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Summary of the thesis

Title: On the Chern-Weil theory for transformation groups of contact manifolds
Author: Oldřich Spáčil
Summary: The aim of this thesis is to study characteristic classes for transformation
groups of a contact manifold.

A co-orientable contact manifold is a smooth (2n+1)-dimensional manifoldM endowed
with a maximally non-integrable codimension-one subbundle ξ ⊆ TM . Such a subbundle
can be written as the kernel of a nowhere vanishing one-form α on M , i.e. ξ = kerα. The
non-integrability condition then amounts to the requirement that α ∧ (dα)n is a volume
form on M , i.e. a nowhere vanishing top-dimensional form on M . Such a one-form α is
called a contact form on M .

The group of contactomorphisms of (M, ξ), denoted by Cont(M, ξ), is the group of all
diffeomorphisms f of M such that Tf(ξ) = ξ, where Tf denotes the tangent map to f .
Given a contact form α, this condition can be equivalently written as f ∗α = λ ·α for some
nowhere zero function λ : M → R. The subgroup of α-strict contactomorphisms is then
the group Cont(M,α) of diffeomorphisms f such that f ∗α = α.

We study the groups Cont(M, ξ) and Cont(M,α) for (M, ξ = kerα) closed, i.e. compact
and without boundary. For Cont(M,α) we define a series of invariant polynomials on its
Lie algebra and then apply the machinery of Chern-Weil theory to construct characteristic
classes χk ∈ H2k(BCont(M,α);R) for all k ∈ N. For certain contact manifolds admitting
an action of a compact Lie group, e.g. for the standard contact spheres, the 3-torus or
regular contact manifolds, we then show that these classes χk are non-trivial.

For the group Cont(M, ξ) we describe a universal principal Cont(M, ξ)-bundle as the
space of isocontact embeddings

Emb
(
(M, ξ), (S∞, ξ∞)

)
, where S∞ =

⋃
n∈N0

S2n+1 and ξ∞ =
⋃
n∈N0

ξstd,S2n+1 .

By an isocontact embedding we mean a map g : M → S∞ such that (Tg)−1(ξ∞) = ξ.
The group Cont(M, ξ) acts on the above space freely from the right by the composition of
mappings giving it a structure of a principal bundle.

An important point of our exposition is a discussion of the basics of differential geometry
for infinite dimensional manifolds. We have chosen the framework of convenient calculus
on locally convex topological vector spaces as developed by Frölicher, Kriegl and Michor.
In particular, all the spaces we deal with are smooth manifolds modeled on convenient
locally convex spaces.

Finally, we prove that the standard action of the unitary group on the standard contact
sphere (S2n+1, ξstd = ker αstd) induces the following homotopy equivalences

Cont0(S3, αstd) ' U(2), Cont0(S5, αstd) ' U(3), Cont+(S3, ξstd) ' U(2),

where the zero subscript denotes the connected component of the identity, while the plus
subscript denotes the group of co-orientation preserving contactomorphisms. As a conse-
quence we also prove that the inclusion of the subgroup induces a homotopy equivalence

Cont0(S3, αstd) ' Cont+(S3, ξstd).
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Introduction

The topic of this thesis belongs to the area of contact geometry. A contact manifold
is an odd-dimensional smooth manifold M endowed with a “maximally non-integrable”
codimension-one subbundle ξ of the tangent bundle TM . Such a subbundle is then called
a contact structure on M .

For example, if dimM = 3, then ξ consists of a tangent plane ξx at each point x ∈ M
and the non-integrability condition means that these tangent planes “twist” along curves in
M . In particular, there does not exist any smooth surface inM which would be everywhere
tangent to ξ. A precise definition will be given in Section 1.1.

Contact manifolds do not posses any local invariants other than the dimension —
around any point of the manifold we can find a local chart in which the contact structure
looks like the standard contact structure on R2n+1. This is a striking difference from
Riemannian geometry and it is also why we often speak about contact topology rather
than geometry since to understand a contact manifold we need to understand its global
invariants.

Such a global invariant of a contact manifold (M, ξ) is its group of transformations. A
contact transformation or a contactomorphism of a contact manifold is a diffeomorphism f

ofM which preserves the contact structure ξ, i.e Tf(ξ) = ξ, where Tf denotes the tangent
map of f . The group of all contactomorphisms will be denoted by Cont(M, ξ). It is a
topological group, e.g. with the compact-open C∞-topology, but — unlike the isometry
group of a Riemannian manifold — it is not a finite dimensional Lie group. In fact, every
smooth function on M determines a contactomorphism of M and so Cont(M, ξ) is at least
as big as C∞(M), the space of smooth functions on M . Nevertheless, Cont(M, ξ) is an
infinite dimensional Lie group modeled on certain convenient locally convex topological
vector spaces and many techniques known from finite dimensional differential geometry
can be extended to this setting.

Algebraic and geometric properties of the group of contactomorphisms have been stud-
ied to some extent in the last decades. For example, in [3, 56] it is shown that the
connected component of the group of compactly supported contactomorphisms of (M, ξ)

is a perfect and simple group. The geometric properties we currently understand are often
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A QUICK VIEW ON CHERN-WEIL THEORY 2

concerned with existence of a natural partial order, quasimorphisms and bi-invariant met-
rics on Cont(M, ξ) or its universal cover ([1, 6, 8, 13, 19, 20, 21, 29, 30, 57, 58, 64]).
Maximal tori in Cont(M, ξ) are then studied in [11].

There is much less known on topological or homotopical properties of Cont(M, ξ) de-
spite the fact that these are related to topological properties of the space of contact
structures on M . Some results on non-triviality of the homotopy groups of Cont(M, ξ)

are proved in [10, 12, 26, 27]. The paper [28] describes the connected components of
Cont(M, ξ) for a class of 3-dimensional contact manifolds.

In the present thesis we aim to study flexibility or rigidity of the group Cont(M, ξ) from
the viewpoint of contact bundles. In other words, we try to understand locally trivial fibre
bundles (M, ξ)→ E → B whose typical fibre is our contact manifold and whose structure
group is a subgroup of Cont(M, ξ). Such bundles correspond bijectively, using the frame
bundle construction, to principal Cont(M, ξ)-bundles and so these are the bundles we are
mostly interested in.

Given a topological group G, a classical approach to study principal G-bundles is via
the theory of characteristic classes. A characteristic class of a principal G-bundle P → B

is a cohomology class χ(P ) ∈ H∗(B) which behaves naturally with respect to morphisms
of principal G-bundles (a precise definition can be found in Section 2.1). In particular,
if the bundle is trivializable, then χ(P ) = 0. The set of all characteristic classes can be
identified with the cohomology ring H∗(BG) of the classifying space BG of the group G
(see again Section 2.1 for the relevant definitions) and so this set, hereafter a ring, is a
homotopy invariant of G.

If G is moreover a Lie group, we can construct characteristic classes using the tools of
differential geometry. This construction is known as Chern-Weil theory.

Remark. Another, this time topological, method to construct characteristic classes is
by fibre integration as described in [35]. This method has been particularly successful for
Hamiltonian fibrations in symplectic geometry due to the existence of a special class called
the coupling class (see [23, 36, 37]). In our case we however do not have such a class and
so it is not clear what to fibre integrate to obtain satisfactory results. We have therefore
chosen the approach of Chern-Weil theory in an analogy to [53]. In the symplectic case
the classes obtained by the two methods are in fact the same by [37, Lemma 3.9].

A quick view on Chern-Weil theory

Let G be a Lie group with the Lie algebra g and let P → B be a smooth principal
G-bundle. Consider a principal connection form σ : TP → g, a g-valued one-form on the
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total space P which reproduces the vertical vectors and is G-equivariant with respect to
the adjoint action of G on g (see Definition 2.6). Then the curvature form of σ is a g-valued
two-form

Kσ : TP ×P TP → g

associated to σ and it is G-equivariant too.
Furthermore, let r : g × . . . × g → R be a symmetric multilinear form on g which is

AdG-invariant. Such an r is called an invariant polynomial on g. Consider the composition

χr : (TP ×P TP )×P . . .×P (TP ×P TP )
Kσ ×...×Kσ

−−−−−−−→ g× . . .× g
r−→ R.

This is a 2k-form on P which, due to the G-equivariance/invariance properties of Kσ and
r and due to the Bianchi identity, descends to a closed 2k-form χ

r
on the base B. Its

deRham cohomology class
χr(P ) := [χ

r
] ∈ H2k

deR(B;R)

is independent of the choice of the connection form σ. It follows that the assignment
(P → B) 7→ χr(P ) defines a characteristic class for (smooth) principal G-bundles.

This construction can be extended to the universal principal G-bundle EG → BG to
define a characteristic class χr ∈ H2k(BG;R) for all topological principal G-bundles. In
fact, if G is compact, then we have the following important result by H.Cartan.

Theorem (Cartan). Let G be a compact Lie group and let I∗(G) denote the ring of all
invariant polynomials on g. Then the map χ : I∗(G)→ H∗(BG;R) defined by r 7→ χr(EG)

is an isomorphism of rings.

The above construction works equally well for infinite dimensional manifolds modeled
on convenient locally convex spaces and so in particular we can consider Chern-Weil theory
for the group Cont(M, ξ) of contactomorphisms of a contact manifold (M, ξ).

Unfortunately, as far as I am aware it is not known at all whether there exist any
invariant polynomials on the Lie algebra of Cont(M, ξ). This problem in fact arises for
many classical infinite dimensional subgroups of the group Diff(M) of diffeomorphisms of
any smooth manifold M and even though several techniques have been already developed
to overcome this issue, a completely satisfactory solution has not yet been found — see
e.g. [54] for a recent survey.

A rare case when invariant polynomials have been discovered to exist is the group
Ham(B,ω) of Hamiltonian transformations of a symplectic manifold (B,ω) — see [53].
These invariant polynomials, called the Reznikov polynomials, have analogues for a natural
class of subgroups of Cont(M, ξ) which preserve a more rigid structure than just the contact
distribution ξ on the contact manifold M .
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The Chern-Weil theory for Cont(M,α)

Let (M, ξ) be a contact manifold. Recall that ξ ⊆ TM is a codimension-one subbundle
and so it can be written as the kernel of a one-form α, i.e. ξ = kerα.1 The contact
condition on ξ translates into the requirement that α ∧ (dα)n is a volume form on M (a
top-dimensional form which is nowhere vanishing). Such an α ∈ Ω1(M) is called a contact
form for ξ.

Note that α is not uniquely determined by ξ because for any nowhere zero function
λ : M → R the multiple λ · α is another contact form for ξ. The two objects, α and ξ, are
thus not equivalent.

A contactomorphism of (M, ξ = kerα) can be equivalently defined as a diffeomorphism
f of M such that f ∗α = λ · α for some nowhere zero function λ. A contactomorphism f

is called α-strict if f ∗α = α, i.e. it preserves the one-form α and not only its kernel. The
group of all α-strict contactomorphisms will be denoted by Cont(M,α).

We will now describe the Reznikov invariant polynomials on Cont(M,α). To start with,
the Lie algebra of Cont(M,α), to be denoted by L, can be identified with a subalgebra of
the algebra C∞(M) of smooth functions onM — namely, the algebra of functions invariant
under the Reeb flow of α (see Definition 1.7). The adjoint action of f ∈ Cont(M,α) on
H ∈ L is given by AdfH = H ◦ f−1. For k ∈ N define Ik : C∞(M)× . . .×C∞(M)→ R by

Ik(H1, . . . , Hk) =

∫
M

H1 · . . . ·Hk α ∧ (dα)n.

Since f ∈ Cont(M,α) preserves α by definition, it also preserves the volume form α∧(dα)n.
It follows from the integration by substitution formula that Ik is an invariant polynomial
on the Lie algebra L. By Chern-Weil theory we then obtain characteristic classes

χk ∈ H2k(BCont(M,α);R).

However, one still has to decide on non-triviality of χk. We apply and make rigorous the
idea of Reznikov from [53] to detect the classes χk by actions of compact Lie groups. More
concretely, suppose that a compact finite dimensional Lie group G acts on (M, ξ = kerα)

by contactomorphisms preserving a contact form α and let ϕ : G → Cont(M,α) be the
corresponding homomorphism. Then we have an induced map

(Bϕ)∗ : H∗(BCont(M,α);R)→ H∗(BG;R)

and we can try to understand the image of χk under this map.

1At least locally. Throughout the thesis we assume that ξ can be written as the kernel of a globally defined
one-form. Such contact structures are called co-orientable.
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From the viewpoint of Chern-Weil theory and with Cartan’s theorem above at hand
this amounts to studying the pull-backs under ϕ of the invariant polynomials Ik. The most
general result we prove in the thesis (Theorem 5.11) reads as follows.

Theorem. Let (M, ξ) be a closed connected contact manifold with a non-trivial action
of a connected compact Lie group G by contactomorphisms. Then for any G-invariant
contact form α and l ∈ N the characteristic class χ2l ∈ H4l(BCont(M,α);R) is non-zero.

If one looks at particular contact manifolds, one can usually say a bit more. An
archetypal example would be the following one (this is Theorem 5.15). The standard
contact structure and the standard contact form αstd on the sphere S2n+1 are defined in
Example 1.5.

Theorem. Let ϕ : U(n + 1) → Cont(S2n+1, αstd) be the homomorphism given by the
standard action of the unitary group on S2n+1 ⊆ Cn+1. Then the induced map

(Bϕ)∗ : H∗(BCont(S2n+1, αstd);R)→ H∗(BU(n+ 1);R)

is surjective.

In the case of the spheres S3 and S5 we will be able to show in Section 5.2 that (here
the zero subscript denotes the connected components of the identity).

Theorem. The inclusions of the unitary group induce the the following homotopy
equivalences: Cont0(S3, αstd) ' U(2) and Cont0(S5, αstd) ' U(3).

This is essentially a simple corollary of the fact that Ham(CP 1, ωFS) ' PU(1) and of
Gromov’s remarkable result on the homotopy type of Ham(CP 2, ωFS) ' PU(2). But as far
as I know it is a result nowhere to be found in the literature and so possibly new.

The Chern-Weil approach to characteristic classes of the group Cont(M,α) we use is of
course highly inspired and analogous to the work of Reznikov [53] on characteristic classes
of the group Ham(B,ω) of Hamiltonian diffeomorphisms of a symplectic manifold (B,ω).
However, the technical details, e.g. the ones concerning infinite dimensional differential
geometry, are not presented in [53] and we also find some of the arguments there more
or less confusing. In our thesis we aim to rigorously implement Reznikov’s idea and we
generalize and extend his results to the setting of contact forms. A large portion of the
thesis is in fact devoted to the setting of infinite dimensional geometry. For this we have
chosen the powerful approach of convenient calculus by Frölicher, Kriegl and Michor [38]
which deals with global analysis on “convenient” locally convex spaces (see Chapter 3 and
Chapter 4). Apart from a recent paper of Lee [40], we are not aware of any other work in
symplectic or contact topology which would use the ideas of convenient calculus.
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What do we say about Cont(M, ξ)?

Remember that our initial goal was to study the group Cont(M, ξ), not Cont(M,α), and
we mentioned that a contact distribution and a contact form are not completely equivalent
objects. Indeed, the situation is even worse since the inclusion⋃

α, ξ=kerα

Cont(M,α) ( Cont(M, ξ)

is proper (see [50]), so Cont(M, ξ) 6= Cont(M,α) for any contact form α.
Our results described so far can thus be viewed as a contribution to the study of the

strict contactomorphism group Cont(M,α). This group did not get as much attention
from researchers as the full contactomorphism group though (see [2, 4, 5, 49, 51]).

Nevertheless, we can also ask the question whether Cont(M, ξ) might be homotopy
equivalent to Cont(M,α). Although it is not at all clear whether such a statement could
be true in general, we will show in the thesis that it holds true for the standard contact
structure on S3 with the standard contact form. More concretely, we will first prove the
following result (Corollary 5.23).

Theorem. The standard action of the unitary group U(2) on S3 ⊆ C2 induces a
homotopy equivalence i : U(2)→ Cont(S3, ξstd).

Since the map i factors through j : U(2)→ Cont0(S3, αstd) and the inclusion

k : Cont0(S3, αstd)→ Cont(S3, ξstd)

and since we already know that j is a homotopy equivalence, it follows that the inclusion
k is a homotopy equivalence as well.

Our proof of the above theorem is based on intensive discussions with Roger Casals.
It is not clear to us whether the claim on the homotopy type of Cont(S3, ξstd) as stated is
(well) known or not. As far as I know, the result has not been published anywhere, but
by private communication with L. Polterovich it seems that some experts, including him,
might be aware of it. The theorem is in fact a consequence of the results in the paper [16]
and one would expect this theorem to be stated there but it was not.

Finally, as a simple consequence of Gromov’s h-principle we describe a universal prin-
cipal Cont(M, ξ)-bundle for any closed contact manifold (M, ξ) (Theorem 4.18).

Theorem. Let (M, ξ) be a closed connected contact manifold. Then

Cont(M, ξ)→ Emb
(
(M, ξ), (S∞, ξ∞)

)
→ Emb

(
(M, ξ), (S∞, ξ∞)

)
/Cont(M, ξ)

is a universal principal Cont(M, ξ)-bundle.
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Here by Emb
(
(M, ξ), (E, η)

)
we denote the space of isocontact embeddings of (M, ξ)

into (E, η), i.e. smooth embeddings f : M → ξ such that f−1(η) = ξ. We will prove in
Section 4.3 that such a space is a smooth manifold and the total space of a principal
Cont(M, ξ)-bundle (Proposition 4.12). The manifold E is not necessarily assumed to be
finite dimensional. In our case

E =
⋃
j∈N0

S2j+1 = S∞,

the direct limit of the spheres S2j+1, is an infinite dimensional manifold (in the convenient
setting) and η = ξ∞ =

⋃
j∈N0

ξstd,S2j+1 is the direct limit of the corresponding contact
structures.

The results just stated are new and were initially motivated by the work of Gal and
Kędra in [22]. Here the authors study the topology of the spaces of isosymplectic em-
beddings of symplectic manifolds, in particular the space Emb

(
(B,ω), (CP∞, ωFS)

)
for an

integral symplectic manifold (B,ω). They also touch on the differential geometry of the
spaces of isosymplectic embeddings but they do not address at all the important question
whether such spaces actually carry the structure of a smooth manifold. We are confident
that our proof in the isocontact case (i.e. Proposition 4.12) can be modified (with some
minor technical difficulties) to the isosymplectic case.

The actual contents

Let us finally comment on the contents of each chapter of the thesis. Chapter 1 serves
as a short introduction to contact geometry. We define contact manifolds, give several
examples and discuss some basic results in contact topology. Moreover, we define contact
fibre bundles and their contact frame bundles which are the objects we are interested in.

Chapter 2 is a recollection of Chern-Weil theory and basics of the theory of classifying
spaces of topological groups, which are two viewpoints on characteristic classes. The
material presented in this chapter is mostly standard.

Chapter 3 is the place where we discuss infinite dimensional geometry from the view-
point of convenient calculus developed by Frölicher, Kriegl and Michor and extensively
described in the book [38]. Our exposition based on this book is rather limited and fo-
cused at basic definitions such as that of “smoothness” and a discussion of results which
extend from classical differential geometry of finite dimensional manifolds.

In Chapter 4 we first recall a proof that the group of contactomorphisms of a closed
connected contact manifold is an infinite dimensional Lie group and then prove the same for
the subgroup of strict contactomorphisms. Furthermore, we study the space of isocontact
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embeddings of a contact manifold (M, ξ) into another manifold (E, η) and show that this
space is a smooth manifold and the total space of a principal Cont+(M, ξ)-bundle. We
also describe a universal principal Cont+(M, ξ)-bundle.

The last Chapter 5 contains the rest of the original results of the thesis. We study
the characteristic classes χk ∈ H2k(BCont(M,α);R) induced by the Reznikov polynomials
and show that these are non-trivial in some cases of contact manifolds admitting an action
of a compact Lie group. We also determine the homotopy types Cont0(S3, αstd) ' U(2),
Cont0(S5, αstd) ' U(3) and Cont(S3, ξstd) ' U(2).

In Appendix A we prove two technical lemmas which are used in the text but a better
place has not been found for them.

Remark. (On some bundle terminology) Throughout the thesis we often work with
bundles. By a bundle we always mean a locally trivial fibre bundle in the respective
category, e.g. a topological bundle in the category of topological spaces or a smooth bundle
in the category of smooth manifolds. Every smooth bundle is thus also a topological bundle.

Once we come to principal G-bundles for a topological or a Lie group G we restrict
ourselves to the category of numerable bundles, i.e. bundles which are trivializable over a
covering admitting a partition of unity — see the beginning of Section 2.1. We do this so
that the classical theory of universal bundles and classifying spaces can be applied.

Given two principal G-bundles Pj → Bj, j = 1, 2, a (continuous or smooth) map
Φ: P1 → P2 is called a G-bundle morphism if it maps fibres to fibres and is G-equivariant.
Note that we do not require the base spaces of the bundles to be the same.

More generally, for two topological or Lie groups G1 and G2 and principal Gj-bundles
Pj → Bj, j = 1, 2, a (continuous or smooth) map Φ: P1 → P2 is called a bundle morphism
if it maps fibres to fibres and if there exists a homomorphism ϕ : G1 → G2 such that
Φ(p · a) = Φ(p) · ϕ(a) for all p ∈ P1 and a ∈ G1. We also say that Φ is represented by ϕ.



CHAPTER 1

Elements of contact geometry

The first chapter of the thesis serves as a short introduction to contact geometry.
Loosely speaking, a contact structure on an odd-dimensional smooth manifold M is a
“maximally non-integrable” codimension-one subbundle ξ of the tangent bundle TM . By
the non-integrability condition we mean that ξ cannot contain the tangent bundle of any
high-dimensional submanifold of M .

In Section 1.1 we will first give a precise, although more technical, definition of contact
structures and comment on equivalent formulations. We proceed with a discussion of some
additional geometric structures on contact manifolds, in particular the related notion of a
contact form and its Reeb vector field. Then we look at transformation groups of contact
manifolds and notice that these are far from being finite dimensional. We also state two
classical results in contact topology, Darboux’s theorem and the Gray stability theorem —
the first one says that contact manifolds do not have any local invariants other than the
dimension, while the second one deals with deformations of contact structures. We give
several examples of contact manifolds throughout the whole section.

In Section 1.2 we study contact fibre bundles, i.e. locally trivial fibre bundles with typical
fibre a contact manifold (M, ξ) and with a structure group which is a contact transfor-
mation group of (M, ξ). A contact fibre bundle is the object we are merely interested in.
To understand its structural properties we look at its contact frame bundle, a principal
Cont(M, ξ)-bundle. Although principal Cont(M, ξ)-bundles are objects equivalent to con-
tact fibre bundles, their drawback is that they are not finite dimensional manifolds but
rather infinite dimensional ones and so the geometric analysis is a bit more involved —
this will be discussed in Chapter 3.

1.1. Contact manifolds and their transformation groups

Definition 1.1. Let M be a smooth m-dimensional manifold. A k-dimensional dis-
tribution on M is a smooth k-dimensional subbundle ξ ⊆ TM of the tangent bundle.

If the dimension of ξ is m − 1, we will call ξ a codimension-one distribution. Such
a distribution can be locally written as the kernel of a one-form α. Indeed, choose an
auxiliary Riemannian metric g on M and consider the orthogonal complement ξ⊥ of ξ in

9
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TM . Since ξ⊥ is a locally trivial line bundle, we can choose a neighbourhood U of any
p ∈ M and an everywhere nonzero section X of ξ⊥|U and define a one-form αU on U by
αU = g(X,−). Then ξ|U = kerαU .

Note that the line bundle ξ⊥ ∼= TM/ξ is trivial if and only if it admits a globally
defined nowhere zero section X and hence if and only if ξ = kerα for a globally defined
one-form α. In this case we say that ξ is co-orientable.

Definition 1.2. Let M be a (2n + 1)-dimensional smooth manifold. A codimension-
one distribution ξ ⊆ TM is called a contact structure on M if the following condition is
satisfied:

Whenever ξ = kerα for some locally defined one-form α ∈ Ω1(U), then
αx ∧ (dα)nx 6= 0 for all x ∈ U , i.e. α ∧ (dα)n is a nowhere vanishing top-
dimensional form on U .

Such a one-form α is called a contact form and the pair (M, ξ) is called a contact manifold.
A contact structure ξ on M is called co-orientable if the distribution ξ is co-orientable.

Before giving examples of contact manifolds let us formulate several remarks which
might further explain the definition itself.

Remarks 1.3. (i) The defining condition on the contact structure is equivalent to the
following one:

Whenever ξ = kerα for some locally defined one-form α ∈ Ω1(U), then the
restriction dα|ξx is a non-degenerate bilinear form on ξx for all x ∈ U , i.e. if
X ∈ ξx is such that (dα)x(X, Y ) = 0 for all Y ∈ ξx, then X = 0.

(ii) The defining condition is independent of the one-form α. Indeed, if ξ = ker β for
some β ∈ Ω1(V ), then there exists a smooth function λ : U ∩ V → R \ {0} such that
β = λ · α on U ∩ V . Consequently, β ∧ (dβ)n = λn+1 · α ∧ (dα)n and the left-hand side is
non-vanishing if and only if the right-hand side is.

(iii) In particular, if the contact structure ξ = kerα is co-orientable, then any other
contact form for ξ is given by β = λ · α for some globally defined nowhere zero function
λ ∈ C∞(M).

(iv) Recall that a k-dimensional distribution ξ onM is called integrable if for each point
x ∈ M there exists a k-dimensional embedded submanifold N ⊆ M such that x ∈ N and
TN ⊆ ξ. By the Frobenius theorem, a codimension-one distribution ξ = kerα is integrable
if and only if dα(X, Y ) = 0 for all X, Y ∈ ξ. We can therefore say that a contact structure
is a maximally non-integrable codimension-one distribution. For instance, if dimM = 3,
then the contact planes ξx have to “twist” in some directions.
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The simplest, rather degenerate, example of a contact manifold is any one-dimensional
manifold together with a nowhere vanishing one-form α. In this case the contact structure
is just the zero section of the tangent bundle. Higher dimensional standard examples are
the following ones.

Example 1.4. Let (x1, y1, . . . , xn, yn, z) denote the Cartesian coordinates on R2n+1.
The standard contact structure ξstd on R2n+1 is given as the kernel of the one-form

αstd = dz +
n∑
j=1

xjdyj,

i.e. ξstd = kerαstd. By an easy computation we see that

αstd ∧ (dαstd)n = n! · dz ∧ dx1 ∧ dy1 ∧ . . . ∧ dxn ∧ dyn

is indeed nowhere vanishing and so ξstd is a contact structure.1

Example 1.5. Let (x1, y1, . . . , xn+1, yn+1) denote the Cartesian coordinates on R2n+2

and let
S2n+1 =

{
(x1, y1, . . . , xn+1, yn+1) ∈ R

∣∣∑n+1
j=1

(
x2
j + y2

j

)
= 1
}

be the unit sphere. The standard contact structure ξstd on S2n+1 is defined to be the kernel
of the restriction of the one-form

α =
n+1∑
j=1

(xjdyj − yjdxj)

to the sphere. By a simple computation it is again easy to check that the restriction
αstd = α|TS2n+1 is indeed a contact form and so ξstd = kerαstd is a contact structure.

Identifying the Euclidean space R2n+2 with the complex space Cn+1 via zj = xj + iyj,
the above form becomes

α =
i

2

n+1∑
j=1

(zjdz̄j − z̄jdzj)

and one can see that the standard contact structure is given by the “complex tangencies.”
More precisely, ξstd = TS2n+1 ∩ i · TS2n+1, where i is the complex structure on Cn+1.

Although it is not hard to find examples of non-co-orientable contact structures, from
now on we will always assume that our contact structures are co-orientable and hence the
corresponding contact forms are globally defined. Beware though that a contact structure
and a contact form are not equivalent objects — we will see some justification below.

1We recommend the web page http://www.math.u-psud.fr/~pmassot/gallerie_contact/ and its vir-
tual neighbourhood by Patrick Massot for nice illustrations of contact structures.

http://www.math.u-psud.fr/~pmassot/gallerie_contact/


1.1. CONTACT MANIFOLDS AND THEIR TRANSFORMATION GROUPS 12

If (M, ξ) is a connected co-orientable contact manifold, then a contact form α (defining
ξ) induces an orientation on M because α ∧ (dα)n is a volume form on M . If n is odd,
then the induced orientation is independent of the choice of α and determined by ξ only.
Furthermore, the choice of α also determines the co-orientation of ξ or the orientation of
the line bundle TM/ξ. The space of contact forms for ξ thus splits into two components
according to the induced orientation on TM/ξ — two contact forms α and β = λ ·α induce
the same orientation if and only if λ > 0.

Let us now slowly delve into some basic notions of contact geometry.

Lemma 1.6. Let (M, ξ = kerα) be a contact manifold M with a contact form α. Then
there is a unique vector field Rα on M satisfying

dα(Rα,−) ≡ 0 and α(Rα) ≡ 1.

Proof. For each x ∈M the bilinear form (dα)x is of maximal rank 2n and so its kernel
is one-dimensional, write ker (dα)x = 〈R(x)〉. By the contact condition, the one-form α

does not vanish on ker (dα)x and so there is a unique multiple of the vector R(x), call it
Rα(x), such that αx(Rα(x)) = 1. The vector field x 7→ Rα(x) is then the unique vector
field satisfying the required conditions above. If we express α and Rα in local coordinates,
we can also see that Rα is smooth since α is. �

Definition 1.7. The vector field Rα from the previous lemma is called the Reeb vector
field corresponding to the contact form α. The flow of Rα is called the Reeb flow of α.

Example 1.8. For the standard contact form αstd on the contact sphere (S2n+1, ξstd)

its Reeb vector field written in complex coordinates reads as

Rαstd
= i ·

n+1∑
j=1

(
zj

∂

∂zj
− z̄j

∂

∂z̄j

)
and its Reeb flow is exactly the Hopf flow FlRαstdt (z1, . . . , zn+1) = (eitz1, . . . , e

itzn+1). In
particular, the Reeb flow generates a free S1-action on S2n+1.

Definition 1.9. A closed co-orientable contact manifold (M, ξ) is called regular if
there exists a contact form α such that its Reeb flow generates a free S1-action on M .

Example 1.10. Let (B2n, ω) be a closed symplectic manifold, i.e. ω is a non-degenerate
closed two-form on B. Suppose that the deRham cohomology class of the two-form 1

2π
ω

comes from the integral cohomology of B, i.e.
[

1
2π
ω
]
∈ H2(B;Z).
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There is up to an isomorphism a unique principal S1-bundle π : M → B whose Euler
class equals

[
− 1

2π
ω
]
. In particular, there exists a principal connection form2 α on M such

that its curvature form equals dα = π∗ω.
The restriction of dα onto the horizontal distribution kerα is a non-degenerate bilinear

form. Indeed, since Tπ|kerαx : kerαx → Tπ(x)B is a linear isomorphism for every x ∈ M

and ω is a symplectic form on B, hence non-degenerate, then also dα|kerα = (π∗ω)|kerα is
non-degenerate. In other words, α is a contact form on M .

The Reeb vector field Rα coincides with the vector field generating the principal S1-
action onM and so the Reeb flow is exactly the principal S1-action onM and (M, ξ = kerα)

is a regular contact manifold.
A fibration π : M → B as above is called a Boothby-Wang fibration and the pair (M,α)

is sometimes called the prequantization space of (B,ω). It is a classical result that every
closed regular contact manifold arises from a Boothby-Wang fibration (for a complete proof
see [25, Section 7.2]).

If we take (B,ω) to be the complex projective space CP n with its Fubini-Study sym-
plectic form, we recover the standard contact structure on S2n+1.

Lemma 1.11. Let (M, ξ = kerα) be a contact manifold. The mapping X 7→ ιXdα

defines a bijective correspondence between vector fields X on M with imX ⊆ ξ and one-
forms on M annihilating the Reeb vector field Rα.

Proof. Let X ∈ X(M) be a vector field on M with values in ξ. By the definition of
the Reeb vector field, (ιXdα)(Rα) = dα(X,Rα) = 0. By the non-degeneracy of dα|ξ, the
assignment X 7→ ιXdα defines an injective linear map into the space of smooth one-forms
on M vanishing on Rα. By dimensional reasons, for x ∈M the restriction

ξx 3 Y 7→ (dα)x(Y,−) ∈ T ∗xM

is a linear bijection onto the space of linear forms vanishing on Rα(x) and this immediately
implies the statement of the lemma. �

Definition 1.12. Let (M, ξ = kerα) and (N, η = ker β) be two contact manifolds.
A diffeomorphism f : M → N is called a contactomorphism if it preserves the contact
structures, i.e. Tf(ξ) = η, where Tf denotes the tangent map of f .

Equivalently, f is a contactomorphism if there is a function λ : M → R \ {0} such that
f ∗β = λα. If f moreover preserves the given contact forms, i.e f ∗β = α, then we call f a
strict contactomorphism.

2For the definition of a principal connection form see Definition 2.6.
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For (N, η) = (M, ξ), the set of contactomorphisms is clearly a subgroup of the group
of diffeomorphisms of M , we will denote it by Cont(M, ξ). Likewise, the set of all strict
contactomorphisms for a given contact form α is a subgroup of Cont(M, ξ) which will be
denoted by Cont(M,α).3

Not every contactomorphism of (M, ξ) has to preserve some contact form. More pre-
cisely, the inclusion

⋃
α Cont(M,α) ( Cont(M, ξ) is proper (see [50]). This illustrates that

the two objects, a contact structure and a contact form, are indeed not equivalent.

Remark 1.13. Note that a contactomorphism f ∈ Cont(M, ξ) such that f ∗α = λ · α
preserves a co-orientation of ξ if and only if λ is everywhere strictly positive.

In particular, for an action l : G×M →M of a compact Lie group G by co-orientation
preserving contactomorphisms, there is a contact form αinv such that l∗aαinv = αinv for all
a ∈ G. Indeed, for each a ∈ G consider the contact form l∗aα = λaα and average over G
with respect to a Haar measure. Because all the functions λa are positive, the resulting
average αinv is everywhere non-zero and hence a contact form for ξ.

Example 1.14. For example, the standard action of the unitary group U(n+1) on the
unit sphere S2n+1 ⊆ Cn+1 clearly preserves complex tangencies and so in particular the
standard contact structure ξstd on S2n+1 — see Example 1.5. It is easy to verify that the
action even preserves the standard contact form αstd.

The following classical theorem says that contact manifolds do not have any local
invariants other than the dimension. For a proof of the statement see [25, Section 2.5].

Theorem 1.15 (Darboux’s Theorem). Let (M, ξ = kerα) be a contact manifold of
dimension 2n+ 1 and x ∈ M arbitrary. Then there exists a local chart ψ : R2n+1 → U on
M centered at x such that ψ∗α = αstd = dz +

∑n
j=1 xjdyj.

Another classical theorem tells us that contact structures on a closed manifold are stable
under smooth deformations. Let us say a few words what we mean by smoothness here.
First choose an auxiliary Riemannian metric on the manifold M and consider the induced
unit cosphere bundle ST ∗M . Then to any co-orientable contact structure ξ on M we can
assign a unique contact form α defining ξ such that α is a section of ST ∗M ⊆ T ∗M . We
can thus identify the space of co-orientable contact structures onM with an open subspace
(in the compact-open C∞-topology) of the space Γ(ST ∗M) of sections of ST ∗M . We will
see in Chapter 3 that Γ(ST ∗M) can be endowed with the structure of a smooth infinite

3If (M,α) is a prequantization space as in Example 1.10, then strict contactomorphisms are sometimes
called quantomorphisms and Cont(M,α) the quantomorphism group.



1.1. CONTACT MANIFOLDS AND THEIR TRANSFORMATION GROUPS 15

dimensional manifold and so this is also the case for the space of contact structures on M
(it is an open submanifold of Γ(ST ∗M)).

Theorem 1.16 (Gray stability theorem). Let ξt, t ∈ [0, 1], be a smooth family of contact
structures on a closed manifold M . Then there exists an isotopy ft, t ∈ [0, 1], of M such
that Tft(ξt) = ξ0.

A proof of the theorem can be found in [25, Section 2.2]. Let us illustrate this result
on another example of a contact manifold.

Example 1.17. Let T3 = R3/(2πZ)3 be the 3-torus with coordinates (x, y, t). For each
n ∈ N, the codimension-one distribution

ξ(n) = ker
(
cos(nt)dx− sin(nt)dy

)
is a contact structure on T3. In [18] it is shown that all the ξ(n) are homotopic as plane
distributions but for m 6= n the two contact structures ξ(m) and ξ(n) are not isotopic. In
view of the Gray stability theorem this implies that ξ(m) and ξ(n) cannot be homotopic
through contact structures.

The rest of this section deals with infinitesimal transformations of contact manifolds.

Lemma 1.18. Let X be a vector field on a contact manifold (M, ξ = kerα) and let gt
be its local flow. Then Tgt(ξ) = ξ for all t if and only if LXα = µα for some function
µ : M → R. Moreover, g∗tα = α for all t if and only if LXα = 0.

Proof. First suppose that Tgt(ξ) = ξ for all t. Then there exists a smooth family of
functions λt : M → R+ such that g∗tα = λt · α and so

LXα =
d

dt

∣∣∣∣
t=0

g∗tα =
d

dt

∣∣∣∣
t=0

λt · α = µ · α,

where µ(x) = d
dt

∣∣
t=0

λt(x).
On the other hand, if LXα = µα then for all t0

d

dt

∣∣∣∣
t=t0

g∗tα = g∗t0

(
d

dt

∣∣∣∣
t=0

g∗tα

)
= g∗t0(µ · α) = (µ ◦ gt0) · g∗t0α.

Therefore, g∗tα = λt · α with λt = exp
(∫ t

0
µ ◦ gs ds

)
. �

Following the lemma we define contact and strict contact vector fields on a contact
manifold as exactly those vector fields whose flow preserves the contact structure or a
given contact form, respectively.
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Definition 1.19. Let (M, ξ = kerα) be a contact manifold. A vector field X on M is
called a contact vector field if LXα = µα for some function µ : M → R. If µ ≡ 0, then X
is called a strict contact vector field for the contact form α.

Example 1.20. Consider the Reeb vector field Rα. By Cartan’s magic formula

LRαα = dιRαα + ιRαdα = d(1) + dα(Rα,−) = 0,

so Rα is a strict contact vector field and its flow preserves the contact form α.

Example 1.21. If X is a contact vector field on (M, ξ = kerα) such that X ∈ ξ

everywhere, then X ≡ 0. Indeed, because α(X) = 0, we have

µα = LXα = dιXα + ιXdα = dα(X,−)

for some µ ∈ C∞(M). But then for each vector field Y ∈ ξ this implies dα(X, Y ) =

µα(Y ) = 0. Since the restriction of dα to ξ is non-degenerate, necessarily X ≡ 0.

Proposition 1.22. Let (M, ξ = kerα) be a contact manifold with a contact form α.
Then there is a bijective correspondence between contact vector fields X on M and smooth
functions H : M → R given by X 7→ HX = α(X). The inverse map H 7→ XH is uniquely
determined by

(1.23) α(XH) = H and ιXHdα = dH(Rα)α− dH,

where Rα is the Reeb vector field corresponding to α.

Proof. Let us first prove that the assignment H 7→ XH is well-defined. Recall that
by Lemma 1.11 the non-degeneracy of dα|ξ is equivalently expressed by saying that the
assignment ξ 3 X 7→ ιXdα is a bijection between vector fields on M with image in ξ

and one-forms annihilating the Reeb vector field Rα. For H a smooth function on M , the
one-form ϑ = dH(Rα) · α − dH annihilates Rα and so there is a unique vector field Xξ

H

with Xξ
H ∈ ξ and ιXξ

H
dα = ϑ. Then the vector field XH = Xξ

H + H · Rα is the unique
vector field satisfying (1.23). Moreover,

LXHα = dιXHα + ιXHdα = dH + dH(Rα) · α− dH = dH(Rα) · α

and so XH is indeed a contact vector field.
On the other hand, let X be a contact vector field and consider the function HX =

α(X). Then for some µ : M → R we have µα = LXα = dHX + ιXdα. Applying this
equality to Rα we get µ = dHX(Rα) and so X satisfies ιXdα = dHX(Rα) ·α− dHX , which
shows that X = XHX and proves that the assignment X 7→ α(H) is a bijection. �
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Definition 1.24. Given a contact vector field X on a contact manifold (M, ξ = kerα),
the function HX = α(X) is called the contact Hamiltonian of X (corresponding to the
contact form α).

It follows from the proof of the proposition that a contact vector field X is strict for a
contact form α if and only if dHX(Rα) = 0, i.e. if and only if its Hamiltonian is invariant
under the Reeb flow of α.

The proposition also implies that the group Cont(M, ξ) is far from being finite dimen-
sional — for any smooth function H on M the flow of the contact vector field XH gives
a path of contactomorphisms. The same applies to the group Cont(M,α) whenever the
Reeb flow of α is reasonable, i.e. such that the leaf space of the foliation of M by orbits
of the Reeb flow is Hausdorff, since then any smooth function on the leaf space gives a
path of strict contactomorphisms. For instance, for a regular contact form α the Reeb
flow generates a free S1-action and defines a Boothby-Wang fibration S1 →M → B as in
Example 1.10. Then smooth functions on M which are invariant under the Reeb flow are
in a bijective correspondence with smooth functions on B and so in particular the space
of such functions is infinite dimensional.

If the Reeb flow is “violent,” then the space of functions onM invariant under the Reeb
flow might consist of just the constant functions and so it is one-dimensional. We will prove
in Chapter 4 that Cont(M, ξ) and Cont(M,α) are convenient Lie groups, i.e. groups as well
as smooth manifolds modeled on convenient vector spaces (which are not necessarily finite
dimensional), with Lie algebras being the algebras of contact or strictly contact vector
fields on M .

1.2. Contact fibre bundles

This section discusses the notion of a contact fibre bundle, an object we aim to study
in the thesis. Most of the material presented here is borrowed from [41].

Throughout the section we consider only co-orientation preserving contactomorphisms
of a connected co-orientable contact manifold (M, ξ = kerα) for a given choice of the co-
orientation of ξ. In particular, we assume that α induces the chosen co-orientation. Then
the group of co-orientation preserving contactomorphisms of (M, ξ = kerα) is described as

Cont+(M, ξ) = {f ∈ Cont(M, ξ) | f ∗α = eλα for some λ ∈ C∞(M)}.

We endow both Cont+(M, ξ) and Cont(M,α) with the subspace topology coming from
the compact-open C∞-topology on the group Diff(M) of diffeomorphisms of M (see the
beginning of Section 4.1 for the definition of this topology).
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Definition 1.25. Let (M, ξ = kerα) be a connected co-orientable contact manifold.
A locally trivial smooth fibre bundle M → E

q−→ B is called a contact fibre bundle if its
structure group G can be realized as a subgroup of Cont+(M, ξ), i.e. there exists a local
trivialization of the bundle such that the transition maps take value in Cont+(M, ξ).

We will call a contact fibre bundle strictly contact if its structure group G can be
realized as a subgroup of Cont(M,α).

It follows from the definition that each fibreMb = q−1(b) carries a co-orientable contact
structure ξb such that (Mb, ξ

b) is contactomorphic to (M, ξ). In the case of a strictly contact
fibre bundle there even exists a contact form αb defining ξb and a strict contactomorphism
with (M,α).

Indeed, let (Ui, ψi)i∈I be a local trivialization of the bundle, i.e. ψi : q−1(Ui)→ Ui ×M
is a diffeomorphism and for each pair of indices (i, j) and each b ∈ Ui ∩ Uj the transition
map ψj ◦ψ−1

i |{b}×M : M →M is a contactomorphism of (M, ξ = kerα), strict in the strictly
contact case. Consider the one-forms αi = (pr2 ◦ ψi)∗α on q−1(Ui). Then for each b ∈ Ui
the restriction of αi to Mb ⊆ q−1(Ui) is a contact form and, moreover, if b ∈ Ui ∩ Uj, then
kerαi|Mb

= kerαj|Mb
, so the contact structure ξb = kerαi|Mb

is well-defined. In the case of
a strictly contact fibre bundle we even have αi|Mb

= αj|Mb
and so we can put αb = αi|Mb

.
Note that the union

ξV =
⋃
b∈B

ξb

of the contact distributions over all the fibres forms a codimension-one linear subbundle
of the vertical bundle V E = ker (Tq : TE → TB).

Lemma 1.26. Let M → E
q−→ B be a contact fibre bundle. Then there exists a nowhere

zero one-form β on E such that ker β ∩ V E = ξV , i.e. there exists a one-form on the total
space which restricts to a contact form in each fibre.

In the case of a strictly contact fibre bundle the one-form β can be chosen so that for
each b ∈ B we have i∗bβ = αb, where ib : Mb → E is the inclusion of the fibre.

Proof. Let (Ui, ψi)i∈I and αi ∈ Ω1(q−1(Ui)) be as in the paragraphs preceding the
lemma. Let (λi)i∈I be a partition of unity subordinate to the cover (Ui)i∈I . Then the one-
form β =

∑
i∈I(λi◦pr1◦ψi) ·αi is globally defined and it follows from the construction that

it has the required properties. Note that β is everywhere nonzero because the transition
maps of the given local trivialization preserve the co-orientation of ξb for all b ∈ B. �

Together with the previous lemma the following more general proposition implies that
every contact fibre bundle carries a natural connection.
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Proposition 1.27 ([41]). Let M → E
q−→ B be a fibre bundle together with a co-

orientable codimension-one distribution η ⊆ TE such that for each b ∈ B the intersection
η ∩ TMb is a co-orientable contact structure in the fibre Mb.

Then there exists a connection H on E → B, i.e. a distribution HE ⊆ TE complemen-
tary to the vertical bundle V E ⊆ TE, such that its parallel transport preserves the contact
structures in the fibres.

Proof. We will prove only the existence of a connection. The contact property of the
parallel transport is proved in [41, Lemma 2.4].

Let β ∈ Ω1(E) be a one-form on E defining the distribution η, i.e. η = ker β. By the
assumption of the proposition, β restricts in each fibreMb to a contact form αb = β|Mb

. Let
ξb = kerαb be the corresponding contact distribution. Then

⋃
b∈B ξ

b = ξV = η ∩ V E ⊆ η

and the bilinear form dβ|η is non-degenerate along ξV .
Define HE to be the bundle (dβ|η)-perpendicular to ξV in η — more precisely, for any

b ∈ B and x ∈ q−1(b) we set

HxE = {Y ∈ ηx | (dβ)x(X, Y ) = 0 for all X ∈ (ξb)x}.

Because of the non-degeneracy of dβ|ξV we have

dimHE = dim η − dim ξV = dimTE − 1− (dimV E − 1) = dimTE − dimV E,

i.e. the distribution HE ⊆ TE is indeed complementary to the vertical bundle V E and so
defines a connection on q : E → B. �

As a corollary we obtain a more practical characterization of contact fibre bundles
(under a mildly restrictive condition on the completeness of the parallel transport, but
this is satisfied for example whenever the fibre M is a closed manifold).

Corollary 1.28. Let M → E
q−→ B be a fibre bundle with a co-orientable codimension-

one distribution η ⊆ TE as in the proposition above and suppose further that the fibres of
q are connected and that the parallel transport of the contact connection HE is complete,
i.e. defined over all of R. Then M → E

q−→ B is a contact fibre bundle.

Proof. Use the parallel transport of the contact connection to construct the required
local trivializations of the bundle. �

Example 1.29. Consider the Hopf fibration S3 → S7 → S4 and the standard contact
form β = αstd,S7 on S7. By a straightforward calculation it is easy to verify that β restricts
to a contact form in each fibre. In fact, the standard contact structure ξstd = ker β on S7
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restricts in each fibre to the standard contact structure on S3. By the above corollary the
Hopf fibration is an example of a contact fibre bundle.

There is another way to see this. Notice that the standard action of S3 ∼= Sp(1) on
itself preserves the standard contact form αstd,S3 , i.e. the action is by αstd-strict contacto-
morphisms. But S3 is the structure group of the principal bundle S3 → S7 → S4, hence
the bundle is even a strictly contact fibre bundle.

Example 1.30. More generally, we can construct contact fibre bundles as associated
bundles. Let G be a Lie group acting by co-orientation preserving contactomorphisms on
a contact manifold (M, ξ) and let π : P → B be a principal G-bundle. Then the structure
group of the associated bundle q : E = P ×GM → B is exactly the group G, hence q is a
contact fibre bundle.

If G is moreover compact, then by Remark 1.13 there exists a G-invariant contact form
α on M . In particular, the action is by α-strict contactomorphisms and the associated
bundle is a strictly contact fibre bundle. By Lemma 1.26 there exists a one-form β on the
total space E which restricts to α in each fibre — for the associated bundle the one-form
β can be constructed explicitly using the moment map of the G-action and a principal
connection form on P , see [41, Remark 3.8] for the details.

To understand structural properties of a contact fibre bundle with the typical fibre a
contact manifold (M, ξ) it is convenient to look at its associated bundle of contact frames,
a principal Cont+(M, ξ)-bundle. The same applies to strictly contact fibre bundles.

Definition 1.31. Let (M, ξ = kerα)→ E
q−→ B be a contact fibre bundle. Its contact

frame bundle is the principal Cont+(M, ξ)-bundle FrE → B with the fibre over b ∈ B

defined by

FrEb = Diff
(
(M, ξ), (Mb, ξ

b)
)

= {f : M →Mb | f a diffeomorphism, Tf(ξ) = ξb},

where ξb is the contact structure in the fibre Mb = q−1(b). The group Cont+(M, ξ) acts on
FrE from the right by composition of mappings.

In the case of an α-strictly contact fibre bundle, the fibre of its contact frame bundle
is defined to be

FrEb = Diff
(
(M,α), (Mb, α

b)
)

= {f : M →Mb | f a diffeomorphism, f ∗αb = α},

where αb is the contact form in the fibre Mb = q−1(b). The resulting bundle FrE is a
principal Cont(M,α)-bundle.

We can construct the contact frame bundle FrEb from a local trivialization (Ui, ψi)i∈I

of the bundle M → E
q−→ B . The collection of the transition maps (ψij = ψi ◦ ψ−1

j )i,j∈I
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forms a cocycle with values in Cont+(M, ξ) (or Cont(M,α)) and the associated principal
Cont+(M, ξ)-bundle (or Cont(M,α)-bundle) is exactly the contact frame bundle FrE. The
principal action is locally given by multiplication in Cont+(M, ξ) (or Cont(M,α)) from the
right.

The associated fibre bundle FrE×Cont+(M,ξ)M → B is a contact fibre bundle isomorphic
to the original bundle E → B. A natural isomorphism is given by [f, x] 7→ ib ◦ f(x), where
ib : Mb → E is the inclusion of the fibre.

On the other hand, if Cont+(M, ξ) → P → B is any principal Cont+(M, ξ)-bundle,
then the associated bundle (M, ξ) → P ×Cont+(M,ξ) M → B is a contact fibre bundle
whose contact frame bundle is isomorphic to the bundle P → B. In other words, there
is a natural bijective correspondence between (isomorphism classes of) contact fibre bun-
dles and principal Cont+(M, ξ)-bundles. The same holds in the strictly contact case and
Cont(M,α)-bundles.

There is a drawback though in the above correspondence — the groups Cont+(M, ξ)

and Cont(M,α) are not necessarily finite dimensional Lie groups and so in particular the
contact frame bundle is not necessarily a finite dimensional manifold. We will see however
in Chapter 4 that the groups of contactomorphisms are (at most) infinite dimensional Lie
groups modeled on convenient topological vector spaces. The contact frame bundle is then
a convenient smooth manifold and as such is eligible for many classical techniques of finite
dimensional differential geometry and global analysis. In this thesis we are interested in
constructions of characteristic classes of principal Cont+(M, ξ)-bundles and Cont(M,α)-
bundles by means of Chern-Weil theory.



CHAPTER 2

Characteristic classes and Chern-Weil theory

This chapter deals with Chern-Weil theory, a classical differential-geometric construc-
tion of characteristic classes for smooth principal G-bundles for a Lie group G. Although
the material presented here is standard, I have decided to include it with almost all proofs
to better convince the reader that the techniques work not only for finite dimensional but
also for infinite dimensional smooth manifolds and Lie groups modeled on convenient vec-
tor spaces. Indeed, the reader might prefer to read Chapter 3 first and only then return
to the present chapter.

In Section 2.1 we define characteristic classes for principal G-bundles. These are coho-
mology invariants which obstruct trivializability of the bundle. We also briefly comment
on the notions of universal bundles and classifying spaces and their relation to the set of
characteristic classes.

In Section 2.2 we study the tools of differential geometry we need for Chern-Weil theory,
namely principal connections and their curvature forms.

Section 2.3 starts with the definition of invariant polynomials on the Lie algebra g of
a Lie group G and then proceeds with the Chern-Weil theory framework itself resulting in
the “Fundamental theorem of Chern-Weil theory” (Theorem 2.21). Moreover, we state a
theorem of H.Cartan which says that for a compact Lie group G all characteristic classes
of principal G-bundles are constructible by Chern-Weil theory.

The Chern-Weil construction a priori works only for smooth principal G-bundles. In
Section 2.4 we return to the notion of classifying spaces and discuss how to extend the
characteristic classes constructed by Chern-Weil theory to all principal G-bundles, not only
the smooth ones. We conclude with a theorem of Borel which describes the cohomology
ring of the classifying space of a compact Lie group.

2.1. Characteristic classes and universal bundles

Let G be a topological group. In order to give a formal definition of characteristic
classes let us consider the category C whose objects are numerable principal G-bundles.
Here a covering (Ui)i∈I of a topological space B is called numerable if there exists a locally
finite partition of unity (λi)i∈I such that supp(λi) ⊆ Ui for all i ∈ I. A principal G-bundle

22
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P → B is then called numerable if it is locally trivial over a numerable covering of the
base B. The morphisms in C are the fibre preserving G-equivariant continuous maps.

Numerability is a standard assumption in the study of principal bundles and for instance
all locally trivial bundles over a paracompact base are automatically numerable.

Definition 2.1. Let C1 be a subcategory of the category C of numerable principal
G-bundles and let R be a commutative ring. An R-valued characteristic class on C1 is a
mapping χ : C1 3 (P → B) 7→ χ(P ) ∈ H∗(B;R) which is natural with respect to G-bundle
morphisms belonging to C1 in the following sense: for a a G-bundle morphism

P1
Φ //

��

P2

��
B1

φ
// B2

with the induced map φ∗ : H∗(B2;R)→ H∗(B1;R) we require that χ(P1) = φ∗χ(P2).

A subcategory C1 we have particularly in mind is the subcategory of smooth principal
G-bundles when G is a Lie group, i.e. both the base space and the total space of the bundle
are required to be smooth manifolds and the eligible G-bundle morphisms are required to
be smooth maps.

An immediate consequence of the definition is that for a principal G-bundle trivializable
in the category C1 all characteristic classes are equal to zero since such a bundle admits a
G-bundle morphism to the principal G-bundle over a point.

The set of characteristic classes on the full category C can be identified with the coho-
mology ring of a particular topological space, a classifying space BG of the group G.

Definition 2.2. A universal principal G-bundle is a numerable principal G-bundle

EG→ BG

such that for any other numerable principal G-bundle P → B there exists up to a G-bundle
homotopy a unique G-bundle morphism Φ: P → EG. The base space BG is then called a
classifying space of the group G.

For a principal G-bundle P → B the base map φ : B → BG of the G-bundle morphism
Φ as above is called a classifying map of P . It is well-defined only up to homotopy. It
follows however that for a characteristic class χ we have χ(P ) = φ∗χ(EG) and so χ is
uniquely determined by its value on the universal bundle. On the other hand, prescribing
χ(EG) = χ0 ∈ H∗(BG;R) for some χ0 and setting χ(P ) = φ∗χ0 defines a characteristic
class on C. Therefore the set, hereafter a ring, of characteristic classes on C is isomorphic
to the cohomology ring H∗(BG;R) of a classifying space BG of the group G.
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The existence of a universal bundle for any topological group G has been proved by
Milnor in [45]. He also showed that if the base space BG has the homotopy type of a count-
able CW-complex, then this homotopy type is unique — in particular, the cohomology ring
H∗(BG) is independent of the particular choice of a classifying space.

Note however that it might not be possible to realize a universal principal G-bundle
EG → BG as an object in our chosen subcategory C1. For example, for a Lie group G a
classifying space BG is typically not a smooth (finite dimensional) manifold. Therefore,
when we restrict to a subcategory, the correspondence between characteristic classes and
elements of the cohomology ring H∗(BG;R) might be broken.

Our goal in the next two sections is to describe a construction of real-valued charac-
teristic classes on the subcategory of smooth principal G-bundles for a Lie group G. This
construction, called Chern-Weil theory, uses tools of differential geometry in an essential
way and so it does not immediately extend to topological principal G-bundles, i.e. the full
category C. Nevertheless, in Section 2.4 we will comment on how this construction can be
extended to spaces such as Milnor’s realization of the universal bundle EG → BG, thus
giving us the desired class in H∗(BG;R) and defining a characteristic class on C.

For the time being, let us denote the set of R-valued characteristic classes on the
subcategory of smooth principal G-bundles by SG.

2.2. Connections and curvature

In this section we recall the tools of differential geometry, namely connections and their
curvature forms, needed for Chern-Weil theory of principal G-bundles.

Definition 2.3. Let M → E
q−→ B be a smooth fibre bundle and let V E = kerTq

be its vertical bundle. A connection on q : E → B is a smooth vector bundle projection
prv : TE → V E, i.e. a surjective vector bundle map such that prv ◦ prv = prv.

The kernel HE = ker prv is a vector subbundle of TE called the horizontal distribution.
Then HE ⊕ V E = TE and so we also have the horizontal projection prh : TE → HE.
Also note that for each x ∈ E the map Tq|HxE : HxE → Tq(x)B is a linear isomorphism.

Let G be a Lie group, g its Lie algebra and π : P → B a smooth principal G-bundle.
In this case the vertical bundle V P is trivial since the map Υ: P × g→ V P defined by

Υ(p,A) = T(p,e)r(0p, A) =: ~A(p)

is a vector bundle isomorphism (here r : P ×G→ P denotes the right action of G on P ).
The vector field p 7→ ~A(p) is the fundamental vector field determined by A ∈ g.
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Given a connection on P , we can compose the vertical projection with Υ−1 and the
projection onto the g-factor to obtain a g-valued one-form

σ = pr2 ◦Υ−1 ◦ prv : TP → g

which fully describes the connection — clearly HP = kerσ and σ( ~A(p)) = A for all A ∈ g.
On the other hand, any g-valued one-form σ satisfying σ( ~A(p)) = A defines a connection
on P if we put prv(X) =

−−−→
σ(X)(p) for X ∈ TpP . We call σ the connection form of the

connection prv.

Definition 2.4. Let P → B be a principal G-bundle and denote by ra : P → P the
right action of a ∈ G on P . A connection prv on P is called principal if it is G-equivariant,
i.e. prv(TraX) = Tra(prv(X)) for all X ∈ TP and a ∈ G.

Lemma 2.5. For a connection prv on a principal G-bundle P → B the following con-
ditions are equivalent:

(i) prv is principal,
(ii) HE is G-invariant, i.e. Tra(HpP ) = Hra(p)P for all p ∈ P and a ∈ G,
(iii) the connection form σ : TP → g satisfies σ(TraX) = Ada−1(σ(X)).

Proof. The equivalence of (i) and (ii) follows directly from the fact that Tra preserves
the vertical bundle V E.

For (iii) first note that by the definition of σ for X ∈ TpP we have1

prv(X) =
−−−→
σ(X)(p) =

d

dt

∣∣∣∣
t=0

p · exp(tσ(X)).

Then

Tra(prv(X)) =
d

dt

∣∣∣∣
t=0

(
p · exp(tσ(X)) · a

)
=

d

dt

∣∣∣∣
t=0

(
(p · a) · (a−1 · exp(tσ(X)) · a)

)
=

=
d

dt

∣∣∣∣
t=0

(
(p · a) · exp(tAda−1σ(X))

)
=
−−−−−−−→
Ada−1σ(X)(p · a).

On the other hand,
prv(TraX) =

−−−−−−→
σ(TraX)(p · a).

Because the assignment g 3 A 7→ ~A(p · a) = Υ(p · a,A) is injective, the equivalence of the
statements (i) and (iii) follows. �

1The use of the exponential map here is not necessary, all calculations can be executed without it. Of
course, any finite dimensional Lie group has an exponential map, but this might not be the case for
infinite dimensional Lie groups. However, we will work only with subgroups of the diffeomorphism group
of a compact manifold and such groups do admit a well-behaved exponential map.
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For convenience, we sum up the properties of a principal connection and its connection
form into the following definition.

Definition 2.6. A principal connection form on a principal G-bundle P → B is a
g-valued one-form σ : TP → g such that

(i) σ( ~A(p)) = A for all A ∈ g and p ∈ P and
(ii) (ra)

∗σ = Ada−1 ◦ σ for all a ∈ G.

The crucial topological properties of a connection can be geometrically captured by the
curvature form. This is one of the two main ingredients of Chern-Weil theory.

Definition 2.7. The curvature form Kσ of a principal connection form σ ∈ Ω1(P ; g)

is the g-valued two-form on P defined by

Kσ = dσ +
1

2

[
σ, σ
]
,

where the bracket operation on the right-hand side is defined for X, Y ∈ TP as

[σ, σ](X, Y ) = [σ(X), σ(Y )]− [σ(Y ), σ(X)] = 2[σ(X), σ(Y )].

The basic properties of the curvature form are summarized in the following proposition.

Proposition 2.8. Let σ ∈ Ω1(P ; g) be a principal connection form on a principal
G-bundle P → B and let HP = ker σ be the horizontal distribution. Then

(i) Kσ is G-equivariant, i.e. (ra)
∗Kσ = Ada−1 ◦Kσ for all a ∈ G,

(ii) Kσ is horizontal, i.e. for any vertical vector Z ∈ V P we have Kσ(Z,−) = 0. In
fact, denoting by prh : TP → HP the projection onto the horizontal distribution,
the curvature form is given by

Kσ(X, Y ) = −σ([prh(X), prh(Y )])

for any X, Y ∈ TP , where on the right-hand side the Lie bracket is evaluated on
any extensions of prh(X) and prh(Y ) to vector fields on P .

(iii) (Bianchi’s identity) dKσ = [Kσ, σ], where the right-hand side is the complete

antisymmetrization of the composition (TP ×P TP )×P TP
Kσ ×σ−−−−→ g× g

[−,−]−−−→ g.

The proof is by standard calculations analogous to the ones concerning the principal
connection form. But because these are rather long we have decided to skip them and
instead refer to [15] or [48].

The rest of this section deals with exterior covariant derivatives and basic forms. These
rather technical notions will be needed later in the exposition.
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Definition 2.9. Let W be a vector space and ρ ∈ Ωk(P ;W ) a W -valued differential
form on P . Let prh : TP → HP be the projection onto the horizontal distribution. The
exterior covariant derivative of ρ is the (k + 1)-form Dρ defined by

Dρ(X1, . . . , Xk+1) = dρ(prh(X1), . . . , prh(Xk+1)).

Lemma 2.10. Let σ ∈ Ω1(P ; g) be a principal connection form with curvature Kσ.
Then Dσ = Kσ and DKσ = 0.

Proof. Let X, Y be two vector fields on P and put hX = prh(X), hY = prh(Y ). Then
— here the dot means the action of a vector field on functions as a derivation —

Dσ(X, Y ) = dσ(hX, hY ) = (hX) · σ(hY )− (hY ) · σ(hX)− σ([hX, hY ]) = −σ([hX, hY ])

because σ vanishes on horizontal vectors. By Proposition 2.8, −σ([hX, hY ]) = Kσ(X, Y ).
Using Bianchi’s identity from the same proposition, we obtain

DKσ = [Kσ ◦ prh, σ ◦ prh] = 0

since again σ ◦ prh = 0. �

Definition 2.11. Let π : P → B be a principal G-bundle. A differential form ρ on P
is called basic if

(i) it is horizontal, i.e. ιZρ = 0 for any vertical vector Z ∈ V P and
(ii) it is G-invariant, i.e. (ra)

∗ρ = ρ for all a ∈ G.

Lemma 2.12. A differential form ρ ∈ Ωk(P ) on a principal G-bundle π : P → B is
basic if and only if ρ = π∗ρ for some ρ ∈ Ωk(B).

Proof. Because Tπ(Z) = 0 for all Z ∈ V P and Tπ ◦ Tra = Tπ for all a ∈ G, the
differential form π∗ρ is basic for any ρ ∈ Ωk(B).

Conversely, suppose that ρ is a basic form. Choose an auxiliary principal connection
on the bundle π. Then for a given U ∈ TuB and x ∈ P with π(x) = u the horizontal lift
of U to x is the unique tangent vector Ux ∈ HxP such that Txπ(U

x
) = U . Note that the

horizontal lift of U to the shifted point ra(x) ∈ P is given by U ra(x)
= Txra(U

x
) ∈ Hra(x)P .

Now for U1, . . . , Uk ∈ TuB and a choice of x ∈ P with π(x) = u define

ρ
u
(U1, . . . , Uk) := ρx(U

x

1 , . . . , U
x

k).

Because ρ is G-invariant by assumption, the definition of ρ
u
is in fact independent of the

choice of x and so we have a well-defined k-form ρ on B. Moreover, since ρ is horizontal
and TP = HP ⊕ V P , we see that ρ = π∗ρ as required. �
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Lemma 2.13. Let π : P → B be a principal G-bundle with a principal connection and
let ρ be a basic form on P such that ρ = π∗ρ. Then Dρ is also basic and Dρ = dρ.

Proof. The exterior covariant derivative of a form ρ is clearly horizontal by definition.
Let us prove that if a k-form ρ is G-invariant, then so is its exterior derivative dρ.

The exterior derivative of ρ can be computed by the following combinatorial formula

dρ(X0, . . . , Xk) =
k∑
i=0

(−1)iXi · ρ(X0, . . . , X̂i, . . . , Xk) +

+
∑

0≤i<j≤k

(−1)i+jρ([Xi, Xj], X0, . . . , X̂i, . . . , X̂j, . . . , Xk),

where the Xi’s on the right-hand side are arbitrary vector fields on P which extend the
vectors Xi ∈ TpP on the left-hand side and the hat over a vector field means that this
entry is omitted. The dot denotes the action of a vector field on functions by derivation.

Let a ∈ G be arbitrary and for each 0 ≤ i ≤ k define another vector field by

(Xi · a)(p) = Tra
(
Xi(pa

−1)
)
, p ∈ P.

This vector field extends the tangent vector Tra(Xi) ∈ TpaP . Moreover, it follows from
the identity (Xi ·a)◦ ra = Tra ◦Xi that for every i and j the two vector fields Xi and Xi ·a
are ra-related. This implies that

[Xi · a,Xj · a] = [Xi, Xj] · a.

Furthermore, because ρ is G-invariant, we have the following equality of functions

ρ(X0 · a, . . . , X̂i · a, . . . , Xk · a) = ρ(X0, . . . , X̂i, . . . , Xk) ◦ ra−1

and so for the derivative in the direction Xi · a = Tra(Xi) we get(
Tra(Xi)

)
·ρ(X0 · a, . . . , X̂i · a, . . . , Xk · a) =

= T
(
ρ(X0, . . . , X̂i, . . . , Xk) ◦ ra−1

)
◦ Tra(Xi) = Xi · ρ(X0, . . . , X̂i, . . . , Xk).

Put all together, we can now show that r∗a(dρ) = dρ as follows

(r∗adρ)p(X0, . . . , Xk) = (dρ)pa(Tra(X0), . . . , T ra(Xk)) =

=
k∑
i=0

(−1)i(Xi · a) · ρ(X0 · a, . . . , X̂i · a, . . . , Xk · a)
∣∣∣ev. at

pa
+

+
∑

0≤i<j≤k

(−1)i+jρ([Xi · a,Xj · a], X0 · a, . . . , X̂i · a, . . . , X̂j · a, . . . , Xk · a)
∣∣∣ev. at

pa
=
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=
k∑
i=0

(−1)iXi · ρ(X0, . . . , X̂i, . . . , Xk)
∣∣∣ev. at

p
+

+
∑

0≤i<j≤k

(−1)i+jρ([Xi, Xj] · a,X0 · a, . . . , X̂i · a, . . . , X̂j · a, . . . , Xk · a)
∣∣∣ev. at

pa
=

=
k∑
i=0

(−1)iXi · ρ(X0, . . . , X̂i, . . . , Xk)
∣∣∣ev. at

p
+

+
∑

0≤i<j≤k

(−1)i+jρ([Xi, Xj], X0, . . . , X̂i, . . . , X̂j, . . . , Xk)
∣∣∣ev. at

p
= (dρ)p(X0, . . . , Xk).

Finally, the equality r∗a(Dρ) = Dρ holds as well because the horizontal projection is
G-equivariant. We have proved that Dρ is G-invariant and horizontal, hence basic.

To verify the identity Dρ = dρ let Uj, j = 0, 1, . . . , k be vector fields on B and let U j

be their horizontal lifts to P . From the definitions we first obtain

Dρ(U0, . . . , Uk) = Dρ(U0, . . . , Uk) = dρ(U0, . . . , Uk).

Next, because ρ = π∗ρ, we have dρ = π∗(dρ) and so

dρ(U0, . . . , Uk) = dρ(Tπ(U0), . . . , Tπ(Uk)) = dρ(U0, . . . , Uk).

Altogether we get the required identity. �

2.3. Invariant polynomials and Chern-Weil forms

The second main ingredient necessary for the Chern-Weil theory construction of char-
acteristic classes are invariant polynomials on the Lie algebra g of the Lie group G.

Definition 2.14. An invariant polynomial on g is2 a symmetric multilinear form

r : g× . . .× g→ R

which is invariant under the adjoint action of the group G, i.e.

r(AdaA1, . . . ,AdaAk) = r(A1, . . . , Ak) for all a ∈ G,A1, . . . , Ak ∈ g.

We denote3 the set of all degree k invariant polynomials on g by Ik(G) and we also
put I∗(G) =

⊕
k≥0 I

k(G). I∗(G) is an R-algebra with respect to the usual addition and
multiplication (followed by symmetrization) of polynomials.

2In the case of an infinite dimensional Lie group its Lie algebra carries a natural topology and we further-
more require r to be bounded in this topology.
3Notice that the adjoint action of G plays a role in the definition of an invariant polynomial on g. That
is why the notation is Ik(G) rather than Ik(g).
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Remark 2.15. Recall that a map p : W → R from a (finite dimensional) vector space
W is called polynomial of degree k if in some, hence any, basis e1, . . . , en of W it reads as

p

(
n∑
j=1

xjej

)
=

∑
α1+...+αn=k

cα1...αn · xα1
1 x

α2
2 . . . xαnn for some cα1...αn ∈ R.

Given a symmetric k-linear form r : W × . . .×W → R, the mapping r̂ : u 7→ r(u, . . . , u)

is polynomial of degree k. On the other hand, from a polynomial map p of degree k the
process of polarization produces a unique symmetric k-linear form r such that p = r̂. In
fact, by a simple computation it can be verified that r is given by the formula

r(u1, . . . , uk) =
1

k!
· ∂k

∂t1 . . . ∂tk

[
p(t1u1 + . . .+ tkuk)

]
,

which holds identically for any t1, . . . , tn ∈ R.
This fact justifies the use of the word “polynomial” in the above definition and we will

use this correspondence between polynomial maps and symmetric multilinear functions
throughout the thesis.

Example 2.16. Let G = GL(n,R). Then g = Mat(n,R) and Ada(C) = aCa−1.
Because the trace tr of a matrix is conjugation invariant, the maps trk : g× . . .× g → R,
trk(C1, . . . , Ck) = tr(C1 · . . . · Ck) are invariant polynomials on g for all k ∈ N.

Let π : P → B be a principal G-bundle with a principal connection form σ ∈ Ω1(P ; g)

and let r ∈ Ik(G) be an invariant polynomial on g. Consider the following composition of
r with the curvature form Kσ ∈ Ω2(P ; g)

(TP ×P TP )×P . . .×P (TP ×P TP )
Kσ ×...×Kσ

−−−−−−−→ g× . . .× g
r−→ R.

Its complete antisymmetrization, denoted by χr, is a 2k-form on P .

Lemma 2.17. χr is a basic form, hence χr = π∗χ
r
for some χ

r
∈ Ω2k(B). Moreover,

χ
r
is a closed form.

Proof. By Proposition 2.8, Kσ is a horizontal form and so it follows directly from the
definition that this is also the case for χr. By the same proposition, Kσ is G-equivariant
with respect to the adjoint action on g. Because r is Ad-invariant, χr is G-invariant.
Altogether, χr is basic and by Lemma 2.12 χr = π∗χ

r
for a 2k-form χ

r
on B.

According to Lemma 2.13 we have dχ
r

= Dχr. But, up to an antisymmetrization,

Dχr = D(r ◦ (Kσ× . . .×Kσ)) =
k∑
i=1

r ◦ (Kσ× . . .×DKσ × . . . Kσ).

Now DKσ = 0 by Lemma 2.10 and so Dχr = 0 as well. �
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Definition 2.18. Both the forms χr and χr will be referred to as the Chern-Weil form
determined by the invariant polynomial r. The deRham cohomology class of χ

r
will be

denoted by χr(P ) = [χ
r
] ∈ H2k

deR(B).

Note that by construction the cohomology class [χ
r
] depends on the choice of a con-

nection form σ. The following result shows that it is in fact independent of the choice.

Proposition 2.19. Let π : P → B be a principal G-bundle, r ∈ Ik(G) an invariant
polynomial on g and χ

r
∈ Ω2k(B) the Chern-Weil form determined by r. Then the deRham

cohomology class of χ
r
is independent of the choice of a principal connection form σ used

in the construction.

Proof. Let σ0, σ1 ∈ Ω1(P ; g) be two principal connection forms on P . Put δ = σ1−σ0

and σt = σ0 + tδ for t ∈ [0, 1]. Notice that δ is G-equivariant and horizontal, while σt’s are
principal connection forms on P . Denote by Kt = Kσt the curvature form of σt. Define
ψt ∈ Ω2k−1(P ) to be the complete antisymmetrization of the composition

TP ×P (TP ×P TP )×P . . .×P (TP ×P TP )
δ×Kt×...×Kt−−−−−−−→ g× g× . . .× g

r−→ R.

Analogously to the case of χr, we can prove that ψt is a basic form and so ψt = π∗ψ
t
for

some ψ
t
∈ Ω2k−1(B). Put4

Ψ = k ·
∫ 1

0

ψ
t
dt ∈ Ω2k−1(B).

Denote by χt
r
the Chern-Weil form determined by r constructed using the connection

form σt. We want to show that χ0
r
− χ1

r
= dΨ, i.e. the difference is an exact form and so

the two forms represent the same deRham cohomology class on B.
We will first need to show the identity d

dt
Kt = Dtδ, where Dt denotes the exterior

covariant derivative with respect to the connection σt. By definition, Kt = dσt + 1
2

[
σt, σt

]
and so we compute

d

dt
Kt = d

(
d

dt
σt

)
+

1

2

[
d

dt
σt, σt

]
+

1

2

[
σt,

d

dt
σt

]
= dδ +

[
σt, δ

]
.

To prove d
dt
Kt = Dtδ we thus have to show that the following equality holds

(2.20) Dtδ = dδ +
[
σt, δ

]
.

Let us verify this by checking step by step on vertical and σt-horizontal vector fields.

4The integral should be understood either fibrewise or, equivalently, in the convenient locally convex
topological vector space structure on Ω∗(B) — see the next chapter for more details on convenient spaces.
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For two vertical vector fields ~A, ~B ∈ X(P ) we have Dtδ( ~A, ~B) = 0 because Dtδ is
horizontal and also

[σt, δ]( ~A, ~B) = [σt( ~A), δ( ~B)]− [σt( ~B), δ( ~A)] = 0

because δ is horizontal. Moreover,

dδ( ~A, ~B) = −δ([ ~A, ~B]) = −δ(
−−−→
[A,B]) = 0.

For two horizontal vector fields X, Y ∈ X(P ) we get Dtδ(X, Y ) = dδ(X, Y ), while

[σt, δ](X, Y ) = [σt(X), δ(Y )]− [σt(Y ), δ(X)] = 0

since σt(X) = 0 = σt(Y ). This verifies (2.20) in this case.
For the last case, let ~A(p) = d

dt

∣∣
t=0

p·exp(tA) be a vertical vector field and Y a horizontal
vector field, which we may assume to be an equivariant horizontal lift of a vector field on
B, i.e. Tra(Y (p)) = Y (p · a) for all a ∈ G. Then in particular [ ~A, Y ] = 0 and for p ∈ P

(dδ)p( ~A, Y ) = ~A(p) · δ(Y )− Y (p) · δ( ~A)− δp([ ~A, Y ]) = ~A(p) · δ(Y ) =

=
d

dt

∣∣∣∣
t=0

δp·exp(tA)

(
Y (p · exp(tA))

)
=

d

dt

∣∣∣∣
t=0

δp·exp(tA)

(
Trexp(tA)Y (p)

)
=

=
d

dt

∣∣∣∣
t=0

(
rexp(tA)

)∗
δp(Y ) =

d

dt

∣∣∣∣
t=0

Ad(− exp(tA)) (δp(Y )) =

= −[A, δp(Y )] = −[σt( ~A(p)), δp(Y )].

Applying this to the right-hand side of (2.20) we obtain

dδ( ~A, Y ) + [σt, δ]( ~A, Y ) = −[σt( ~A), δ(Y )] + [σt( ~A), δ(Y )]− [σt(Y ), δ( ~A)] = 0

and the left-hand side Dtδ( ~A, Y ) = 0 as well because Dtδ is horizontal.
Having the identity d

dt
Kt = Dtδ at hand, we verify that χ0

r
− χ1

r
is an exact form as

follows (all the expressions involving r and Kt should be antisymmetrized and underlined)

χ0

r
− χ1

r
=

∫ 1

0

d

dt
χt
r

dt =

∫ 1

0

k∑
j=1

r ◦
(
Kt × . . .× d

dt
Kt × . . .×Kt

)
dt =

= k ·
∫ 1

0

r ◦
(

d

dt
Kt ×Kt × . . .×Kt

)
dt =

= k ·
∫ 1

0

r ◦ (Dtδ ×Kt × . . .×Kt) dt = . . .

With use of DtK
t = 0 by Lemma 2.10 and with Lemma 2.13 we finally obtain
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. . . = k ·
∫ 1

0

Dt

(
r ◦ (δ ×Kt × . . .×Kt)

)︸ ︷︷ ︸
Dtψt

dt = k ·
∫ 1

0

dψ
t
dt = dΨ.

and the proposition is now proved. �

Theorem 2.21 (Fundamental theorem of Chern-Weil theory). Let G be a Lie group
with a Lie algebra g and let r ∈ Ik(G) be an invariant polynomial on g. Then the as-
signment (P → B) 7→ χr(P ) ∈ H2k

deR(B) defines a characteristic class on the category of
smooth principal G-bundles.

Moreover, for any principal G-bundle P → B the map χ : I∗(G)→ H∗deR(B) defined by
χ(r) = χr(P ) is an R-algebra homomorphism called the Chern-Weil homomorphism.

Proof. We only need to prove that the above assignment is natural with respect to
morphisms of principal G-bundles.

Let Pj → Bj for j = 1, 2 be two principal G-bundles and let Φ: P1 → P2 be a G-bundle
morphism with a base map φ : B1 → B2. Choose a principal connection on P2 with a
connection form σ2. Then σ1 = Φ∗σ2 is a principal connection form on P1. From the
definition of the curvature we see that Φ∗Kσ2 = Kσ1 . Therefore, the pull-back Φ∗χσ2r of
the Chern-Weil polynomial on P2 constructed with use of σ2 is the Chern-Weil polynomial
χσ1r on P1 constructed with use of σ1. In particular, after descending to the base and taking
the deRham cohomology class we obtain χr(P1) = φ∗χr(P2). �

Example 2.22. Let G = GL(n,R). Recall from Example 2.16 that for each k ∈ N the
trace of the k-fold product is an invariant polynomial trk on g. We thus obtain a smooth
characteristic class χtrk ∈ SGL(n,R) of cohomological degree 2k. Is χtrk non-trivial?

Using some basic homotopy theory one can show that every principal GL(n,R)-bundle
P → B admits a reduction to a principal O(n)-bundle. From the viewpoint of geometry
this means that there exists a principal connection form on P whose curvature form has,
up to conjugations, values in o(n) ⊆ gl(n,R). Because the trace of a matrix is conjuga-
tion invariant and o(n) is the algebra of antisymmetric matrices, the odd-degree traces
tr2j−1, j ∈ N, necessarily vanish on the image of the curvature form. Consequently, the
characteristic classes χtr2j−1

are all trivial.

The previous example shows that the Chern-Weil homomorphism might not be injec-
tive. On the other hand, the following result of H.Cartan shows that in the case of compact
Lie groups we in fact recover all smooth real-valued characteristic classes.
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Theorem 2.23 (Cartan). Let G be a compact Lie group. Then I∗(G) → SG, r 7→ χr

is a bijection, where SG denotes the set of characteristic classes on the category of smooth
principal G-bundles.

A complete proof of the theorem can be found in [15]. We will slightly reformulate the
statement in the next section.

Example 2.24. Let G = Tn be the n-dimensional torus. The adjoint action on its Lie
algebra t ∼= Rn is trivial and so any polynomial r in n variables determines a characteristic
class χr. By Cartan’s theorem every smooth characteristic class is of this form, hence

STn ∼= R[t1, . . . , tn].

Let us look more closely on the generator t1 in the case G = S1. Consider a principal
S1-bundle with a principal connection form σ : TP → R ∼= LieS1. The polynomial t1 is
just the identity map idR and so χt1 = Kσ, the curvature form of σ. In particular, Kσ is a
basic form and χt1(P ) ∈ H2

deR(B) is represented by the projection of Kσ to the base. The
characteristic class χt1(P ) is usually called the (real) Euler class of P .

2.4. Classifying spaces revisited

We would now like to address the question of how to extend the characteristic classes
obtained by means of Chern-Weil theory on the category of smooth principal G-bundles
to the category of topological principal G-bundles. In other words, we would like to have
a natural homomorphism χ : I∗(G) → H∗(BG;R) to the cohomology ring of a classifying
space BG of the group G.

For a finite dimensional Lie group G its universal bundle EG → BG can be often
modeled as a convenient infinite dimensional manifold and a bundle with a paracompact
base BG. For such smooth bundles Chern-Weil theory works without any change — it
is the aim of the next chapter to convince the reader that this is indeed the case. So in
particular we do have a Chern-Weil homomorphism as above and each invariant polynomial
r ∈ I∗(G) defines a characteristic class χr ∈ H∗(BG;R). One however still has to check
that for a smooth principal G-bundle P → B with a classifying map φ : B → BG the two
classes χr(P ) and f ∗χr agree — indeed, the classifying map is a priori only continuous,
not necessarily smooth.

A different approach has been developed by Dupont in [15]. He noticed that Milnor’s
construction of a universal bundle produces a simplicial manifold, i.e. a simplicial set such
that for each k the set of k-simplices has the structure of a smooth manifold and all the
face and degeneracy maps are smooth. One can extend all the necessary machinery of
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Chern-Weil theory such as differential forms, connections, deRham cohomology and the
deRham theorem to simplicial manifolds. We then obtain the Chern-Weil homomorphism
χ : I∗(G) → H∗(BG;R), where the cohomology on the right-hand side is the deRham
cohomology of the simplicial manifold BG or, isomorphically, the singular cohomology of
a geometric realization of BG. It turns out that χ is a genuine extension of the Chern-Weil
homomorphism from the category of smooth bundles and so the above problem with only
continuous classifying maps is also resolved positively.

From now on we can thus talk about characteristic classes χr ∈ H∗(BG;R) con-
structible by Chern-Weil theory. A remarkable advantage of the Chern-Weil theory view-
point on characteristic classes is that one is in fact able to execute calculations using
connection forms and polynomials to compute the class χr(P ) for a given smooth principle
G-bundle P → B explicitly.

We can now restate Cartan’s Theorem 2.23 as follows.

Theorem 2.25 (Cartan). Let G be a compact Lie group. Then the Chern-Weil homo-
morphism χ : I∗(G)→ H∗(BG;R) is an isomorphism.

Otherwise put, the topological characteristic classes agree with the smooth ones and
these are all constructible by Chern-Weil theory.

An important feature of Dupont’s approach is that it works well enough even for conve-
nient Lie groups such as Cont(M, ξ) or Cont(M,α) in the sense that his techniques extend
to the convenient setting of infinite dimensional geometry. We will therefore also talk
about characteristic classes of principal Cont(M, ξ) and Cont(M,α)-bundles constructible
by Chern-Weil theory and think of them as elements of the (singular) cohomology of
BCont(M, ξ) or BCont(M,α), respectively. This will be important in the last chapter of
the thesis.

We finish the present chapter with some standard results on the cohomology of clas-
sifying spaces. Let G be a topological group. Then a numerable principal G-bundle is
universal if (and only if) its total space is contractible as a topological space (see for exam-
ple [14, Theorem 14.4.12]). From this, using the long exact sequence of homotopy groups
for a fibration, we deduce that

πk(BG) ∼= πk−1(G), k ≥ 1.

Definition 2.26. Let G1, G2 be two topological groups and Gj → Pj → Bj for j = 1, 2

principal Gj-bundles. A continuous map Φ: P1 → P2 is called a bundle morphism if
Φ(p · a) = Φ(p) · ϕ(a) for some continuous homomorphism ϕ : G1 → G2. We say that Φ is
represented by ϕ.
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Given ϕ : G1 → G2, consider the associated bundle E = EG1 ×ϕ G2 → BG1 together
with the right action of G2 on E defined by [p, a] ·b = [p, ab]. Then E → BG1 is a principal
G2-bundle and we denote its classifying map by Bϕ : BG1 → BG2.

We can view Bϕ as the base map of a bundle morphism EG1 → EG2. Indeed, define
Φ: EG1 → E by Φ(p) = [p, 1G2 ], this is a bundle morphism represented by ϕ. Let
Eϕ : E → EG2 be the classifying G2-bundle morphism of E covering Bϕ. Then the
composition Eϕ ◦ Φ is a bundle morphism represented by ϕ with the base map Bϕ.

Note in particular that if ϕ is a (weak) homotopy equivalence, then so is Bϕ— consider
the long exact sequence of homotopy groups for both fibrations EGj → BGj, j = 1, 2, and
the maps between the homotopy groups induced by Eϕ ◦ Φ

· · · πk(G1) //

ϕ∗
��

πk(EG1) //

(Eϕ◦Φ)∗
��

πk(BG1) //

(Bϕ)∗
��

πk−1(G1) //

ϕ∗
��

πk−1(EG1) //

(Eϕ◦Φ)∗
��

· · ·

· · · πk(G2) // πk(EG2) // πk(BG2) // πk−1(G2) // πk−1(EG2) // · · ·

Because πk(EGj) = 0, (Eϕ ◦Φ)∗ are isomorphisms. Moreover, ϕ∗ are isomorphisms by
the assumption and so using the 5-lemma we deduce that (Bϕ)∗ are isomorphisms as well.
If a version of the Whitehead theorem can be applied, e.g. when BGj’s have the homotopy
type of a CW-complex, we can deduce that Bϕ is a genuine homotopy equivalence.

Finally, let G be a compact Lie group and i : T → G the inclusion of a maximal torus.
Denote by WT = NT/T the Weyl group of T , i.e. the group of inner automorphisms of G
which leave T invariant (NT denotes the normalizer of T ). It follows from the considerations
above — a homomorphism ϕ of groups induces an up to homotopy unique map Bϕ between
the classifying spaces — that the Weyl group acts on the cohomology ring H∗(BT ;R).

Theorem 2.27 (Borel). Let G be a compact Lie group and i : T → G the inclusion of
a maximal torus. Then the induced map (Bi)∗ : H∗(BG;R)→ H∗(BT ;R) is injective and
its image is the subring of elements invariant under the action of the Weyl group WT .

A proof of the theorem by means of Chern-Weil theory can be found in [15, Corollary
8.35] while the original proof is contained in [9].

Example 2.28. Borel’s theorem implies that for the unitary group U(n) we have

H∗(BU(n);R) ∼= R[c1, . . . , cn]

with deg cj = 2j. Indeed, let T ⊆ U(n) be the subgroup of all diagonal matrices. Its
Weyl group WT is isomorphic to the symmetry group on n generators and it acts on
R[t1, . . . , tn] ∼= H∗(BTn;R) by permutations of the variables. Therefore, the subring of
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WT -invariant elements consists of all symmetric polynomials in the variables t1, . . . , tn.
This subring is generated by the elementary symmetric polynomials

cj =
∑

1≤i1<i2<...<ij≤n

ti1 · ti2 . . . · tij , j = 1, . . . , n.

Since the cohomological degree of ti is 2, the degree of cj is 2j. The class cj is called the
j-th (real) Chern class.



CHAPTER 3

Geometry on infinite dimensional manifolds

This chapter is a quick review of the basics of differential geometry of infinite di-
mensional manifolds modeled on locally convex topological vector spaces as developed by
Frölicher, Kriegl and Michor and described in [38]. This is the framework we will use to
study groups of contactomorphisms and spaces of isocontact embeddings.

In Section 3.1 we introduce locally convex topological vector spaces which are then
further studied in Section 3.2. There we define the most important notions of smooth curves
and, consequently, smooth maps between locally convex spaces — a map is called smooth if
it maps smooth curves to smooth curves. By Boman’s Theorem 3.19 this definition agrees
with the usual definition of smoothness for maps between Euclidean vector spaces.

The question of existence of integrals of smooth curves will however force us to restrict
ourselves to the class of the so-called convenient locally convex spaces. These spaces carry
another well-behaved topology, the c∞-topology, which might be different from the original
locally convex topology, but it plays an important role in the analysis. In particular, all
smooth maps are continuous in the c∞-topology. Most of the finite dimensional calculus
then extends to this setting.

Having understood the linear picture, in Section 3.3 we begin our study of smooth
manifolds modeled on convenient locally convex vector spaces. A smooth manifold is
defined as a set together with a smooth atlas of local charts with values in a convenient
vector space. A natural topology on the manifold is then induced from the c∞-topology
on the modeling convenient vector spaces via the local charts.

An ungrateful task of the writer then begins — we will comment on many of the stan-
dard notions of finite dimensional differential geometry pointing out some little differences
if there are some, but it turns out that often there are none. The differences mostly arise
from the vast choice of topologies available (e.g. the tensor product of convenient vector
spaces carries a convenient topology, but this is not a topology suitable for introducing the
correct notion of differential forms) or from the lack of implicit and inverse function theo-
rems (e.g. a vector field might not admit a local flow because we do not have an existence
and uniqueness theorem for solutions of differential equations). In particular, the aim is
to convince the reader that all the analysis works well enough so that the techniques of

38
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Chern-Weil theory as presented in Chapter 2 can be applied even in the infinite dimen-
sional setting (e.g. the deRham cohomology and the deRham theorem work as in finite
dimensions).

We also devote some time to describe a convenient topology on spaces of vector-valued
smooth functions or sections of vector bundles because these spaces will be used as the
modeling vector spaces for manifolds of smooth mappings between (usually finite dimen-
sional) manifolds.

We have tried to keep the length of this chapter to a minimum and so no proofs are
included — these can be found in [38] together with much more information on the subject.

3.1. Locally convex spaces

Let us start with some standard definitions from functional analysis.

Definition 3.1. A subset S of a real vector space (W,+, ·) is called absolutely convex
if for any u, v ∈ S and a, b ∈ R such that |a| + |b| ≤ 1 the linear combination a · u + b · v
also belongs to S.

Definition 3.2. A locally convex topological vector space (or, in short, a locally convex
space) is a real vector space (W,+, ·) together with a Hausdorff topology such that the
vector addition + and scalar multiplication · are continuous and the zero element 0 has a
basis of open neighbourhoods consisting of absolutely convex sets.

Given a vector space W , it can be endowed with the structure of a locally convex space
using a collection of seminorms. Using this notion we will give several examples of locally
convex spaces further below.

Definition 3.3. A seminorm on a vector space (W,+, ·) is a function p : W → [0,∞)

with the properties

(i) p(u+ v) ≤ p(u) + p(v) for all u, v ∈ W and
(ii) p(a · u) = |a|p(u) for all u ∈ W and a ∈ R.

A family {pi}i∈I of seminorms on W is called separating if for each 0 6= u ∈ W there is
an index i such that pi(u) > 0.

We will also need the important notion of a bounded set in a locally convex space W .
Note that for instance all compact subsets of W are bounded ([55, Theorem 1.15]).

Definition 3.4. A subset S of a locally convex space W is called bounded if for every
neighbourhood O ⊂ W of 0 there is t ∈ R such that S ⊆ t ·O.
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Proposition 3.5. Let W be a vector space and {pi}i∈I a separating family of semi-
norms on W . Then for each u0 ∈ W the collection of sets

Bu0(ε, pi) = {u ∈ W | pi(u− u0) < ε} for ε > 0, i ∈ I

forms a local subbasis of open neighbourhoods of u0 for a Hausdorff topology on W . In this
topology W becomes a locally convex space such that

(i) the seminorms pi : W → [0,∞) are continuous maps,
(ii) a subset S ⊆ W is bounded if and only if pi(S) ⊆ [0,∞) is bounded for all i ∈ I,
(iii) for a sequence {un}n∈N ⊆ W , un → u if and only if pi(un − u)→ 0 for all i ∈ I.

A proof is the statement is straightforward but rather long and so we refer the reader
to [55, Chapter 1] or [31, Appendix B].

In fact, any Hausdorff locally convex topology on a topological vector space arises in
this way from a collection of seminorms — see Theorem 1.36 in [55] and the discussion
after it. Let us now give some examples of spaces we will be working with.

Example 3.6. A norm on a vector space W is a seminorm p which is non-degenerate
in the sense that p(u) = 0 if and only if u = 0. (W, p) is then called a normed space. Note
that p itself forms a family of separating seminorms on W and so a normed space is a
locally convex space. This applies in particular to Rn with the standard Euclidean norm,
where the induced locally convex topology is then of course the Euclidean topology.

Example 3.7. For m,n ∈ N let C∞(Rm,Rn) denote the vector space of smooth func-
tions f : Rm → Rn. For a multi-index α = (α1, . . . , αm) ∈ Nm

0 of length |α| = α1 + . . .+αm

put ∂α = ∂|α|/∂α1
x1
. . . ∂αmxm . Denote by Kj = [−j, j]m ⊆ Rm the m-dimensional cube with

side 2j centered at the origin. Then the functions

pk,j(f) = max
{√

(∂αf1(x))2 + . . .+ (∂αfn(x))2

∣∣∣x ∈ Kj, |α| ≤ k
}
, k ∈ N0, j ∈ N,

form a separating family of seminorms and define a locally convex topology on C∞(Rm,Rn)

called the compact-open C∞-topology or the topology of uniform C∞-convergence on com-
pact sets.

For a proof of the following classical result see [55, Remark 1.38] or [31, Appendix B].

Proposition 3.8. Let W be a vector space with a countable separating family of semi-
norms {pn}n∈N. Then the induced locally convex topology is metrizable and it is identical
to that defined by the following translation invariant metric

d(u, v) =
∞∑
n=1

1

2n
pn(u− v)

1 + pn(u− v)
.
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Now we see that also the second example above is a metrizable locally convex space.
Even more, in both examples the given metric is complete in the sense that every Cauchy
sequence is convergent.

Definition 3.9. A Fréchet space is a locally convex topological vector space which is
metrizable with a translation invariant complete metric.

Fréchet spaces have been well-studied over the last few decades because they turned
out to be a suitable setting for problems of global analysis in infinite dimensions. One
of the hardest achievements was a proof of an inverse function theorem (see [32]), which
however does not work in full generality. For our purposes, the category of Fréchet spaces is
not good enough though since we will also need to work with the following non-metrizable
locally convex space.

Example 3.10. Let R∞ =
⊕

n∈N R be the direct sum of countably many copies of the
Euclidean line R. The elements of R∞ are sequences of real numbers with only a finite
number of nonzero terms. We can also view R∞ as the union R∞ =

⋃
n∈N Rn, where each

Rn is identified with the hyperplane Rn×{0} ⊆ Rn+1, and the topology is the direct limit
topology: S ⊆ R∞ is open if and only if S ∩ Rn is open in Rn for all n ∈ N.

Endowed with pointwise addition and scalar multiplication, R∞ is a locally convex
topological vector space: for any sequence (an)n∈N of positive real numbers the infinite
block B∞0 (an) = {(xn)n∈R ∈ R∞ | |xn| < an} is an absolutely convex open neighbourhood
of 0 and the collection of all these blocks forms a basis of open neighbourhoods of 0.

This locally convex topology is not metrizable. Indeed, suppose by contradiction1 that
there is a metric d on R∞ inducing the above topology. Denote by en the n-th standard
basis vector. First we want to construct a sequence (tn)n∈N of positive real numbers such
that d(0, tn · en)→ 0, i.e. tn · en → 0 in R∞. Proceed as follows: if d(0, en) ≤ 1

n
, put tn = 1.

Otherwise, consider the continuous function dn : [0, 1]→ R, t 7→ d(0, t ·en). Then dn(0) = 0

and dn(1) > 1
n
, hence by continuity there exists tn ∈ [0, 1] with dn(tn) = 1

n
. Altogether,

with a sequence (tn)n∈N constructed as above, 0 ≤ d(0, tn · en) ≤ 1
n
for all n ∈ N and so

tn · en → 0 as required.
Now define a linear map l : R∞ → R by setting l(en) = 1/tn. The restriction of l|Rk

to any Rk ⊆ R∞ is continuous and thus so is the map l by definition of the direct limit
topology. In particular, l(tn ·en)→ 0 as n→∞. But l(tn ·en) ≡ 1, which is a contradiction.
It follows that a metric d which would induce the given locally convex topology on R∞

cannot exist.
1I learned this argument from Johannes Ebert. One could also think about non-existence of a countable
basis of open neighbourhoods of 0.
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Finally, we will show that the bounded subsets of R∞ are exactly the bounded subsets
contained in some finite dimensional stage Rn of the direct limit. First, any bounded subset
S ⊆ Rn is also bounded in R∞ because any infinite block B∞0 (an) as above contains some
ball in Rn.

On the other hand, given a subset S ⊆ R∞, for each k ∈ N put

bk = sup {|xk| |x = (xn)n∈N ∈ S}.

Then 0 ≤ bk ≤ ∞. Define moreover nk ∈ N as follows: if bk = 0, then nk = 1, and
otherwise let nk be any positive integer such that 1/nk < bk and nk > nk−1 > . . . > n1.
Now suppose that S 6⊆ Rn for all n ∈ N. Then bk > nk · 1

n2
k
> 0 for infinitely many k’s

and lim supk→∞ nk = ∞. Therefore, for any t > 0 we have S 6⊆ t · B∞0 ((1/n2
k)k∈N) — just

consider some nk > t — and so S cannot be bounded.

Having put some effort into understanding bounded sets, let us finish this section with
the notion of a bounded linear operator.

Definition 3.11. A linear map (an operator) l : W1 → W2 between two locally convex
spaces is called bounded if it maps bounded sets to bounded sets.

Lemma 3.12. Let V and W be two locally convex spaces and l : V → W a linear
operator. Then if l is continuous, it is bounded. If moreover V is metrizable, then l is
continuous if and only if it is bounded.

A proof can be found in [55, Theorem 1.32] or [31, Appendix B].

3.2. Convenient calculus

The starting line for developing calculus in infinite dimensions is the notion of a dif-
ferentiable curve. This makes sense in any locally convex space W . By a curve in W we
mean any map c : R→ W .

Definition 3.13. A curve c : R→ W is called differentiable if the following limit, the
derivative of c at t0, exists for all t0 ∈ R

c′(t0) =
d

dt

∣∣∣∣
t=t0

c(t) = lim
t→0

c(t0 + t)− c(t0)

t
.

Then c′ = c′(t) is again a curve in W and so could be differentiated — the curve c is called
smooth if the iterated derivatives c(k) exist for all k ∈ N.

By standard arguments we can see that a differentiable curve is continuous. Another
important (not immediately clear) observation is that the set C∞(R,W ) of all smooth
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curves in W depends only on the bornology of W , i.e. the collection of all bounded subsets
of W . In other words, if τ1W and τ2W denote the same vector space W endowed with
possibly different locally convex topologies but having the same bounded sets, then a curve
c : R→ W is smooth as a curve into τ1W if and only if it is smooth as a curve into τ2W .
See [38, Section I.1] for more details and a proof.

Remark 3.14. The set C∞(R,W ) can be endowed with the locally convex topology
of uniform C∞-convergence on compact subsets.2 More precisely, if the locally convex
topology on W is given by a separating family of seminorms {pi}i∈I , then the topology on
C∞(R,W ) is given by the separating family of seminorms

qi,n,K(c) = max
{
pi
(
c(k)(t)

) ∣∣ t ∈ K, k ≤ n
}
,

where i ∈ I, n ∈ N0 and K is any compact subset of R. In this topology, pointwise addition
and scalar multiplication of curves are continuous and hence we get a structure of a locally
convex space on C∞(R,W ).

Using the set C∞(R,W ) we will now define another useful topology onW . In particular,
all smooth maps — to be defined later — are continuous in this topology while they might
not be continuous in the original locally convex topology on W .

Definition 3.15. The c∞-topology on a locally convex space W is the final topology
with respect to all smooth curves in W , i.e. a subset S ⊆ W is c∞-open if and only if
c−1(S) is open in R for all smooth curves c : R→ W .

The c∞-topology is finer than the original topology ofW and in general it might not be
identical and it might not even define the structure of a locally convex topological vector
space onW . The precise statement is that “the finest locally convex topology onW which is
coarser than the c∞-topology is the bornologification of W ,” where the bornologification of
W is “the finest locally convex topological vector space structure having the same bounded
sets as the original topology of W .” From here one can deduce that for metrizable spaces
the c∞-topology and the original topology coincide. We refer the reader to [38, Section
I.4] for more information on the c∞-topology. For our purposes, besides the metrizable
case just mentioned, we will only need the following example.

Example 3.16. Consider the space R∞ =
⋃
n∈N Rn from Example 3.10. As a strict di-

rect limit of closed linear embeddings of Fréchet spaces, the c∞-topology coincides with the
Kelley-fication of R∞, i.e. the final topology with respect to inclusions of compact subsets
(in the original locally convex topology), see [38, Theorem 4.11]. But R∞ is compactly
2In the sense of uniform spaces.
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generated, which exactly means that the Kelley-fication is identical to the original direct
limit topology, hence so is the c∞-topology.

Let us now move on to the key notion of a convenient locally convex space. We have
already mentioned that any differentiable curve is continuous. On the contrary, not every
smooth curve in a locally convex space has an integral (an antiderivative) and so we have
to restrict ourselves to spaces which do admit integrals. In fact, this property is equivalent
to other interesting properties of the space in question.

Definition/Proposition 3.17 ([38, Theorem 2.14]). A locally convex topological vec-
tor space W is called convenient or c∞-complete if at least one, and hence any, of the
following equivalent conditions holds

(i) For every c ∈ C∞(R,W ) there exists
∫
c ∈ C∞(R,W ) such that

(∫
c
)′

= c,
i.e.

∫
c is an antiderivative of c.

(ii) For every c ∈ C∞(R,W ) the Riemann integral
∫ b
a
c(t) dt exists in W .

(iii) A curve c : R→ W is smooth if and only if the curve l ◦ c : R→ R is smooth for
every continuous linear functional l : W → R.

(iv) The linear span 〈S〉 of a closed convex bounded subset S ⊆ W together with the
Minkowski functional u ∈ 〈S〉 7→ ‖u‖S = inf{t > 0 |u ∈ t · S} is a Banach space
(it is always a normed space).

(v) W is c∞-closed in any other locally convex space.

The Riemann integral of a smooth curve c can be defined in the standard way using
convergence of Riemann sums but, in general, the resulting limit will only live in the
completion Ŵ of W . For convenient spaces the integral exists as an element of W ⊆ Ŵ

and has all the usual properties of a definite integral (see [38, Section I.2]). In particular,
for a Fréchet space W all Riemann integrals exist in W ([32, Section I.2]) and so a Fréchet
space is an example of a convenient space.

The space R∞ is also convenient — this follows from the property (iv) above since any
bounded subset S lies in some Rn, which is a Fréchet space, hence convenient and so the
Minkowski functional induces a complete metric on 〈S〉.

More generally, the category of convenient spaces is closed under various constructions
in the category of locally convex topological vector spaces, e.g.

(i) a closed linear subspace of a convenient space is convenient,
(ii) all products and more generally all (inverse) limits of convenient spaces are con-

venient,
(iii) if W is convenient, then so is C∞(R,W ) with the topology from Remark 3.14.
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Eventually we come to the most important notion of calculus, that of smoothness of
mappings.

Definition 3.18. Let V and W be two locally convex spaces and f : U ⊆ V → W a
map defined on a c∞-open subset U . Then f is called smooth if it maps smooth curves in
U to smooth curves in W , i.e. f ◦ c ∈ C∞(R,W ) for all c ∈ C∞(R, U).

Of course, one would like to know whether this definition of smoothness is equivalent
to the standard definition of smoothness for mappings between Euclidean spaces. This is
indeed the case, although the proof is nontrivial.

Theorem 3.19 (Boman, [7]). A mapping f : Rm → Rn is smooth in the sense of the
above definition if and only if it is smooth in the classical sense, i.e. all its iterated partial
derivatives exist and are continuous.

Remark 3.20. The space C∞(U,W ) of all smooth mappings U → W is again a locally
convex space with pointwise addition and multiplication and the initial topology induced
by the maps c∗ : C∞(U,W )→ C∞(R,W ), c∗(f) = f ◦ c for c ∈ C∞(R, U). A basis for this
topology is the collection of all the sets of the form (c∗)−1(S), where c ∈ C∞(R, U) and
S ⊆ C∞(R,W ) is open (see also Remark 3.14).

Note that the mapping

f 7→ (f ◦ c)c∈C∞(R,U) = (c∗f)c∈C∞(R,U)

identifies the topological space C∞(U,W ) with the closed linear subspace in the product∏
c∈C∞(R,U) C

∞(R,W ) consisting of all the elements (fc) such that fc◦r = fc ◦ r for any
reparametrization r ∈ C∞(R,R). In particular, if W is convenient, then so is C∞(U,W )

because it is an inverse limit of convenient spaces.

Warning 3.21. Putting U = Rm and W = Rn, we obtain a topology on C∞(Rm,Rn)

which is different from the compact-open topology from Example 3.7. However, the two
topologies have the same bounded sets by (an analogue of) Proposition 6.1 in [38] and
so the induced c∞-topologies coincide.3 In particular, since the compact-open topology is
metrizable, this is the c∞-topology.

The following list of statements shows that smoothness in locally convex spaces as
defined is well-behaved. Number (ii) on the list is called the exponential law and is the key
ingredient in calculus of variations. This is also where the word “convenient” comes from

3Unfortunately, I do not know a direct simple proof that the bounded sets in the two topologies are the
same. The argumentation seems to be hidden in the point-set topology of the so-called webbed spaces.
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since in calculus of variations one needs to work in a “convenient category of topological
spaces” where the exponential law holds.

Proposition 3.22 ([38, Chapter I]). Let V , W and Vi for i = 1, . . . , n be locally convex
spaces and let U ⊆ V, and Ui ⊆ Vi be c∞-open subsets.

(i) A linear operator l : V → W is smooth if and only if it is bounded. The set
L(V,W ) of all such mappings is a closed linear subspace of C∞(V,W ).

(ii) A map f : U1 × U2 → W is smooth if and only if the canonically associated map
f∨ : U1 → C∞(U2,W ) exists and is smooth.
The induced bijection C∞(U1 × U2,W ) ∼= C∞(U1, C

∞(U2,W )) is a linear home-
omorphism of locally convex spaces.

(iii) The differentiation operator d : C∞(U,W )→ C∞(U,L(V,W )) defined by

(df)xv = lim
t→0

f(x+ tv)− f(x)

t

exists, is linear and bounded, hence smooth. Moreover, the chain rule holds

(d(f ◦ g))xv = (df)g(x)(dg)xv.

(iv) A multilinear mapping l : V1× . . .×Vn → W is smooth if and only if it is bounded
and in this case its differential is given by

(dl)(x1,...,xn)(v1, . . . , vn) =
n∑
i=1

l(x1, . . . , xi−1, vi, xi+1, . . . , xn).

(v) If, moreover, V1, V2 and W are convenient, then a linear map l : V1 → C∞(U2,W )

is smooth if and only if all the point evaluations evx ◦ l : V1 → W , x ∈ U2 ⊆ V2,
are smooth, where evx(g) = g(x) for g ∈ C∞(U2,W ).

We conclude this section with some notation to be used later. Given locally convex
topological vector spaces Vi, i = 1, . . . , n, andW , we denote by L(V1, . . . , Vn;W ) the vector
space of all bounded n-linear operators l : V1 × . . .× Vn → W together with the topology
of uniform convergence on bounded subsets. With this topology, the inclusion

i : L(V1, . . . , Vn;W )→ C∞(V1 × . . .× Vn,W )

is a bornological embedding, i.e. S ⊆ L(V1, . . . , Vn;W ) is bounded if and only if i(S) ⊆
C∞(V1 × . . .× Vn,W ) is bounded ([38, Section I.5]).

We also denote by Lnsym(V,W ) and Lnalt(V,W ) the linear subspaces of L(V × . . .×V ;W )

consisting of the symmetric and alternating n-linear maps, respectively.
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3.3. Infinite dimensional manifolds

We finally come to the definition of an infinite dimensional smooth manifold locally
modeled on a convenient vector space. This definition is mostly standard, though we
begin with a smooth structure on a set rather than a topological space and only then we
introduce a convenient topology on this set using the local charts.

A local chart (U, ψ) on a set M is a bijection ψ : U → ψ(U) ⊆ WU from a subset
U ⊆ M onto a c∞-open subset of a convenient locally convex space WU . For two local
charts (Ui, ψi), (Uj, ψj) the transition map between them is

ψij = ψi ◦ ψ−1
j : ψj(Ui ∩ Uj)→ ψi(Ui ∩ Uj).

A family (Ui, ψi)i∈I of charts on M is called a smooth atlas if M =
⋃
i∈I Ui and all the

transition maps ψij are defined on c∞-open subsets and are smooth. Two smooth atlases
on M are called equivalent if their union is again a smooth atlas. An equivalence class of
smooth atlases on M is called a smooth structure on M .

The manifold topology on a set M with a smooth atlas (Ui, ψi)i∈I is the identification
topology with respect to the local charts ψi : Ui → WUi , i.e. O ⊆ M is open if and only if
ψi(O ∩ Ui) is c∞-open4 in WUi for all i ∈ I.

Definition 3.23. Let M and N be two sets endowed with a smooth structure. A map
f : M → N is called smooth if for every x ∈ M there are charts (x ∈ U1, ψ1) on M and
(f(x) ∈ U2, ψ2) on N such that f(U1) ⊆ U2 and ψ2 ◦ f ◦ψ−1

1 is smooth. We denote the set
of all smooth maps between M and N by C∞(M,N).

A diffeomorphism is a smooth bijective mapping with a smooth inverse.

It follows from the definition that f is smooth if and only if for every smooth curve
c : R→M the curve f ◦ c : R→ N is smooth.

It now makes sense to talk about the set C∞(M) = C∞(M,R) of all smooth functions
on M . The manifold topology on M is called smoothly Hausdorff if for any two points
x, y ∈M there exists a smooth function f : M → R with f(x) = 0 and f(y) = 1.

Definition 3.24. A smooth manifold (modeled on convenient vector spaces) is a set
M together with a smooth structure on it such that the induced manifold topology is
smoothly Hausdorff.

We do not make any assumptions on second countability or paracompactness of the
manifold topology of a smooth manifold. As far as metrizability of (the manifold topology
4Notice that the manifold topology is induced from the c∞-topology of the modeling locally convex space.
Because all smooth maps are continuous in that topology, the manifold topology is well-defined.
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of) M is concerned, by [38, Lemma 27.8] M is metrizable if and only if it is paracompact
and modeled on Fréchet spaces.

Note that the isomorphism class of the modeling convenient spaceWU is constant along
the connected components of M because the differentials of the transition maps are linear
isomorphisms (this follows from the chain rule), but different components may be modeled
on non-isomorphic convenient spaces.

Remark 3.25. A manifold M is called finite dimensional if all the modeling vector
spaces WU are finite dimensional — this is the case if and only if M is locally compact
(see [55, Theorem 1.22]). For finite dimensional manifolds we will always require that the
manifold topology is Hausdorff and second countable, hence in particular paracompact.

Now we are ready to give two simple examples of smooth manifolds modeled on con-
venient locally convex spaces.

Example 3.26. Given a convenient vector space W , the identity map idW is a local
chart on W inducing a smooth structure on W . The manifold topology is the c∞-topology
of W , which is finer than the locally convex topology of W . But the latter is smoothly
Hausdorff by the Hahn-Banach theorem for locally convex spaces (see [55, Theorem 3.4]),
hence so is the c∞-topology.

Example 3.27. Consider the convenient vector space R∞ from Example 3.10 and recall
that its c∞-topology coincides with the direct limit topology. Consider moreover the non-
degenerate pairing 〈x, y〉 =

∑∞
j=1 xjyj. The infinite dimensional unit sphere

S∞ = {x = (xj)j∈N ∈ R∞ | 〈x, x〉 = 1}

carries a smooth structure induced by the stereographic projections: choose a ∈ S∞ and
define the following local charts

U+ = S∞ \ {a}, ψ+ : U+ → {a}⊥, ψ+(x) =
x− 〈a, x〉 · a

1− 〈a, x〉
,

U− = S∞ \ {−a}, ψ− : U− → {a}⊥, ψ−(x) =
x− 〈a, x〉 · a

1 + 〈a, x〉
,

where {a}⊥ = {y ∈ R∞ | 〈a, y〉 = 0} ∼= R∞. The transition map (ψ− ◦ ψ−1
+ )(y) = y

〈y,y〉 ,
defined on R∞ \ {0}, is smooth and so the two charts induce a smooth structure on S∞.

The manifold topology on S∞ coincides with the direct limit topology of the infinite
union S∞ =

⋃
n∈N S

n, where Sn denotes the Euclidean sphere in Rn+1 and in the union it
is identified with “the equator” in Sn+1. This topology is smoothly Hausdorff and so S∞

is a smooth manifold.
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As one could expect, the space of smooth maps from a manifold to a convenient vector
space naturally carries the structure of a convenient vector space.

Lemma 3.28 ([38, Lemma 27.17]). Let M be a manifold with a smooth atlas (Ui, ψi)i∈I

and let W be a convenient vector space. Then the space C∞(M,W ) with pointwise addition
and multiplication is a convenient vector space in the initial topology induced by the maps

(ψ−1
i )∗ : C∞(M,W )→ C∞(ψi(Ui),W ), (ψ−1

i )∗f = f ◦ ψ−1
i ,

where the target space is endowed with the topology from Remark 3.20.
Furthermore, a linear map l : V → C∞(M,W ) from another convenient vector space

V is smooth if and only if all the point evaluations evx ◦ l : V → W are smooth.

We will now briefly go through some classical notions of differential geometry and try
to point out several differences between the finite and infinite dimensional settings.

The product M × N of two smooth manifolds M and N is defined in the standard
way using the products of local charts. However, the manifold topology of M ×N might
be finer than the product of the manifold topologies of M and N . It is the same if both
manifolds are metrizable though.

Definition 3.29. A subset S of a manifoldM is called a submanifold if for each x ∈ S
there exists a chart (x ∈ U, ψ) on M such that ψ(U ∩S) = ψ(U)∩VU , where VU is a closed
linear subspace of WU .

A submanifold is then itself a manifold with a smooth atlas consisting of the restricted
charts (U ∩ S, ψ|U∩S). Instead of immersions and submersions we define the following two
types of maps. For instance, the inclusion of a submanifold is an initial map.

Definition 3.30. A map f : M → N between manifolds is called initial if for any
other map g : L→M from a manifold L, g is smooth if and only if f ◦ g is smooth.

A map f : M → N between manifolds is called final if for any other map g : N → P

to a manifold P , g is smooth if and only if g ◦ f is smooth.

Next we are going to define tangent vectors and the tangent space to a manifold.
First, a tangent vector to a convenient vector space W at a point x ∈ W is just a pair
(x, u) ∈ {x} ×W =: TxW . For any neighbourhood U of x, such a tangent vector induces
a continuous linear map C∞(U,R)→ R defined by ux(f) = (df)x(u) which satisfies

ux(f · g) = g(x) · ux(f) + f(x) · ux(g),
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hence it is a derivation at x. For a finite dimensionalW it is known that any derivation at x
on C∞(U,R) comes from a tangent vector in this way. However, for an infinite dimensional
W this is not true anymore and so we define a tangent vector by its “kinematic” property.

Definition 3.31. Two smooth curves c1, c2 : R→M on a smooth manifoldM are said
to be equivalent if

c1(0) = c2(0) = x and
d

dt

∣∣∣∣
t=0

(ψ ◦ c1)(t) =
d

dt

∣∣∣∣
t=0

(ψ ◦ c2)(t)

for some, and hence any, chart (U, ψ) around x.
A tangent vector toM at x ∈M is an equivalence class of smooth curves with c(0) = x.

The tangent space to M at x is the set TxM of tangent vectors to M at x. The tangent
bundle of M is the disjoint union TM =

⋃
x∈M TxM .

A local chart (U, ψ) can be used to identify TxM with Tψ(x)WU
∼= WU — a tangent

vector X = [c] ∈ TxM corresponds to(
ψ(x),

d

dt

∣∣∣∣
t=0

(ψ ◦ c)(t)
)
∈ Tψ(x)WU .

Any other chart around x gives a linearly isomorphic description and so TxM canonically
carries the structure of a convenient vector space. We will often write X = d

dt

∣∣
t=0

c(t),
suppressing the local chart ψ, and say that X is represented by the curve c.

We endow TM with the structure of a smooth manifold as follows. Let (Ui, ψi)i∈I be
a smooth atlas on M and consider the disjoint union

T =
⋃
i∈I

Ui ×WUi × {i}.

Under the following equivalence relation

(x, u, i) ∼ (y, v, j)⇔ x = y and (dψij)ψj(x)v = u

and the above identifications TxM ∼= WUi the quotient set T/∼ is canonically identified
with TM . Define a projection π : TM → M by π([x, u, i]) = x and put TUi = π−1(Ui).
Let Tψi : TUi → Ui × WUi be given by Tψi([x, u, i]) = (ψi(x), u). Then the collection
(TUi, Tψi)i∈I is a smooth atlas on TM , the induced manifold topology is smoothly Haus-
dorff and the projection π is a smooth map.

Definition 3.32. The tangent map to f : M → N is the map Tf : TM → TN defined
as follows: if X ∈ TM is represented by a curve c : R → M , then Tf(X) ∈ TN is
represented by the curve f ◦ c : R → N , i.e. Tf(X) = d

dt

∣∣
t=0

(f ◦ c)(t). The restriction of
Tf to the tangent space TxM is denoted by Txf .
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The tangent map has all the usual properties — it is smooth, linear on tangent spaces
and the chain rule holds. For N = W , a convenient vector space, TW ∼= W ×W where the
first factor keeps track of the base point, while the second factor is the tangent direction.
For a smooth map f : M → W we then define its differential df : TM → W by

df = pr2 ◦ Tf.

Definition 3.33. A vector field on a smooth manifold M is a smooth section of the
tangent bundle π : TM → M , i.e. a smooth map X : M → TM such that π ◦ X = idM .
The set of all vector fields onM together with pointwise addition and scalar multiplication
is a vector space and it will be denoted by X(M).

A vector field X on M induces a linear operator X : C∞(M)→ C∞(M) given by

f 7→
(
x 7→ X(f)(x) = (df)xX(x)

)
,

which is a derivation in the sense that X(f · g) = X(f) · g + f · X(g). Contrary to the
finite dimensional setting, not every derivation on C∞(M) arises in this way from a vector
field. However, if it does, then it is unique. In particular, the Lie bracket of two vector
fields X, Y is well-defined — it is the vector field [X, Y ] which induces the derivation

[X, Y ](f) = X(Y (f))− Y (X(f)).

Locally, for M = U a c∞-open subset of a convenient space WU and X, Y ∈ C∞(U,WU)

we obtain the usual formula

[X, Y ](x) = (dY )xX(x)− (dX)xY (x) ∈ C∞(U,WU).

See [38, Section 32] for more details on vector fields.

Definition 3.34. An integral curve of a vector field X ∈ X(M) is a smooth curve
c : (a, b)→M such that d

dt

∣∣
t=t0

c(t) = X(c(t0)) for all t0 ∈ (a, b) ⊆ R.

Integral curves may not exist and even if they do, they may not be unique for a given
initial value. This is because for general convenient vector spaces we have nothing like
an implicit function theorem nor an inverse function theorem and hence no theorem on
the existence and uniqueness of solutions of differential equations. We thus have to define
what we mean by a flow of a vector field.

Definition 3.35. A local flow of a vector field X is a smooth map FlX : U → M

defined on a c∞-open neighbourhood U of M ×{0} ⊆M ×R which satisfies the following
conditions for all x ∈M :

(i) U ∩ ({x} × R) is an open connected interval,
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(ii) FlX0 (x) = x,
(iii) if FlXs (x) exists, then FlXt+s(x) exists if and only if FlXt (FlXs (x)) exists and in this

case these two are equal,
(iv) d

dt

∣∣
t=t0

FlXt (x) = X
(
FlXt0 (x)

)
.

If a local flow exists, then we recover all its usual properties. In particular, if c is an
integral curve of X, then c(t) = FlXt (c(0)), which means that there exists a unique maximal
flow. We can also define the Lie derivative of another vector field Y and verify the usual
relations between the Lie derivative and the Lie bracket [X, Y ] — see [38, Section 32] for
all the proofs.

Before defining the cotangent bundle and differential forms let us make a quick detour
into the general theory of vector bundles in the infinite dimensional setting.

Definition 3.36. Let W be a convenient vector space. A vector bundle with a typical
fibre W is a smooth surjective map q : E → B such that for each x ∈ B

(i) the fibre Ex = q−1(x) carries the structure of a convenient vector space and
(ii) there is an open neighbourhood U of x and a diffeomorphism ψ : q−1(U)→ U×W

so that pr1 ◦ ψ = q and ψ|Ex : Ex → {x} ×W is a linear isomorphism. Such a ψ
is called a local trivialization of q.

Then E is called the total space and B the base space of the vector bundle.

Note that q : E → B is a final map since the zero section assigning to x ∈ B the zero
element of the vector space Ex is a global smooth right inverse.

A vector bundle can be recovered by “gluing” from its local trivializations. More pre-
cisely, a vector bundle atlas for a vector bundle q : E → B is a collection (Ui, ψi)i∈I of its
local trivializations such that the union of all the Ui’s covers B. Then

(ψi ◦ ψ−1
j )(x, u) = (x, ψij(x)u),

where the transition map ψij : Ui ∩ Uj → GL(W ) is a smooth map into the group of
bounded linear isomorphisms of W . The total space E is diffeomorphic to the quotient of
the disjoint union

⋃
i∈I Ui ×W × {i} under the equivalence relation

(x, u, i) ∼ (y, v, j)⇔ x = y and u = ψij(x)v

and the projection q : E → B is the map induced by pr1.
The family (ψij)i,j∈I is also called the cocycle of transition maps because it satisfies the

cocycle conditions

ψii(x) = x for all x ∈ Ui and ψij(x) ◦ ψjk(x) = ψik(x) for all x ∈ Ui ∩ Uj ∩ Uk.
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Definition 3.37. A section of a vector bundle q : E → B is a smooth map s : B → E

such that q ◦ s = idB. The set of all sections of q, denoted by Γ(E), is a vector space with
respect to pointwise addition and scalar multiplication.

Remark 3.38. An analogue of Lemma 3.28 holds. Namely, Γ(E) is a convenient vector
space with the subspace topology induced from the closed linear embedding

Γ(E)→
∏
i∈I

C∞(Ui,W ), s 7→
(
pr2 ◦ ψ−1

i ◦ s|Ui
)
i∈I

for any bundle atlas (Ui, ψi) of E. Moreover, a linear map l : V → Γ(E) from another
convenient vector space V is smooth if and only if all the compositions with the point
evaluations l ◦ evx : V → Ex are smooth.

Let now F be a covariant functor from the category of convenient vector spaces with
bounded linear maps into itself and suppose that F : L(V,W )→ L(F(V ),F(W )) is smooth
for every V andW . Given a vector bundle q : E → B with a cocycle of transition functions
ψij : Uij → GL(W ), we can consider the cocycle F(ψij) : Uij → GL(F(W )), x 7→ F(ψij(x)),
which defines a unique vector bundle F(E)

q−→ B. Similarly, for a contravariant functor
F we use the cocycle F(ψ−1

ij ), while for a bi-functor such as L(V,W ) we use the cocycle
F(ϕ−1

ij , ψij). We can apply this construction in particular to the tangent bundle of a smooth
manifold.

Definition 3.39. LetM be a smooth manifold and let F be the functor which assigns
to a convenient vector space W its dual5 W ′ of all bounded linear functionals W → R.
The cotangent bundle of M is defined to be the vector bundle T ′M = F(TM) → M . A
one-form on M is a smooth section of T ′M .

Of course, the differential df : TM → R of a smooth function is a one-form on M . To
define higher degree differential forms one has to be a little bit more careful with topological
issues. For instance, there exists a convenient topology on the tensor product of convenient
vector spaces, hence also on the exterior product, so we could define differential forms to
be smooth sections of Λk(T ′M), but the space of such forms is not invariant under the Lie
and exterior derivatives. Instead, we consider the vector bundle Lkalt(TM,M×R) of vector
bundle maps TM ×M . . .×M TM → M × R which are fibrewise k-linear, alternating and
bounded. Otherwise put, Lkalt(TM,M × R) = F(TM), where F is the functor assigning
to a vector space W the convenient vector space Lkalt(W,R) (see also the definition of the
topology on this space on page 46).

5We follow the notation of [38] here, W ∗ is used to denote the dual of all continuous linear functionals.
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Definition 3.40. Let k ∈ N. A k-form on a manifold M is a smooth section of the
vector bundle Lkalt(TM,M ×R)→M . The space of all k-forms will be denoted by Ωk(M).

For an arbitrary convenient vector space W , we similarly define k-forms on M with
values in W and denote the corresponding space by Ωk(M ;W ) = Γ

(
Lkalt(TM,M ×W )

)
.

With this definition we recover the basic properties of differential forms known from
finite dimensional differential geometry. Note that we also put Ω0(M) = C∞(M), i.e. the
space of smooth functions on M .

Proposition 3.41 ([38, Remark 33.22]). The following operators are smooth

(i) The insertion operator ι : X(M)× Ωk(M)→ Ωk−1(M) defined by

(ιXρ)(X1, . . . , Xk−1) = ρ(X,X1, . . . , Xk−1).

(ii) The exterior derivative d : Ωk(M)→ Ωk+1(M) defined by

(dρ)(X0, . . . , Xk) =
k∑
i=0

(−1)iXi · ρ(X0, . . . , X̂i, . . . , Xk) +

+
∑

0≤i<j≤k

(−1)i+jρ([Xi, Xj], X0, . . . , X̂i, . . . , X̂j, . . . , Xk),

where on the right-hand side we consider arbitrary vector fields Xi which extend
the tangent vectors Xi on the left-hand side and the hat over an Xi means that
this entry is omitted.

(iii) The Lie derivative L : X(M)× Ωk(M)→ Ωk(M) defined by

(LXρ)(X1, . . . , Xk) = X · ρ(X1, . . . , Xk)−
k∑
j=1

ρ(X1, . . . , [X,Xj], . . . , Xk).

If the vector field X admits a local flow, then LXρ = d
dt

∣∣
t=0

(FlXt )∗ρ.

(iv) Given a smooth map f : N →M , the pullback f ∗ : Ωk(M)→ Ωk(N) defined by

(f ∗ρ)y(Y1, . . . , Yk) = ρf(y)(Tf(X1), . . . , T f(Xk)).

It is also straightforward to verify all the standard relations between the above opera-
tions, e.g. Cartan’s magic formula LX = d ◦ ιX + ιX ◦ d, and the behavior with respect to
the wedge product of forms

(ρ ∧ τ) (X1, . . . , Xk+l) =
1

k!l!

∑
s∈Sk+l

sign(s) · ρ
(
Xs(1), . . . , Xs(k)

)
· τ
(
Xs(k+1), . . . , Xs(k+l)

)
for ρ ∈ Ωk(M) and τ ∈ Ωl(M).
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Moreover, we get d ◦ d = 0 and so the deRham cohomology is defined in the usual way

H∗deR(M) =
⊕
k≥0

Hk
deR(M) :=

⊕
k≥0

ker(d : Ωk(M)→ Ωk+1(M))

im(d : Ωk−1(M)→ Ωk(M))
,

which is a graded commutative algebra over R with respect to the wedge product. A
smooth map f : N → M induces an algebra homomorphism f : H∗deR(M) → H∗deR(N) by
the pullback operation on forms and smoothly homotopic maps induce the same homo-
morphism.

The deRham theorem is recovered under an additional condition: a manifold M is
called smoothly paracompact if every open cover of M admits a subordinated partition of
unity consisting of smooth functions.

Proposition 3.42 ([38, Theorem 34.7]). Let M be a smoothly paracompact manifold.
Then integration of k-forms over smooth singular simplices in M induces a natural iso-
morphism between the deRham cohomology H∗deR(M) and the singular cohomology with
real coefficients H∗(M ;R).

Let us finish with Lie groups and principal fibre bundles.

Definition 3.43. A Lie group is a smooth manifold G together with a group structure
such that both the multiplication and the inversion are smooth maps.

We will also call G a convenient Lie group in particular when the underlying smooth
manifold is not finite dimensional.

The tangent space TeG at the identity element e ∈ G can be identified with the space
of left invariant vector fields in the usual way and the Lie bracket of such vector fields then
induces a Lie bracket on TeG making it into a Lie algebra — this will be denoted by LieG
or simply by g. A smooth homomorphism of Lie groups ϕ : G1 → G2 induces a Lie algebra
homomorphism ϕ̂ = Teϕ : g1 → g2.

Definition 3.44. A 1-parameter subgroup in a Lie group G is a smooth group homo-
morphism ϕ : (R,+)→ G.

An exponential map for G is a smooth map exp: g→ G such that for each X ∈ g the
mapping t 7→ exp(tX) is a 1-parameter subgroup in G with d

dt

∣∣
t=0

exp(tX) = X.

If the exponential map exists, then it is unique and enjoys the standard properties
known from the finite dimensional setting with one exception: unless a suitable inverse
function theorem can be applied, exp might not be a local diffeomorphism — this happens
e.g. for diffeomorphism groups (see [38, Example 43.2]). The theory of infinite dimensional
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Lie groups has a long and interesting history and the question of existence of an exponential
map has been one of the central problems (see e.g. [47]).

The definitions of a general fibre bundle and a principal bundle are mostly standard.

Definition 3.45. Let F be a smooth manifold. A fibre bundle with a typical fibre F
is a smooth surjective map q : E → B with the following property: for every point x ∈ B
there exists a neighbourhood x ∈ U ⊆ B and a diffeomorphism ψ : q−1(U)→ U × F such
that pr1 ◦ψ = q. Then E is called the total space and B the base space of the fibre bundle,
while Fx = q−1(x) is called the fibre over x.

Definition 3.46. Let G be a Lie group. Then a principal G-bundle is a fibre bundle
π : P → B with a typical fibre G together with a smooth right action of G on P which is
free, its orbits are exactly the fibres of π, and the map τ : P×BP → G uniquely determined
by p1 · τ(p1, p2) = p2 is smooth.

We can equivalently describe fibre bundles using transition functions between the locally
trivial pieces analogously to the case of vector bundles. The smoothness of the map τ in
the definition of a principal bundle then follows from the construction.

At this point the reader could return to the previous chapter on Chern-Weil theory
and check that all the techniques work well also in the infinite dimensional framework just
described. In particular, the basic theory of connections on fibre bundles and principal
connections goes through without any changes. We should remark though that we did
not use the notion of a parallel transport — this is of course more problematic in infinite
dimensions.



CHAPTER 4

Groups of contactomorphisms and spaces of isocontact

embeddings

In this chapter we study spaces of smooth mappings between finite dimensional mani-
folds, diffeomorphism and contactomorphism groups and spaces of isocontact embeddings
of one contact manifold to another. We will show that all these can be endowed with the
structure of a smooth manifold modeled on convenient locally convex spaces.

In Section 4.1 we begin with the set C∞(M,N) of smooth mappings between finite di-
mensional manifolds M and N , M closed, and show that it is a smooth manifold modeled
on a vector space of sections of the tangent bundle TN . The induced manifold topology is
the compact-open C∞-topology. We then briefly comment on smoothness of the composi-
tion and evaluation maps and proceed to show that the group Diff(M) of diffeomorphisms
of M is an open submanifold of C∞(M,M) and a Lie group. The Lie algebra of Diff(M)

is the algebra of vector fields on M and, moreover, the group admits an exponential map,
the time-one flow map.

Section 4.2 deals with the case of contact manifolds. For a closed co-orientable contact
manifold (M, ξ = kerα), using the Lychagin charts we prove that the groups Cont(M, ξ)

and Cont(M,α) are Lie groups modeled on the space C∞(M) of smooth functions on M .
Their Lie algebras are identified with the algebras of contact and strict contact vector fields
on M , respectively.

In Section 4.3 we look at the space of isocontact embeddings of one contact manifold
(M, ξ) into another manifold (E, η) and prove that this space is a smooth manifold and the
total space of a principal Cont+(M, ξ)-bundle. We also construct a principal connection
on this bundle.

Finally, using Gromov’s h-principle and specializing to (E, η) = (S∞, ξstd), where

S∞ =
⋃
n∈N0

S2n+1, ξstd =
⋃
n∈N0

ξstd,S2n+1 ,

we show in Section 4.4 that the space of isocontact embeddings of (M, ξ) into (S∞, ξstd) is
a universal principal Cont+(M, ξ)-bundle and so in particular we have a smooth model for
the universal Cont+(M, ξ)-bundle.

57
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4.1. Manifolds of smooth mappings

In this section we will show that the set C∞(M,N) of smooth maps between finite
dimensional manifolds M and N , M closed, is an infinite dimensional smooth manifold
and that the group Diff(M) of diffeomorphisms ofM is an open submanifold of C∞(M,M)

and a Lie group.
Let us however first comment on the topology of C∞(M,N). As a smooth manifold it

will be endowed with the manifold topology (see page 47), but this topology turns out to
be the same as the compact-open C∞-topology which we will now describe.

Let f ∈ C∞(M,N) be arbitrary. Pick local charts (U,ϕ) on M and (V, ψ) on N and a
compact set K ⊂ U such that f(K) ⊆ V . Denote by ‖ ‖ the Euclidean norm on Rn. For
k ∈ N0 and ε > 0 put

B
(k)
f (ε, (U,ϕ), (V, ψ), K) =

{
g ∈ C∞(M,N) | g(K) ⊆ V and

max
x∈K,|α|≤k

‖∂α(ψfϕ−1)(x)− ∂α(ψgϕ−1)(x)‖ < ε
}
.

The collection of the sets B(k)
f (ε, (U,ϕ), (V, ψ), K), indexed by (ε, (U,ϕ), (V, ψ), K), forms a

subbasis of open neighbourhoods of f in the compact-open Ck-topology on C∞(M,N). The
union of these topologies over all k ∈ N0 is the compact-open C∞-topology on C∞(M,N),
i.e. O ⊆ C∞(M,N) is C∞-open if and only if it is Ck-open for some k ∈ N0.

The compact-open C∞-topology is clearly Hausdorff and it is not hard to show that
for M closed it is metrizable with a complete metric (the topology is induced from the
compact-open topology on the jet space J∞(M,N), which is a bundle over M × N with
Fréchet spaces as fibres) and second countable.

For a finite dimensional vector bundle q : E → B over a finite dimensional manifold B
we also consider the compact-open C∞-topology on the space of sections Γ(E) — this is
the subspace topology induced from the inclusion Γ(E) ⊆ C∞(B,E).

Note that we have already defined another topology on Γ(E), the one from Remark
3.38. These two topologies are different but, by a reasoning analogous to the one outlined
in Warning 3.21, one can prove that for B closed the corresponding c∞-topologies coincide
and happen to be the compact-open C∞-topology.

Proposition 4.1 ([38, Theorem 42.1]). LetM and N be two finite dimensional smooth
manifolds, M closed. Then the set C∞(M,N) of all smooth maps f : M → N is an infinite
dimensional manifold modeled on the convenient vector spaces Γ(f ∗TN) of smooth sections
of TN along f endowed with the topology from Remark 3.38. The induced manifold topology
on C∞(M,N) is the compact-open C∞-topology.
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Proof. Choose an auxiliary Riemannian metric on N and let exp: U ⊆ TN → N be
the associated exponential map, where U is an open neighbourhood of the zero section in
TN small enough so that

(πN , exp) : TN → N ×N

is a diffeomorphism onto an open neighbourhood V of the diagonal, where πN denotes the
tangent bundle projection.

Let f ∈ C∞(M,N) be arbitrary and consider the pullback square

f ∗TN
f
//

��

TN

πN
��

M
f

// N

Identify the space Γ(f ∗TN) with the space Γ(TN, f) = {Y ∈ C∞(M,TN) | πN ◦Y = f}
by the bijective mapping X 7→ f ◦X and define

Uf =
{
h ∈ C∞(M,N) | (f(x), h(x)) ∈ V for all x ∈M

}
and

ψf : Uf → Γ(f ∗TN), ψf (h)(x) =
(
(πN , exp)−1 ◦ (f, h)

)
(x).

Then ψf is a bijection onto the set

ψf (Uf ) = {X ∈ Γ(f ∗TN) |X(M) ⊆ (f)−1(U)}.

The inverse map is given by ψ−1
f (X) = exp ◦f ◦ X. The subset ψf (Uf ) ⊆ Γ(f ∗TN) is

c∞-open for the topology from Remark 3.38 — as remarked in the paragraph preceding
the proposition, the c∞-topology on Γ(f ∗TN) is the compact-open topology.

Given another g ∈ C∞(M,N), for X ∈ ψg(Uf ∩ Ug) ⊆ Γ(g∗TN) the corresponding
transition map reads as(

ψf ◦ ψ−1
g

)
(X) = (πN , exp)−1 ◦ (f, exp ◦g ◦X) = τ−1

f ◦ τg ◦X,

where τg : (g)−1(U)→ (g × idN)−1(V ) ⊆M ×N is the diffeomorphism defined by

τg
(
x, Yg(x)

)
=
(
x, expg(x) Yg(x)

)
.

It follows that the transition map ψf ◦ ψ−1
g sends smooth curves in Γ(f ∗TN) to smooth

curves in Γ(g∗TN), hence it is smooth itself. Consequently, the collection (Uf , ψf )f∈C∞(M,N)

defines a smooth atlas on C∞(M,N).
The manifold topology on C∞(M,N) is by definition the identification topology with

the direct sum of the c∞-topologies on the charts ψf (Uf ). This topology coincides with the
compact-open topology. In particular, the manifold topology is smoothly Hausdorff. �
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An analogous result can be also proved for non-compact manifolds M but the topolog-
ical issues are a bit deeper and so we decided to restrict ourselves to compact manifolds
only since this is the case we need in the thesis.

On the other hand, the above proof can be generalized to some infinite dimensional
target manifolds N — the manifold is required to admit an analogue of the exponential
map called a local addition on N . This is a smooth map add: U ⊆ TN → N defined on
an open neighbourhood U of the zero section in TN which satisfies

(i) (πN , add) : U → N × N is a diffeomorphism onto a c∞-open neighbourhood of
the diagonal and

(ii) add(0x) = x for all x ∈ N .

A local addition exists e.g. for the infinite dimensional sphere S∞ (see Example 3.27).
Indeed, the tangent space

TS∞ ∼= {(x, v) ∈ S∞ × R∞ | 〈x, v〉 = 0} =
⋃
n∈N

{(x, v) ∈ Sn × Rn+1 | 〈x, v〉 = 0} ∼=
⋃
n∈N

TSn

and so for (x, v) ∈ TSn we can put addx(v) := expx(v) for the exponential map of the round
metric on Sn and restrict the resulting map to the open subset U ⊆ TS∞ consisting of
the tangent vectors of length at most π. We can therefore talk about the smooth manifold
C∞(M,S∞) for a closed finite dimensional manifold M .

We have already mentioned in the beginning of this section that for a closed finite
dimensional manifold M the compact-open C∞-topology on C∞(M,N) is metrizable and
second countable. By [38, Proposition 42.3] it is also smoothly paracompact.

By the exponential law and by [38, Lemma 42.5], smooth curves c : R → C∞(M,N)

exactly correspond to smooth maps c∧ ∈ C∞(R×M,N), where c∧(t, x) = ct(x). It follows
that the evaluation map

ev : C∞(M,N)×M → N

is smooth as well as the composition map

◦ : C∞(M,N)× C∞(P,M)→ C∞(P,N)

for another closed finite dimensional manifold P .
By [38, Theorem 42.17] the tangent bundle TC∞(M,N) is as a smooth vector bundle

over C∞(M,N) naturally isomorphic to C∞(M,TN) by the mapping

X =
d

dt

∣∣∣∣
t=0

c(t) 7−→ x 7→ d

dt

∣∣∣∣
t=0

c∧(t, x), x ∈M.

It is also not hard to prove that for a finite dimensional vector bundle q : E → B the
convenient space Γ(E) of sections of q is a submanifold of C∞(B,E) [38, Theorem 42.20].
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Proposition 4.2 ([38, Theorem 43.1]). LetM be a closed connected finite dimensional
smooth manifold. Then its group of diffeomorphisms Diff(M) is an open submanifold
of C∞(M,M) and the composition and inversion operations are smooth, hence it is a
convenient Lie group.

The Lie algebra of Diff(M) is isomorphic to the vector space X(M) of vector fields on
M equipped with the negative of the standard Lie bracket of vector fields.

An exponential map exp: X(M)→ Diff(M) exists and it is given by the time-one flow.

Proof. We will first show that Diff(M) is an open subset of C∞(M,M) in the
compact-open C∞-topology (for a proof from the viewpoint of the c∞-topology you can
see [38, Theorem 43.1]).

Let f ∈ Diff(M) be arbitrary. Since being an immersion is a local open condition on
the tangent map Tg, i.e. the first derivatives of g, there is a C1-open neighbourhood O1 of
f in C∞(M,M) consisting of immersions only.

Now suppose by contradiction that any C1-open neighbourhood of f contains a non-
injective map. In that case there exists a sequence (gn)n∈N ⊆ C∞(M,M) which converges
uniformly on compact subsets together with its first derivatives to f and there exist distinct
points xn, yn ∈M such that gn(xn) = gn(yn) for all n ∈ N. Because M is compact, we can
assume that xn → x and yn → y as n → ∞. Then f(x) = f(y) and so x = y since f is
injective (it is a diffeomorphism by assumption).

Working in a local chart around x and choosing a subsequence if necessary we may
further assume that

xn − yn
‖xn − yn‖

→ v ∈ Sm−1.

From the C1-uniform convergence we deduce that

Tyngn

(
xn − yn
‖xn − yn‖

)
→ Tyf(v),

while by investigating the Taylor expansions we obtain (recall that gn(xn) = gn(yn))

−Tyngn
(

xn − yn
‖xn − yn‖

)
=
gn(xn)− gn(yn)− Tyngn(xn − yn)

‖xn − yn‖
→ 0.

It follows that Tyf(v) = 0. But this is a contradiction with f being a diffeomorphism.
There thus exists a C1-open neighbourhood O2 of f in C∞(M,M) consisting of injective
maps only.

The neighbourhood O1 ∩O2 of f consists of injective immersions and hence diffeomor-
phisms because M is assumed to be closed and connected. So Diff(M) is indeed an open
subset of C∞(M,M) as claimed.
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Composition of maps is a smooth operation on Diff(M) by the discussion preceding
the statement of the proposition. To prove that the inversion ι is smooth, take a smooth
curve c : R → Diff(M) and consider the associated smooth map c∧ : R ×M → M . The
map (ι ◦ c)∧ satisfies the implicit equation

c∧
(
t, (ι ◦ c)∧(t, x)

)
= x

for all t ∈ R and x ∈ M . By the finite dimensional implicit function theorem, the map
(ι◦ c)∧ is smooth, hence so is ι◦ c. In other words, ι maps smooth curves to smooth curves
and so it is smooth by definition.

From the discussion preceding the statement of this proposition or by looking at the
charts on C∞(M,M), it follows that the tangent space TidDiff(M) = Lie Diff(M) equals
the space X(M) of all vector fields on M . Given X ∈ X(M), its flow t 7→ FlXt ∈ Diff(M)

is a 1-parameter subgroup and it satisfies d
dt

∣∣
t=0

FlXt = X ◦ FlX0 = X, which means that
the time-one flow map Fl1 : X(M)→ Diff(M) is a candidate for an exponential map. We
have to verify that it is a smooth map.

A smooth curve in X(M) corresponds to a time-dependent vector field X : t 7→ Xt.
Regarding Xt as the complete vector field (0t, Xt) on R×M we obtain

Fl1 ◦X =
(

pr2 ◦ Fl
(0,X)
1

)∨
: R→ Diff(M),

which is a smooth curve in Diff(M). Hence Fl1 maps smooth curves to smooth curves and
so it is smooth itself and exp = Fl1.

Finally, let us compute the Lie bracket on Lie Diff(M) = X(M) with use of the adjoint
representation. For X, Y ∈ X(M) we get

Adexp(sX)Y = Tidconjexp(sX)(Y ) =
d

dt

∣∣∣∣
t=0

FlXs ◦ FlYt ◦ FlY−s = TFlXs (Y ◦ FlY−s) =
(
FlX−s

)∗
Y,

adX(Y ) =
d

ds

∣∣∣∣
s=0

Adexp(sX)Y =
d

ds

∣∣∣∣
s=0

(
FlX−s

)∗
Y = −[X, Y ].

So the Lie bracket on Lie Diff(M) equals the negative of the Lie bracket of vector fields. �

4.2. Groups of contactomorphisms

Let (M, ξ = kerα) be a closed connected co-orientable contact manifold. We will show
in this section that the group Cont(M, ξ) of contactomorphisms of M and its subgroups
Cont(M,α) of strict contactomorphisms are infinite dimensional Lie groups. To this end,
we first need to recall a classical “neighbourhood theorem” in contact topology — the one
concerning Legendrian submanifolds.
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Definition 4.3. A submanifold L of a contact (2n + 1)-dimensional manifold (M, ξ)

is called Legendrian if TxL ⊆ ξx for all x ∈ L and dimL = n.

Example 4.4. Let L be a finite dimensional manifold and πL : T ∗L→ L its cotangent
bundle. The Liouville form θ is the one-form on T ∗L defined by

θρ(X) = ρ(TρπL(X)), where ρ ∈ T ∗L, X ∈ Tρ(T ∗L).

In local coordinates (q1, . . . , qn) on L and the dual fibre coordinates (p1, . . . , pn) on T ∗L
the Liouville form is written as θ =

∑n
i=1 pidqi. This one-form has the following canonical

property: ρ∗θ = ρ for all ρ ∈ Ω1(L), where ρ is viewed as a section ρ : L→ T ∗L.
Consider now the manifold T ∗L× R = J1L together with the projection

π : J1L→ L, π(ρ, z) = πL(ρ)

and the one-form αjet = dz − θ, where z denotes the R-coordinate. We see from the local
expression of θ that αjet is a contact form on J1L — compare with the standard contact
form on R2n+1 in Example 1.4. The corresponding contact distribution will be denoted by
ξjet = kerαjet.

Every smooth function g : L→ R defines an embedding

j1g : L→ J1L, x 7→
(
(dg)x, g(x)

)
,

whose image is a Legendrian submanifold of (J1L, ξjet). Indeed,

(j1g)∗αjet = g∗dz − (dg)∗θ = dg − dg = 0.

In particular, the constant zero function identifies L with the zero section 0L ⊆ J1L of π.

Proposition 4.5 (Lychagin). Let L be a closed Legendrian submanifold of a co-
orientable contact manifold (M, ξ = kerα). Then there exist an open neighbourhood O(L)

of L in M , an open neighbourhood O(0L) of the zero section 0L in J1L and a diffeomor-
phism f : O(L)→ O(0L) such that f |L = j10 and f ∗αjet = α.

Let us remark that the claim is usually stated with a non-strict contactomorphism f ,
i.e. f ∗αjet = µ · α for some nowhere zero function µ : O(0L)→ R. A proof of the claim as
stated is given in [38, Proposition 43.18] but we also refer to the second part of the proof
of [25, Theorem 2.5.1]. The original proof by Lychagin can be found in [42].

The following result states that the group of contactomorphisms Cont(M, ξ) is a con-
venient Lie group. The local charts constructed in the proof below were first considered
by Lychagin [42, §5].
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Proposition 4.6 ([38, Theorem 43.19]). Let (M, ξ = kerα) be a closed connected co-
orientable contact manifold. Then the group Cont(M, ξ) of contactomorphisms of M is a
Lie group, the inclusion i : Cont(M, ξ) → Diff(M) is a smooth initial mapping and Tidi

maps the Lie algebra of Cont(M, ξ) isomorphically onto the Lie subalgebra X(M, ξ) ⊆ X(M)

of contact vector fields on M .

Proof. Let us start with some preparations. Fix a contact form α for the contact
manifold (M, ξ) and define the product contact manifold M̂ = M×M× (R\{0}) endowed
with the contact form α̂ = z · pr∗1α− pr∗2α, where z is the R-coordinate.

For a contactomorphism f ∈ Cont(M, ξ) we have f ∗α = λf ·α for some smooth function
λf : M → R \ {0}, which can be reconstructed by inserting the Reeb vector field Rα

λf = ιRα(λfα) = ιRα(f ∗α) = f ∗(ιf∗Rαα).

Using this equation we define a function λf : M → R for any diffeomorphism f ∈ Diff(M).
If f is C0-close in the compact-open topology to a contactomorphism, then λf is nowhere
vanishing and we can consider its contact graph Γf : M → M̂,Γf (x) = (x, f(x), λf (x)).

Note that the image of Γf is a Legendrian submanifold of (M̂, α̂) if and only if f is a
contactomorphism.

Fix a contactomorphism f ∈ Cont(M, ξ). By Proposition 4.5 and using the diffeo-
morphism Γf : M → Γf (M), there exist an open neighbourhood Of of Γf (M) in M̂ ,
an open neighbourhood O(0M) of the zero section 0M in J1M and a diffeomorphism
ϕf : Of → O(0M) such that the restriction ϕf |Γf (M) equals j10 ◦ Γ−1

f and ϕ∗f (αjet) = α̂.
Define Ũf ⊆ Diff(M) as follows

Ũf = {g ∈ Diff(M) |Γg(M) ⊆ Of and π ◦ ϕf ◦ Γg ∈ Diff(M)},

where π : J1M → M denotes the projection. This is an open subset of Diff(M) — the
second condition is open because being a diffeomorphism is an open condition for smooth
maps as we have seen earlier in this chapter.

For each g ∈ Ũf define

sf (g) := ϕf ◦ Γg ◦ (π ◦ ϕf ◦ Γg)
−1 ∈ Γ(J1M).

Because J1M = T ∗M × R is a product manifold, sf (g) can be written as

sf (g) =
(
σf (g), uf (g)

)
∈ Ω1(M)× C∞(M).

The following statements are then equivalent (number (iv) in the list follows from the
canonical property of the Liouville form).

(i) g is a contactomorphism,
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(ii) Γg(M) is a Legendrian submanifold of (M̂, α̂),
(iii) ϕf (Γg(M)) is a Legendrian submanifold of (J1M,αjet),
(iv) sf (g)∗αjet = 0 or, equivalently, σf (g) = d(uf (g)).

Put Uf = Ũf ∩Cont(M, ξ) and Vf = uf (Uf ) ⊆ C∞(M). These sets will be the domain
and target sets of our local charts on Cont(M, ξ).

Furthermore, let Ṽf ⊆ Γ(J1M) be the subset

Ṽf = {(ρ, h) ∈ Ω1(M)× C∞(M) | (ρ, h)(M) ⊆ O(0M) and pr1 ◦ ϕ−1
f ◦ (ρ, h) ∈ Diff(M)}.

This is a c∞-open subset of Γ(J1M) (i.e. open in the compact-open C∞-topology, which
is the c∞-topology) and sf is a smooth map from Ũf onto Ṽf because the composition
operation of smooth maps is a smooth mapping between the respective spaces and the
inversion operation in Diff(M) is smooth too. Define

j1 : C∞(M)→ Γ(J1M) ∼= Ω1(M)× C∞(M), j1(h) = (dh, h).

This is a bounded linear operator, hence smooth. We have the commutative diagram

Diff(M) ⊇ Ũf

sf
//
Ṽf ⊆ Γ(J1M)

wf
oo

Cont(M, ξ) ⊇ Uf

i

OO

uf
// Vf ⊆ C∞(M)

j1

OO

Here the map wf is defined by

wf : Ṽf → Diff(M), wf (ρ, h) = pr2 ◦ ϕ−1
f ◦ (ρ, h) ◦

(
pr1 ◦ ϕ−1

f ◦ (ρ, h)
)−1

.

Then wf ◦ sf = idŨf and, in particular, wf ◦ j1 ◦uf = idUf , which means that uf : Uf → Vf

is a bijection with the inverse

u−1
f = wf ◦ j1 : Vf → Uf , h 7→ wf (dh, h).

We can eventually define an atlas of local charts on Cont(M, ξ) to be the collection
(Uf , uf )f∈Cont(M,ξ) but we have to check that the transition maps are smooth. This is
indeed the case since ug ◦ u−1

f = pr2 ◦ sg ◦ wf ◦ j1, all the single components are smooth
maps and the composition operation of smooth maps is a smooth mapping between the
respective spaces of maps.

In this smooth structure the inclusion i : Cont(M, ξ) → Diff(M) is smooth because
i|Uf = wf ◦ j1 ◦ uf . Moreover, the maps u−1

f ◦ pr2 ◦ sf : (pr2 ◦ sf )−1(Vf )→ Uf are smooth
local retractions to i and so the inclusion i is an initial map, i.e. a map into Cont(M, ξ) is
smooth if and only if its prolongation via i into Diff(M) is smooth.
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It follows from the initiality of i that the composition and inversion operations on
Cont(M, ξ) are smooth, hence Cont(M, ξ) is a Lie group.

The Lie algebra Lie Cont(M, ξ) is mapped isomorphically by Tidi onto the Lie subalge-
bra X(M, ξ) of X(M) consisting of the contact vector fields of M . Indeed, let gt : M →M ,
g0 = idM be a smooth curve of contactomorphisms of M , i.e. suppose that g∗tα = λt ·α for
some λt ∈ C∞(M). The tangent vector determined by this curve is the vector field X on
M defined by

X(x) =
d

dt

∣∣∣∣
t=0

gt(x)

and we have to show that X is a contact vector field. But by Lemma A.1 and the assump-
tions on gt we obtain

λ̇0 · α =
d

dt

∣∣∣∣
t=0

g∗tα = d(g∗0(ιXα)) + g∗0(ιXdα) = dιXα + ιXdα = LXα,

where λ̇0(x) = d
dt

∣∣
t=0

λt(x). Therefore X ∈ X(M, ξ) as required.
The group Cont(M, ξ) also inherits the exponential map from Diff(M) — it is the

restriction of the time-one flow map to the Lie subalgebra of contact vector fields. �

The manifold topology on Cont(M, ξ) is induced from the c∞-topology on C∞(M),
which is the compact-open C∞-topology. Hence also the manifold topology is the compact-
open C∞-topology and the inclusion i : Cont(M, ξ)→ Diff(M) is a topological embedding.

By Proposition 1.22 the algebra X(M, ξ) of contact vector fields on M is isomorphic to
the algebra C∞(M) of smooth functions. As a Lie algebra of Cont(M, ξ), the vector space
X(M, ξ) carries a convenient topology, namely the subspace topology induced from the
convenient topology on X(M) = Γ(TM) — see Remark 3.38. If we endow C∞(M) with
the convenient topology from Lemma 3.28, then the mapping X 7→ α(X) realizing the
above mentioned isomorphism between contact vector fields and functions is bi-bounded,
i.e. both the map and its inverse send bounded sets to bounded sets.1 This is easy to check
in local charts.

Lemma 4.7. Let (M, ξ) be a closed connected co-orientable contact manifold with a
contact form α. Then the Lie algebra of Cont(M, ξ) is bornologically isomorphic, via an
isomorphism depending on α, to the algebra C∞(M) of smooth functions on M .

Moreover, for f ∈ Cont(M, ξ) such that f ∗α = λα the induced adjoint action of f on
H ∈ C∞(M) is given by

Adf (H) = (λ ·H) ◦ f−1.

1It is bi-bounded even in the compact-open C∞-topology on both spaces because the collections of bounded
sets for the two topologies coincide for M closed.
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Proof. By the previous paragraph, the composition

Lie Cont(M, ξ)
Tidi−−→ X(M, ξ)

X 7→α(X)−−−−−→ C∞(M)

is bi-bounded, i.e. it is a bornological isomorphism.
To prove the formula for the adjoint action, let XH be the contact vector field with the

Hamiltonian H and denote by gt its flow. Then

Adf (XH) =
d

dt

∣∣∣∣
t=0

f ◦ gt ◦ f−1 = Tf(XH ◦ f−1).

Inserting this into α we obtain

α
(
Adf (XH)

)
= α

(
Tf(XH ◦ f−1)

)
= (f ∗α)(XH ◦ f−1) = (λ ·H) ◦ f−1,

which is then the Hamiltonian of Adf (XH). �

Next we would like to show that for a given contact form α the group Cont(M,α) of
strict contactomorphisms is also a Lie group. It is not easy to locate a proof of this fact
in the literature. The only one we have found is [11, Proposition 3.7] from the viewpoint
of Fréchet manifolds. For the special case of regular contact forms, i.e. those generating a
circle action by its Reeb flow, a complete proof can be found in [61].

Proposition 4.8. Let (M, ξ) be a closed connected co-orientable contact manifold with
a contact form α. Then the group Cont(M,α) of strict contactomorphisms ofM is a closed
subset and a Lie subgroup of Cont(M, ξ), i.e. it is a smooth submanifold of Cont(M, ξ) and
a Lie group in the induced submanifold smooth structure. Its Lie algebra is isomorphic to
the Lie subalgebra X(M,α) ⊆ X(M, ξ) of strict contact vector fields on M .

Proof. We will use the notation used in the proof of Proposition 4.6. First note that
the Reeb vector fields of the contact forms α̂ and αjet are given by

Rα̂ = (0,−Rα, 0) and Rαjet =
∂

∂z
.

Let f ∈ Cont(M, ξ) be arbitrary and put moreover R1 = (Rα, 0, 0) and Z = Tϕf (R1).
Then a contactomorphism g ∈ Uf is strict if and only if TΓg(Rα) = R1 −Rα̂, hence if and
only if

Tsf (g)(Rα) = Z ◦ sf (g)− ∂

∂z
.

Since sf (g) =
(
d(uf (g)), uf (g)

)
this is equivalent to

Tuf (g)(Rα) = T (pr2 ◦ sf (g))(Rα) = Tpr2(Z) ◦ sf (g)− ∂

∂z
.
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But we compute

Tpr2(Z) ◦ sf (g) =
(
αjet(Z) ◦ sf (g)

)
· ∂
∂z

=
(
α̂(R1) ◦ Γg

)
· ∂
∂z

=
∂

∂z

and so Tuf (g)(Rα) = 0, i.e. uf (g) ∈ C∞(M) is a function invariant under the Reeb flow
of the contact form α. In other words, Uf ∩ Cont(M,α) is mapped bijectively by the
local chart uf onto the closed subspace C∞(M)Rα ⊆ C∞(M). Therefore, Cont(M,α) is a
submanifold of Cont(M, ξ) as claimed.

The claim that the Lie algebra of Cont(M,α) is isomorphic to X(M,α) can be verified
as in the proof of Proposition 4.6.

Finally, the mapping Λ: Cont(M, ξ)→ C∞(M) defined by f 7→ λf is continuous in the
compact-open C∞-topology on both sides and Cont(M,α) is the preimage of the one-point
set containing the constant function µ ≡ 1. So Cont(M,α) is indeed a closed subset of
Cont(M, ξ) and the proof is complete. �

Analogously to the case of Cont(M, ξ), the Lie algebra of Cont(M,α) is bornologically
isomorphic to the algebra C∞(M)Rα of smooth functions on M which are invariant under
the Reeb flow of α (see also Lemma 4.7).

Remark 4.9. Recall that if M and N are finite dimensional second countable smooth
manifolds, M closed, then the compact-open C∞-topology on the spaces of mappings
such as C∞(M,N), Diff(M), Cont(M, ξ) or Cont(M,α) is Hausdorff, metrizable and sec-
ond countable. By [52, Theorem 5] all these spaces are absolute neighbourhood retracts.
Moreover, the topology is separable since for metrizable topological spaces second count-
ability is equivalent to separability. Therefore, by [46, Theorem 1] all the above spaces
have the homotopy type of a countable CW-complex.

4.3. Spaces of isocontact embeddings

In the rest of this chapter we will work with the group Cont+(M, ξ) of co-orientation
preserving contactomorphisms of a co-orientable contact manifold (M, ξ = kerα), i.e. con-
tactomorphisms f such that f ∗α = λf · α for an everywhere positive smooth function
λf : M → R. The mapping

Cont(M, ξ) 3 f 7→ λf ∈ C∞(M)

is continuous and so it follows that Cont+(M, ξ) is an open submanifold of Cont(M, ξ).

Definition 4.10. Let (M, ξ = kerα) be a co-oriented contact smooth manifold and
let (E, η = ker β) be a smooth manifold together with a co-oriented codimension-one
distribution (not necessarily contact).
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An isocontact embedding of M into E is a smooth embedding g : M → E such that
g∗β = eλα for some λ ∈ C∞(M). Equivalently, we require that (Tg)−1(η) = ξ and that the
co-orientations of the two distributions are preserved. We denote the set of all isocontact
embeddings of M into E by E = Emb+

(
(M, ξ), (E, η)

)
.

The definition of an isocontact embedding is independent of the choice of the one-forms
α and β in the same co-orientation class. We endow E with the compact-open C∞-topology,
this is the subspace topology induced from the inclusion i : E → C∞(M,E). The group
Cont+(M, ξ) acts freely and continuously on E from the right by composition of mappings.
We denote the projection onto the resulting quotient by

(4.11) p : E → B = E/Cont+(M, ξ) .

Proposition 4.12. Let (M, ξ = kerα) be a closed connected co-oriented contact man-
ifold and let (E, η = ker β) be a smooth manifold together with a co-oriented codimension-
one distribution.

Then the space E = Emb+

(
(M, ξ), (E, η)

)
of isocontact embeddings is a smooth man-

ifold and the projection p : E → B = E/Cont+(M, ξ) is a smooth principal Cont+(M, ξ)-
bundle with a smooth base. Moreover, the inclusion i : E → C∞(M,E) is an initial map.

Proof. Choose a Riemannian metric on E. Let f : M → E be an arbitrary isocontact
embedding and let π : NfM →M denote the normal bundle of this embedding with respect
to the metric on E. By the tubular neighbourhood theorem there is a diffeomorphism
νf : Of ⊆ E → O(0M) ⊆ NfM from an open neighbourhood Of of the image im f in E to
an open neighbourhood O(0M) of the zero section of Nf (M).

Let g : M → E be another isocontact embedding such that im g ⊆ Of and suppose that
g is C1-close enough to f so that the composition π ◦ νf ◦ g : M →M is a diffeomorphism
of M (recall that Diff(M) is C1-open in C∞(M,M)). Then

sg := νf ◦ g ◦ (π ◦ νf ◦ g)−1 : M → NfM

is a section of the vector bundle π : NfM →M and we have the following diagram

NfM

π

��
(M, ξ)

sg

OO

g
// Of ⊆ (E, η).

νf
ff

Define moreover

Uf = {g ∈ E | im g ⊆ Of , π ◦ νf ◦ g ∈ Diff(M)}, Vf = {s ∈ Γ(NfM) | im s ⊆ O(0M)}.
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The set Vf is a c∞-open subset of Γ(NfM), i.e. open in the compact-open C∞-topology,
which is the c∞-topology.

We would like to define a chart on E by

Uf 3 g 7→ (sg, π ◦ νf ◦ g) ∈ Vf × Cont+(M, ξ) .

This is not correct though because π ◦ νf ◦ g 6∈ Cont+(M, ξ) in general and moreover the
image of Uf under the above map might not be the whole of Vf or possibly not even an
open subset. Nevertheless, we can amend this using the Gray stability theorem 1.16.

First, let κt : NfM → NfM , t ∈ [0, 1], denote the fibre-preserving smooth homotopy
given by “sliding along the fibres” — this is a deformation retraction onto the zero section
0M , i.e. κ0 = idNfM and κ1(NfM) = 0M .

Let V ⊆ Γ(NfM) be a C1-small neighbourhood of the zero section and put Ṽf = Vf∩V .
This is a c∞-open neighbourhood of the zero section such that (if V is small enough) for
all s ∈ Ṽf the pull-back form

αs = s∗
(
ν−1
f

)∗
β

is a contact form on M . Indeed, we have to check that dαs is a non-degenerate bilinear
form when restricted onto the kernel ξs = kerαs. But this is a C1-open condition and for
the zero section s0 = νf ◦ f we do obtain a contact form

s∗0
(
ν−1
f

)∗
β = f ∗β = eλfα.

Analogously, t 7→ κt ◦ s is a homotopy through sections from s to the zero section and

t 7→ ξst = ker
(
(κt ◦ s)∗

(
ν−1
f

)∗
β
)

is a smooth homotopy of contact structures on M from ξs0 = ξs to ξs1 = ξ. By the Gray
stability theorem 1.16 there exists2 an isotopy hst ∈ Diff(M) such that Thst(ξst ) = ξs. In
particular, Ths1(ξ) = ξs and then

gs := ν−1
f ◦ s ◦ h

s
1 : M → E

is an isocontact embedding with im gs ⊆ Of .
We now have a well-defined map

ϕf : Ṽf × Cont+(M, ξ)→ Ũf , ϕf (s, a) = gs ◦ a = ν−1
f ◦ s ◦ h

s
1 ◦ a,

where Ũf := Uf ∩ {g ∈ E | sg ∈ V } ⊆ E . The map ϕf is a bijection with the inverse

ψf : Ũf → Ṽf × Cont+(M, ξ), ψf (g) =
(
sg, (h

sg
1 )−1 ◦ π ◦ νf ◦ g

)
.

2It follows from the Moser trick method version of the proof as in [25, Theorem 2.2.2] that ht can be
constructed canonically depending only on the homotopy ξt.
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Let us check that the second entry of ψf (g) is indeed an element of Cont+(M, ξ)(
(h

sg
1 )−1 ◦ π ◦ νf ◦ g

)∗
α = (π ◦ νf ◦ g)∗ (eµ · αsg) =

= eµ1 · (π ◦ νf ◦ g)∗
(
g ◦ (π ◦ νf ◦ g)−1

)∗
β = eµ1 · g∗β = eµ1+λg · α.

We can thus take ψf as a local chart on E (strictly speaking, we should compose it with
a local chart on Cont+(M, ξ)) and we have to show that for another k ∈ E the composition

ψk ◦ ψ−1
f = ψk ◦ ϕf : Ṽf × Cont+(M, ξ)→ Ṽk × Cont+(M, ξ)

is smooth whenever Ũf ∩ Ũk 6= ∅.
But ψk ◦ ϕf comprises of a smooth operator between the vector spaces Γ(NfM) and

Γ(NkM) in the first entry, whereas the second entry is a combination of compositions of
smooth mappings together with the map ξt 7→ h1 coming from the Gray stability theorem.
This last map is a smooth mapping from C∞(R,Ξ(M)) to Diff(M) by the Moser trick
method of the proof of the Gray stability and by smoothness of the exponential map on
Diff(M) — here Ξ(M), the space of co-oriented contact structures on M , is regarded as
an open submanifold of the manifold Γ(ST ∗M) of sections of the unit cotangent bundle
on M by assigning to ξ its unique contact form of norm one.

Note that the manifold topology on E induced from the local charts ψf is indeed
the compact-open C∞-topology, which is Hausdorff, and so we have proved that E is a
smooth manifold. Moreover, the inclusion i : E → C∞(M,E) factors through the inclusion
Emb(M,E)→ C∞(M,E), where the space Emb(M,E) of smooth embeddings ofM into E
is a smooth manifold with local charts having values in Vf ×Diff(M) constructed similarly
to the charts ψf — the first coordinate is the same while the second one differs only by the
composition with the Gray stability term (see [38, Theorem 44.1] for the details). Since
the inclusion Cont+(M, ξ)→ Diff(M) is an initial map, it follows that so is i.

It remains to show that the projection p : E → B is a smooth principal Cont+(M, ξ)-
bundle. For any g ∈ E and a ∈ Cont+(M, ξ) we have sg◦a = sg and hence

ψf (g ◦ a) =
(
sg, (h

sg
1 )−1 ◦ π ◦ νf ◦ g ◦ a

)
= ψf (g) · a.

This means that ψf descends to a local chart on B with values in Ṽf ⊆ Γ(NfM) defining
a smooth structure on B and also that ψf is a principal bundle chart for p.

Finally, the map B → Emb(M,E)/Diff(M) induced by the inclusion of E into the space
Emb(M,E) is in fact a local homeomorphism — this follows again from the construction
of the local charts. In particular, since Emb(M,E)/Diff(M) is Hausdorff, so is B (or we
could repeat the arguments of the last paragraphs of the proof of [38, Theorem 44.1]). �
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The above proof can be extended to the case of an infinite dimensional target manifold
E equipped with a nowhere vanishing one-form β provided the manifold E admits a local
addition (see page 60). In particular, the space S∞ =

⋃
n∈N0

S2n+1 ⊆ C∞, the direct limit
of the unit spheres S2n+1 ⊆ Cn+1, is a smooth manifold as in Example 3.27, it admits a
local addition and it carries the nowhere vanishing one-form

α∞ = ker
∞∑
j=0

(zjdz̄j − z̄jdzj)
∣∣∣
S∞

which defines the following distribution

ξ∞ =
⋃
n∈N0

ξstd,S2n+1 = kerα∞.

For every closed connected co-oriented contact manifold (M, ξ = kerα) we can thus
consider the principal Cont+(M, ξ)-bundle

Cont+(M, ξ)→ Emb
(
(M, ξ), (S∞, ξ∞)

)
→ Emb

(
(M, ξ), (S∞, ξ∞)

)
/Cont+(M, ξ) .

This bundle will be studied later in the next section.
Our last goal of this section is to construct a natural principal connection form on the

bundle (4.11). Let us first look more closely at the tangent bundle TE . Since the inclusion
i : E → C∞(M,E) is an initial mapping, a tangent vector to g ∈ E corresponds to a vector
field on E defined along the embedding g. More precisely, a smooth curve t 7→ gt ∈ E
through g = g0 determines the tangent vector to E as X(x) = d

dt

∣∣
t=0

gt(x) for all x ∈ M .
This is a vector field on E defined along g. Because gt ∈ E , we have g∗t β = eλtα for some
λt ∈ C∞(M). Differentiating with respect to t at 0 we obtain

d

dt

∣∣∣∣
t=0

g∗t β = λ̇0eλ0α, where λ̇0(x) =
d

dt

∣∣∣∣
t=0

λt(x).

Combining this equation with Lemma A.1 — where we identify X(x) with X(g(x)) for all
x ∈M — we get

(4.13) λ̇0eλ0α = d
(
g∗(ιXβ)

)
+ g∗(ιXdβ).

Note that TgE contains the linear subspace of vertical vectors, i.e. those coming from
the action of Cont(M, ξ) on E . These are exactly the tangent vectors to smooth curves
gt ∈ E with im gt = im g for all t. For such a curve the induced vector field X is everywhere
tangent to g(M), hence it comes from a vector field Z ∈ X(M) by X(x) = Txg(Z(x)) and
the equation (4.13) is equivalent to Z ∈ X(M, ξ), i.e. Z is a contact vector field on M .
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Proposition 4.14. Let (M, ξ) be a closed connected co-oriented contact manifold and
let (E, η) be a manifold with a co-oriented codimension-one distribution η ⊆ TE. Then
the principal Cont+(M, ξ)-bundle (4.11) carries a principal connection whose horizontal
distribution HE at g ∈ E is defined by

HgE = {X ∈ TgE |X(x) ∈ ηg(x) for all x ∈M}.

Given defining one-forms α and β of the distributions ξ and η, a principal connection
form Θ: TE → Lie Cont+(M, ξ) ∼= C∞(M) for HE is given by

Θg(X)(x) = e−λ(x)βg(x)(X(x)), where g∗β = eλα,X ∈ TgE , x ∈M.

Proof. We have to show that Θ reproduces the generators of fundamental vector fields
and that it is equivariant (see Definition 2.6).

For H ∈ C∞(M) let XH ∈ Lie Cont+(M, ξ) be the corresponding contact vector field
onM as given by Proposition 1.22 and denote by ψt its flow. The fundamental vector field
~XH on E then reads as

~XH(g) =
d

dt

∣∣∣∣
t=0

(g ◦ ψt) = Tg(XH) ∈ TgE .

Therefore, given g ∈ E such that g∗β = eλα we obtain

Θg

(
~XH(g)

)
= e−λ · β

(
Tg(XH)

)
= e−λ · (g∗β)(XH) = e−λeλ · α(XH) = H.

In other words, Θ reproduces the generators of fundamental vector fields.
Let us now prove the equivariancy. Let h ∈ Cont+(M, ξ) be arbitrary and suppose that

h∗α = eκα. Then (h−1)∗α = e−κ◦h
−1
α and for g ∈ E with g∗β = eλα we have

(g ◦ h)∗β = h∗(eλα) = eλ◦h+κα.

Moreover, given H ∈ C∞(M) ∼= Lie Cont+(M, ξ), by Lemma 4.7 the adjoint action of
h on H reads as

Adh(H) = (eκ ·H) ◦ h−1.

Finally, for X ∈ TgE the tangent action of h on X is given by Trh(X) = X ◦ h.
Therefore, on the one hand

(rh)
∗Θ(X) = Θg◦h(TrhX) = Θg◦h(X ◦ h) = e−λ◦h−κ · β(X ◦ h),

while on the other hand

Adh−1(Θg(X)) = e−κ◦h
−1◦h · (Θg(X) ◦ h) = e−κe−λ◦h · β(X ◦ h).

This proves that (rh)
∗Θ = Adh−1(Θ), i.e. Θ is Cont+(M, ξ)-equivariant as desired. �
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Unfortunately, we have not yet found an appealing application of the above explicitly
given connection. We were initially motivated by an analogous construction of a principal
connection on the space of isosymplectic embeddings of one symplectic manifold to another
(see [22, Section 4]). The authors of the symplectic construction did not address the
issue of smoothness of the spaces they worked with, but we are confident that a symplectic
analogue of Proposition 4.12 can be proved in a similar way. Our result can thus be viewed
as a generalization as well as a rigorous exposition of their statement.

4.4. A universal principal Cont+(M, ξ)-bundle

Definition 4.15. Let (M, ξ = kerα) and (E, η = ker β) be two co-oriented contact
manifolds. A monomorphism (an injective homomorphism) F : TM → TE of vector
bundles is called isocontact if F−1(η) = ξ and F |ξ : ξ → η is conformally symplectic,
i.e. F ∗(dβ|η) = eλ · dα|ξ for a smooth function on M .

The tangent map Tf : TM → TE of an isocontact embedding f : (M, ξ)→ (E, η) is an
isocontact monomorphism. The following important result says that isocontact monomor-
phisms satisfy Gromov’s h-principle provided the codimension of M in E is large enough.

Theorem 4.16 ([17, Theorem 12.3.1]). Let (M, ξ) and (E, η) be two co-oriented contact
manifolds and suppose that M is closed. Let f : M → E be an embedding such that its
tangent map F0 = Tf : TM → TE is homotopic through monomorphisms Ft : TM → TE

covering f to an isocontact monomorphism F1 : (TM, ξ)→ (TE, η).
If dimM ≤ dimN − 4, there then exists a C0-small isotopy ft : M → E through

embeddings from f = f0 to an isocontact embedding f1 : (M, ξ) → (E, η) such that the
tangent map Tf1 is homotopic to F1 through isocontact monomorphisms.

The theorem holds also parametrically, i.e. for families of embeddings {f (i)}i∈Dk indexed
by a closed disc Dk and so that if f (i) for each i ∈ Sk−1 is already an isocontact embedding,
then the isotopy f (i)

t from the statement of the theorem can be chosen to be constant (see
the remark on page 122 of [17]).

Let us investigate the condition on the existence of the homotopy Ft from the theorem
more closely. Let f : M → E be a smooth embedding and let p : Mon(TM, f ∗TE) → M

be the bundle of monomorphisms TM → f ∗TE, i.e. for each x ∈M the fibre p−1(x) is the
space of all injective linear maps TxM → Tf(x)E. The tangent map to f defines a section
sf of p by sf (x) = Txf .

Denote by q : CMon(TM, f ∗TE)→M the subbundle of Mon(TM, f ∗TE) consisting of
all isocontact monomorphisms. Using standard obstruction theory we would like to decide
whether the section sf is homotopic to a section of q as on the diagram below.
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CMon(TM, f ∗TE) //
q

**

Mon(TM, f ∗TE)

p

��
M

sf

OOjj

Put m = dimM = 2n + 1 and k = dimE = 2l + 1. The typical fibre of p is then the
Stiefel manifold Vm(Rk) of all injective linear maps Rm → Rk. The typical fibre of q is
the space CSVm−1(Rk−1) × R+, where CSVm−1(Rk−1) denotes the Stiefel manifold of all
conformally symplectic linear maps Rm−1 → Rk−1 with respect to the standard symplectic
structure on both sides — this corresponds to the conformally symplectic map ξx → ηf(x)

and the R+-factor is due to the preservation of the co-directions to ξx and ηf(x).
Now CSVm−1(Rk−1) is homotopy equivalent to the Stiefel manifold SVm−1(Rk−1) of

symplectic linear maps. This latter one is in turn homotopy equivalent to the complex
Stiefel manifold Vn(Cl) — indeed,

SVm−1(Rk−1) ∼= Sp(2l,R)/Sp(2n,R) ' U(l)/U(n) ∼= Vn(Cl),

where Sp(2n,R) denotes the symplectic linear group, which is homotopy equivalent to the
unitary group U(n) (see e.g. [43, Section 2.2]). Therefore, also the typical fibre of q is
homotopy equivalent to Vn(Cl).

The real Stiefel manifold Vm(Rk) is (k −m − 1)-connected, while the complex Stiefel
manifold Vn(Cl) is (2l− 2n) = (k −m)-connected (see e.g. [34, Example 4.53]). It follows
from the long exact sequence of homotopy groups for the pair

(
Vm(Rk), Vn(Cl)

)
that

πj
(
Vm(Rk), Vn(Cl)

)
= 0 for j ≤ k −m− 1 = dimE − dimM − 1.

Elementary obstruction theory now implies that if 2 ·dimM + 1 ≤ dimE, then the section
sf of the bundle p is homotopic to a section of the bundle q.

The above discussion in particular applies to (E, η) = (S4n+3, ξstd). By the Whitney
embedding theorem every closed (2n+1)-dimensional manifold can be smoothly embedded
into R4n+3 ⊆ S4n+3 and so it now follows from Theorem 4.16 that for every closed co-
oriented contact manifold (M, ξ) of dimension 2n+ 1 there exists an isocontact embedding
g : (M, ξ) → (S4n+1, ξstd). This can be alternatively proved without any reference to the
h-principle by approximately holomorphic techniques [60]. If we allow for the dimension
of the sphere to vary, we can say slightly more.

Corollary 4.17. Let (M, ξ) be a closed connected co-oriented contact manifold. Then
the inclusion i : Emb

(
(M, ξ), (S∞, ξ∞)

)
→ Emb(M,S∞) is a homotopy equivalence.

Proof. Let k ∈ N0 be arbitrary and let f : Dk ×M → S∞ be a family of smooth
embeddings fs = f(s,−) : M → S∞ such that for all s ∈ Sk−1 ⊆ Dk the embedding fs
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is isocontact. Because the image of f is a bounded subset of S∞, it has to lie in some
SN ⊆ S∞ for N large enough.

Similarly as in the paragraphs preceding the statement of the corollary we can consider
the bundle

p : Mon(pr∗2TM, f ∗TSN)→ Dk ×M,

whose fibre over (s, x) is the space of all injective linear maps TxM → Tf(s,x)S
N , and its

subbundle q consisting of isocontact monomorphisms. Then f defines a section of p by
sf (s, x) = Txfs and — after possibly increasing N — this section is homotopic to a section
of q. It follows from the parametric version of Theorem 4.16 that f is isotopic to a family
of isocontact embeddings. In other words, the inclusion i is a weak homotopy equivalence.

Now Emb(M,S∞) =
⋃
j∈N0

Emb(M,S2j+1) and each of the spaces Emb(M,S2j+1) has
the homotopy type of a countable CW-complex as in Remark 4.9. Then also Emb(M,S∞)

has the homotopy type of a CW-complex. The same applies to Emb
(
(M, ξ), (S∞, ξ∞)

)
and

so the weak homotopy equivalence i is a genuine homotopy equivalence by the Whitehead
theorem. �

Recall that by Proposition 4.12 the group Cont+(M, ξ) acts on Emb
(
(M, ξ), (S∞, ξ∞)

)
from the right giving it the structure of a principal bundle. Since the infinite dimensional
sphere is smoothly contractible, we can prove that this bundle is in fact universal.

Theorem 4.18. Let (M, ξ) be a closed connected co-oriented contact manifold. Then

Cont+(M, ξ)→ Emb
(
(M, ξ), (S∞, ξ∞)

)
→ Emb

(
(M, ξ), (S∞, ξ∞)

)
/Cont+(M, ξ)

is a universal principal Cont+(M, ξ)-bundle.

Proof. By a parametric version of the strong Whitney embedding theorem the space
Emb(M,S∞) is homotopy equivalent to C∞(M,S∞), the space of smooth maps M → S∞.
A proof of this claim can be carried out similarly to the proof of the previous corollary.
But S∞ is smoothly contractible, see e.g. [38, Example 47.2]. It follows from this and the
preceding corollary that the total space Emb

(
(M, ξ), (S∞, ξ∞)

)
of the bundle in question

is contractible.
To conclude the statement of the theorem we have to show that the bundle is numerable

(see the beginning of Section 2.1) since a numerable principal G-bundle with a contractible
total space is universal in the category of numerable principal G-bundles (for a proof of
this standard result see e.g. [14, Theorem 14.4.12]).

The base space of our bundle is the topological direct limit B =
⋃
j∈N0
Ej/Cont+(M, ξ),

where each Ej = Emb
(
(M, ξ), (S2j+1, ξstd)

)
is a metrizable second countable topological
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space, in particular Lindelöf. Then also Ej/Cont+(M, ξ) is Lindelöf in the quotient topol-
ogy and because B is the direct limit over a countable index set, it is Lindelöf too.

The modeling vector spaces of the smooth structure on B are the spaces Γ(f ∗TS∞),
these carry the subspace topology induced from a closed embedding into a direct product∏

i∈I C
∞(Ui,R∞) — see Remark 3.38. Furthermore, each of the spaces C∞(Ui,R∞) is the

direct limit
⋃
j∈N0

C∞(Ui,R2j+1) of metrizable, hence normal, spaces. By an analogue of
[38, Lemma 16.6 and Proposition 16.7], the space C∞(Ui,R∞) is smoothly regular, hence
also the product above is smoothly regular and so is its closed subspace Γ(f ∗TS∞).

By [38, Corollary 27.4] a smooth manifold which is Lindelöf and modeled on smoothly
regular convenient vector spaces is smoothly paracompact. Consequently, B is paracom-
pact. It then follows that our bundle is numerable since it is locally trivial with a para-
compact base. �



CHAPTER 5

Contact characteristic classes

The last chapter of the thesis contains the rest of the original results. In Section 5.1
we define a sequence of invariant polynomials, called the Reznikov polynomials, on the Lie
algebra of the group Cont(M,α) for a closed co-orientable contact manifold (M, ξ = kerα).
By Chern-Weil theory, the Reznikov polynomials induce characteristic classes

χk ∈ H2k(BCont(M,α);R)

and we would like to decide whether these classes are non-trivial or not.
The idea we employ to answer this question is to consider manifolds with an action

of a compact Lie group G by contactomorphisms and pull the Reznikov polynomials back
to the Lie algebra g. If we can understand these pullbacks, then we can decide on the
triviality by Cartan’s Theorem 2.25. In the most general situation this procedure implies
that at least the classes χ2l are “detected” by the G-action and hence are non-trivial. In the
special case of K-contact manifolds we will see that even the classes χ2l+1 are non-trivial.

More explicit results will be obtained for the classical examples of the standard contact
forms on the three-torus with the action of the two-torus, the odd-dimensional spheres
with the action of the unitary group and for regular contact manifolds with the natural
S1-action of the Reeb flow. In this last case we also deduce that the homotopy class of the
Reeb flow in π1(Cont0(M,α)) is of infinite order.

In the short Section 5.2, by using properties of Boothby-Wang fibrations and a result
of Gromov on the homotopy type of the group Ham(CP 2) (Hamiltonian diffeomorphisms
of CP 2) we show that the homotopy types of Cont0(S3, αstd) and Cont0(S5, αstd) are those
of U(2) and U(3), respectively.

In Section 5.3, the last section of the thesis, we prove that also the group Cont+(S3, ξstd)

is homotopy equivalent to U(2). This is a consequence of a result of Eliashberg on the
homotopy type of some space of contact structures on S3 and a result of Hatcher stating
that Diff+(S) is homotopy equivalent to SO(4). The relation between the two groups and
the space of contact structures comes from the Gray stability theorem and is reflected in
a natural Serre fibration. The results of this section are based on an intensive discussion
with Roger Casals.

78
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5.1. The Chern-Weil theory for Cont(M,α)

Let (M, ξ = kerα) be a closed connected co-orientable contact manifold of dimension
2n+1. Recall that the Lie algebra L = Lie Cont(M,α) of the group Cont(M,α) of α-strict
contactomorphisms ofM is isomorphic to the algebra C∞(M)Rα of smooth functions onM
invariant under the Reeb flow of α. For k ∈ N consider the mapping Ik : L× . . .×L → R
defined by

(5.1) Ik(H1, . . . , Hk) =

∫
M

H1 · . . . ·Hk α ∧ (dα)n, where H1, . . . , Hk ∈ C∞(M)Rα .

Lemma 5.2. The mappings Ik are Ad-invariant symmetric bounded k-linear forms on
Lie Cont(M,α), i.e. invariant polynomials called the Reznikov polynomials.

Proof. Because integration over a closed manifold is a bounded operator on C∞(M)

in the convenient topology, Ik is a bounded symmetric k-linear form.
Let f ∈ Cont(M,α) and let Hj ∈ C∞(M)Rα . By Lemma 4.7 the adjoint action of f is

given by Adf (Hj) = Hj ◦ f−1. Moreover, because f preserves α, then also f ∗(α∧ (dα)n) =

α∧ (dα)n. Therefore Ik(Adf (H1), . . . ,Adf (Hk)) = Ik(H1, . . . , Hk) by the substitution rule
for integration. �

Note however that the forms Ik are not invariant under the adjoint action of the “full”
group Cont(M, ξ). We do not even know whether there exist any invariant polynomials on
Lie Cont(M, ξ).

The first appearance of the above type of invariant polynomials was in fact in sym-
plectic topology. In [53] Reznikov used such polynomials on the Lie algebra of the group
Symp(B,ω) of symplectomorphisms of a closed symplectic manifold (B,ω) to deduce ex-
istence of non-trivial elements in H∗(Symp(B,ω);R) (the cohomology of Symp(B,ω) as a
topological space) as well as H∗(BSymp(B,ω);R) for some manifolds admitting an action
of a compact Lie group G. It was one of the initial motivations of this thesis to extend
Reznikov’s results to contact topology. However, because the invariant polynomials we
have at hand are invariant only under the group of strict contactomorphisms, this task has
not yet been completely fulfilled.

By Chern-Weil theory for the group Cont(M,α), the Reznikov polynomials deter-
mine characteristic classes for principal Cont(M,α)-bundles. In the language of classifying
spaces, as discussed in Section 2.4, we can make the following definition.

Definition 5.3. Let (M, ξ = kerα) be a closed connected co-orientable contact man-
ifold. For k ∈ N the characteristic class of principal Cont(M,α)-bundles determined by
the invariant polynomial Ik will be denoted by χk ∈ H2k(BCont(M,α);R).



5.1. THE CHERN-WEIL THEORY FOR Cont(M,α) 80

Of course, we do not know yet whether the classes χk are actually non-trivial. We will
show that for some contact manifolds which admit an action of a compact Lie group G by
contactomorphisms the classes are indeed non-trivial.

In Example 2.22 we have used existence of a reduction of the principal bundle in
question to a “smaller” bundle to deduce triviality of some of its characteristic classes. But
reductions can be equally well used to show non-triviality of characteristic classes.

In the following paragraphs we will explain the general idea. Let ϕ : G1 → G2 be
a homomorphism of Lie groups and let ϕ̂ : g1 → g2 be the induced homomorphism of
Lie algebras. Suppose that we have a bundle morphism of smooth principal Gj-bundles
Φ: P1 → P2 represented by ϕ, i.e. Φ(p · a) = Φ(p) · ϕ(a) for all p ∈ P1 and a ∈ G1.

We will moreover need suitable principal connections on the above bundles as in the
following lemma.

Lemma 5.4. Let σj : TPj → gj be principal Gj-connection forms, j = 1, 2, such that
Φ∗σ2 = ϕ̂ ◦ σ1, i.e. the following diagram commutes

TP1
TΦ //

σ1

��

TP2

σ2

��
g1

ϕ̂
// g2

Then the curvature forms satisfy the analogous equation Φ∗Kσ2 = ϕ̂ ◦Kσ1 .

Proof. Indeed, first for A ∈ g1 by differentiating the identity

Φ(p · exp(tA)) = Φ(p) · ϕ(exp(tA)) = Φ(p) · exp(tϕ̂(A))

we obtain
TΦ( ~A(p)) =

−−−→
ϕ̂(A)(Φ(p)),

where the arrows indicate that we work with fundamental vector fields (see page 24).
Consequently, the horizontal projections with respect to the connections σ1 and σ2 are
related as follows

prh(TΦ(X)) = TΦ(X)−
−−−−−−−−−−−→
(σ2)Φ(p)(TΦ(X))(Φ(p)) = TΦ(X)−

−−−−−−→
(Φ∗σ2)pX(Φ(p)) =

= TΦ(X)−
−−−−−−−→
(ϕ̂ ◦ σ1)pX(Φ(p)) = TΦ(X)− TΦ(

−−→
σ1X(p)) = TΦ ◦ prh(X).

Using the formula for the curvature form from Proposition 2.8 we deduce that

(Φ∗Kσ2)(X, Y ) = −σ2[prh(TΦ(X)), prh(TΦ(Y ))] = −σ2[TΦ ◦ prh(X), TΦ ◦ prh(Y )] =

= −σ2(TΦ[prh(X), prh(Y )]) = −(Φ∗σ2)[prh(X), prh(Y )] = (ϕ̂ ◦Kσ1)(X, Y ),

which is the desired equation. �
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Having chosen principal connections as in the lemma, we can describe the pullbacks
under Φ of the Chern-Weil forms on P2 to P1. Let r : g2 × . . . × g2 → R be an invariant
polynomial on g2. Then its pullback

ϕ̂∗r : g1 × . . .× g1
ϕ̂×...×ϕ̂−−−−→ g2 × . . .× g2

r−→ R

is an invariant polynomial on g1. If χr ∈ Ω∗(P2) denotes the Chern-Weil form constructed
with use of the connection σ2 and similarly χϕ̂∗r ∈ Ω∗(P1) denotes the Chern-Weil form
constructed using the connection σ1, then it follows from the above that

χϕ̂∗r = Φ∗χr.

Therefore,
χϕ̂∗r(P1) = φ∗χr(P2) ∈ H∗deR(B1),

where φ : B1 → B2 denotes the base map of the bundle morphism Φ, and in particular we
see that χr(P2) 6= 0 whenever χϕ̂∗r(P1) 6= 0.

In other words, if we can find a principal G1-bundle P1 with a bundle morphism Φ to
P2 such that the pullback under Φ of the characteristic class χr(P2) to P1 is a non-trivial
characteristic class of P1, then χr(P2) is also non-trivial.

Let us apply the above simple idea to the Reznikov polynomials Ik (5.1). Assume that
(M, ξ = kerα) is a closed connected co-orientable contact manifold with a smooth action
of a compact Lie group G and also assume that α is a G-invariant contact form. Denote
by ϕ : G→ Cont(M,α) the corresponding Lie group homomorphism.

Let π : P → B be a principal G-bundle and consider its extension by ϕ, i.e. the asso-
ciated principal Cont(M,α)-bundle

q : Q = P ×ϕ Cont(M,α)→ B

together with the bundle morphism Φ: P → Q defined by Φ(p) = [p, id]. We have the fol-
lowing commutative diagram, where kP and kQ denote the classifying maps of the bundles
P and Q, respectively.

Ω∗basic(Q) //

Φ∗

��

H∗deR(B)

id
��

H∗(BCont(M,α);R)
k∗Q
oo

(Bϕ)∗

��
Ω∗basic(P ) // H∗deR(B) H∗(BG;R)

k∗Poo

Now for χk ∈ H∗(BCont(M,α);R) using the right-hand side of the diagram we obtain

χk(Q) = k∗Q(χk) = k∗P ◦ (Bϕ)∗(χk).
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On the other hand, using the left-hand side of the diagram and the preceding discussion
on pullbacks of invariant polynomials we get

χk(Q) = χϕ̂∗Ik(P ) = k∗P (χϕ̂∗Ik).

Therefore, if the map k∗P is injective, then

(5.5) χϕ̂∗Ik = (Bϕ)∗(χk).

In principle, the left-hand side of this equation as well as of the diagram above deals
with characteristic classes from the viewpoint of Chern-Weil theory, while the right-hand
side is the viewpoint of the theory of classifying spaces.

Furthermore, in view of Cartan’s Theorem 2.25 we can decide on non-triviality of χk
if we can determine the invariant polynomials ϕ̂∗Ik.

Let us finally make two remarks — first, if the universal principal G-bundle EG→ BG

can be modeled as a smooth manifold with a paracompact base, then we can put P = EG

and so k∗P = id∗BG is automatically injective. If we cannot find a smooth model for EG,
we can apply the methods of simplicial manifolds à la Dupont (see Section 2.4) and again
put P = EG (with some care) and deduce the desired equation (5.5).

Secondly, we still have to check the existence of principal connection forms on P and
Q related in the desired way to apply the procedure on the left-hand side of the diagram.
Lemma A.3 in Appendix A shows that such connections do exist.

Now we are ready to state and prove several results on the characteristic classes for the
group Cont(M,α) for concrete contact manifolds and contact forms.

Theorem 5.6. Let (M, ξ = kerα) be a closed connected contact manifold with regular
α, i.e. such that its Reeb flow generates a free S1-action. Denote by ϕ : S1 → Cont(M,α)

the homomorphism induced by this action. Then the induced map

(Bϕ)∗ : H∗(BCont(M,α);R)→ H∗(BS1;R) ∼= R[e]

is surjective and the image of χk is a nonzero multiple of ek, the k-th power of the universal
Euler class e.

Proof. Let k ∈ N be arbitrary. We will compute the invariant polynomial ϕ̂∗Ik, where
Ik denotes the Reznikov polynomial (5.1).

First, ϕ is given by ϕ(s)(x) = FlRαs (x) for x ∈ M . The induced Lie algebra homomor-
phism ϕ̂ : R→ Lie Cont(M,α) ∼= C∞(M)Rα then reads as

ϕ̂(t)(x) = αx

(
d

ds

∣∣∣∣
s=0

FlRαst (x)

)
= αx(t · Rα(x)) = t,
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i.e. ϕ̂(t) is just the constant function on M with value t.
Therefore, for t ∈ R = LieS1 we get

(ϕ̂∗Ik)(t, . . . , t) = Ik(ϕ̂(t), . . . , ϕ̂(t)) =

∫
M

t · . . . · t α ∧ (dα)n = tk · volα(M).

This is a nonzero multiple of the invariant polynomial on LieS1 corresponding to the k-th
power of the Euler class (see Example 2.24). The claim of the theorem now follows from
the equation (5.5). �

The following corollary shows that knowledge of characteristic classes can tell us some-
thing about the topology of the group itself.

Corollary 5.7. Let (M, ξ = kerα) be a closed connected regular contact manifold and
let Cont0(M,α) denote the connected component of the identity. Then the homotopy class
of the Reeb flow in π1(Cont0(M,α)) is of infinite order.

Proof. Put G = Cont0(M,α). Then π0(BG) = π1(BG) = 0 and

π1(G)⊗ R ∼= π2(BG)⊗ R ∼= H2(BG;R)

by the Hurewicz theorem. Let ϕ : S1 → G denote the homomorphism induced by the Reeb
flow and consider the following commutative diagram, where all the horizontal arrows are
isomorphisms.

H2(BG;R)

(Bϕ)∗

��

// Hom(H2(BG;R),R)

−◦(Bϕ)∗
��

// Hom(π1(G)⊗ R,R)

−◦ϕ∗
��

H2(BS1;R) // Hom(H2(BS1;R),R) // Hom(π1(S1)⊗ R,R) ∼= R

Let c ∈ π1(S1) ∼= Z be the positive generator and let γ ∈ Hom(π1(S1)⊗R,R) be the dual
of c. It follows from the previous theorem that the image of (Bϕ)∗χ1 under the bottom
row of isomorphisms is a nonzero multiple of γ.

Note that for all k ∈ N, ϕ∗(k · c) = k · [Reeb] ∈ π1(G). But then

χ1(k · [Reeb]) = χ1(ϕ∗(k · c)) = ((Bϕ)∗χ1)(k · c) = const · γ(k · c) = const · k 6= 0

and so, in particular, k · [Reeb] 6= 0 ∈ π1(G). �

It has also been recently proved in [12] that the homotopy class of the Reeb flow of the
standard contact form on S2n+1, n 6= 3, is of infinite order even in π1(Cont(S2n+1, ξstd)),
not only in the fundamental group of the strict contactomorphism group.

Remark 5.8. There are at least two alternative proofs of the above result that we
are aware of. The first one is an immediate consequence of homotopy invariance of the
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Calabi-Weinstein functional on C̃ont0(M,α), which is defined by

CW({ct}) =

∫ 1

0

(∫
M

Ht α ∧ (dα)n
)

dt,

where Ht : M → R is the Hamiltonian generating the path ct. The Hamiltonian of the
Reeb flow is Ht ≡ 1 and so the functional does not vanish on it while it does vanish on
contractible loops.

Homotopy invariance of the Calabi-Weinstein functional seems to be a folklore knowl-
edge. In the analogous symplectic case it is proved in [62] and in the case of regular contact
manifolds it is explicitly used in [5] or [59]) but a reference to a proof of the invariance is
not given.

Another alternative proof of the corollary will be given later in Remark 5.19.

The next example we will look at is the 3-torus T3 with one of its standard contact
forms αn. In this case the Reeb flow does not generate a circle action and so this is not
an example of a regular contact manifold. The group Cont(T3, αn) is nevertheless infinite
dimensional because the Reeb vector field is given by

Rαn = cos(nt)
∂

∂x
− sin(nt)

∂

∂y

and so for example all the smooth functions on T3 which are dependent only on the t-
variable belong to the Lie algebra of Cont(T3, αn).

Theorem 5.9. Let n ∈ N and consider the 3-torus T3 = R3/(2πZ)3 together with the
contact form αn = cos(nt)dx−sin(nt)dy. Let ϕ : T2 → Cont(T3, αn) be the homomorphism
induced by the action (a, b) · (x, y, t) = (x+ a, y + b, t). Then under the induced map

(Bϕ)∗ : H∗(BCont(T3, αn);R)→ H∗(BT2;R) ∼= R[A,B]

the image of χ2l−1 is zero, while the image of χ2l is a nonzero multiple of the polynomial
(A2 +B2)l ∈ H4l(BT2;R), l ∈ N.

Proof. Let again ϕ̂ : LieT2 ∼= R2 → Lie Cont(T3, αn) ∼= C∞(T3)Rαn denote the Lie
algebra homomorphism induced by ϕ. We will compute the invariant polynomials ϕ̂∗Ik.
For (A,B) ∈ R2 we have

T(0,0)ϕ(A,B)(x, y, t) =
d

ds

∣∣∣∣
s=0

(x+ s · A, y + s ·B, t) = A · ∂
∂x

+B · ∂
∂y

and so

ϕ̂(A,B)(x, y, t) = (αn)(x,y,t)

(
A · ∂

∂x
+B · ∂

∂y

)
= A · cos(nt)−B · sin(nt).
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The volume form on T3 is given by αn ∧ dαn = n · dx ∧ dy ∧ dt. Therefore,

(ϕ̂∗Ik)((A,B), . . . , (A,B)) = n

∫
T3

(
A cos(nt)−B sin(nt)

)k
dx ∧ dy ∧ dt =

= 4nπ2

∫ 2π

0

(
A cos(nt)−B sin(nt)

)k
dt.

Let τ ∈ [0, 2π) be such that (cos τ, sin τ) = 1√
A2+B2 (A,B). Then we can rewrite the

integral on the right-hand side as follows∫ 2π

0

(
A cos(nt)−B sin(nt)

)k
dt = (

√
A2 +B2)k

∫ 2π

0

(
cos(τ) cos(nt)− sin(τ) sin(nt)

)k
dt =

=
(√

A2 +B2
)k ∫ 2π

0

cosk(nt+ τ) dt =
(√

A2 +B2
)k ∫ 2π

0

cosk(nt) dt.

If k = 2l− 1 is odd, we can see for example by integrating by substitution that the last
integral is zero. If k = 2l is even, then cl :=

∫ 2π

0
cos2l(nt) dt > 0 since the integrand is an

almost everywhere positive function. We have shown that

(ϕ̂∗Ik)((A,B), . . . , (A,B)) =

0 if k = 2l − 1,

4nπ2cl · (A2 +B2)l if k = 2l.

The statement of the theorem now follows from Example 2.24 and the equation (5.5). �

In the previous proof we have essentially only made use of positivity of the integrals
I4k and this can be obviously generalized to actions of arbitrary compact Lie groups. We
will first introduce some additional notation though.

Definition 5.10. Let G be a compact Lie group acting by contactomorphisms on a
contact manifold (M, ξ = kerα) and suppose that α is G-invariant.

The α-moment map of the G-action is the map m : M → g∗ uniquely defined by

〈m(x), A〉 = αx( ~A(x)),

where x ∈M , A ∈ g and ~A ∈ X(M) is the fundamental vector field induced by A.

We will also write the moment map as m : M × g→ R. Let now ϕ : G→ Cont(M,α)

denote the homomorphism given by the G-action and ϕ̂ : g → C∞(M)Rα the induced
homomorphism of Lie algebras. Then the pullbacks under ϕ̂ of the invariant polynomials
(5.1) can be written as

(ϕ̂∗Ik)(A1, . . . , Ak) =

∫
M

m(−, A1) · . . . ·m(−, Ak)α ∧ (dα)n.
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Theorem 5.11. Let (M, ξ) be a closed connected co-orientable contact manifold with
a non-trivial action of a connected compact Lie group G by co-orientation preserving con-
tactomorphisms. Then for any G-invariant contact form α and l ∈ N the characteristic
class χ2l ∈ H4l(BCont(M,α);R) is non-zero.

Proof. Since the action ϕ : G → Cont(M,α) is non-trivial, there exists A ∈ g such
that ~A 6≡ 0. Then also m(−, A) = α( ~A) 6≡ 0 by Example 1.21. But then

(ϕ̂∗I2l)(A, . . . , A) =

∫
M

(m(−, A))2l α ∧ (dα)n > 0

and so ϕ̂∗I2l is a non-trivial invariant polynomial on g. By Cartan’s Theorem 2.25 the cor-
responding characteristic class is a non-zero element of H4l(BG;R). The same conclusion
then holds also for χ2l. �

Note however that the classes χ2l might not be algebraically independent as the case
of the 3-torus T3 suggests. What can we say about non-vanishing of the classes χ2l+1? We
have already seen that for regular contact manifolds all the classes χk are non-trivial. We
can generalize this result to K-contact manifolds.

Definition 5.12. A co-orientable contact manifold (M, ξ) is called K-contact if there
exists a contact form α for ξ and a Riemannian metric g such that the Reeb vector field
Rα is Killing with respect to g, i.e. the Reeb flow of α is by isometries of g. The form α is
then also called K-contact.

It was noted in [63] that a compact contact manifold is K-contact if and only if it
admits a suitable action of a torus by strict contactomorphisms. This statement was later
reformulated in [41] into the following proposition.

Proposition 5.13 ([41, Proposition 4.3]). A closed connected co-orientable contact
manifold (M, ξ) is K-contact if and only if there is an action of a torus T by co-orientation
preserving contactomorphisms and a vector A ∈ LieT such that m(−, A) : M → R is a
strictly positive function, where m denotes the β-moment map of the T -action for any
T -invariant contact form β.

A T -invariant contact form always exists by Remark 1.13. The K-contact form α is
then a multiple of β by a T -invariant function, hence in particular α is also T -invariant.
Regarding the previous discussions the following corollary is now immediate.

Corollary 5.14. Let (M, ξ = kerα) be a closed connected K-contact manifold with a
K-contact form α. Then the characteristic class χk ∈ H2k(BCont(M,α);R) is non-zero
for all k ∈ N.
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The last result on non-vanishing of the Reznikov classes χk we prove deals with the
standard contact form on the sphere S2n+1 from Example 1.5. The proof given below
is in fact almost word by word the same (with some minor clarifications) as a proof by
Reznikov of an analogous statement on the Hamiltonian characteristic classes for the group
Ham(CP n, ωFS) ([53, Section 1.4]) and it can be also easily modified to the case of the
standard contact forms on the lens spaces S2n+1/Zk.

Theorem 5.15. Let ϕ : U(n + 1) → Cont(S2n+1, αstd) be the homomorphism given by
the standard action of the unitary group on S2n+1 ⊆ Cn+1. Then the induced map

(Bϕ)∗ : H∗(BCont(S2n+1, αstd);R)→ H∗(BU(n+ 1);R)

is surjective.

Proof. First recall that the standard contact form αstd is defined as the restriction to
S2n+1 ⊆ Cn+1 of the one-form

α =
i

2

n+1∑
j=1

(zjdz̄j − z̄jdzj),

where (z1, . . . , zn+1) are the standard complex coordinates on Cn+1.
Consider the maximal torus T in U(n+1) consisting of all diagonal matrices and denote

by t ∼= Rn+1 its Lie algebra. Then for A = (a1, . . . , an+1) ∈ t we have

Tϕ(A)(z1, . . . , zn+1) =
d

dt

∣∣∣∣
t=0

(eita1z1, . . . , e
itan+1zn+1) = i ·

n+1∑
j=1

ajzj
∂

∂zj
.

Therefore, denoting by ϕ̂ : t→ Lie Cont(S2n+1, αstd) ∼= C∞(S2n+1)Rαstd the Lie algebra
homomorphism induced by ϕ, we obtain

ϕ̂(A)(z1, . . . , zn+1) = α

(
i ·

n+1∑
j=1

ajzj
∂

∂zj

)
=

n+1∑
j=1

aj|zj|2.

Consequently, the pullbacks of the Reznikov polynomials (5.1) are given by

(ϕ̂∗Ik)(A) =

∫
S2n+1

(
n+1∑
j=1

aj|zj|2
)k

αstd ∧ (dαstd)n =

=
∑

1≤j1,...,jk≤n+1

aj1 . . . ajk

∫
S2n+1

|zj1|2 · . . . · |zjk |2 αstd ∧ (dαstd)n.

These are symmetric polynomials in the variables aj since permutations of the coordinates
on Cn+1 preserve the contact form αstd and so also the integrals on the right-hand side.
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In order to prove the statement of the theorem it is enough to show that ϕ̂∗Ik, k ≥ 0,
constitute a basis of the algebra of symmetric polynomials on t because then the statement
follows from Example 2.28. We will continue by means of a calculation due to Reznikov
(see [53, Section 1.4]).

Put dvol = αstd ∧ (dαstd)n. By the definition of αstd, for a function f on Cn+1 = R2n+2

the change of variables to polar coordinates (r, θ1, . . . , θ2n+1) = (r, θ) results in the identity
(of real integrals) ∫

Cn+1

f(z) dz =

∫
S2n+1

(∫ ∞
r=0

f(r, θ)r2n+1 dr

)
dvol.

Let A = (a1, . . . , an+1) ∈ t be such that aj > 0 for all j and identify A with a diagonal
complex matrix. Then z 7→ 〈Az, z〉 is a positive definite bilinear form on Cn+1. By changing
variables to polar coordinates we obtain 〈Az, z〉 = r2 ·gA for some function gA : S2n+1 → R
independent of the radial coordinate r. Observe that

(ϕ̂∗Ik)(A) =

∫
S2n+1

gkA dvol.

Now integrate the function e−〈Az,z〉 = e−r
2gA over Cn+1 to obtain the identity

πn+1

detA
=

∫
Cn+1

e−〈Az,z〉 dz =

∫
S2n+1

(∫ ∞
r=0

r2n+1e−r
2gA dr

)
dvol =

= const ·
∫
S2n+1

g−n−1
A dvol

— here the left-hand side equality is the formula for the multi-dimensional Gaussian func-
tion, while the right-hand side equality follows from differentiating

∫∞
0
re−cr

2
dr = 1

2
c−1

n-times with respect to c.
If we replace A with A+ tE, where E is the identity matrix and t > 0, then we have

const · det−1(A+ tE) = t−n−1

∫
S2n+1

(1 + t−1gA)−n−1 dvol.

For t big enough, we can expand (1 + t−1gA)−n−1 to a power series (using the generalized
binomial coefficients) to eventually get

const · t−n−1 · det−1

(
1

t
A+ E

)
= t−n−1

∞∑
k=0

∫
S2n+1

(
−n− 1

k

)
t−kgkA dvol.

Reformulated with use of the Reznikov polynomials this becomes

const · det−1

(
1

t
A+ E

)
=
∞∑
k=0

(
−n− 1

k

)
t−k · (ϕ̂∗Ik)(A).
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This is an identity of power series in the variable t−1. The coefficients of the left-hand
side are algebraic combinations of the elementary symmetric polynomials in the variables
a1, . . . , an+1, while the coefficients of the right-hand side are non-zero multiples of the pull-
back polynomials (ϕ̂∗Ik)(A). By comparing the coefficients we see that the values of all the
elementary symmetric polynomials are uniquely determined by the values of (ϕ̂∗Ik)(A).

Recall finally that we made a positivity assumption on A. But since there exists a
basis of t consisting of vectors with all coordinates positive, the above conclusion shows
that ϕ̂∗Ik, k ≥ 0, form a basis of the algebra of symmetric polynomials on t and hence proves
the statement of the theorem in view of Example 2.28 as already remarked before. �

5.2. The homotopy type of Cont0(S3, αstd) and Cont0(S5, αstd)

In this short section we will show that for the standard contact spheres S3 and S5 we
can determine the homotopy type of their αstd-strict contactomorphism groups with use of
Gromov’s theorem on the homotopy type of the group Ham(CP 2) and a suitable fibration.

Proposition 5.16 ([61, Proposition 4]). Let (M,α) → (B,ω) be a Boothby-Wang
fibration as in Example 1.10 and suppose that M is moreover connected. Let Ham(B,ω)

denote the group of Hamiltonian diffeomorphisms of (B,ω) and Cont0(M,α) the connected
component of the identity in Cont(M,α). Then there is a smooth principal S1-bundle

π : Cont0(M,α)→ Ham(B,ω)

such that the S1-fibre is given by the Reeb flow of α.

Proof. Every α-strict contactomorphism of M commutes with the Reeb flow of α
or, in other words, it preserves the S1-fibres of the Boothby-Wang fibration M → B.
In particular, it descends to a diffeomorphism of B which happens to be a Hamiltonian
diffeomorphism of (B,ω) by [2]. That this projection defines a smooth principal S1-bundle
is proved in [61, Proposition 4]. �

For a complete proof of the following remarkable result see [44, Section 9.5.].

Theorem 5.17 (Gromov). The standard action of the projective unitary group PU(3)

on (CP 2, ωFS), where ωFS is the Fubini-Study symplectic form, induces a homotopy equiv-
alence ψ : PU(3)→ Ham(CP 2, ωFS).

It is also well-known that the standard action of PU(2) on (CP 1, ωFS) induces a ho-
motopy equivalence ψ : PU(2) → Ham(CP 1, ωFS). Indeed, because CP 1 ∼= S2 is simply
connected, Ham(CP 1, ωFS) is the group of area-preserving diffeomorphisms of S2. But,
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correspondingly, the action of PU(2) ∼= SO(3) is just the standard action on S2, which
induces a homotopy equivalence SO(3)→ Diff(S2, volFS) by Smale’s theorem.

Corollary 5.18. The standard action of the unitary group U(n+ 1) on (S2n+1, αstd)

induces for n = 1 and n = 2 a homotopy equivalence ϕ : U(n+ 1) ↪→ Cont0(S2n+1, αstd).

Proof. First, the Hopf fibration S1 → S2n+1 → CP n is a Boothby-Wang fibration
with respect to the Fubini-Study symplectic form on CP n and the standard contact form
on S2n+1. Consider the following S1-bundle morphism — here the right-hand projection
is the S1-bundle from Proposition 5.16, while the left-hand projection is the standard one.

U(n+ 1)
ϕ
//

��

Cont0(S2n+1, αstd)

π

��
PU(n+ 1)

ψ
// Ham(CP n, ωFS)

The base map ψ is a homotopy equivalence either by Smale’s theorem or Gromov’s
theorem. Fibrewise, ϕ restricts to the inclusion of the Reeb flow, hence it is also a homotopy
equivalence. Applying the five-lemma on the corresponding morphisms between the long
exact sequences of homotopy groups for the fibrations, we conclude that ϕ is a weak
homotopy equivalence. By Remark 4.9 the group Cont0(S2n+1, αstd) has the homotopy
type of a CW-complex and so ϕ is a homotopy equivalence by the Whitehead theorem. �

Remark 5.19. Let us now comment on another alternative proof of Corollary 5.7.
Let (M,α) be a closed connected regular contact manifold and let p : M → (B,ω) be the
associated Boothby-Wang fibration. Choose a point x ∈ M and put b = p(x) ∈ B. With
Proposition 5.16 we can consider the following S1-bundle morphism

Cont0(M,α)
evx //

π

��

M

p

��
Ham(B,ω)

evb // B

In particular, for the Euler classes we obtain

e(Cont0(M,α)) = ev∗be(M) = − 1

2π
· ev∗b [ω].

But by [39, Theorem 1.16] (for the case k = 0), ev∗b [ω] = 0. So the left-hand side principal
S1-bundle is trivializable and the inclusion ϕ : S1 → Cont0(M,α) of the Reeb flow induces
an injective map ϕ∗ : Z→ H1(Cont0(M,α)) ∼= π1(Cont0(M,α)).
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5.3. The homotopy type of Cont+(S3, ξstd)

The goal of the last section of the thesis is to show that the group Cont+(S, ξstd) of
co-orientation preserving contactomorphisms of the standard contact 3-sphere, endowed
with the compact-open C∞-topology, is homotopy equivalent to the unitary group U(2).
This claim seems to be known by some experts. For instance, it is explicitly mentioned
by Giroux in [29, Remarque 2.10] but without a proof or a reference. In fact, during a
private discussion with Leonid Polterovich I have been encouraged to write down a proof
in my thesis. The proof presented here is based on discussions with Roger Casals.

One of the key results which allows us to determine the homotopy type of Cont+(S, ξstd)

is knowledge of the homotopy type of Diff+(S), the group of orientation preserving dif-
feomorphisms of S3 oriented as the boundary of the unit ball in the Euclidean space R4.

Theorem 5.20 (Hatcher [33]). The standard action of the special orthogonal group
SO(4) on S3 induces a homotopy equivalence SO(4)→ Diff+(S).

If we identify R4 with the complex space C2 via zj = xj + iyj, the standard contact
structure ξstd on S3 is given by the complex tangencies, i.e. ξstd = TS3 ∩ i(TS3). This is
the kernel of the one-form

αstd =
i

2
(z1dz̄1 − z̄1dz1 + z2dz̄2 − z̄2dz2)

∣∣
S3 .

It is easy to verify that the standard action of the unitary group U(2) on S3 preserves αstd

and so the action is by co-orientation as well as orientation preserving contactomorphisms.

Definition 5.21. A contact structure ξ on a closed 3-dimensional manifoldM is called
overtwisted if there exists an embedded closed disc D inM which is tangent to ξ at exactly
one interior point and the boundary circle ∂D is Legendrian, i.e. ∂D is also tangent to ξ.

A contact structure is called tight if it is not overtwisted.

Although the notion of tightness is not necessary to understand the rest of this section,
it is in fact another key property which allows us to determine the homotopy type of
Cont+(S, ξstd). In particular, the standard contact structure ξstd on S3 is tight.

Denote by Ξ(M) the space of all co-oriented contact structures on M . Because of the
co-orientability assumption, Ξ(M) can be identified with a subspace of Γ(ST ∗M) (the space
of smooth sections of the unit cotangent bundle of M for some choice of a Riemannian
metric on M) and so we can endow Ξ(M) with the subspace topology induced by the
compact-open C∞-topology on Γ(ST ∗M).

Note that Ξ(M) is a deformation retract of the space A(M) of contact forms on M ,
which is an open submanifold of Γ(T ∗M). A(M) is an absolute neighbourhood retract and
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has the homotopy type of a countable CW-complex by arguments analogous to those in
Remark 4.9. It follows that Ξ(M) also has the homotopy type of a countable CW -complex.

Let us briefly comment on the subspace Ξot(M) of overtwisted co-oriented contact struc-
tures on M . Denote moreover by Distr(M) the space of all co-oriented two-dimensional
distributions on M endowed with the compact-open C∞-topology. Then the inclusion
Ξot(M)→ Distr(M) is a homotopy equivalence, see e.g. [25, Section 4.7]. Otherwise put,
the classification of overtwisted contact structures is a “topological” problem. By contrast,
the classification of tight contact structures is much more complicated and far from being
completely understood.

Returning to the case of the three-sphere, denote by T ⊆ Ξ(S3) the space of all tight
co-oriented contact structures on S3 which induce the positive orientation on S3, i.e. for
any contact form α defining the contact distribution the volume form α ∧ dα is positive.
Put p0 = (1, 0, 0, 0) ∈ S3 and denote by

Tp0 = {ξ ∈ T | ξ(p0) = ξstd(p0)}

the subspace of positive tight contact structures which agree with the standard contact
structure at the point p0.

By [16, Theorem 2.1.1], ξstd is up to isotopy the unique positive tight contact structure
on S3. Using the Gray stability theorem 1.16 this means that T is exactly the connected
component of ξstd in Ξ(S3). The topology of the subspace Tp0 turns out to be even simpler.

Theorem 5.22 ([16, Theorem 2.4.2]). The space Tp0 is contractible.

We would like to point out that a detailed proof of the above claim is unfortunately
not contained in the cited paper (and also not anywhere else). We are now ready to state
and prove the main result of this section.

Corollary 5.23. If the space Tp0 is contractible, then

(i) the homotopy type of T is that of the two-sphere S2 and
(ii) the standard action of the unitary group on (S3, ξstd) induces a homotopy equiv-

alence i : U(2)→ Cont+(S, ξstd).

Proof. (i) Recall first that S3 is a parallelizable manifold and an explicit trivialization
of the tangent bundle TS3 ⊆ R4 is given by the following three vector fields

X(x1, y1, x2, y2) = (−y1, x1,−y2, x2)T ,

Y (x1, y1, x2, y2) = (−x2, y2, x1,−y1)T ,

Z(x1, y1, x2, y2) = (−y2,−x2, y1, x1)T ,
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where p = (x1, y1, x2, y2) ∈ S3. Note that X, Y, Z are orthonormal with respect to the
standard Riemannian metric. In particular, the tangent sphere bundle is then given by

STS3 = im {aX + bY + cZ | a, b, c ∈ R : a2 + b2 + c2 = 1} ∼= S3 × S2.

A co-oriented two-dimensional distribution ξ ⊆ TS3 is uniquely determined by its
positive unit normal vector field nξ and this, using the trivialization of TS3 above, defines
a unique map nξ : S3 → S2. Therefore, there is a bijective correspondence between co-
oriented two-dimensional distributions in TS3 and smooth maps S3 → S2. In particular,
the standard contact structure ξstd corresponds to the mapping nξstd : p 7→ X(p).

Now put p0 = (1, 0, 0, 0) and consider the space T of positive tight contact structures
together with the evaluation map ev : T → S2, ev(ξ) = nξ(p0). We will show that ev is a
fibre bundle with a typical fibre Tp0 . Then contractibility of Tp0 implies the first claim of
the corollary.

We can construct local trivializations of ev as follows. Consider the Stiefel manifold
V2(R3) of orthonormal 2-frames in R3 and the fibre bundle π : V2(R3) → S2 defined by
mapping a two-frame (u,v) to its vector product u×v, i.e. the unique unit vector positively
orthogonal to both u and v. Let us identify V2(R3) with SO(3) by assigning to (u,v) the
matrix with columns u × v,u,v, in this order. Then the fibre map π sends a matrix
A ∈ SO(3) to its first column c1(A) ∈ S2.

Let s : U ⊆ S2 → V2(R3) be a smooth local section of π. For b ∈ U , viewing s(b) as a
matrix in SO(3), put

Ab = diag(1, s(b)) ∈ SO(4) ⊆ Diff+(S) .

Now define a local trivialization of ev : T → S2 over U by

ψs : U × Tp0 → T , ψs(b, ξ) = (Ab)∗ξ, where (Ab)∗ξ(p) = TAb
(
ξ(A−1

b (p))
)
.

Note that (Ab)∗ξ is indeed a positive tight contact structure.
Let us check that ev ◦ ψs is the projection onto the first factor. Because Ab(p0) = p0,

we have (Ab)∗ξ(p0) = TAb(ξ(p0)). Since ξ ∈ Tp0 , the positive normal to ξ(p0) is the vector
nξ(p0) = nξstd(p0) = (0, 1, 0, 0)T and so — here cj stands for the j-th column —

ev((Ab)∗ξ) = n(Ab)∗ξ(p0) = Ab · nξ(p0) = c2(Ab) = c1(s(b)) = π(s(b)) = b.

Furthermore, the inverse map to ψs is the map

ϕs : ev−1(U)→ U × Tp0 , ϕs(η) =
(
ev(η),

(
A−1
ev(η)

)
∗
η
)
.
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Denoting ev(η) = nη(p0) by b, let us check that (A−1
b )∗η ∈ Tp0 . Because Ab ∈ SO(4),

we have A−1
b = ATb and then

n(A−1
b )∗η

(p0) = A−1
b · nη(p0) = ATb · c2(Ab) = (0, 1, 0, 0)T = nξstd(p0).

This completes the proof that ev : T → S2 is a fibre bundle with a typical fibre Tp0 .
Because the fibre Tp0 is contractible by Theorem 5.22, we deduce from the long exact

sequence of homotopy groups for a fibration that ev is a weak homotopy equivalence.
Because T has the homotopy type of a CW-complex, it follows from theWhitehead theorem
that ev is a genuine homotopy equivalence.

(ii) Let Ψ: Diff+(S)→ T be the map defined by Ψ(f) = f∗ ξstd. This is a surjective map
by the Gray stability theorem and the “fibre” over ξstd is Ψ−1(ξstd) = Cont+(M, ξ). It can
be shown (see [26]), using the Gray stability theorem with parameters, that Ψ has the
homotopy lifting property with respect to discs and smooth isotopies. By the standard
arguments for Serre fibrations this implies in particular that

πk(Diff+(S),Cont+(S, ξstd)) ∼= πk(T ), k ≥ 0.

Now consider the long exact sequence of homotopy groups associated to the triple
(Diff+(S),Cont+(M, ξ),U(2)) =: (Diff,Cont,U(2))

· · · → πk+1(Diff,U(2))→ πk+1(Diff,Cont)→ πk(Cont,U(2))→

→ πk(Diff,U(2))→ πk(Diff,Cont)→ · · · .

By Theorem 5.20, Diff ' SO(4). Moreover, similarly as above we can prove that the
composition ev ◦Ψ|SO(4) : SO(4)→ S2 is a fibre bundle with a typical fibre U(2). Therefore,
for each k ≥ 0 we have the following chain of isomorphisms

πk(Diff,U(2)) ∼= πk(SO(4),U(2)) ∼= πk(S
2) ∼= πk(T ) ∼= πk(Diff,Cont)

and it follows from the above long exact sequence that πk(Cont+(S, ξstd),U(2)) = 0,
i.e. the inclusion i : U(2) → Cont+(S, ξstd) is a weak homotopy equivalence. Because
by Remark 4.9 Cont+(S, ξstd) has the homotopy type of a CW-complex, i is a genuine
homotopy equivalence by the Whitehead theorem. �

We also easily get the following interesting corollary.

Corollary 5.24. The inclusion k : Cont0(S3, αstd) → Cont+(S, ξstd) is a homotopy
equivalence.

Proof. The homomorphism i : U(2) → Cont+(M, ξ) factors through the inclusion of
the subgroup Cont0(S3, αstd) as on the diagram below.
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Cont+(S3, ξstd)

U(2)
j
//

i
88

Cont0(S3, αstd)

k

OO

Now i is a homotopy equivalence by the previous corollary, while j is a homotopy equiva-
lence by Corollary 5.18. It follows that k induces an isomorphism on the homotopy groups,
i.e. a weak homotopy equivalence. Because the spaces involved have the homotopy type of
a CW-complex, k is a genuine homotopy equivalence. �

Let us remark that Theorem 5.22 has also been used in [27] to prove that the funda-
mental group of the space of contact structures on the 3-torus, based at any of the standard
tight contact structures, is isomorphic to the integers (see also [26]).



APPENDIX A

Two useful lemmas

In this appendix we give proofs of two technical lemmas. The first lemma deals with
an analogue of Cartan’s magic formula for the Lie derivative along a vector field which is
defined only along a submanifold.

Lemma A.1. Let gt : M → N, t ∈ (−ε, ε), be a smooth family of smooth maps between
two smooth manifolds M and N . Define a time-dependent vector field Xt along gt(M) by
d
dt

∣∣
t=τ

gt(x) = Xτ

(
gτ (x)

)
, x ∈M . Then for any k-form β on N we have

(A.2)
d

dt

∣∣∣∣
t=τ

g∗t β = d
(
g∗τ (ιXτβ)

)
+ g∗τ (ιXτdβ).

Proof. We follow the proof of [25, Lemma B.1]. First, let us check the statement for
β = h ∈ C∞(N) a function on N . For any x ∈M we get

d

dt

∣∣∣∣
t=τ

(g∗t h)(x) =
d

dt

∣∣∣∣
t=τ

(h ◦ gt)(x) = (ιXτdh)(gτ (x)) = g∗τ (ιXτdh)(x).

Now suppose the formula (A.2) holds for a k-form β. Then it also holds for dβ

d

dt

∣∣∣∣
t=τ

g∗t dβ = d

(
d

dt

∣∣∣∣
t=τ

g∗t β

)
= d
(
d(g∗τ (ιXτβ)) + g∗τ (ιXτdβ)

)
= d(g∗τ (ιXτdβ)) + g∗τ (ιXτd

2β).

Eventually, if the formula (A.2) holds for a k-form β and an l-form γ, then it also holds
for their product β ∧ γ by the following calculation

d

dt

∣∣∣∣
t=τ

g∗t (β ∧ γ) =
d

dt

∣∣∣∣
t=τ

g∗t β ∧ g∗t γ =

(
d

dt

∣∣∣∣
t=τ

g∗t β

)
∧ g∗τγ + g∗τβ ∧

(
d

dt

∣∣∣∣
t=τ

g∗t γ

)
=

=
(
d(g∗τ (ιXτβ)) + g∗τ (ιXτdβ)

)
∧ g∗τγ + g∗τβ ∧

(
d(g∗τ (ιXτγ)) + g∗τ (ιXτdγ)

)
=

= d(g∗τ (ιXτβ)) ∧ g∗τγ + g∗τ (ιXτdβ) ∧ g∗τγ + g∗τβ ∧ d(g∗τ (ιXτγ))+

+ g∗τβ ∧ g∗τ (ιXτdγ) + (−1)k−1g∗τ (ιXτβ) ∧ g∗τdγ + (−1)kg∗τ (ιXτβ) ∧ g∗τdγ+

+ (−1)kg∗τdβ ∧ g∗τ (ιXτγ) + (−1)k−1g∗τdβ ∧ g∗τ (ιXτγ) =

= dg∗τ

(
(ιXτβ) ∧ γ + (−1)kβ ∧ (ιXτγ)

)
+ g∗τ ιXτ

(
dβ ∧ γ + (−1)kβ ∧ dγ

)
=

= d
(
g∗τ
(
ιXτ (β ∧ γ)

))
+ g∗τ

(
ιXτd(β ∧ γ)

)
.
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Since locally the algebra of differential forms is generated by functions and their differ-
entials, the formula (A.2) is true for all differential forms. �

The second lemma proves existence of a naturalH-principal connection on the extension
of a principal G-bundle induced by a Lie group homomorphism G→ H.

Lemma A.3. Let ϕ : G → H be a Lie group homomorphism and let ϕ̂ : g → H denote
the induced homomorphism of Lie algebras. Let P → B be a principal G-bundle with a
principal connection form σ ∈ Ω1(P ; g). Let Q = P ×ϕH → B be the extension of P by ϕ,
a principal H-bundle, and let Φ: P → Q be the bundle morphism defined by Φ(p) = [p, 1H ].

Then the one-form θ : T (P ×H)→ h defined by

θ(p,b)(X,B) = Adb−1(ϕ̂ ◦ σp(X)) + T lb−1(B)

descends to a one-form θ ∈ Ω1(Q; h). This one-form is a principal connection form on
Q→ B which satisfies Φ∗θ = ϕ̂ ◦ σ.

Proof. We first have to check that θ is a basic form for the principal G-bundle

P ×H → Q = P ×ϕ H.

Let us show G-invariance: for any a ∈ G using the equivariance property of σ we obtain

θ(p·a,ϕ(a)−1·b)(TraX,T lϕ(a)−1B) = Adb−1ϕ(a) (ϕ̂ ◦ σpa(TraX)) + T lb−1ϕ(a)

(
T lϕ(a)−1B

)
=

= Adb−1ϕ(a)

(
ϕ̂ ◦ Ada−1(σp(X))

)
+ T lb−1B = Adb−1ϕ(a)Adϕ(a)−1(ϕ̂ ◦ σp(X)) + T lb−1B =

= Adb−1(ϕ̂ ◦ σp(X)) + T lb−1B = θ(p,b)(X,B).

Next, a vertical vector (X,B) ∈ T(p,b)(P ×H) is determined by some A ∈ g, namely

(X,B) =
d

dt

∣∣∣∣
t=0

(
p · exp(tA), ϕ(exp(tA))−1 · b

)
=
(
~A(p),−Trb(ϕ̂(A))

)
.

On such a vector θ evaluates as

θ(p,b)(X,B) = Adb−1

(
ϕ̂ ◦ σp( ~A(p))

)
− T lb−1Trb(ϕ̂(A)) = Adb−1(ϕ̂(A))− Adb−1(ϕ̂(A)) = 0,

which means that θ is also horizontal, hence it descends to a one-form θ on Q.
Now we need to show that θ is a principal connection form for the H-action on Q.

First, for B ∈ h the corresponding vertical vector on Q equals (0, ~B(b)) = (0, T lb(B)) and
so θ(p,b)(0, ~B(b)) = B.

The H-equivariance of θ can be verified by another computation: for c ∈ H we get

(r∗cθ)(p,b)(X,B) = Adc−1b−1(ϕ̂ ◦ σp(X)) + T lc−1b−1Trc(B) = Adc−1

(
θ(p,b)(X,B)

)
.

Finally, the desired equation Φ∗θ = ϕ̂ ◦ σ is clearly satisfied due to the construction. �
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