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Abstract

D. Preiss proved that the graph of the derivative of a continuous
Gateaux-differentiable function f : R? — R is always connected. We
show that this is no longer true in higher dimensions: we construct
a continuous, Gateaux-differentiable function f : R? — R for which
the range of its gradient mapping {Vf(x) : € R3} is disconnected.
We also give an example of an approximately differentiable contin-
uous function on R? such that the range of its gradient mapping is
disconnected.

1 Introduction

As a generalization of the classical Darboux property of derivatives, J. Maly
proved in [5] that the range of the derivative of any Fréchet-differentiable
function defined on a connected open subset of a Banach space is connected.
T. Matrai showed in [6] that the graph of the derivative of a Gateaux-
differentiable Lipschitz function is connected if X* is endowed with the w*-
topology and X is separable. But the analogue of Maly’s result does not
hold for Gateaux derivatives: R. Deville and P. Hajek proved in [4, Theo-
rem 1] that for every infinite dimensional separable Banach space X there
exists a Gateaux-differentiable Lipschitz function f: X — R (with bounded
support) whose derivative has range containing an isolated point (although
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the Lipschitz property is not explicitly stated, one may easily check that the
norm of the derivative at each point is less than 4 in the proof of Theorem 1
in [4]).

The proof of the Darboux property of derivatives for functions f : R —
R is based on Rolle’s theorem: if a differentiable function f : R — R vanishes
at two points of R, then there is always a point between these two points
at which the derivative of f is zero. This statement easily extends to finite
dimensional spaces: if f is continuous and Gateaux-differentiable on R™ and
f vanishes on the boundary of a bounded open set U, then of course at
the point x € U where |f| attains its maximum we have V f(x) = 0. The
analogous statement is no longer true in infinite dimensional Banach spaces
(see, e.g., in [2]). But since Rolle’s theorem holds in R", one can expect that
the range of the derivative of a continuous Gateaux-differentiable function
on R" is connected.

An unpublished result of D. Preiss says that indeed the range of the
Gateaux derivative is connected in R%. For sake of completeness in this
paper we recall his proof. However, it turns out that Darboux property does
not hold for derivatives in higher dimensional spaces: the main result of our
paper is the construction of a continuous Gateaux-differentiable function on
R3 whose derivative has range containing an isolated point.

Another weakening of the Fréchet derivative in finite dimensional spaces
is the so-called approximate derivative: a function f : R" — R is approx-
imately differentiable at a point = and its approximate derivative is L if
there exists a set A such that x is a Lebesgue density point of A, and
f|a is differentiable with derivative L (note that there is no difference be-
tween approximate Gateaux and Fréchet derivatives, i.e. the differentiabil-
ity of f|4 in the definition may be equivalently understood in the Fréchet
or in the Gateaux sense). Equivalently, the approximate derivative of f
is L at the point z if for each ¢ > 0, z is a dispersion point of the set
{a: |f(x)—f(a)—L(x—a)| > ¢||x—al|}. One can check that the graph of the
derivative of a continuous approximately differentiable function f : R — R
has connected graph (see e.g. [3, Chapter 10, §2 and Theorem 1.1]). We
show that this is no longer true for functions even on R2.

We always consider the Euclidean norm || - || in R”. We denote by B(z, )
the open ball, centered at z € R" and with radius r > 0.



2 Gateaux derivatives on the plane

D. Preiss proved the following.

Theorem 1. Let G be an arbitrary open connected set in R?, and let f be a
Gateauz-differentiable continuous function f : G — R. Then the graph of its
derivative {(x,Vf(x)) : x € G} C R* is connected. In particular, the range
of the deriwative {V f(x): x € G} C R? is connected.

We recall his proof.

Proof of Theorem 1 Suppose that {(z, Vf(z)) : © € G} is not connected.
First we show that there exists an open ball B and a point v € 0B such that
V f(v) does not belong to the closure of the set {V f(u) : v € B} (a stronger
result was proved e.g. in [6]; for sake of completeness we give a short proof
in our particular case).

If {(z,Vf(x)): z € G} is not connected then it can be covered by disjoint
non-empty open sets Hy, Hs, and since the mapping x — (z, V f(z)) is Baire-
1, therefore there are G sets G1, Gy covering G such that {(z,Vf(x)): z €
G;} C H; fori = 1,2. Since G is connected therefore F o G\ (int G1Uint Go)
is a nonempty relatively closed subset of G. By Baire category theorem, it is
not possible that both G; and G5 are dense in F'. Therefore we may assume
that there are z € F and r > 0 such that B(z,7) C G and B(z,r) N F
is disjoint from G;. Since z € F therefore z € 0G; N 0G5, in particular,
both Gy and Gy intersect B(z,r); B(z,r) N G; is a nonempty open and
B(z,r) N Gy is a nonempty relatively closed set in B(z,7). We choose an
open ball B C B(z,r) N Gy, so that it has a point v on its boundary with
v € 0BN Gy Then (v,Vf(v)) € Hy, and (u, Vf(u)) € Hy for all u € B,
in particular, (v, Vf(v)) is not in the closure of {(u,Vf(u)) : uw € B}. By
choosing a sub-ball of B if necessary, our claim is proved.

Let C' C R? be a convex cone with vertex v such that the interior of some
neighbourhood of v in C'is a subset of B. We have

inf{||Vf(v) = Vf(u)||:we CnNnB} >0.

Without loss of generality, let us suppose that v =0, f(0) =0, Vf(0) = 0,
and for some ¢ > 0,

CNBD{(tth)eR*: t>0,|h| <c}nB0,1),



inf{||Vf(u)|:we CnB}>ec (1)
Put D ={u € C: |Jul]| = 1}, and for each ¢ € (0,1) consider the set

Fs={ueD: |f(tu)| <ct/4if 0 <t < 4§}

Each Fj is closed in D since f is continuous, and since V f(0) = 0 and f is
Gateaux-differentiable at 0, the union of the sets Fs contains D. Hence by
Baire category theorem there is a § and there are distinct elements u!' and
u? in D such that the closed arc D* between u', u? belongs to Fs. Let 2u*
be the midpoint of this arc D*, and let p be the distance of u* from the line
segments [0, u'], [0, u?].

Choose ¢ < § so small that |f(tu’)| < ctp/2 for t € (0,4"), i = 1,2, and
let D' =46'D*, C" = conv{0, D'}, v = §'u*. Then

|f(z)] < cdist(z,u')/2 Vx € dC". (2)

Indeed, |f(z)] < c¢d'p/2 < cdist(z,u’)/2 for all x € [0,8uf], i = 1,2. And
since D* C Fy, |f(x)] < ¢d'/4 < edist(z,v')/2if x € D'.
We may and shall suppose without loss of generality that f(u') > 0. Let

g(x) = f(x) — c- dist(x,u).

Then g(u') > 0, and (2) shows that g is negative on dC’. Therefore ¢ attains
its maximum on C” at a point x € int (C”), and from the definition of g it
follows that ||V f(z)| < c¢. This contradicts (1) and proves Theorem 1. m

3 Gateaux derivatives on R?

Our main result is the following theorem.

Theorem 2. There is a continuous function f : R® — R which is
(i) C>= on R3\ {0},
(ii) Gateauz-differentiable at the origin;

(iii) Vf(0) =0 and ||V f(z)|| > 1 for every x # 0.



Proof of Theorem 2 First we state three technical lemmas about the exis-
tence of three functions of three variables from which Theorem 2 will follow
easily. Lemma 3 is the most important part of our construction. Lemmas 4
and 5 will enable us to extend the function from Lemma 3 to the whole space

R3. We use the notation 7 = /22 + 42 for (z,y,2) € R%.

Lemma 3. There is a continuous function f : Gy U {0} — R, where
Gi={(z,y,2): 3rie™" < 2z}

such that

(3a) fi(z,y,z) =y on the set {(z,y,z): 3rie™ < z < 4r?};

(3b) f1(0,0,0) = 0, and the directional derivatives of fi at the origin in
directions (x,y, z) are zero if z > 0;

(3c) f1 € C°(G1) and there is a V1 > 0 such that |V fi|| > V1 on Gj.

Lemma 4. There is a continuous function fy: Gy U {0} — R, where
Go = {(1,y,2): —2r*e" < z < 2r¥e™"}

such that

(4a) folz,y,2) =1 if rPe ™ < z;

(4b) falz,y, —z) = —faz,y, 2), in particular, fo(x,y,z) =0 if z = 0;

(4c) fo € C°(Gq) and there is a Vo > 0 such that |V fo|| > Vo on Gs.

Lemma 5. There is a continuous function f3: G U {0} — R, where

Gy ={(n,y,2): e <z < drie™"}

such that

(5a) f3(w,y,2) =71 if 2 < 2r?e™" and f3(x,y,2) =y if z > 3r¥e™";

(5b) f3(0,0,0) =0;

(5¢) f3 € C°(G3) and there is a V3 > 0 such that |V f3|| > V3 on Gs.



Let f1, fo, f3 be functions that satisfy Lemmas 3-5. We define f(0,0,0) =
0, f=fion Gy, f=foon Gy, f=fsonGs, and f(r,y,2) = —f(z,y, —2)
if (z,y,—2) € G1 UGy UG3. The function f is well defined by (3a)-(3b),
(4a)-(4b) and (5a)-(5b) on the whole space R?, and it is continuous. Using
(3b) and (4b) we see that the Géateaux derivative of f at the origin is zero.
By (3c), (4c) and (5¢), f € C*(R*\ {0}) and ||V f|| > min{V,V,, V3} >0
on R3\ {0}. Replacing f by a sufficiently large constant multiple of f, the
conditions of Theorem 2 are satisfied. =

Proof of Lemma 4 Let g: (—2,2) — [—1, 1] be such that
(4a) g(=¢) = —g(¢) and g(¢) = 1 for ¢ > 1;
(48) g € C=(~2,2), |g| = L on [}, 1], and |g] = L if ] = &,
and let

fo(x,y,z) =rg (

5 4) for |z| < 2r%¢™" and f(0,0,0) = 0.
r2e

Then f, is continuous at the origin since |f3| < r, (4a)-(4b) follow from
(4ar), and f € C°(Gy) follows from (43). To prove Lemma 4 it remains to
estimate the norm of the gradient of f5 from below.

Let (z,y,2) be an arbitrary point in Gy. Then

L hy = (=)

r2e=r/) r

Suppose that |%f2($, y, z)| is less or equal to some positive V,. Then

()| <22 (3)

rle=" er T e

Hence for Vi < e, from (43) we obtain

deS)
g r2e—T

Differentiating the function fo(r, z) = rg(
r, using (4) and (3) we get

A%

(4)

) with respect to the variable

1
5"
r2§_T

0 2 Lz e’ (r? — 2r)
‘Efz(r’ A = ‘g (r%*”) g (r%*”) : r4
> 1 . rVs N er(r? —2r)
2 er r



Using that
™" (r? —2r)| < 1, (5)

we get |2 fo(r,z)| > Vs for Vo < 1/6. (To check (5) we may, e.g., easily
verify that 0 < e "r? < e 222 <1land 0 < e "2r < e !'2 < 1.) Finally, note

that
{ [

0
I9 ol = |3 a2
and Lemma 4 is proved. m
Proof of Lemma 5 Let g: (1,4) — [0, 1] be such that

(bar) g(§) =11 >3 and g(§) =0if £ <2;

(59) g € C™(14), f(©) 2 1for € € (3,4, lg(e)] = 2 it € = Y, and
g(&)| < Fif € <3,

and let

f3(z,y,2) = yg (7"22—7“) +r (1 -9 (7‘26—T>> on G3 and f3(0,0,0) = 0.

Then f5 is continuous at the origin since | f5(z, y, 2)| < |y|+7, (5a) follows
from (ba), and it is obvious that f3 € C*°(G3). Let V3 € (0,1/40) be fixed.

If
Lo |- () 5] <
then either
UoDE cwg, ©)
or oz o
g (r%‘”)‘ S Vs (7)




We can also calculate with the help of (5)

'%fg(x,y, A = % * (1 B %) g (7”22*") - T)g/ <7’QZ*T> - er(r?r‘l_ = %
R L e R
2 20 (1 2)o ()| 47
T ()2
| = |77 0 (i) o (i)« 2
()
r T 6

If (6) holds then we have

TV31/2 _ V31/2

er T e

RS
IN

and we may estimate

2 L () () o
r r r<e="

1/2
> (1—V3 >—4V3 >1-5V5/2 > Vv,/2 > v,

0
‘a_yf3(x7yu Z)

o e

since V3 < zz. If (7) holds then, according to (54) (and since V3 < 1), there
are two p0531b111t1es

First, if |g(2=)| > 2, then
i) 2 0(m=) Y (1m0 () 49
y 3\, Y, Z 9 F2o—r , g i 3
3 1
> ——-—4V3>V
Z 171 3 3
since V3 < %. In the remaining case we have g(—5>=) < }L. Then
0 0 Yy
o ) a.. A > - 1__‘ ‘ D __8V
‘81/“}03(17 y,2)| + ‘&xfg(x y.2)| 2 ’7" +) ‘ (‘ + 3

3
> 1—1—8V3>2V3




since V3 < 1/40.
Summarizing the above considerations, we obtain that ||V f5(z,y, 2)| >
Vion G;. =

The rest of this section is devoted to the proof of the existence of the
function f; from Lemma 3. Our proof has the following structure. In Sub-
section 3.1 we show how one can get the required function f;, provided that
we have a function h whose properties are described by Lemma 6. Then, in
Subsection 3.2, we show how to obtain h of Lemma 6, using the mappings H
(defined in Lemma 9) and J (defined in a straightforward way using o from
Lemma 10). While it is not difficult to verify the existence of .J, the proof of
the existence of H will need further steps: in Subsection 3.3 we will describe
a preliminary mapping H® in Lemma 16, and then we will get a mapping H>
by a ”successive implementation” of a modified H® in Lemma 17. Finally,
using H*°, we will construct H.

To prevent possible misunderstanding, we point out that by lim, .., we
always mean lim, .. For a given point (z,y,z) € R3, we will often use,
without further explanation, the notation r = /22 + y2.

3.1 Construction of f; using h

Using a transform of the half space {(z,y,2) € R®: z > 0}, we will show
that in order to prove Lemma 3 it is enough to construct a function h with
the properties listed in the following lemma.

Lemma 6. There is h € C®°(R3) such that

(6a) h(x,y,z) =1y if z <r%;

(6b) |h(z,y,2)| <9r+1 on R3;

(6¢) lim, .o h(z,y,2) =0 for (z,y) € R?;
)

(6d) ||(Zh, Zh)|| > V), on R?® for some V), > 0.

78y

Proof of Lemma 3 Let h be a function satisfying Lemma 6, and define

2¢ 2y 1
f1<x7y7z):g'h(_xa_y7_)7 z> 0.

Z Z Z
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Set £1(0,0,0) = 0. If % = ||(2?I> %)Hza Le., if z < 4r? then

2y
z

f1(1’,y,2): =Y

[\ RS

by (6a), and (3a) is verified. The function f; is continuous at the origin (with
respect to {0} U Gy), since

2¢ 2y 1 2
(N 2 (0.2 ) gtk
2 z 2

Using (6¢) for some (z,y,2) € R? x (0,00), we get
f1<>‘$7 Ayv AZ)

Z 2¢ 2y 1
lim ————"~Z =" . limh|—,—=,— | =0
A0 A 2 amot <z7 z ’/\z) 7

hence (3b) holds. We may estimate

2 o 0 2v 2y 1
H(axa)ﬁ”’) 'z"’(m—y)h(??’Z)H%

and Lemma 3 is proved. m

l\DIN

3.2 Construction of h using J and H

The function h of Lemma 6 will be defined as the projection of R? to its
second coordinate composed with a diffeomorphism H o J of R? onto itself,
where H,.J : R® — R3 are diffeomorphisms such that they do not change the
third coordinate of any point (x,y, z).

Notation 7. We will use the notation H,, J, for the diffeomorphisms H, J
restricted to the horizontal plane of points whose third coordinate equals to
z, respectively.

Notation 8. By (closed) intervals in R? we understand subsets of R? which
are Cartesian products of compact intervals in R. For an interval R = [z —
ar, 1 + ap] X [xg — az,rs + as] C R? and ¢ > 0, we use ¢ * R to denote the
interval [z — cay,x; + cai] X [v9 — cag, xo + cas]. We denote S = [—1,1)%
and Dy = (3" % S)\ (3*1 % S) for k € Z.
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Lemma 9. There is a Vg > 0, a C®-diffeomorphism H of R?® onto itself
that does not change the third coordinate of any point, and there are finite sets
I(k,n) and closed intervals P{(z,i) C Dy, z € R, k€ Z, n € N, i € I(k,n),
such that

(9a) H is the identity mapping on the set {(z,y,z) : z < r?};
(9b) ||8%H|| < (Vg)™! < oo everywhere;

(9¢) for each z € R and k € Z, H, maps Dy onto itself (consequently,
H.(0,0) = (0,0) for each z € R);

(9d) for each k € Z and n € N, if z € R is large enough, then H,(R x
[=37",37"]) D Dy \ By/(2), where P/(2) := Ui gn Pi (2,0);

(9e) Pl (z1,1) C Pl(29,1) if 0< 29 <2z, k€Z,neN, i€ l(k,n);
(9f) lim, . area(Py(2)) =0 for everyn € N and k € Z.

We postpone the proof of Lemma 9; in this section we show how one
can get the function h of Lemma 6, provided that we have a mapping H
satisfying the statements of Lemma 9.

We shall use a perturbation J of the identity mapping on R? of the form
J(z,y,2) = (x + o(x,y,2),y + o(x,y, 2),z). First we describe the function
o:

Lemma 10. For any given functions 6 : R — (0,00), if lim,_, 63 (2) =0
for each k € Z and n € N, then there is a function o € C®(R?,[0, 2)) such
that

(10a) o(z,y,2) =0 if 2 <r?;
(10b) lim, .o o(z,y,2) = 0 for every (z,y) € R?;

(10c) if k € Z, (x,y) € Dy, and n € N, then o(z,y,z) > 0} (2) for every
sufficiently large z;

(10d) ||(%,a%)a|| < & everywhere.
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Proof of Lemma 10 Set
On(z) =max {0, (z): ke {—N,....,N}, ne{l,...,N}}

for N € N and z € R. Let ¢ € C*(R?,[0,00)) be such that [,,¢ =1 and
¢ = 0 outside the unit ball in R®. Denote by I the integral [o,[|(:Z, (%)go”.
We choose an increasing sequence of positive numbers zy tending to infinity

such that
(10) dist({(z,y,2) : 2 <r*},U) > 2, where U = Ury_, (3" *S) x [2n, 2n+1),

(108) on(2) < m for N € Nand z € [zy, ).

We are going to find o which fulfils the above properties (10a)-(10d) with
(10c) improved to

(10¢’) o(z,y,2) > dn(2) if (x,y) € 3V xS and 2z > 2y.

Then (10c) holds by choosing N = max(k,n) and z > zy.
For each N, set

1

_ —1 1
3(N+]) ZG[ZN ,ZN+1 Tt ]},

oo(z,y,2) = max{
if dist((x,y, 2),U) <1, and set o¢(z,y, 2) = 0 otherwise.

Then the convolution o = oy * ¢ has the required properties. Property
(10a) follows from the equality ¢ = 0 for all (z,y,z) which have distance
at most one from the set {(z,y,z) : z < r?}. Property (10b) holds even
uniformly in (z,y) by the corresponding property of 0. Property (10c¢’)
follows since oo (z,y, z) > dn(2) on the neighbourhood of (3¥ *S) x [2n, 2x11]
with radius one. Finally, (10d) holds since the choice of oy ensures that
o9 < 3% [ |

Proof of Lemma 6 Let §}(z) be the maximum of the lengths of the shorter
sides of Pl'(z,i), i € I(k,n), described in Lemma 9. It follows from (9f) that
lim, . 0}(2) = 0. We choose a function o € C*(R?, [0, %)) as in Lemma 10
and we define

J(z,y,2) = (x+o(z,y,2),y +0(z,y,2), 2).

We put
h=yoH ‘ol
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where 3 : R® — R is the projection to the second coordinate (x,y,z) — y.
Recall that J, denotes the restriction of J to the horizontal plane with third
coordinate z, so

Jo(2,y) = (z,y) + (02,9, 2), 0 (2,9, 2)).

Property (6a) follows from (9a) and (10a). For (z,y) € 3% x S, k =
—1,0,1,..., and any z, we have J.(z,y) € 3" % S since 0 < 2. As H_!
maps each Dy, k € 7Z, to itself, we get |h(x,y,2)| < 9max{|z|,|y|} < 9r
if (x,y) € Dy for some k = —1,0,1,..., or |h(x,y,2)| < 1, otherwise. So
|h(z,y,2)| <9r+ 1 for all z,y, z, i.e. (6b) holds.

We are going to prove (6¢) now. Since lim, .., 0(0,0,z) = 0 and
H:' maps each Dy to itself, we can see from the definition of A that
lim, .., 7(0,0,2) = 0. Fix a point (z,y) € R*\ {0} and fix a number
n € N. Choose k € Z such that (z,y) € Dy. There is a z; such that
o(x,y,2) <2352 for every z > 2, and thus

J.(x,y) € D1 UDpUDgyy for every z > z.

We are going to show that J.(z,y) ¢ U, _, (P, (2) U P{*(2) U P, (2)) for
sufficiently large z > z.

Since U _; (P (20) U P (20) U Pt 1 (20)) is a finite union of closed inter-
vals, therefore there is a positive number p such that the open ball B((z,y), p)
intersects only those intervals of this union that contain (z,y). Due to the
monotonicity from (9e), P"(z) N B((z,y),p) = 0 ift Kk = k — 1,k k + 1,
z > zp and (z,y) ¢ P™(z). Since lim, ., o(x,y,2z) = 0, there is a z; > 2
such that for every z > z; we have ||(o(z,y,2),0(x,y,2))|| < p, and thus
Jo(,y) & P(2).

Let (x,y) € P (z,i) forsome 1l <m <n, k—1<k<k+1,i€I(k,m)
and z > zp. The length of the smaller side of P*(z,i) is at most 07(2),
and 07 (2) < o(x,y,2) by (10c), for every sufficiently large z > z,. Hence
J.(x,y) & P"(z,1) if z is large enough.

By (9d) and the definition of h, we conclude that |h(z,y, z)] < 37" and
so lim, o h(z,y,2) = 0.

Let J = (J', J?,J3) with J*: R® - R, ¢ = 1,2, 3, and compute %h first.
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o /.0 0 L0,
0
0

0 0
= — H 1+ — — H Y—o.
(o H)(1+ 50)+ 5-lyo H )50
Of course, the function (y o H~!) should be evaluated at J(z,y,z) and
the functions h and o at (x,y, z). Interchanging the derivatives with respect
to x and y, we get

0 El 9., 9 0
“h = HYH(1+ ~(yo HY)—o0.

Property (9b) imphes the existence of a direction in Wthh the derivative
of the y-coordinate of H ! is greater than V. That is, ||(Z, 2 5y) (o H™ D >

V. Computing now the gradient of h with respect to x and y, using (10d),
we get

|G| = G g+ gwon e
gy(yoH )(1+§a)+%( Hl)a%a)H
= H e ay OH_)H_
(15w B+ 5o B ) |G 5]
> s %)(yoH—1> -
H ax a H|- H o ay |
= H oz a Jyo ™ H_ H aax’a%)(yOH_l>Hé
> T’

and thus (6d) holds with V), = YZ. =
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3.3 Construction of H — Step 1: Two technical lemmas

Before we turn to the very construction of H we need two auxiliary lemmas.
The first one is about the existence of a transform T of an interval in a z-
plane (with fixed third coordinate z) to another interval in a z;-plane. The
other one, roughly speaking, is about the existence of an expansion E of the
square 371 % S in the zp-plane with zgp < 1 to S in the z-plane, with z tending
to infinity. We use the term C*°-homotopy exclusively for C*°-mappings T’
of R3 to R? which are homeomorphisms when restricted to any z-plane. The
corresponding mapping (x,y, z) — (T(z,y, z), z) is denoted by T.

By a canonical affine mapping of an interval I; x I, C R? onto an interval
J1 x Jo C R? we mean the affine mapping of I; x I, to J; x J, whose coordinate
functions are the increasing affine surjections of I; onto J;, 1 = 1, 2.

Lemma 11. Let R = [a,b] X [c,d] and R/ = [a?,b'] x [/, d’] C (a,b) X (c,d)
for 7 =0,1. Let zy < 2. Then there is a C*®-homotopy T : R® — R? with
the following properties:

(11a) T, =T(-,-,2) is a C-diffeomorphism of R? onto itself.

(11b) T coincides with the identity mapping on a neighbourhood of ((R*\ R) X
R) U (R? x (—o0, 2]).

(11c) T.,|ro is the canonical affine mapping of R® onto R.

(11d) T, =T, for every z from some neighbourhood of [z1, 00).

Proof of Lemma 11 Without loss of generality we can assume that
(2, d°] = [¢!, d"] (in the general case, we have to apply the statement twice).
We choose a C'*°-function f : R — R such that

o f(a®) =a'—a’, f(1°) =D —b%
e fis affine on [a°,0°], and it is 0 in a neighbourhood of R \ [a, b];
o f'(x) > —1 for every x € R.

Now we find a C*-function g : R — [0, 1] such that

e gly)=1fory e [Co,do],
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e g(y) =0 for y in a neighbourhood of R\ [, d].

Finally, let A : R — [0, 1] be an increasing C*°-function such that
e h(z) =1 on a neighbourhood of [z, 00),
e h(z) =0 on a neighbourhood of (—o0, z).

The mapping
T(z,y,2) = (x+ f(x)g(y)h(2),y)

fulfils all the requirements of Lemma 11 (with [?,d°] = [¢!,d']). =

Notation 12. Let p be an arbitrary increasing Lipschitz C'*°-function that
maps R onto [37!,1) with p(z) = 37! for 2 in a neighbourhood of (—o0, 1].

Lemma 13. There is a C*®-homotopy E : R*> x R — R? such that E, =
E(-,-,z) 1s Lipschitz with a uniform Lipschitz constant Cy (independent of
z€R) and

(13a) E equals to the identity on a neighbourhood of (R? x (—o0,1]) U ((R?\
[_L 1]2) X R)a

(13b) E. is the canonical affine mapping of [—371,371? onto [—p(2), p(2)]?.
Proof of Lemma 13 Let h(z) = 3p(2) — 1. Note that h < 2. We choose
C>-functions f: R? — [-371,371] and g : R — [0, 1] such that

o f(r,2)=xforz € [-371371];

e f(z,2z) =0 for (x,y) from a neighbourhood of (R\ [—1,1]) x R;

e 2 fis bounded on R

° h(z)a%f(x,z) > —1;

e g(y)=1lon [-371,37"];

e g(y) =0 for y from a neighbourhood of R\ [—1, 1].



17

Having such functions, it is sufficient to put

E(x,y,2) = (v + f(z,2)9(y)h(2),y + f(y, 2)g(x)h(2)).

Note that (13a) and (13b) are satisfied, and F is a homotopy since E, is
identity on a neighbourhood of R?\ [~1,1]? and 2 (z + f(z, z)g(y)h(z)) > 0
everywhere. Since the functions g and h are bounded g is Lipschitz, and % f
is bounded, E, is Lipschitz with a Lipschitz constant independent of z € R.
We just roughly indicate how to obtain f for z € [371,1] (on the interval
[—1,—371] it can be obtained similarly). Let I = (371, 1).
Our aim is to find a C*°-smooth and bounded function ¢(z,2) =

—2 f(x,z) on R? such that gp(:c z) = =1 for x < 371 p(x,2) =0 for z
from a neighbourhood of [1,00), [;¢(x,2) de = 37", and h(z)p(z,z) < 1

(note that the length of the mterval Iis 2/3 and h(z) < 2).

Choose smooth functions 0 < e(w) — 0 as w — oo and ¢ : R? — [—1,1]
such that ¥(z,w) = —1 if x < 37! + e(w), Y(x,w) = 0 if x > 1 — e(w),
maxger Y(r, w) — 1/2 as w — oo, and for each fixed x € I, Y(x,w) — 1/2
as w — 00. Let n be an arbitrary smooth function with support in [1/2,3/4]
of integral 1. Then

olz,7) = B(zw) + (31 - [utew) dt) ()

satisfies our requirements, where w = w(z) tends to infinity fast enough to
get h(z)e(x,z) < 1 (note that h > 0 is increasing with lim, . h(z) =2). =

3.4 Construction of H — Step 2: The function H"

Notation 14. For any given square Q = a * S = [—a, a|?, we define squares
QW i=0,....8, so that they form a 3 x 3 regular partition of ). To fix a
unique notation, let Q¥ = 3 * @ be the middle square of this partition, let
QM denote the square (0, —(2/3) )+ Q) and choose Q. QB2 QB ... QF
surrounding Q% clockwise so that QI+ touches QU

If Q = (c1,¢5) +a*S and i = 0,1,...,8, we write Q! for (a * S —
(c1, ca)) + (1, ¢2).

Notation 15. We fix pairwise disjoint closed intervals Iy,..., I, C (=1 +
372, -3t —32) and I,...,Is C (371 + 3721 — 372) such that they are
ordered according to the natural order of R. Let [y = and let R; =
I x [— CcR?i=0,1,...,8.

[ 3’5]
3’3]
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We also use Notation 12.

Lemma 16. For any given ¢ € (0,37%], there is a 0 < Vi < 1 and a
C°-homotopy H® : R?® — R? such that

—

(16a) HO is the identity mapping on the set

{(z,y,2): 2<eU(R*\(1—¢g)xS) xR)U ((37"+¢) *9) xR);

(16b) H? is the canonical affine mapping of R; onto p(z) x SU for 2 > 1,
i=1,...,8;

(16¢) ||8%H0|| < (Vy)™! < oo everywhere.

Proof of Lemma 16 First we construct H° on Dy x (0,1]. We define
its value outside ((1—¢)* S\ (371 4+¢) % S) x R and on {(z,y,2) : z < ¢}

according to (16a). We will also ensure that H? = HY for all z € (1 — ¢, 1],

where HO(-,-) & HO(-, -, 2).

To get (16b) we may apply Lemma 11 successively, e.g. in the following
way. Let e =ty <ty < --- < ti3 <tyy =1—¢€ be fixed. Let Jy,...,Jg be
closed pairwise disjoint subintervals of (—1 + &,1 — ¢) such that the interior
of J; contains I; and J;N[-371 —¢,37 +¢gl=0fori=1,...,8.

Put P, = J; X [-1+¢,1 —¢]. We use Lemma 11 with R = P, R® = Ry,
R' = (0,—-2/3) + 371 x Ry, and 2y = tg, 21 = t1, to get H® on Py x [tg, t1].
Let H? be the identity outside P; for z € [ty, #;]. In this way we transformed
Ry to (0,—2/3) + 37! * Ry within P, and z € [to, t1].

Similarly, we may transform R, to (0,+2/3) + 37! x Ry within P, =
Jy X [=1+¢,1—¢] and z € [t;, o] letting H? unchanged outside P.

Within the interval [t,, t3] and the rectangle Py = [-1+¢,371 —¢] x [-1+
g, —371 —¢], we transform (0, —2/3) + 371 x R; to 371 x Sl

Within the interval [t3, 4] and the rectangle Py = (1 —¢) * SH we trans-
form (0,42/3) + 371 % Ry to 371 x S,

Within [t4, 5] and the rectangle Ps = Jy X [-1+¢,37" +¢] we transform
Ry to (0,—2/3) + 371 * Ry, and then within [t5,%¢] and the rectangle P; =
(1 —e) * S we transform (0, —2/3) + 371 % Ry to 371 x S

Finally, within [tg,¢;] and P = [-1+¢,—37! —¢] x [-371 —¢,371 4 ¢],
we transform Ry to 371 % SBI.
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We proceed within the next seven successive intervals of z symmetrically
with respect to the origin to transform R; to 37« S, i =5, ....8.

Now we turn to the definition of H? for z > 1. Let El! be the expansion
mapping from Lemma 13 used with the orlgm replaced by the center of Sl
Let E be the C*°-homotopy such that F, = = ¥ on S and E, is the identity
otherwise for every z € R. Thus FE, equals to the identity in a neighbourhood
of R?\ Dy, E; equals to the identity everywhere, and E,, z € [1,00), maps
in the canonical affine way the squares p(1) * S, 1 <4 <8, to p(z) * S,

We extend H° to Dy x (0,00) as a C*-homotopy such that, for each

€ [1,00), HY = E, o HY. To verify (16c) we need to show that there is some

constant Vg > 0 such that HB%HOH < (Vg)™ ! Indeed, HO is the identity on

{(z,y,2) : 2 < 0} and outside Dy x R. It is a diffeomorphism on the compact
set Do x [0,1] and so there is a Cy > 0 such that ||aa HY|| = H(9 HY|| < Cy
outside Dy x (1,00). Finally, Ha HY|| < |I(&, 8y)E |- |- ZHY| < Cy - Cy for
z>1. Put (V) ' =C; - Cy+1 to get (16¢). m

I

3.5 Construction of H — Step 3: The function H*

Lemma 17. Let H° and 1 > Vg > 0 be as in Lemma 16 with ¢ = 372,
There is a C*-homotopy H® : R® — R? and there are finite sets 1(0,n) and
closed intervals P} (z,i) C Dy, z € R, n € N, i € I(0,n), such that

(17a) H> is the identity mapping on the set

{(z,y,2) : 2 <O}U((R*\ Do) x R);

(17b) |5 H>| < (Vi) ™" < oo everywhere;

(17¢) if n € N and z > n, then H*(R x [-37",37"]) D Dy \ P (z), where
F3(2) = Userom Fo'(2,0);

(17d) PJ(z2,1) C BJ(z1,1) if 0 < 2z < 29, n € N, i € I(0,n);
(17e) lim, . area(BJ'(z)) = 0.

Proof of Lemma 17 Let H° be the C*°-homotopy from Lemma 16. Note
that the difference Do\ ;_, p(2)* S = S\ S, H(R;), where Ry = 3%
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and Ry, ..., Rg are as in Notation 15, is covered by the following 8 intervals:

40" (s astp (XL 1), (L 1Uxla—" (=), (D) a5 = =1, —5, 5.1

)

11

373’
where p*(z) = %M for z > 1. We denote these intervals (ordering them ar-
bitrarily) by Pl(z,4), i € 1(0,1) = {1,...,8}. Set P}(z) ¥ J,_, 4 Pl(z4).

Note that the area of P)(z) tends to zero with z tending to ihflnity, and
Pi(z2) C Pl(z1) if 1 < 21 < zp.

Let us recall that, for a square Q C R?, we defined Q. ..., Q®¥ in Nota-
tion 14. We use the following notation for finite iterations: QU = (Ql ... )bl
if i=(ir,...,i) € {0,...,8}"

We define H* by successive implementation of modified versions of H°.
For arbitrary intervals V, W C R?| let ¢y denote the canonical affine map-

ping of V onto W. We write
H;/V © SOW,SOHSOSOS,Wv HW('7'>Z) © HZV

Note that HY is the identity on a neighbourhood of W since H? is the
identity on a neighbourhood of 9S by (16a).
For each i = (iy,...,4,) € {0,...,8}" let
def
Ri = ¢r, 50 0pg, s(5).
Obviously, this notation is consistent with the definition of R;’s.
By induction on n, for each n > 1 define

Hr 1 it z <n;
H!= ¢ H 1 outside (Uicqo, gy Bi

H»'o HM = oneach Ry if z>nandic {0,... 8",

and H"(-,-, 2) o H!.
It is easy to check that each H7 maps % x .S onto itself and H” equals to
the identity mapping in a neighbourhood of

{(x,y,z):z§0}U((R2\S)xR)U(8(%*S)XR). (8)
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Also note that
HY(Riy i) = H' 'Ry \(HRir i 20 = 0,1,...,8})

U H (M B 60 = 0,1, 8)
= Hgil (Rz'l,...,in71>

for z > n since Hf” """ " (Riy...i,) = Ri.i . Using this inductively (with
k=1,2,...), we get that

Hg_1+k(Ri1,...,in_1) = Hg_l(Rih---vin—l) (9)

for z > n and k € N.

As the mapping H' is identity in a neighbourhood of OR; in R;, we
can extend it as a C°°-homotopy of R? x (0,00) to R? by defining it to
be the identity outside R;. This also extends H™ to be a C'*°-homotopy of
R2 x (0,00) to R? (note that H is the identity if z —n € (0,¢) = (0,372),
so H" = H"! on this domain).

For z>n+1and i= (i1,...,4,) € {0,...,8}" let

def

SU(2) = (ri (2)riy(z = 1) -7 (2 =+ 1))+ SH,

where ro(z) = 1 and 7;(z) = p(2) for i € {1,...,8}. We prove by induction
on n that

(17a) for each i = (iy,...,1,) € {0,...,8}" and for every z > n, H'!
restricted to R; is the affine mapping ¢ SHI(2), Ry -

It follows from (16b) that for n = 1 we have H'™' = @gu(,) p, on Ry, for
each i € {0,...,8} and z > 1. Suppose that H' = @gu,) g, on R; for
all i € {0,...,8}" if z > n, and consider H} on R;;, j € {0,...,8} and
z > n+ 1. We can see that

H;Lil O YR, 8 = Pslil(z),R; © PRi,S = Pslil(z),s = Pslidl(z),5l)(z—n) O S[j](z -n)

and

0 — g0 — . — . .
Hz—n O Ys,R; = Hz—n © ¥YR;,Ry; = SDS[J](z—n),Rj O YR;,Ry; = @S[J](z—n),RU on Rl]’
hence indeed, on Rj;,

HY = H'oHM, = (H! ' opps)o (HY, 0 psr)

z

= Pslidl(z),SUl(z—n) © PSUl(z—n),R;; — PSHil(2),R;;"
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Now we easily see by induction on n that

H(%H < (Va) ™. (10)

Indeed, the estimate holds for H? by (16¢), and either H” = H"! or (z,y) €
Ry and HI™" = @gii(,) g, by (1704) If H" = H"! then we use the induction
hypothesis. In the latter case we can further write

H? = gty © HE Y = Oy m © PRis © HY 0 0sipy =
Pslil(z),s © Hg—n 0 Yg slil(z) © Pslil(z),R;

The Jacobi matrix of the affine mapping ¢gii ) g, is diagonal and the deriva-
tive of the y-coordinate of this mapping with respect to y is at most 1, since
R; is an interval of height 2/3" and Sl(z) is an interval of height at most
2/3". The Jacobi matrix of ¢g g, is a positive multiple of the identity
matrix and the Jacobi matrix of pgp(,) ¢ is its inverse. Thus

< (Vi)™

oo

Jore-

We also observe that

H2-1<<R><[—3—",3—”]>>3 U H Y (R) = ] SH(2),

where Sll(z) ~ Sl as z — oo, for each i € {0,...,8}". Therefore one can
choose a finite set I(0,n) and intervals Pj'(z,1), i € I(0,n), so that

H (R [-3737) > (J HI'B)DO Do\ |J Rz (11)
i€{o0,...,8}n 1€I(0,n)
for z > n, and so that for each fixed i, {P}'(z,7) : = > n} is a decreasing
family of intervals as z — oo, tending to a line segment. Thus (17d) holds
and also the measure of PJ'(z) = Uicron £o'(2,4) tends to 0, which gives
(17e).
Put
(z,9) (z,y) € 3% 5;
H>(x,y,2) def H(z,y,2z) z<1land (z,y) & 3x*S;
H"(x,y,2) z€[n,n+1]and (z,y) & 3 *S.
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As H"™' = H" for 2 < n+1, and the mappings H" are C*°-diffeomorphisms
and they map % xS onto itself and they are identity in a neighbourhood of
d(5 * S), H* is a C*-homotopy. Due to (8) the property (17a) is fulfilled.

By the estimate (10) we have HC%HOOH < (Vg)™! outside (5 * S) x R, and

since H> is identity on (3% S) x R and Vg < 1, this proves (17b). By the
relations (11) and (9), we have

1
HEER x 37370 3 (D\ B (3 +) = Do\ )
for z > n, which proves (17c). =
3.6 Construction of H — Final step.

Proof of Lemma 9 We choose positive zg, z1,... so that
(3% % 9) x [21,00) C {(2,y,2) € R¥: 2 > r?},
Necessarily, limg_., 2, = 0o. We define

(Bku73kv7z) (:E,y) € Dk’Hoo

Z_Z|k\

(0,0, z) (z,y) = (0,0).

H(%y,Z):{ (37%2,37%y) = (u,v),k € Z

As the mapping H° is a C*°-diffeomorphism of each Dy onto itself for
z € R, and the expansion of H*> by the identity outside of each D; x R is
C>, H is a C°°-diffeomorphism of (R?\ {(0,0)}) x R onto itself.

Since it is the identity on a neighbourhood of {(0,0)} x R, it is a C°°-
diffeomorphism of all R?. We have that H* is the identity for z < 0 by (17a).
So for (z,y) € Dy and z < 72 we have z < 2 if k < 0 and z < z otherwise. In
each case z < z, and so H(x,y,2) = (x,y,2). As H is continuous, property
(9a) is fulfilled.

It is clear from the definition that the ranges of a%H and of a%ﬁo\o coin-

cide, and || 2 H>|| = |2 H*||. Thus (9b) follows from (17b).
Property (17a) of the homotopy H* gives that the restriction of each H,
to any Dy, is a homeomorphism of Dj. This is (9¢).
Using the invariance of Dy and its complement by any H2° due to (17a)

again, we may rewrite (17¢) as H°(Do N (R x [-37™,37"])) D Dy \ Pl'(2),
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where F'(2) := Uicron £0'(2,1) for n € N and 2z > n. The definition of H
thus gives (9d) for k € Z, z > n + 2 if we define P{'(z,4) = 3%« P}'(z,1) for
z>1andie I(k,n).

The properties (9e) and (9f) of P{*(z,4) follow now immediately from the
corresponding properties of PJ'(z,7). m

4 Approximate derivatives

Obviously, if a function is Gateaux differentiable at a given point, then it
is also approximately differentiable, and the Gateaux and the approximate
derivatives coincide. Thus Theorem 2 gives an example of a continuous func-
tion f : R* — R with disconnected range of the approximate derivative. Our
next theorem shows that there are approximately differentiable functions on
R? for which the range of the approximate derivative is disconnected, and
hence Gateaux differentiability cannot be replaced by approximate differen-
tiability in Theorem 1.

We also show that if the approximate derivative of a function is locally
bounded, then the function is locally Lipschitz. Since for Lipschitz functions
there is no difference between Gateaux and Fréchet differentiability, therefore
by [5], for such functions the range of the derivative is always connected.

Lemma 18. Let f be a continuous function whose approrimate derivative

fap exists and it is of norm at most 1 on a convex open set G C R2. Then

|f(u) — f(v)| < ||lu—wv]| for every u,v € G.

Proof of Lemma 18 Let us assume that f(u) — f(v) > (1 + ¢)?||u — v||
for some u,v € G and some € > 0. Without loss of generality we can assume
that v =0, f(v) =0, and that u = (ug, 0) with uy > 0.

Since f is continuous, if dy is small enough then f(w) > (1 + &)?||w|| on
the vertical segment [ < {(ug,9) = |0] < dp}. We choose 0y so small that

moreover T % conv{0, I} C G, and that for any z,z € T"
(I +e)(llz + 2l = [lzll) = ll=] (12)
Since g(z) oo f(x) — (1 +¢€)?||z|| is zero at the origin and it is positive on I,

therefore it attains its minimum on 7" at a point x that does not belong to
I. Let T" = (x + T)NT. Then g(z) < g(y) for every y € T'. This, together
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with (12) implies f(y) — f(z) = (1 +e)*(lyll — ll=ll) = (1 +e)lly — || for
every y € T', and hence the approximate derivative of f at x has norm at
least 1 + &, which is a contradiction. m

Theorem 19. There is an approzimately differentiable continuous function
f: R? — R which is

(i) C* on R*\ {0},

(ii) dts approximate derivative is 0 at the origin and ||V f(x)|| > 1/2 for
every x # 0.

Proof of Theorem 19 Let y, be a decreasing sequence of positive real

numbers tending to zero such that y, — y,1 < 2y2 41 and y; = 1. It is not

difficult to verify that such a sequence exists, we can take for example 1,11 =

(Yn/2+1/16)"/? —1/4. This also implies the inequality ;**~ < 2y,,1 +1 < 3.
We define several families of subsets of R%. For i = 1,2, 3 put

P ={(z,y) €R*: |z| < Ci\/y, y > 0},

where C} = 1, Cy = 2, and (3 = 2 4 2C with a positive real number C' that
we will specify later. Let L, = {(z,y) € R* : y = y,}, Sp = R X [ynr1,YUn)-
We choose ¢,, so small that the origin is a density point of the union

A=|J{R, :neN}U[ R, :neN},

where R,, denotes the interval

Rn = [_\/ Yns VYn| X [yn-i-l + EnyYn — 5n]7

and R, is the reflected copy R, = {(z,y) € R* : (z,—y) € R,}. We may
easily check that our choice of v, ensures that each R, is a subset of the
interior of P*N S, (indeed, \/Un < v/3Yn+1 < 2/Unt1)-

We will find a C*°-smooth vector field V = (V4, V5) : Rx (0, 00) — [0, 00)?
such that

o [|[V(z,y)|| =1 for every (z,y) € R x (0, 00);
o V(z,y) = (1,0) if (x,y) € U,en Lns if (z,y) & P, or if y > 1;
e V(z,y)=(0,1) on UneN R,.
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It is not difficult to find a C'*°-smooth real function v; : R x (0,00) — [0, 1]
that coincides with the first coordinate function V; of V at those points
(x,y) where its value, zero or one, is prescribed by the previous conditions.
We can, e.g., find such a v; on each S,, independently, assuming that it is
equal to 1 outside S,, (this can be achieved using the convolution with a
suitable C*°-function with small support). We put vs(z,y) = 1 — v1(z,y)
and V(z,y) = ﬁ

We are going to use the vector field V' to find a C'"*°-smooth real function
g on R x (0,00) such that

(19a) [[Vg(z,y)|l = 1 on R x (0, 00);
(198) |g(x,y)| < y* on each R,;

(19vy) &(y) = = — g(z,y) (respectively 6,.(y) = x — g(x,y)) is constant and its
absolute value is less than 22,/y if x < —2,/y (respectively if x > 2, /y)
and y > 0 is fixed;

(196) lim g(z,y) =0.

(z,y)—0
y>0

Let ®(t,z0,%), t € R, (x0,%) € R x (0,00), be the value (x(t),y(t))
of the unique solution of the ordinary differential equation (2'(t),/(t)) =
V(z(t),y(t)) with the initial condition (z(0),y(0)) = (zo,y0). It is well-
known that such a mapping @ is well defined and C*°-smooth on R? x (0, 00)
(see, e.g., [1, Chapter 2, §7, Corollary 4]).

We are going to define g = go on the set G71(0), where G : Rx (0,00) — R
is defined by G(z,y) = v—2,/y. For every (z,y) € Rx(0, 00) there is a unique
t = t(x,y) with G(®(¢t,z,y)) = 0 because every integral curve ®(-,z,y)
is contained in some strip S, and its projection to the first coordinate is
necessarily R by the facts that all L, are integral curves of V and that
V; >0 for i = 1,2. Tt follows from the implicit function theorem that t(x,y)
is a C°°-smooth function as the vector field V' is not tangent to G~1(0) at any
of its points (2(G o ®) =1 # 0 on G~(0)). The absolute value of ¢(z,y),
(z,y) € P? is at most equal to the length of the part of the integral curve
®(-, z,y) contained in P?. Since V; > 0 and each integral curve is contained
in an S,,, we get

Iz, )| < 4/Un + (Yn — Ynt1) < 4/ 3Yni1 + 292, < 10y (13)
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for y € [Ynt1, Yn)-

f (z,y) € G7(0) is such that (z,y) = ®(ty, xo,y0) for some (zg,yo) €
[=/Yn> \/%] x (et} and to = t(wo,y0), we define go(z,y) = to. By
(13), 0 < to < 10\/y at those (z,y) € G~*(0) for which gy was already
defined. We now extend go to G7'(0) as a C*°-smooth function so that
l9(z,y)| < 10,/y on G7'(0). Finally, for an arbitrary (z,y) € R x (0, 00), we
put g(z,y) = go(2(t(z, y), . y)) — t(z,y).

Note that we get in this way a C'*°-smooth function on R x (0, co) which
is zero on the segments [— /Y, \/Yn] X {27221} 0 € N. Moreover, since the
first expression in the definition of ¢ is constant along the integral curves of
V', the derivative of g at (x,y) € Rx (0, 00) in the direction (with ¢ increasing)
of the integral curve {®(¢,z,y) : t € R} of V is 1 which gives (19«). On
each R, we have g(z,y) = y— =L and so |g(z,y)| < =2t <2 <y
which verifies (193). The functlon xr — g(z,y) is constant for fixed y > 0 on
the intervals (—oo, —2,/y] and [2,/y, 00) since V' = (1,0) outside P?. The
absolute value of 2,/y — g(2/y,y) is at most 12,/y by the estimate of g = go
on G~1(0). It follows that |g(z,y)| = [g90(P(t(z,y), z,y)) — t(z,y)| < 10/y+
10\/y < 20,/y for (z,y) € P>NS,. This concludes the proof of property
(197). To obtain (19) we only need to observe that |g(z,y)| < |z| 4 20,/y
on R x (0, 00).

Our next aim is to ‘correct’ g by adding a C'*°-function h with support
in the closure of R?\ P? so that, for y > 0,

o [h(z,y)| < 22\/y,
o |Zh(z,y)| <1/2, and
(z,y) =z — g(z,y) for [z] > (24 2C)/y.

Let p(z) = exp(;==) if |z| < 1 and ¢(z) = 0 otherwise. Then ¢ is
a C*°-function with a finite positive integral I = [, ¢(x) dz. So IC./y =
fR (G ‘”“0 dzx for any zy and y > 0.

Wedeﬁne
I £+ (24 0)vi
h(z,y) = m/x @( NG ) d§
1 E-02+0)y
o | e (e
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Then indeed h is zero on P2. Also note that

A2, y)| < max(lou(y)], [0:(y)]) < 22\/y and

‘§h<w,y>‘< e <12
a

Iy
for sufficiently large C'.

We now define f(x,y) = g(z, |y|)+h(x, |y|) if y # 0, and f(z,0) = z. The
function f is C*°-smooth for y # 0 by the smoothness of g and h. On R?\ P3
we have f(z,y) = z and so f is C*-smooth on R?\{(0,0)}. The approximate
derivative of f at the origin is zero as f = g on A = |J,,.(Rn U R;,), the
origin is a density point of A, and |g| < y? on A. The Fréchet derivative of f
is at least one on P? since ||¢'(z,y)|| > 1 and h = 0 for (z,y) € P2 Outside
P? the partial derivative a% g is at least one, the absolute value of the partial
derivative a%h is at most 1/2, and hence (ii) of Theorem 19 follows. =
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