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It has been shown in Refs. 26 that two natural definitions of surface measures, on
the space of continuous paths in a compact Riemannian manifold embedded into R™,
introduced in the paper by Smolyanov! are equivalent; this means that there exists a
natural object — the surface measure, which we call the Smolyanov surface measure.
Moreover, it has been shown2~6 that this surface measure is equivalent to the Wiener
measure and the corresponding density has been found. But the known proof of the
equivalence of the two definitions of the surface measure is rather nonexplicit; in fact
the densities of the measures corresponding to the two different definitions were found
independently and only a posteriori it was discovered that those densities coincided.

Our aim is to give a direct proof of this fact. We introduce a more restrictive
definition of the surface measure as the weak limit of a standard Brownian motion
in R™ conditioned to be in the tubular e-neighborhood of the manifold at times
0=t < t1 < -+ < tp—1 < tp, = 1 as both € and the diameter of the partition
tend to zero. Letting € and then the diameter of the partition tend to zero and vice
versa, we arrive at the two definitions above. We prove the existence of the Smolyanov
surface measure using our definition, show that this measure is equivalent to the law of
a Brownian motion on the manifold, and compute the corresponding density in terms
of the curvature of the manifold. As a special case of this, we again obtain the results
of Refs. 2—-6.

Keywords: Surface measures; Brownian motion; Riemannian manifolds.

AMS Subject Classification: 58J65, 60J65, 60B10

1. Introduction

The surface measures on submanifolds having both infinite dimension and codi-
mension were introduced by Smolyanov in 1995.1 He considered the space of con-
tinuous paths in R™ equipped with the Wiener measure as an ambient space and
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the subspace of continuous paths in a compact Lie grop G C R" as a submanifold.®
In fact, that paper introduced the two different definitions of the surface measure
mentioned above and it was noted that (in this case), both measures coincide with
the Wiener measures on trajectories in the Lie group G. Both definitions can also be
applied to the case when the Lie group is replaced with any Riemannian manifold.
For that more general case the surface measures were investigated in Refs. 2-6.

Let M be a compact Riemannian manifold and a9 € M. Denote by
Ca, ([0,1],R™) the space of continuous real-valued functions on [0, 1] taking value
ag at zero, and by Cy, ([0, 1], M) its subset consisting of M-valued functions.

One of the natural ways® to define a surface measure on Cy, ([0, 1], M) corre-
sponding to the Wiener measure W on the ambient space is to force the Brownian
particle to be in the manifold at times 0 = tg < t; < --- < tn,_1 < t, = 1 and to
let the mesh of the partition P go to zero. More precisely, the surface measure is
defined as the weak limit

Si = l}l)i‘mOW(-|wti € M for allt; € P). (1.1)

With the help of explicit estimates for the short time asymptotics of the conditional
integral operator and using the semigroup theory it has been proved?3® that S;
exists, is equivalent to the Wiener measure Wy, on Cy, ([0, 1], M), and the density
has been computed explicitly in terms of the mean and scalar curvature of the
manifold.

The second way' to define a surface measure on Cy, ([0, 1], M) corresponding to
the standard Brownian motion on R"™ is to condition on the event that the Brownian
particle does not leave the tubular e-neighborhood M. of M for the whole time,
and then let € go to zero, i.e.

Se = lirr%)W(-|wt €M, for all ¢t € [0,1]). (1.2)
E—

It has been proved*% using mainly SDE techniques that S, also exists, is equivalent
to Wy, and the density appears to be the same as of S; (although there was no
direct proof that S; = S,).

In the present paper we introduce a more restrictive definition of the surface
measure. Namely, let

Wp. = W(-|w, €M, for all t; € P) (1.3)
and
S= lim Wp,. (1.4)
|P|—0
e—0

2For submanifolds of infinite-dimensional spaces, having finite codimension, the definitions and
properties of surface measures can be (relatively) easily obtained in the frame of the theory
of differentiable measures initiated by Fomin (see Ref. 12) (where in particular the notion of
logarithmic derivative of a measure has been introduced). In this framework the theory of surface
measures on submanifolds of finite codimension has been developed by Uglanov! (see also Refs. 13
and 15).
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It is easy to see that

Si = lim limWp, and Sy =Ilim lim Wp,. (1.5)
|P|—0e—0 e—0|P|—0
We prove the existence of S (which implies the existence of S; and So) and compute
its density with respect to Wy, (which must certainly be the same as of S; and S»)
in an easier way.

Let us also notice that in Refs. 9, 10, it is shown that the definition of S; is well
adapted to obtaining the Feynman—Kac type formulas for Schrédinger equations
on manifolds and the definition of Sy is adapted to develop some change of vari-
able formulas for Wiener measures and Feynman pseudomeasures on trajectories
in manifolds. In particular the same density appears in the context of the study
of the holonomic constraints in quantum mechanics.®7'%* Hence the geometric
potential in the density can be interpreted as an additional effective potential in
the Schrédinger equation on the manifold.® !

We use the following notation. We assume that eg is small enough and the
orthogonal projection m : My, — M is well defined (and we consider € < ¢o).
We denote by T, M the tangent space of M at a € M and by N,M the normal
space of M at m(a), for a € M,,. In the sequel, we identify these spaces with
the corresponding subspaces in R™. Further, for each x € M, let P, denote the
orthogonal projection of R™ onto T,M and @, = I — P, denote the orthogonal
projection of R™ onto N, M. For x € M and w € T, M, we define

Ip(w) = dQqu(w) Py + dPy(w)Qy € gl(n). (1.6)

We denote by pr; : R” — R™ (respectively, pry : R” — R¥) the linear operator that
maps u € R” to its first m (respectively, to its last k) coordinates and by prf1 :
R™ — R™ (respectively, pry 1. RF — R™) the right inverse to pr; (respectively,
to pry) such that p]rflpr1 = P,, (respectively, pry 'pry = Q). Besides, we fix an
orthonormal basis (e;) in R™ (such that its first m vectors generate T,,M) and
identify all linear operators on R™ with their matrices with respect to (e;). We also
use the Einstein summation convention: an index occurring twice in a product is
to be summed from one up to the space dimension.

Furthermore, we use the notion of the Fermi decomposition of a continuous
M., -valued semimartingale.® First, for every such semimartingale (¢;) we define
xy = m(&). Secondly, we denote by (u;) the matrix-valued process that performs
stochastic parallel translation along (x:), i.e. (u¢) is a solution of

dur + Iy, (64 )ur = 0 with uo = 1. (1.7)

Finally, we define z; = proul (& — x¢). The triple (x,uy, 2¢) is called the Fermi
decomposition of (&). It is easy to see that (&) can be reconstructed from its Fermi
decomposition by the formula

& = oy +up pry 'z (1.8)
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The structure of the proof of our main result is similar to the proof about So
although each step has undergone a significant change. In Sec. 2 we define the
optimal vector field v on R™ (which is in contrast to the shifting vector field® no
longer orthogonal to the manifold) and compute its norm and divergence at points
on M in terms of the mean and the scalar curvature of M. In Sec. 3 we define a
new process (y;) by

1
dy; = dby — — dt
Yt t 2U(yt) ) (1.9)

Yo = aop,

which we call a Brownian motion with the optimal drift. Further, writing down the
Fermi decomposition (x4, us, 2¢) of (y:), using the fact that (2¢) turns out to be a
k-dimensional Brownian motion independent of the Brownian motion driving the
SDE for (x:), and taking into account the continuity of the paths of (y;), we show
that the generalized surface measure corresponding to (y;) exists and coincides with
Ws. Finally, in Sec. 4 we prove our main result using the equivalence of the laws
of (y:) and a standard Brownian motion and the continuity of the corresponding
density, which is provided by the fact that v is of the gradient type.

2. Logarithmic Density ¢ and Optimal Vector Field v

In order to define the optimal vector field v mentioned in the Introduction, notice
that there are two natural measures A, and Ag on M,,. The first one is just the
Lebesgue measure on R"™ restricted to M, C R™. The second one is defined by

Ao (A) = / WA (@), AC ML, orel, (2.1)

where A, = wil(x) and A; and \j; are the Lebesgue measures on R* and M,
respectively. We have used here the fact that A, C N, M and that there is a linear
isometry between N, M and R*. Moreover, the Lebesgue measure \j, is independent
of the choice of such an isometry and hence Ag is well-defined.

It has been proved® that Ag is equivalent to \,. Denote

dn
v = log Do (2.2)
and define
v=Vop. (2.3)

Furthermore, denote by the same symbol a smooth extension of v to R™ that is
equal to zero outside a neighborhood of M (the choice of such an extension is not
essential).

Definition 2.1. The vector field v is called the optimal vector field.
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Lemma 2.1. For any a € M we have

[v(a)|I* = [Ve(a)|I* = m?(|x]*(a) , (2.4)
div v(a) = Ap(a) = R(a), (2.5)
where K is the mean curvature vector and R the scalar curvature of M.
Proof. Consider an orthogonal coordinate system (z!,..., 2™, 2!, ..., 2¥) centered

at a such that its first m basis vectors form an orthogonal basis of the tangent
space T,M. Let us compute Vp(a) and Ap(a) with respect to this system. By
the implicit function theorem, in this coordinate system the manifold M can be
represented locally in a neighborhood of the point a by a system of equations
2* = fs(z',...,2™). Notice that 9;fs(0) = 0, for all i, s. Further, denote by Fy =
Hess f5(0).

It follows from Lemma 9 in Ref. 6 that ¢|y = 0 and so ¢(z, f(x)) = 0. Differ-
entiating it with respect to 2% and taking into account the equalities 8, fs(0) = 0
we obtain for every 1 <i<m

0,:¢(0,0) = 0. (2.6)
Again by Lemma 9 in Ref. 6 we obtain for every 1 <p < k
0.0p(0,2) = —0.» logdet[T — 2°F,] !
= tr O.» log[I — 2°F,] = —tr([I — 2°F] "' F,). (2.7)

It follows now from Lemma 5 in Ref. 6 that

m

k
lv(@)]|* = V@)l = > [0a N2+ [0:06(0,0)]
p=1

i=1

k
Z (tr Fp)? = m?||k|*(a). (2.8)
1

p=
Further, differentiating ¢(x, f(z)) = 0 twice with respect to z* and taking into
account J,: f5(0,0) = 0 and (2 7) we obtain

k
Za“qsoo Zazpqsoo Za“fp => (tr F,)’ (2.9)
p=1

Finally, it follows from (2 7) that

ZamM (0,0) Ztr (2.10)

and Lemma 4 in Ref. 6 implies
div v(a) = [(tr F,)? = tr(F,)’] = R(a), (2.11)

which completes the proof. O
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3. Brownian Motion with the Optimal Drift and its Surface
Measure

Since the optimal vector field v is compactly supported, there is a unique solution
(yt) of the stochastic differential equation

1
dyt = dbt — §U(yt)dt, (31)
Yo = ao -

Definition 3.1. The process (y:) is called a Brownian motion with the optimal
drift.

Let 7 be the exit time of (y;) from M,,. Consider the stopped process (yiar)
and denote by (z¢, ut, z¢) its Fermi decomposition. Further, consider the process

t
by = / uldb, . (3.2)
0

It is also an n-dimensional Brownian motion by the Lévy’s characterization theorem
since it is a continuous local martingale with d@};d@{ = d;;dt by the orthogonality of
us for all s. Denote by b, (respectively, by b)) the first m (respectively, the last k)
components of by.

The following two lemmas are very similar to Lemmas 12, 13 in Ref. 6 and we
skip all the computations which can be taken from their proofs.

Lemma 3.1. The Ité differential of the process (x¢) up to time T is given by
1 1
dxy = Dr(y;)us pry*tdb} + 5(—D7r(yt)v(yt) + Am(y))dt . (3.3)
Proof. It follows from (3.2) that
db, = pryufdb, . (3.4)
Further, since® Im[Dn(y)] = T,y M we have
Dr(ye)us pry 'prou = Dr(ys) (3.5)

although pry *pr; # I. Now by It6’s formula and using (3.1) we get up to time 7
1
dry = dr(y) = Dr(ye)dy: + §DD7T(yt)dytdyt
-1 T 1 1
= Dr(ys)urpry priu; | dbe — §v(yt)dt + §A7r(yt)dt

— (g uspr B, + %(—Dﬂ'(yt)v(yt) + Ar(y))dt, (3.6)

which completes the proof. O

Lemma 3.2. z, = b/ up to time 7.
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Proof. Let us show that the Stratonovich differentials of the processes (z¢) and
(b) coincide. Denote .J; = proyuf . It follows from Lemma 13 in Ref. 6 that

by = J;0bs + %Jthm (6224)0by . (3.7)

Furthermore, we have
dzy = Jyoy, = Ji0by — %Jtv(yt)dt. (3.8)
It remains to show that J;dP;,(0x)0b, = —Jw(y¢)dt. But this is true since for

each a € M., the projection of v(a) onto the normal space N,M differs from the
projection of the shifting vector field® only by the minus sign and therefore we can
use the last equality from the proof of Lemma 13.5 This implies §z; = 552’ and
z = b!/ since this stochastic differential equation is exact. O

Denote by £, the measure on C,,([0,1],R™) which is the law of the process (y;)
and define the generalized surface measure S, corresponding to (y;) analogously
to the definition of the generalized surface measure corresponding to a Brownian
motion. Namely, we define

WY, = Ly(lwr, € M. for all t; € P), (3.9)
and
SV = ul)ilrilowga’€7 (3.10)
e—0

where P: 0=ty <t1 < - - <tp_1 <t, =1 and the limit is to be understood in
the weak sense.

Proposition 3.1. SY = W,,.

Proof. It follows from Lemmas 3.1, 3.2 and (1.8) that the processes (x¢, ut, 2¢)
from the Fermi decomposition of (y;) satisfy (up to the exit time 7) the following
system of stochastic differential equations:

d!L‘t = U({Et, U, Zt)db% + C($t7 Ut, Zt)dt7
dzy = db) (3.11)
dut = th (633,5) s

where (b;) and (b}) are two independent Brownian motions, the coefficients o and
c are given by

o(x,u,2) = Dr(x +u pry '2)u pry*, (3.12)

1 1
c(z,u, z) = —§D7T(x +u pry ' 2)v(z 4+ u prytz) + §Aﬂ'(a: +uprytz), (3.13)

and the last equation in (3.11) is just the equation of the parallel translation.
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Consider any probability space on which there is an n-dimensional Brownian
motion (b¥) and a family (z;"%) of processes such that each (z"°) has the same
law as a k-dimensional Brownian motion conditioned to be in the e-ball at times
t; € P, and the whole family {(z;"*)} is independent of (b}). On this probability
space we consider the filtration (F;) generated by {b%, s <t} and all the processes
(2/°°), 0 <t < 1. Then (pr,b}) is an m-dimensional (F;)-Brownian motion.

Let us show that the solution (27, u! ) of the system

dxf’s = a(xf’s, uf’a, th’E)prldb’tk + c(xf’s, uf’a, th’E)ahf7

3.14
dul® = L re (61°) (3.14)

converges locally uniformly in probability to the solution (Zy, ;) of the system
da:?t = o(Z4, 7:%; 0)prydb; + c(Zt, ut, 0)dt (3.15)
dut = Fit (633,5) .

To do this, denote the processes (zf<, ul"®) and (Z4, ;) by (af*®) and (a),
respectively, and rewrite the systems (3.14) and (3.15) in the form

daf’s = fl(af’s7 th"E)alb;k + fg(af’a,zf’s)dt (3.16)
and
da; = f1(at,0)db} + fo(ay,0)dt, (3.17)

respectively, with the same initial conditions, where f; are the abbreviations for the
coefficients in (3.14) and (3.15) and notice that

fila,z) — fi(a,0) as z — 0, i=1,2, (3.18)

uniformly in a and the functions f;(z,0) are Lipschitz.
Now, denote

@pe(t) = Esup |l —a,?. (3.19)
s<t
It suffices to show that ¢p.(1) - 0ase — 0, |[P| — 0.

Let 0 > 0. According to the uniform convergence of f;, choose ¢’ such that for
all a and for all z with ||z]] < &’ holds

Ifi(a,z) = fi(a,0) <6,  i=1,2. (3.20)
Further, notice that

IF’{ sup Hzf"8
1

0<s<

>€'}—>0ass—>0and|P|—>0 (3.21)

since (z}%) is a conditioned Brownian motion. So there exist & > 0 and § > 0 such
that for all e < £ and all P with |P| < 6 holds

]P’{ sup |[25¢| > 5’} <62, (3.22)

0<s<1
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Using the moment estimates analogously to Lemma 16 of Ref. 6 and using
additionally (3.22), the boundedness of f1, f2, and the choice of €', & and 6 we get
for all € < £ and all P such that |P| < 6

t
pre®) <t B [ e, 209 - fila0)|Pds
0

i=1,2

t
<e ) E/O {Ilfi(ad®, 25%) = fiad",0)1* + || fi(a>,0) — fi(as, 0)||*}ds

i=1,2

SCQZE 1

P,e ’
. sup ||z >e
Py {Ogsglu Pey|

t
} / 1£i(aPe,2P%) — fi(ale,0)|%ds
0

t
o 3B (Vg gy [ IS0 - b 0) P )

i=1,2

t
+C3]E/ aP* — || 2du
0

¢
< c40% + 03/ wpe(u)du, for all ¢, (3.23)
0

where c¢1, c2, c3 and ¢4 are positive constants independent of §. Now by Gronwall’s
lemma

ope(t) < cs0?e (3.24)
and in particular
ope(1) < cp0%e® (3.25)

for all ¢ < & and all P such that |P| < 6. Hence ¢p.(1) — 0 and the process (z} )
converge to (Z;) locally uniformly in probability.

Now it remains to show that (Z;) is a Brownian motion on M. Analogously to
the proof of Proposition 15 in Ref. 6 we have

Dr(%)uspry 'prydb; = Py, Py, db = P2 uydb; = Py, db;* = Dr(z,)db;™ , (3.26)

where (b7*) is another n-dimensional Brownian motion. Further, it follows from the
proof of Lemma 2.1 that v(z) € N, M for x € M. This together with (3.12) and
(3.13) implies

dZs = (T4, Uy, 0)pr,dbf + (T, tt, 0)dt

1 1
= Dn(z4)upry 'prydb; — = Pr,v(Z)dt + §A7T(53t)dt

2

= Dr(z)db:* + %Aw(@)dt, (3.27)
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which is equivalent to 6z; = Pj,dbf* and therefore means that (z;) is a Brownian
motion on M. O

4. Surface Measure of a Standard Brownian Motion

We are going to prove the existence of S and to compute its density with respect
to the Wiener measure Wy, using our knowledge of the measure SY. It follows
from the Girsanov Theorem that the laws of (b;) and (y:) are equivalent, and the
corresponding density is given by

dw e
=—= = ), dby) be)||*dt 4.1
p= S~ {3 [ wti.an+ & [ puoral (@)
Moreover, using It6’s formula and the fact that v is of the gradient type, we obtain
1
plw) = exp{§ / (Vo (wr), dwr) + / V(o] dt}
0

S N~ LT PA R

which means that p is continuous and bounded.

Theorem 4.1. The generalized surface measure S exists and is equivalent to the
Wiener measure Wyr. The corresponding density is given by

ds L7y R m?|s|?
m(b&) = Cexp/o <—Z + T) (wt)dt, (43)

where R is the scalar curvature, K is the mean curvature vector of M, and C' is the
normalizing constant.

Proof. Let h: Cy([0,1],R™) — R be continuous and bounded. Denote by E, EY,
Epe, ]Eii,,s, and Ejs the expectations with respect to the measures W, £,, Wp_,
W% ., and Wy, respectively. Further, denote 1p. = 1x,_, where

Xpe={w € Cq([0,1),R") : wy, € M, for all ¢; € P}. (4.4)

By Proposition 3.1 and using the continuity and boundedness of p we obtain

lim Ep.h = Lim ——2% — jim — 2P _ iy Peplt Pe

[Pl—0 ipl—o Elp, ipl—o E¥1p.p T Pi—0 Evlp., [E¥lpcp
e—0 e—0 e—0 e—0
E% .ph Eaph
Py P,eP MP MP

Denote C' = [Eprp] L.
It remains to compute the restriction of p to M. By Lemma 9 of Ref. 6 we have
¢(a) =0 for all @ € M and using Lemma 2.1 we obtain
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P () = Cexp /01 (—E + M) (wr)dt (4.6)

EMp 4 8

for every w € C,,([0,1], M), and the theorem is proved. |
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