠ ω_j , i ≠ j. Without loss of generality we choose α, β, and γ to have non-negative real parts. Solving equation (16) for τ_i and substituting into equation (15) gives equation (2) and so the generalized Darboux-Halphen system can be written as the third-order system (1–2).

We remark that the reduction ofthe SDYMequations to DH–IXinducesa corresponding reduction from the associated linear problem of SDYM [7] to a linear problem for DH–IX [27, 28]. This linear problem is monodromyevolving in contrast to the isomonodromy problems associated with the Painlevé equations. The variable

s := ω_1 − ω_3 ω_2 − ω_3

(17)

plays a special role in linearizing the generalized Darboux-Halphen system. Repeatedly differentiating equation (17) and using equation (1) gives

ṡ = 2s(ω_1 − ω_2), (18) s̈ = 2(ṡ − 2ω_3s)(ω_1 − ω_2), (19) where the dots denote differentiation with respect to t. From equations (17– 19) we see that the ω ’s are parameterized as

ω_1 = − 1 2 d dt ln ṡ s(s − 1) , ω_2 = − 1 2 d dt ln ṡ s − 1 , (20)

ω_3 = − 1 2 d dt ln ṡ s . From equation (1) we see that s is the general solution of the Schwarzian equation {s,t}+ ṡ^2 2 V(s) = 0 (21)

where {s,t} := d dt ( s̈ ṡ ) − 1 2 ( s̈ ṡ )_2

is the Schwarzian derivative and V is given by V(s) = 1− β^2

s^2 + 1− γ^2 (s − 1)^2 + β^2 + γ^2 − α^2 − 1 s(s − 1) . (22)

The general solution of the Schwarzian equation (21) is given implicitly by t(s) = χ_2(s) χ_1(s)

, (23)

where χ_1(s) and χ_2(s) are two independent solutions of the hypergeometric equation s(1 − s) d^2χ ds^2 + [c− (a + b+ 1)s] dχ ds − abχ = 0, (24) where a = (1 + α − β − γ)/2, b = (1 − α − β − γ)/2, and c = 1 − β (see, e.g. [29, 30]). Thus the general solution of the DH–IX system (equation (1)) is given in terms of solutions of the linear differential equation (24). The solution procedure may be summarized as follows: The Schwarz function s(t) obtained by inverting t(s) in equation (23) provides the explicit solution for the ω_i’s in equation (20) and hence of the system (1–2). Then the τ_i’s obtained from equations (14) determine P via the solution of equation (11). Finally, the DH–IX matrix M is reconstructed from equation (10).

The Generalized Chazy Equation We will now derive a third-order differential equation for

y := − 2(ω_1 + ω_2 + ω_3) = − 2TrM, (25)

which we write as d^3y dt^3 = P ( d^2y dt^2 , dy dt ,y;t ) . (26)

We will consider the general case in which the ω ’s are distinct. From equations (20) and (25), we find that y can be written in terms of the Schwarzian s-function as y(t) = 1 2 d dt ln ṡ^6 s^4(s − 1)^4

. (27)

The Schwarzian equation (21) isinvariant under the SL(2,C)-transformation s(t) → s(μ(t)), where μ(t) := at + b ct + d , ad − bc= 1. (28) Under this transformation the derivative of s transforms as ṡ(t) → (ct + d)^{− 2}ṡ(μ(t)). This induces, via equation (27), corresponding transformations for y and its derivatives that leaves equation (26) invariant. In particular, y(t) → (ct + d)^{− 2}y(μ(t)) − 6c(ct + d)^{− 1}. SL(2,C)-invariant equations of the form Δ( t;y,ẏ,ÿ,...) = 0 (c.f. equation 26) can be generated by the forms F_j which are polynomial in y and its derivatives and transform as

F_j (t) → (ct + d)^{− (2j+2)} F_j (μ(t)). (29)

The first three are given by

F_1 := 6 dy dt − y^2, F_2 := 9 d^2y dt^2 − 9y dy dt + y^3, (30)

F_3 := d^3y dt^3 − 2y d^2y dt^2 + 3 ( dy dt )_2 .

On repeatedly differentiating equation (27), using equation (21) with (22), and substituting the resulting expressions for y and its derivatives in terms of s, ṡ and s̈ into the definitions of F_1, F_2, F_3 in equation (30) we find that all the F_i are ofthe form (ṡ)^{i+1} multiplied by a function ofs. Henceequation (26) can be expressed as F_3 = G(s)F^2_1 , (31)

where G(s), which depends on the SL(2,C)-invariant s only, is given by

G(s) = ( α^2 − β^2s + γ^2s − 1 ) [ (9α^2 − 1) −

(9β^2 − 1) s + (9γ^2 − 1) s − 1 ]

+ α^2 − γ^2 s − α^2 − β^2 s − 1 [ (9α^2 − 1) −

(9β^2 − 1) s + (9γ^2 − 1) s − 1 ]_2 . (32)

Note that equation (31) is consistent with the transformation property (29). It also follows from the transformation property (29) that I := F_2/F^{3/2}_1 is another SL(2,C)-invariant and hence a function of s only. So in equation (31) s, and hence G(s), can be expressed in terms of y, ẏ, and ÿ via the invariant I. Therefore, in general, the form of P in equation (26) will be algebraic. In order for equation (26) to be of polynomial type in y and its derivatives, G must be constant (i.e. independent of s). This is possibleonly for certain values of the parameters α, β, and γ.

Note that G(s) is regular at s = 0,1,∞ provided β^2 ≠ 1/9, γ^2 ≠ 1/9, and α^2 ≠ 1/9 respectively. Hence we evaluate G(s) in equation (32) at the special points s = 0,1,∞ and set them equal to obtain restrictions on the parameters α, β, and γ. There are two cases.

Case I: If none of α, β, and γ is equal to 1/3, then we have

G(0) = β^2 9β^2 − 1

, G(1) = γ^2 9γ^2 − 1 , G(∞ ) = α^2 9α^2 − 1 , and so, from G(0) = G(1) = G(∞ ) we have α^2 = β^2 = γ^2.

Case II: One or more of the parameters are 1/3. We first consider the case when exactly one of the parameters, say β, is 1/3. From G(1) = G(∞ ), we still have γ^2 = α^2, hence G(s) = 1 9α^2 − 1 ( α^2 − 2 9 s − 1 s^2 ) . So G(s) is not constant if exactly one of the parameters is 1/3. However, if exactly two ofthe parameters are 1/3 then G(s) willbe a constant, regardless of the value of the other parameter. In particular, if β^2 = γ^2 = 1/9, then G(s) = α^2 9α^2 − 1 . Both cases I and II lead to the same third-order equation for y(t) with an arbitrary parameter. Namely, from equation (31) and the constant G(s) from case I or II, we find that y satisfies

d^3y dt^3 − 2y d^2y dt^2 + 3 ( dy dt )_2 = A^2 9A^2 − 1 ( 6 dy dt − y^2 )_2

. (33)

In case I, α^2 = β^2 = γ^2 = A^2 whereas in case II, α^2 = A^2, β^2 = γ^2 = 1/9 et cyc. Note, however, that the Schwarzian s(t) underlying equation (33) is different for the two cases since s(t) satisfies equation (21) with

V(s) = (1 − A^2) ( 1 s^2 + 1 (s − 1)^2 − 1 s(s − 1) )

for case I and V(s) = 8 9 ( 1 s^2 + 1 (s − 1)^2 ) − 7+ 9A^2 9s(s − 1) for case II.

Equation (21) is of central importance in the theory of conformal mappings. When the parameters α, β, γ are non-negative real numbers satisfying α+ β+ γ < 1, the function s(t) maps a circular triangle (a regionbounded by arcs ofthree circles)with angles απ, βπ, γπ to the upper or lower half-plane. The corners of the triangles are mapped to the singular points of equation (21–2), namely s = 0, s = 1 and s = ∞ .

The solutions of equation (21) and hence equations (1–2) and (33) can be analytically extended across each of the sides of the circular triangle by the Schwarz Reflection Principle (see e.g. [29, 30]). The Schwarz function s(α,β,γ;t) has the followingexpansions in the neighborhoods ofthe singular points of the Schwarzian equation (21):

Singular Leading Order Behavior point for s as t → t_0 s = 0 s ∼ κ_0(t − t_0)^{1/β}

s = 1 s ∼ 1+ κ_1(t − t_0)^{1/γ} s = ∞ s ∼ κ_∞ (t − t_0)^{− 1/α}

where κ_0, κ_1, and κ_∞ are constants. If the parameters are of the form α = 1/p, β = 1/q, and γ = 1/r, where p, q, r are integers, then the solution is single-valued but possesses a movable natural barrier (a circle or line across which the solution cannot be extended). In general, however, the solution of equations (1–2) and (33) willbe densely branched about movable singularities.

Equation (33) becomesthe generalized Chazy equation (3) if we set A = 2/n. Chazy [15, 16, 17] analyzed equation (3) and showed that its solution is related to the Schwarz function J which solves equation (21) with (22) and α = 1/n, β = 1/3, γ = 1/2. The general solution of equation (3) is given by y = 1 2 d dt ln J̇ 6 J^4(J − 1)^3

. (34)

The function J, and hence y, is single-valued if n is an integer greater than 1. The choice n = ∞ (A = 0) corresponds to the classical Chazy equation. We note that when n is odd the Schwarz functions s(2/n,2/n,2/n;t) (in case I) and s(2/n,1/3,1/3;t) (in case II) appearing in equation (27) are branched yet y given by (25) is single-valued. In the case of s(2/n,2/n,2/n;t) J = 4 27 (s^2 − s + 1)^3 s^2(s − 1)^2 , and similarly, for the function s(2/n,1/3,1/3;t) we have J = − 4s(s − 1),

(see [31]). It follows from the above identities that

J̇ 6 J^4(J − 1)^3 = k_s ṡ^6 s^4(s − 1)^4

, (35)

for both Schwarzian functions s(2/n,2/n,2/n;t) (corresponding to k_s = 432) and s(2/n,1/3,1/3;t) (corresponding to k_s = − 16). Consequently the two expressions for y given in equations (27) and (34) are equivalent. Moreover, y(t) given by equation (34) is single-valued when n > 1 is an integer (because J is single-valued in this case).

In the special case α = β = γ = A = 1/3, differentiating equation (27) and using equation (21) with (22) we obtain

F_1 = 6ẏ − y^2 = 0,

giving y(t) = − 6 t − t_0 , where t_0 is a constant. This is the case n = 6 in the generalized Chazy equation (3). Note, however, that in generalthe ω_i depend on t in a nontrivial fashionthru (20–22) despite the fact that their sum (− y/2) only has a simple pole.

The Degenerate Cases In this section we consider the case in which the eigenvalues of M_s are not distinct. Motivated by the classical Darboux-Halphen system, in the case ω_3 = ω_2 ≠ ω_1 we define s := e^2 ∫_{(ω 1− ω 2)dt} which gives ω_1 = − 1 2 d dt ln ṡ s^2

, ω_2 = ω_3 = − 1 2 d dt ln ṡ s , τ_1 = A ṡ s , τ_2 = B ṡ s^{3/2} , τ_3 = C ṡ s^{3/2} , where A, B, and C are constants and s satisfies equation (21) with V(s) = μ^2 s^3 + 1− ν^2

s^2

, (36)

where μ^2 = 4(B^2 + C^2) and ν^2 = − 4A^2.

If μ ≠ 0, the general solution of the Schwarzian equation (21) with (36) is given implicitly by t(s) = Θ_2(x) Θ_1(x) , s = (μ/x)^2, where Θ_1 and Θ_2 are independent solutions of Bessel’sequation

x^2 d^2Θ dx^2 + x dΘ dx + (x^2 − ν^2)Θ = 0. (37)

Note that Bessel’sequation has an irregular singular point at infinity in contrast with the hypergeometric equation (24) which has three regular singular points.

If μ = 0, then the equation (21) with (36) becomes another well known caseofthe Schwarzian equation whosesolutions map crescent-shaped regions to the upper or lower half-plane. The “corners” ofthe crescent-shaped regions both form anglesνπ and are mapped to the singular points s = 0 and s = ∞ . Note that s = 1 is not a singular point of equation (21) with (36). For y defined by (25) we find that y solves ( 9 d^2y dt^2 − 9y dy dt + y^3

)_2 = 1 9ν^2 − 1 ( 6 dy dt − y^2 )_3 , which has the general solution y = { 1− 3ν ν (t − t^1)^{− 1} −

1+ 3ν

ν (t − t^2)^{− 1}, for ν ≠ 0, − 6(t − t_0)^{− 1} + k(t − t_0)^{− 2}, for ν = 0, where t_0, t_1, t_2, and k are arbitrary constants.

Finally we consider the totally degenerate case ω_1 = ω_2 = ω_3 =: ω . The system (1,14) reduces to ω̇ + ω^2 = τ^2, τ̇_j + 2ω τ_j = 0, which has the general solution ω = − 1 2 d dt lns, τ_j = κ_j s, τ^2 = τ^2_1 + τ^2_2 + τ^2_3 ,

where s = 1 At^2 + Bt + C

, 4(κ^2_1 + κ^2 + κ^2_3) = 4AC − B^2

and, if A ≠ 0 then, without loss of generality, we take A = 1. In this case ω satisfies a simple second-order polynomial differential equation: ω̈ + 6ω ω̇ + 4ω^3 = 0.

References

[1] R.S. Ward. Integrable and solvable systems, and relations among them.

Phil. Trans. R. Soc. Lond. A, 315:451–457, 1985.

[2] M.J. Ablowitz and P.A. Clarkson. Solitons, Nonlinear Evolution Equations and Inverse Scattering, volume 149 of Lond. Math. Soc. Lecture Note Series. Cambridge University Press, Cambridge, 1991.

[3] M.J. Ablowitz, S. Chakravarty, and L.A. Takhtajan. A self-dual Yang- Mills hierarchy and its reductions to integrable systems in 1 + 1 and 2+ 1 dimensions. Commun. Math. Phys., 158:289–314, 1993.

[4] L.J. Mason and N.M.J. Woodhouse. Integrability, Self-Duality, and Twistor Theory. Oxford University Press, Oxford, 1996. LMS Monograph, New Series 15.

[5] M.F. Atiyah and R.S. Ward. Instantons and algebraic geometry. Commun. Math. Phys., 55:117–124, 1977.

[6] E.F. Corrigan, D.B. Fairlie, R.G. Yates, and P. Goddard. Construction of self-dual solutions to SU(2) gauge theory. Commun. Math. Phys., 58:223–240, 1978.

[7] A.A. Belavin and V.E. Zakharov. Yang-Mills equations as inverse scattering problems. Phys. Lett. B, 73:53–57, 1978.

[8] S. Chakravarty, M.J. Ablowitz, and P.A. Clarkson. Reductions of selfdual Yang-Mills fields and classical systems. Phys. Rev. Lett., 65:1085– 1087,1990.

[9] M.J. Ablowitz, S. Chakravarty, and R. Halburd. Darboux-Halphen systems and the singularity structure of its solutions. In J.A. DeSanto, editor, Proc. Fourth Int. Conf. on Mathematical and Numerical Aspects of Wave Propagation, pages 408–412, Philadelphia, 1998.SIAM.

[10] G. Darboux. Sur la théorie des coordonnées curvilignes et les systémes orthogonaux. Ann. Ec. Normale Supér., 7:101–150, 1878.

[11] G. Halphen. Sur un système d’équations différentielles. C. R. Acad. Sci.

Paris, 92:1101–1103,1881.

[12] G. Halphen. Sur certains systèmes d’équations différentielles. C. R.

Acad. Sci. Paris, 92:1404–1406,1881.

[13] Y. Ohyama. Systemsofnonlinear differential equations related to second order linear equations. Osaka J. Math, 33:927–949, 1996.

[14] J. Harnad and J. McKay. Modular solutions to equations of generalized Halphen type. Solv-Int/9804006, 1998.

[15] J. Chazy. Sur les équations différentielles dont l’intégrale générale est uniforme et admet des singularities essentielles mobiles. C.R. Acad. Sc. Paris, 149:563–565, 1909.

[16] J. Chazy. Sur les équations différentielles dont l’intégrale générale possède une coupure essentielle mobile. C.R. Acad. Sc. Paris, 150:456– 458, 1910.

[17] J. Chazy. Sur les équations différentielles du troisième et d’ordre supérieur dont l’intégrale générale à ses points critiques fixés. Acta Math., 34:317–385, 1911.

[18] M.J. Ablowitz and H. Segur. Exact linearization ofa Painlevé transcendent. Phys. Rev. Lett., 38:1103–1106,1977.

[19] M.J. Ablowitz, A. Ramani, and H. Segur. Nonlinear evolution equations and ordinary differential equations of Painlevé type. Lett. NouvoCim., 23:333–338, 1978.

[20] M.J. Ablowitz, A. Ramani, and H. Segur. A connection between nonlinear evolution equations and ordinary differential equations of P-type. I and II. J. Math. Phys., 21:715–721, 1006–1015,1980.

[21] M.D. Kruskal and P.A. Clarkson. The Painlevé-Kowalevski and poly- Painlevé tests for integrability. Stud. Appl. Math., 86:87–165, 1992.

[22] M.D. Kruskal, N. Joshi, and R. Halburd. Analytic and asymptotic methods for nonlinear singularity analysis: a review and extensions of tests for the Painlevé property. In B. Grammaticos and K. Tamizhmani, editors, Integrability of Nonlinear Systems, (Pondicherry, 1996), pages 171–205, Berlin, 1997.Springer. Lecture Notes in Phys., 495.

[23] W. Nahm. The costruction of all self-dualmultimonopolesby the adhm method. In Monopoles in Quantum Field Theory, pages 87–94, Singapore, 1982.World Scientific Publishing.

[24] N.J. Vilenkin. Special Functions and the Theory of Group Representations. AMS, Providence, RI, 1968. Translated from the 1965 Russian edition by V.N. Singh.

[25] M.J. Ablowitz, S. Chakravarty, and R. Halburd. On Painlevé and Darboux-Halphen type equations. In R. Conte, editor, The Painlevé Property, One Century Later, CRM Series in Mathematical Physics, Berlin, 1998.Springer.

[26] S. Chakravarty and M.J. Ablowitz. Self-dual Yang-Mills equation and newspecialfunctions in integrable systems. In M. Boiti, L. Martina, and F. Pempinelli, editors, Nonlinear Evolution Equations and Dynamical Systems (Baia Verde, 1991),, pages 3–11, River Edge, NJ, 1992.World Scientific.

[27] S. Chakravarty and M.J. Ablowitz. Integrability, monodromy, evolving deformations, and self-dual Bianchi IX systems. Phys. Rev. Lett., 76:857–860, 1996.

[28] M.J. Ablowitz, S. Chakravarty, and R. Halburd. Darboux-Halphen type equations and evolving monodromy problems. U. of Colorado, Applied Math. APPM Report no. 374, May 1998.

[29] Z. Nehari. Conformal Mapping. McGraw-Hill,New York, 1952.

[30] M.J. Ablowitz and A.S. Fokas. Complex Variables: Introduction and Applications. CUP, Cambridge, 1997.

[31] M.J. Ablowitz, S. Chakravarty, and R. Halburd. The generalizedChazy equation and Schwarzian triangle functions. U. of Colorado, Applied Math. APPM Report no. 400, December 1998.