
CALIBRATED SUBMANIFOLDS

LORENZO FOSCOLO

Calibrated submanifolds are a special class of volume minimizing submanifolds in Riemannian
manifolds endowed with special closed differential forms called calibrations. The prototypical ex-
amples of calibrated submanifolds are holomorphic submanifolds of Kähler manifolds. More gener-
ally, Riemannian manifolds with special holonomy naturally carry calibrations: besides holomorphic
submanifolds, examples of calibrated submanifolds include special Lagrangian submanifolds in
Calabi-Yau manifolds and associative and coassociative submanifolds in G2 manifolds. Aspects
of the theory we will discuss include:

1. Introduction to calibrated submanifolds
2. Examples of calibrated submanifolds in flat Euclidean space
3. Singularities and calibrated cones
4. Moduli spaces of calibrated submanifolds; calibrated fibrations

A particular focus of the course will be on special Lagrangian submanifolds.
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1. Calibrations

• (Mn, g) Riemannian manifold
• φ ∈ Ωk(M) is a calibration if

(i) φ is closed: dφ = 0
(ii) φ has comass 1: for all x ∈ M and k-dimensional plane Π ⊂ TxM , φx|Π ≤ volΠ
i.e. for one (and therefore any) o.n. basis {e1, . . . , ek} of Π, φx(e1, . . . , ek) ≤ 1.

• Π ⊂ TxM calibrated if φx|Π = volΠ
• Σk smooth manifold, ι : Σ → M

– immersion: dxι : TxΣ → TxM injective for all x ∈ Σ
– embedding: an injective immersion

• submanifold Σ is φ–calibrated if ι(TxΣ) ⊂ Tι(x)M is calibrated by φx for all x ∈ Σ
Exercise 1

Theorem 1.1 (Fundamental Theorem). φ a calibration on (M, g), Σ compact submanifold without
boundary. If Σ is φ–calibrated then it is volume minimizing in its holomogy class, i.e. for any other
submanifold Σ′ in the same homology class as Σ we have

Vol(Σ) ≤ Vol(Σ′).
Moreover, equality holds iff Σ′ is also φ–calibrated.

Proof. By Stokes’ Theorem:

Vol(Σ) =
ˆ

Σ
volΣ =

ˆ

Σ
φ =
ˆ

Σ′
φ ≤
ˆ

Σ′
volΣ′ = Vol(Σ′) □

Exercise 2

1.1. A prototype: the Kähler case.
• Cn ≃ R2n with standard flat metric g0, complex structure J0 and holomorphic coordinates

(z1, . . . , zn)
• standard Kähler form

ω0 = i
2(dz1 ∧ dz1 + · · · + dzn ∧ dzn)

– closed (parallel!)
– ω0(u, v) = g0(J0u, v)
– Sp(2n,R) ∩ SO(2n) = SO(2n) ∩ GL(n,C) = GL(n,C) ∩ Sp(2n,R) = U(n)

Theorem 1.2 (Wirtinger’s Inequality). For all 1 ≤ p ≤ n, 1
p!ω

p
0 has comass 1 and its calibrated

planes are the complex p–dimensional subspaces of Cn.

Proof. Given any 2p–plane Π we can assume that the adapted unitary basis of Exercise 3 is the
standard one. Then:

1
p!ω

p
0 |Π = cos θ1 . . . cos θp, 1

p!ω
p
0 |Π = cos θ1 . . . cos θq

if, respectively, 2p ≤ n or 2q = 2(n − p) ≤ n. □
Exercises 3, 4 and 5

• almost Hermitian manifold (M2n, g, ω, J)
– g Riemannian metric
– ω non-degenerate 2-form, i.e. for all x ∈ M there is a linear isomorphism u : TxM

∼→
Cn with u∗ω0 = ωx

– J almost complex structure: J : TM → TM with J2 = −1
with ω( · , · ) = g(J · , · )

• almost Hermitian manifold (M2n, g, ω, J) is Kähler if dω = 0 and J is an integrable complex
structure
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Exercises 6 and 7

1.2. Calibrations and minimal submanifolds.
• Submanifold ι : Σk → (Mn, g) is minimal if it is a critical point of the volume functional

Vol(Σ, ι) =
´

Σ volι∗g (with respect to compactly supported variations)
• ιs : Σ → M variation generated by vector field X ∈ C∞

0 (Σ; ι∗TM)
• second fundamental form II(u, v) = (∇g

uv)⊥: a symmetric bilinear form on TΣ with values
in the normal bundle ι(TΣ)⊥

– X normal ⇒ ∂s(ι∗
sg)(u, v)|s=0 = −g(II(u, v), X) for all u, v ∈ TΣ

• mean curvature H = trι∗gII: a normal vector
• ιs : Σ → M variation generated by vector field X ∈ C∞

0 (Σ; ι∗TM) ❀

d

ds
Vol(Σ, ιs)|s=0 = −

ˆ

Σ
〈H, X〉ι∗g volι∗g

Exercises 8 and 9

Proposition 1.3. A minimal hypersurface in Rn+1 written as a graph of a smooth function of the
first n coordinates is area minimising.

Proof. Write the hypersurface as the graph a smooth function u : Ω → R for Ω an open subset of
Rn, i.e. ιu : Ω → Rn+1 defined by ιu(x) = (x, u(x)) is our minimal immersion. Define the following
n–form on Ω × R:

φu = dx1 ∧ · · · ∧ dxn − (∇u┘(dx1 ∧ · · · ∧ dxn)) ∧ dxn+1
1 + |∇u|2

.

Then φu is a calibration that calibrates ιu. □
Exercise 10

• Π1, Π2 oriented n-planes in R2n intersecting transversely at the origin
• existence of an adapted basis
Π1 = span{e1, . . . , en}, Π2 = {cos θ1e1 + sin θ1en+1, . . . , cos θne2n−1 + sin θpe2n}
for angles 0 ≤ θ1 ≤ · · · ≤ θn ≤ π − θn−1

Theorem 1.4 (The Angle Criterion). Π1 ∪ Π2 is volume minimising iff θn ≤ θ1 + · · · + θn−1.

Proof. We prove the if statement. The only if statement requires of the “Lawlor necks” in the next
section.

Assume the adapted basis of R2n is the standard one. For unit imaginary quaternions u1, . . . , un

define
φ = Re ((dx1 + u1dy1) ∧ · · · ∧ (dxn + undyn))

Then one shows that
(i) φ is a calibration
(ii) Π1 is φ-calibrated and Π2 is φ-calibrated iff

eθ1u1 . . . eθnun = 1
The main step to prove (i) is to show that, because of the special structure of φ, it is enough
to check the comass 1 conditions on n-planes of the same special form of Π2 in terms of angles
θ1, . . . , θn (F. Morgan’s Torus Lemma).

Now, since

ui = Im eθiui

|Im eθiui | , Real eθiui = cos θi,

if we set
eθ1u1 = w1w2 . . . eθnun = wnwn
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for unit imaginary quaternions w1, . . . , wn, the condition in (ii) is automatically satisfied, the first
condition above defines u1, . . . , un in terms of w1, . . . , wn and the second conditions is equivalent to
the fact the points w1, . . . , wn ∈ S2 ⊂ ImH are the vertices of a geodesic polygon with side-lengths
θ1, . . . , θn. □

Exercise 11

1.3. Exercises.

Exercise 1. Let Π be a k-dimensional linear subspace of Rn. Show that there exists a calibration
φ that calibrates Π.

Exercise 2. Show that there are no closed (i.e. compact without boundary) calibrated submani-
folds of Rn. (Hint: more generally, show that there are no k-dimensional closed calibrated subman-
ifold of a manifold M with kth Betti number bk(M) = 0.)

Exercise 3. Let Π be a 2p–dimensional linear subspace of R2n ≃ Cn. Then there exists a unitary
basis {e1, . . . , en} of Cn, i.e. a basis related to the standard one by a matrix in U(n), such that

• if 2p ≤ n, then
Π = span{e1, cos θ1 Je1 + sin θ1 e2, . . . , e2p−1, cos θp Je2p−1 + sin θp e2p}

for angles 0 ≤ θ1 ≤ · · · ≤ θp−1 ≤ π
2 and θp−1 ≤ θp ≤ π;

• if 2p > n, then, with r = 2p − n and q = n − p,
Π = span{e1, Je1, . . . , er, Jer, er+1, cos θ1 Jer+1 + sin θ1 er+2, . . . , en−1, cos θq Jen−1 + sin θq en}

for angles 0 ≤ θ1 ≤ · · · ≤ θq−1 ≤ π
2 and θq−1 ≤ θq ≤ π.

(Hint: first observe that if 2p ≥ n then Π must necessarily contain an r–dimensional complex
subspace, so you can reduce the case 2p > n to the case 2p ≤ n; the proof in the latter case is
by induction on p and proceeds by maximising ω0(u, v) for all orthonormal pairs of vectors in Π;
the non-trivial observation for the inductive step is that if u, v is such a maximising pair then
differentiating t → ω0(u, cos t v + t w) at t = 0 shows that if w ⊥ {u, v}, then w ⊥ {Ju, Jv} also.)

Exercise 4. Conclude the proof of the Wirtinger’s Inequality.

Exercise 5. Let (u, v) : R2 → R2 be a smooth map. Show that the map ι : R2 → C2 defined by
(x, y) → (x + iy, u + iv) is ω0–calibrated if and only if u, v satisfy the Cauchy–Riemann equations
ux − vy = 0 = vx + uy.

Exercise 6. In this exercise you show that complex projective space CPn and its holomorphic
submanifolds are Kähler.

(i) Show that ωFS = i∂∂ log (1 + |z|2) is a Kähler form on Cn. Here |z|2 = |z1|2 + · · · + |zn|2.
(ii) Show that if ϕ(z1, . . . , zn) = z−1

1 (1, z2, . . . , zn) then ϕ∗ωFS = ωFS.
(iii) Show that the charts (Ui, ϕi) defined by

ϕi : Ui = {[z0 : · · · : zn] | zi ∕= 0} → Cn, ϕi([z0 : · · · : zn]) = z−1
i (z0, . . . , ži, . . . , zn),

where ži means that we drop the ith coordinates, form a holomorphic atlas on CPn.
(iv) Show that the formula ω = ϕ∗

i ωFS over Ui defines a Kähler form on CPn, called the Fubini–
Study Kähler form.

(v) Let M be a complex submanifold of CPn. Show that M is Kähler.
(Hint: consider the restriction of the Fubini–Study Kähler form to M .)

Exercise 7. A plane conic is the zero-locus of a homogeneous equation az2
0 + bz2

1 + cz2
2 + dz0z1 +

ez1z2 + fz2z0 of degree 2 in the homogeneous coordinates [z0 : z1 : z2] of CP2. Smooth conics are
ωFS–calibrated submanifolds of CP2: they are images of holomorphic embeddings ι : CP1 → CP2 of
degree 2, i.e. such that ι∗ωFS,CP2 = 2ωFS,CP1 . Show that smooth conic curves are parametrised by an
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open complex manifold CP5 \ S, where S is a certain subvariety of CP5 you can describe explicitly.
(Hint: smooth conics correspond to non-degenerate symmetric bilinear forms up to homotheties.)

Exercise 8. Prove the First Variation Formula for the volume of submanifolds
d

ds
Vol(Σ, ιs)|s=0 = −

ˆ

Σ
〈H, X〉ι∗g volι∗g.

Exercise 9. The catenoid is the surface of revolution in R3 ≃ C × R defined by
{(κ−1 cosh (κt) eiθ, t) | t ∈ R, eiθ ∈ S1}.

(i) Show that the catenoid is a minimal surface.
(ii) For a parameter d > 0 consider the area of the portion of the catenoid with |t| ≤ d and

the area of the union of the two discs in the planes {t = ±d} and radius such .
(iii) Deduce that the union of two discs does not minimise area amongst surfaces with the same

boundary for d sufficiently small. (In fact, the catenoid is the minimiser in this case.)

Exercise 10. In the notation of Proposition 1.3,
(i) show that φu has comass 1;
(ii) show that ιu : Ω → Rn+1 is a minimal immersion if and only if dφu = 0;
(iii) deduce Proposition 1.3.

Exercise 11. Conclude the proof of the “if” statement in the Angle Criterion theorem by solving
the spherical trigonometry exercise to which the statement hass been reduced to.

1.4. Bibliographical notes. Our presentation is mostly based on [1, Chapter 7].
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2. The special Lagrangian calibration

• Cn with holomorphic coordinates (z1, . . . , zn), flat metric g0 and standard Kähler form ω0
• standard holomorphic volume form Ω0 = dz1 ∧ · · · ∧ dzn

Theorem 2.1. Fix a constant phase eiθ ∈ S1.
(i) Re(e−iθΩ0) is a calibration.
(ii) An n-plane Π is calibrated by Re(e−iθΩ0) iff Π = A(Rn), where Rn ⊂ Rn ⊕ iRn is the real

plane and A is a unitary matrix with det A = eiθ.
(iii) An n-dimensional submanifold L ⊂ Cn is calibrated by ± Re(e−iθΩ0) iff ω0|L = 0 =

Im(e−iθΩ0)|L.

Proof. Let Π be an n-plane spanned by an o.n. basis u1, . . . , un. Define a matrix A ∈ GL(n,C) by
ui = Aei for the standard unitary basis {e1, . . . , en} of Cn. Then Ω0|Π = detC A. Moreover,

|detC A|2 = detR A = |A(e1 ∧ Je1 ∧ · · · ∧ en ∧ Jen)| = |u1 · · · ∧ un ∧ Ju1 ∧ · · · ∧ Jun| ≤ 1

with equality iff u1, Ju1, . . . , un, Jun is an o.n. basis of Rn. □

Exercise 12
• SU(n)–structure (ω, Ω) on M2n

– ω non-degenerate 2-form
– Ω complex volume form (i.e. a locally decomposable complex n-form)
– ω ∧ Ω = 0 and 1

n!ω
n = cn Ω ∧ Ω

❀ Riemannian metric g = gω,Ω
• the SU(n)–structure is Calabi–Yau if dω = 0 = dΩ

in this case Ricg = 0 and Hol(g) ⊆ SU(n)
• special Lagrangian submanifolds of phase eiθ of (M, ω, Ω) are the submanifolds calibrated

by Re(e−iθΩ)
Exercises 13, 14 and 15

2.1. Lawlor necks.

Proposition 2.2. Let N be an isotropic ( i.e. ω|N ≡ 0) real analytic (n − 1)–dimensional submani-
fold of Cn. Then for each phase eiθ there exists a unique (connected) special Lagrangian submanifold
of phase eiθ containing N .

Exercise 16
Want to apply this to ellipsoid

N = {(β1eiψ1(0)x1, . . . , βneiψn(0)xn) | (x1, . . . , xn) ∈ Sn−1 ⊂ Rn}

• Ansatz:

L = {(w1(t)x1, . . . , wn(t)xn) | t ∈ I, (x1, . . . , xn) ∈ Sn−1 ⊂ Rn}, wj(0) = βjeiψj(0)

• Step 1: up to reparametrisation, L sLag of phase eiθ iff

wjẇj = eiθw1 . . . wn

• Step 2: conserved quantity Im(e−iθw1 . . . wn) = −A ∈ R
WLOG assume A > 0

• Step 3: reformulate ODE system in terms of wj(t) =


β2
j + u(t) eiψj(t)

u̇ = 2


Q(u) cos (θ − ψ), (β2
j + u) ψ̇j =


Q(u) sin (θ − ψ) = A

where Q(u) =
n

j=1 (β2
j + u) and ψ = ψ1 + · · · + ψn
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• Step 5: there exists a unique t∗ such that u̇(t∗) = 0 (corresponding to the unique solution
u∗ of Q(u) = A2) =⇒ reparametrisation

wj(y) =


a−1
j + y2, ψj(y) = ψ′

j +
ˆ y

0

aj ds

(1 + ajs2)


P (s)
where a−1

j = β2
j + u∗ (so that a1 . . . an = A−2) and

P (y) = 1
y2




n

j=1
(1 + ajy2) − 1





• Step 6: observe
lim

y→∞

ˆ y

0

aj ds

(1 + ajs2)


P (s)
= ψj

=⇒ L is asymptotic to planes ±Π± as y → ±∞, where

±Π± = {(ei(ψ′
1±ψ1) s1, . . . , ei(ψ′

n±ψn) sn) | (s1, . . . , sn) ∈ Rn}
Exercise 17

2.2. Special Lagrangian submanifolds and symmetries.
Exercise 18

• (M2n, ω, Ω) Calabi–Yau manifold
• G ⊆ Aut(M, ω, Ω) a connected Lie group of automorphisms, Lie algebra g
• moment map µ : M → g∗

g ∋ v → V ∈ aut(M, ω, Ω) ❀ 〈dµ(X), v〉 = ω(X, V ) for all X ∈ TM
• ξ ∈ g∗ fixed by coadjoint action of G ❀ (generally singular) Kähler quotient (Mξ, ωξ)

Mξ = µ−1(ξ)/G
• holomorphic volume form Ωξ = (V1 ∧ · · · ∧ Vk)┘Ω, where {v1, . . . , vn} o.n. basis of g
• in general (Mξ, ωξ, Ωξ) not Calabi–Yau

ωn−k
ξ ∕= cn−k Ωξ ∧ Ωξ

• can still define special Lagrangian submanifold Lξ by ωξ|Lξ ≡ 0 ≡ Im Ωξ|Lξ

Proposition 2.3. Let L ⊂ M be a G–invariant Lagrangian submanifold. Then there exists ξ ∈ g∗

fixed by the coadjoint action such that L ⊂ µ−1(ξ). If L is moreover special Lagrangian then
Lξ = L/G is a special Lagrangian submanifold of (Mξ, ωξ, Ωξ) whenever it is smooth.

• G = T n−1 maximal torus of SU(n) acting on (Cn, ω0, Ω0)
• moment map µ(z1, . . . , zn) = (|z1|2 − |zn|2, . . . , |zn−1|2 − |zn|2)
• holomorphic coordinate z = in−1z1 . . . zn on Mξ and Ωξ = dz
• T n−1–invariant special Lagrangian submanifolds are contained in the level sets of

(z1, . . . , zn) −→

|z1|2 − |zn|2, . . . , |zn−1|2 − |zn|2, Im(in−1z1 . . . zn)



Assume n = 3 for concreteness:
– submersion over R3 \ Y

Y = {(−t, −t, 0) | t > 0} ∪ {(t, 0, 0) | t > 0} ∪ {(0, t, 0) | t > 0}
❀ smooth special Lagrangians Lξ ≃ R × T 2 for ξ ∈ R3 \ Y

– ξ ∈ Y \ {0} ❀ Lξ = Ł+
ξ ∪ L−

ξ , L±
ξ ≃ R2 × S1 smooth, L+

ξ ∩ L−
ξ ≃ S1

– L0 = L+
0 ∪ L−

0 , L±
0 = C(T 2) and L+

0 ∩ L−
0 = {0}

Proposition 2.4. Let (Mn, g) be a Riemannian manifold endowed with a parallel calibration φ and
let Σ be a φ–calibrated submanifold. Then for every f ∈ C∞(M) the Laplacian of the restriction of
f to Σ is given by (∇f is the gradient of f on M)

△Σf = d(∇f┘φ)|Σ.
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Proof. Recall that on a Riemannian manifold (M, g) the Hessian Hess(f) of a function is the
symmetric endomorphism Hess(f) : TM → TM defined by Hess(f) = ∇df , i.e.

Hess(f)(X) = ∇X∇f = [X, ∇f ] + ∇∇f X.

The Laplacian △f = d∗df is then given in terms of the trace of the Hessian by

△f = −tr Hess(f) = −
n

i=1
g(Hess(f)(ei), ei)

for any o.n. basis {e1, . . . , en} of TM . The relation between the Levi–Civita connections of a
submanifold and of the ambient manifold via the second fundamental form II then implies that, if
Σ is a submanifold of M , the Hessian on Σ of the restriction of f is given by

HessΣ(f)(u, v) = Hess(f)(u, v) − II(u, v) · f

for all u, v ∈ TΣ. In particular,
△Σf = −trT ΣHess(f) + H · f,

where H is the mean curvature vector. In particular, if Σ is a minimal submanifold, i.e. H = 0,
then △Σf = −trT Σ Hess(f).

On the other hand, for each endomorphism of the tangent bundle A : TM → TM and k-form φ
define

A∗φ(u1, . . . , uk) = −φ(Au1, u2, . . . ,k ) − · · · − φ(u1, . . . , uk−1, Auk),
i.e. we extend the action of A to ΛkT ∗M as a derivation. Since Hess(f) acts on vector fields as
−L∇f + ∇∇f , we find

Hess(f)∗φ = d(∇f┘φ) − ∇∇f φ.

Note the last term drops if φ is parallel, i.e. ∇φ = 0.
Finally, if Π is a φ–calibrated plane then one easily checks (using an o.n. frame {e1, . . . , ek} for

Π) that
(Hess(f)∗φ) |Π = −trΠ Hess(f).

Putting everything together, if Σ is φ–calibrated (so in particular it is minimal) and φ is parallel,
we have

△Σf = −trT ΣHess(f) = (Hess(f)∗φ) |T Σ = d(∇f┘φ)|Σ. □

• (M, ω, Ω) Calabi–Yau manifold
• X automorphic vector field with corresponding moment map µ : M → R
• X = J∇µ
• ∇µ┘Re Ω = (J∇µ)┘ Im Ω = X┘ Im Ω =⇒ d(∇µ┘Re Ω) = 0
• restriction of µ to a special Lagrangian submanifold is a harmonic function

Theorem 2.5. Let C be the special Lagrangian cone in C3 defined by
C = {(z1, z2, z2) | |z1|2 = |z2|2 = |z3|2, z1z2z3 ∈ R≥0}

and for each t > 0 let Li(t) be the special Lagrangian submanifold defined by
Li(t) = {(z1, z2, z2) | |zi|2 − t2 = |zj |2 = |zk|2, z1z2z3 ∈ R≥0},

where (ijk) is a cyclic permutation of (123).
Suppose that L is a one-ended special Lagrangian submanifold asymptotic to C in the following

sense: there exists R > 0 and a diffeomorphism Υ : L ∩ {|z| > R} → C ∩ {|z| > R} with
|z − Υ(z)| = O(|z|−1)

for all z ∈ L ∩ {|z| > R}. Then there exist i ∈ {1, 2, 3} and t > 0 such that L = Li(t).

Exercises 19 and 20.
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2.3. Octonions and calibrations.
• (M6, ω, Ω) Calabi–Yau 3-fold
• on M × R consider

ϕ = dt ∧ ω + Re Ω, ψ = −dt ∧ Im Ω + 1
2ω2

• on M × R2 consider
Φ = dt1 ∧ dt2 ∧ ω + dt1 ∧ Re Ω − dt2 ∧ Im Ω + 1

2ω2

Proposition 2.6. ϕ, ψ and Φ are calibrations, whose calibrated submanifolds are called, respect-
ively, associative, coassociative and Cayley submanifolds.

Proof. It suffices to consider M = C3 with its standard Calabi–Yau structure (ω0, Ω0).
We identify R8 with the octonions O. Using octonionic multiplication we define a double, triple

and quadruple cross product by
u × v = Im vu,

u × v × w = 1
2 ((uv) w − (wv) u) ,

x × u × v × w = 1
4 ((u × v × w)x − (v × w × x)u + (w × x × u)v − (x × u × v)w) .

One shows that they are all alternating and satisfy
|u × v| = |u ∧ v|, |u × v × w| = |u ∧ v ∧ w|, |x × u × v × w| = |x ∧ u ∧ v ∧ w|.

Now, on R8 ≃ O define a real 4-form Φ0 and an R8–valued 4-form X0 by
Φ0(x, u, v, w) = Re(x × u × v × w) = 〈x, u × v × w〉,

X0(x, u, v, w) = Im(x × u × v × w).
Thus Φ0 is a calibration.

Restrict this now to R7 = ImO. Define a 3-form ϕ0, an R7–valued 3-form (the associator) χ0
and a 4-form ψ0 by

ϕ0(u, v, w) = Re(u × v × w) = 〈u × v, w〉,
χ0(u, v, w) = Im(u × v × w),

ψ0(x, u, v, w) = 〈u × v × w, x〉 = 〈χ0(u, v, w), x〉 = Φ0(x, u, v, w).
Then ϕ0 and ψ0 are calibrations.

Note that these expressions imply that Φ0 = dt1 ∧ ϕ0 + ψ0, where we write R8 = R ⊕ R7 with
coordinate t1 on the first factor.

Finally, if we write R7 = R × R6 with coordinate t2 on the first factor, note that
u −→ ∂

∂t2
× u

defines a complex structure on R6. Identifying it with the standard complex structure J0 on C3 ≃
R3, from this one can immediately derive that ϕ0 = dt2 ∧ ω0 + ρ, with ω0 the standard Kähler form
on C3. The fact that ρ = Re Ω0 and the expression ψ0 = −dt2 ∧ Im Ω0 + 1

2ω2
0 can then be checked

in a basis. □

Exercises 21, 22 and 23

2.4. Exercises.

Exercise 12. Prove part (iii) of Theorem 2.1.

Exercise 13. Let (M, ω, Ω) be a Calabi–Yau manifold. An antiholomorphic involution of (M, ω, Ω)
is a diffeomorphism i : M → M such that i2 = id, i∗ω = −ω and i∗Ω = Ω. Show that the fixed
locus of i is a special Lagrangian submanifold.
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Exercise 14. Yau’s proof of the Calabi Conjecture states that given a closed complex manifold
Z of complex dimension n, a class α ∈ H2(Z;R) containing Kähler metrics and a closed form
σ ∈ Ω2n(Z) with [σ] = αn, there is a unique Kähler form ω ∈ α such that ωn = σ. In this exercise
you will use this theorem and some complex geometry to prove the existence of closed Calabi–Yau
manifolds.

Let X be a complex manifold of complex dimension n + 1, n ≥ 2, such that the anticanonical
bundle K−1

X is ample. By the Kodaira Embedding Theorem, this is equivalent to the existence of
a Hermitian metric on K−1

X with curvature Fh that is a Kähler form on X. Consider a smooth
anticanonical divisor M ∈ | − KX |.

(i) Show that X has finite fundamental group. (Hint: you can use without proof the fact that
Yau’s Theorem can be used to show that X admits a Kähler metric with positive Ricci
curvature and then use the Bochner Formula for harmonic 1-forms.)

(ii) Since K−1
X is ample, the Kodaira Vanishing Theorem says that hp,0(X) = 0 for all p > 1

and therefore the holomorphic Euler characteristic χ(X, OX) :=
m+1

p=0 (−1)ph0,p(X) = 1.
Deduce that X is simply connected. (Hint: look at how the holomorphic characteristic
behaves under finite coverings.)

(iii) Use the Lefschetz Hyperplane Theorem to deduce that M is also simply connected.
(iv) Use the Adjunction Formula to show that KM is holomorphically trivial.
(v) Deduce that M admits a Calabi–Yau structure (ω, Ω).
(vi) Justify the fact that a hypersurface of degree n+2 in CPn+1 admits a Calabi–Yau structure.
(vii) Consider the quintic 3-fold M = {z5

0 + · · · + z5
5 = 0} ∈ CP5 endowed with the Calabi–Yau

structure produced by the previous discussion. Show that M contains a special Lagrangian
submanifold. (Hint: use the uniqueness part of Yau’s solution of the Calabi Conjecture to
show that complex conjugation on CP5 induces an antiholomorphic involution of M with
its Calabi–Yau structure.)

Exercise 15. A hyperkähler manifold (M, ω1, ω2, ω3) is a 4n–manifold endowed with a triple of
closed non-degenerate 2-forms ωi ∈ Ω2(M) such that for every x ∈ M there is a linear isomorphism
u : TxM → Hn sending the ImH–valued triple ω1 i1 + ω2 i2 + ω3 i3 to

Im(dq1 ∧ dq1 + · · · + dqn ∧ dqn),

where (q1, . . . , qn) are quaternionic coordinates on Hn.
(i) Show that ω = ω1 and Ω = 1

n!(ω2 + iω3)n defines a Calabi–Yau structure on M . In
particular, for n = 1 a hyperkähler structure is the same as a Calabi–Yau structure. (The
last statement is equivalent to the isomorphism of Lie groups SU(2) ≃ Sp(1).)

The induced Riemannian metric g = gω,Ω is independent of the choice of direction in R3, i.e. it is
the same if we set ω = a1ω1 + a2ω2 + a3ω3 for (a1, a2, a3) ∈ S2 ⊂ R3 and define Ω accordingly.
In particular, g admits a whole S2 of complex structures with respect to which it is Kähler, a fact
that explains the name “hyperkähler”. Denote by Ji the complex structure arising from the choice
ω = ωi, i = 1, 2, 3.

Let now L be an n-dimensional submanifold of M . We say that L is an A brane for the complex
structure Ji if it is Lagrangian with respect to ωi. We say that L is a B brane for the complex
structure Ji if it is a complex submanifold of (M, Ji). An (A, A, A) brane is a submanifold which
is Lagrangian with respect to ω1, ω2, ω3, etc.

(ii) Show that there are no (A, A, A) nor (A, B, B) branes in M .
(iii) Show that (A, A, B) and (A, B, A) branes are special Lagrangian submanifolds (of phases

you will determine) with respect to the choice of Calabi–Yau structure given in (i).
(iv) For n = 1, show that every Lagrangian submanifold with respect to the choice of Calabi–

Yau structure given in (i) is in fact holomorphic with respect to a different complex struc-
ture in the hyperkähler 2-sphere of complex structures.
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Exercise 16. Let N be an isotropic (n − 1)–dimensional linear subspace of Cn. Show that there
exists a unique special Lagrangian plane (for any phase) containing N .

(Note: the proof of Proposition 2.2 uses this results and Exterior Differential Systems.)

Exercise 17. Let ±Π± be the two n-planes in Cn defined by

±Π± = {(e±iψ1
1 , . . . , e

±iψn
1 ) | (s1, . . . , sn) ∈ Rn}

for angles 0 ≤ ψ1 ≤ · · · ≤ ψn ≤ π
2 − ψn−1.

(i) Reformulate the Angle Criterion Theorem 1.4 as follows: Π+ ∪ Π− is volume minimising if
and only if ψ1 + · · · + ψn ≥ π

2 .
(ii) Consider the Lawlor necks of Section 2.1. Show that, up to the action of a constant unitary

matrix, the asymptotic planes ±Π± of a Lawlor neck can be put in the above form with
ψ1 + · · · + ψn = π

2 .
(iii) Show that for planes ±Π± satisfying ψ1 + · · · + ψn < π

2 you can find a Lawlor neck L (i.e.
you can choose a1, . . . , an in the construction of Section 2.1) such that L ∩ (Π+ ∪ Π−) ∕= ∅.

(Hint: show that, for each fixed y > 0 and ψ ∈ (0, π
2 ), the map

(a1, . . . , an) −→

ˆ y

0

a1 ds

(1 + a1s2)


P (s)
, . . . ,

ˆ y

0

an ds

(1 + ans2)


P (s)



defines a surjection

{(a1, . . . , an) ∈ Rn
≥0 | (1+a1y2)−1 . . . (1+any2)−1 = cos2 ψ} −→ {(ψ1, . . . , ψn) ∈ Rn

≥0 | ψ1+· · ·+ψn = ψ}.

You can show this by induction on n ≥ 1 and a degree argument, i.e. the fact that the
restriction of the map on the boundary has the same degree as the map itself.)

(iv) Conclude the proof of the Angle Criterion Theorem 1.4.

Exercise 18. Let X be a Killing vector field, i.e. a vector field such that LXg = 0. Equivalently
∇X is a skew-symmetric (1, 1) tensor.

(i) Show that
△


1
2 |X|2


= −|∇X|2 + Ric(X, X).

(ii) Show that a closed Riemannian manifold (M, g) with Ric < 0 does not carry any non-trivial
Killing field.

(iii) Show that on a closed Riemannian manifold (M, g) with Ric ≤ 0 every Killing field X is
parallel and satisfies Ric(X, X) = 0.

Exercise 19. Prove Theorem 2.5.
(Hint: the main point is to show that if f is any of the moment maps for the T 2–action on C3,

then f must be constant on L because of the maximum principle. For this, note that for every
smooth function f on C3 and z ∈ L ∩ {|z| > R} we have

|f(z) − f(Υ(z))| ≤ |df(z′)| |z − Υ(z)|

for a point z′ contained in the segment tz + (1 − t)Υ(z). Apply this observation to any of the
moment maps, which has quadratic growth and vanishes on C, to show that its restriction to L is
bounded.)

Exercise 20. Let L be a Lagrangian submanifold of (Cn, ω0) and consider the Liouville 1-form
λ0 = i

2
n

j=1 zjdzj − zjdzj on Cn, which satisfies dλ0 = ω0.
(i) Show that λ0|L is a closed form on L and therefore defines a cohomology class [λ0|L] ∈

H1(L;R).
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(ii) For the special Lagrangian submanifolds Li(t) of Theorem 2.5 calculate [λ0|Li(t)] ∈ H1(Li(t);R),
construct explicit diffeomorphisms Υi(t) : Li(t) ∩ {|z| > R} → C ∩ {|z| > R} as in the
statement of the theorem and compare the images of [Υi(t)∗(λ0|Li(t))] in H1(C \ {0};R) ≃
H1(T 2;R) ≃ R2 for i = 1, 2, 3.

Exercise 21. Let ϕ0, ψ0 and Φ0 be the calibrations defined in the proof of Proposition 2.6.
(i) Show that a 3-plane Π in R7 can be given an orientation so that it is calibrated by ϕ0 if

and only if χ0|Π ≡ 0.
(ii) Show that a 4-plane Π in R7 can be given an orientation so that it is calibrated by ψ0 if

and only if ϕ0|Π ≡ 0.
(iii) Show that a 4-plane Π in R8 can be given an orientation so that it is calibrated by Φ0 if

and only if X0|Π ≡ 0.

Exercise 22. Let ϕ0, ψ0 and Φ0 be the calibrations defined in the proof of Proposition 2.6.
(i) Use the expressions ϕ0 = dt ∧ ω0 + Re Ω0 and ψ0 = −dt ∧ Im Ω0 + 1

2ω2
0 on R7 = R × C3 to

show that
(a) R × C, for C2 ⊂ C3, is an associative submanifold if and only if C is a holomorphic

curve in C3;
(b) L, for L3 ⊂ C3, is an associative submanifold if and only if L is a special Lagrangian

submanifold of phase 1 in C3;
(c) R × L, for L3 ⊂ C3, is a coassociative submanifold if and only if L is a special

Lagrangian submanifold of phase i in C3;
(d) S, for S4 ⊂ C3, is a coassociative submanifold if and only if S is a holomorphic surface

in C3.
(ii) Discuss a similar analysis for Cayley submanifolds of R8 = R2 × C3 with Φ0 = dt1 ∧ dt2 ∧

ω0 + dt1 ∧ Re Ω0 − dt2 ∧ Im Ω0 + 1
2ω2

0.
(iii) Let R8 = C4 endowed with its standard Calabi–Yau structure (ω0, Ω0). Show that we

can write Φ0 = 1
2ω2

0 + Re Ω0 and show that holomorphic surfaces and special Lagrangian
submanifolds of C4 are both Cayley submanifolds.

Exercise 23. Let (ω1, ω2, ω3) be the standard hyperkähler structure on R4 = H.
(i) Show that

ϕ0 = dt1 ∧ dt2 ∧ dt3 − dt1 ∧ ω1 − dt2 ∧ ω2 − dt3 ∧ ω3,

ψ0 = 1
6(ω2

1 + ω2
2 + ω2

3) − dt2 ∧ dt3 ∧ ω1 − dt3 ∧ dt1 ∧ ω2 − dt1 ∧ dt2 ∧ ω3

on R7 = ImH × H.
(ii) Show that the subgroup of SO(7) that preserves ϕ0, ψ0 and the splitting R7 = ImH×H is

SO(4), where the action of SO(4) on ImH × H is given in quaterionic notation by

(q1, q2) · (x, y) = (q1xq1, q2yq1).

Here q1, q2 are unit quaternions, i.e. (q1, q2) ∈ SU(2)2. Moreover, the action is not effective
since (−1, −1) acts trivially, so that we have an effective action of SU(2)2/Z2 ≃ SO(4).

(iii) Show that ImH × {0} ⊂ ImH × H is an associative plane and {0} × H ⊂ ImH × H is a
coassociative plane.

(iv) The group of automorphisms of O is the exceptional Lie group G2 and can be equally
defined as the subgroup of GL(7,R) preserving ϕ0. It turns out that G2 acts transitively
on S6 ⊂ R7. Deduce that G2 acts transitively on the Grassmannian of associative planes.
(Hint: let u, v, w and use the action of G2 to set u = e1 and v = e2.)

(v) Deduce that the Grassmannian of (co)associative planes is the homogeneous space G2/SO(4).
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2.5. Bibliographical notes. Our exposition is based on [2, Chapter III] and [1, Chapter 7]. The
last section about calibrated geometries associated with the octonions is based on [2, Chapter IV].

Proposition 2.4 is proven in a more recent paper by Harvey and Lawson [3, Sections 1 and 2]
(following earlier work). The aim of that paper is to derive a “pluripotential theory” for calibrations
analogous to the pluripotential theory of several complex variables. Indeed, note that on a Kähler
manifold one has d(∇f┘ω) = 2i∂∂f .

The uniqueness in Theorem 2.5 is explained (in a more general context) in the recent paper [4,
Section 4]. The analogous uniqueness statement for the Lawlor necks of Section 2.1 is also known [5],
but the proof is even less trivial as it uses in an essential way Lagrangian Floer homology.
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3. Deformation theory and applications

• (Mn, g) with k-calibration φ
• ι0 : Σ0 → M φ-calibrated
• Σk ⊂ M C1–close to Σ0 ←→ Σ = graph v for small v ∈ C1(Σ0; ν(Σ0))

– deformations of the immersion ι0 = sections of ι∗
0TM

restriction to sections of normal bundle ν(Σ0) to work modulo reparametrisations
– replace C1 with Hölder space C1,α, α ∈ (0, 1), to work with Banach spaces

Implicit Function Theorem
– elliptic regularity: C1,α ❀ C∞

• moduli space M(Σ0) of φ-calibrated deformations of Σ0
– Σv = Graph v φ-calibrated iff F (v) = 0 for continuously differentiable Fredholm

F : B(0) ⊂ C1,α(Σ0; ν(Σ0)) −→ Z

– linearisation d0F with finite-dimensional kernel I and cokernel O
– Kuranishi model for M: π : I → O with π(0) = 0 = π′(0) and M and open neigh-

bourhood of the origin in π−1(0)
– in particular M smooth submanifold of dimension index d0F if d0F surjective

Exercise 24

Theorem 3.1. (Lagrangian Neighbourhood Theorem) Let L be a closed Lagrangian submanifold in
a symplectic manifold (M, ω). Then there exists a neighboruhood U of L in M , a neighbourhood U0
of the 0-section 0L in T ∗L and a diffeomorphism Υ : U0 → U such that Υ∗ω = ωcan and L = Υ(0L).
In particular, Lagrangian submanifolds of (M, ω) C1–close to L are identified by Υ with graphs of
closed 1-forms on L.

Proof. Fix compatible almost complex structure and induced Riemannian metric g on a neighbour-
hood of L in M . Use the exponential map of g to define an initial diffeomorphism Υ′ such that
ω′ = (Υ′)∗ω satisfies ω′ ≡ ωcan on TU0 along 0L. Consider the 1-parameter family of symplectic
forms ωt = (1 − t)ωcan + tω′, write ω′ − ω = dβ for a 1-form β that vanishes along Σ and consider
the time dependent flow ϕt generated by the vector fields Xt defined by Xt┘ωt = β. Then set
Υ = Υ′ ◦ ϕ1. □
Theorem 3.2. Let L be a closed sLag submanifold of (M, ω, Ω). The moduli space M(L) of special
Lagrangian deformations (of the same phase) of L in M is a smooth manifold of dimension b1(L).

Proof. C1–close special Lagrangian submanifolds are the graphs ιγ : L → M of 1-forms γ on L such
that F (γ) = (ι∗

γω, ι∗
γ Im Ω) = 0. By the Lagrangian Neighbourhood Theorem we have ι∗

γω = dγ.
Moreover, one computes

ι∗
γ Im Ω = d ∗ γ − Q(γ)

for a non-linear first-order map Q depending at least quadratically on γ. Hence d0F (γ) = (dγ, d∗γ)
has kernel I = H1(L) and cokernel that can also be identified cohomologically via Hodge theory
on L. Note however that the non-linear equation F (γ) = 0 we want to solve is equivalent to

dγ = 0, d ∗ γ = Q(γ).
Since [ι∗

γ Im Ω] = [ι∗
0 Im Ω] and ι0 : L → M is special Lagrangian, we conclude that dγ − Q(γ) and

therefore Q(γ) is exact for every γ. Hence the range of F is contained in the image of d0F , i.e.
O = {0}. □

Exercises 25, 26, 27 and 28

Theorem 3.3. Let (M, g, ϕ, ψ) be a G2–manifold, i.e. a smooth Riemannian 7-manifold endowed
with a closed 3-form ϕ and a closed 4-form ψ = ∗ϕ pointwise equivalent to the forms ϕ0 and ψ0
of Proposition 2.6. Recall that a 3-dimensional submanifold P ⊂ M is said to be associative if it
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is ϕ–calibrated. Let P ⊂ M be a closed associative submanifold. Then the moduli space M(P ) of
associative deformations of P has virtual dimension 0 and infinitesimal deformations are given by
elements in the kernel of a naturally defined Dirac-type operator /D : C∞(P ; ν(P )) → C∞(P ; ν(P )).

Proof. If P is associative, the cross product (u, v) → u × v defined by the G2–structure has the
property that u × v ∈ ν(P ) whenever u ∈ TP and v ∈ ν(P ). This defines a Clifford multiplication
TP ⊗ ν(P ) → ν(P ) and therefore a Dirac-type operator /Dv =

3
i=1 ei × ∇⊥

ei
v, which is an elliptic

self-adjoint operator, hence of Fredholm index 0.
Now, the graph of v ∈ C∞(P ; ν(P )) is associative iff exp (v)∗χ|P ≡ 0, so that the linearisation

of the associative condition is the linear operator

v −→ (Lvχ)(e1, e2, e3) = (∇vχ)(e1, e2, e3) +
3

i=1
χ(∇vei, ej , ek) =

3

i=1
χ(∇vei, ej , ek) = /Dv.

Here we used the (non-obvious) fact that the conditions dϕ = 0 = dψ imply the a priori stronger
conditions that ϕ, ψ (and therefore χ) are parallel with respect to g. □

Exercise 29

3.1. Calibrated fibrations. The following discussion is based on
(i) N. Hitchin, The moduli space of special lagrangian submanifolds, Ann. Scuola Norm. Sup.

Pisa Cl. Sci. (4) 25 (1997), no. 3-4, 503–515.
(ii) S. Donaldson, Adiabatic limits of co-associative Kovalev-Lefschetz fibrations, in Algebra,

geometry, and physics in the 21st century, 1–29, Progr. Math., 324, Birkhäuser/Springer,
Cham, 2017.

• (M2n, ω, Ω) Calabi–Yau
• π : M → B with compact special Lagrangian fibres Lt = π−1(t)

❀ b1(Lt) = n and Lt has n pointwise linearly independent gt–harmonic 1-forms
(Lt, gt) almost flat n-torus

• work locally on base B ≃ Rn

• cohomological data: h = (u, v) : B → H1(L; R) × Hn−1(L;R)
• connection: TM = V ⊕ H with V = ker dπ and H = V ⊥gω,Ω ≃ π∗TB

– ΛkT ∗M = π∗ΛiT ∗B ⊗ ΛjV ∗

– d = dv + dH + F H of degree (+1, 0), (0, +1), (+2, −1)
d2 = 0 ⇒ dv ◦ dH + dH ◦ dv = 0

• ω = ω1,1 =


αi ∧ dti with dvαi = 0 and [αi] = ∂tiu
• Im Ω1,n−1 =


dti ∧ βi with dvβi = 0 and [βi] = ∂tiv

• ω ∧ Im Ω = 0 =⇒ αi ∧ βj = αj ∧ βi

• (α1, . . . , αn) and (β1, . . . , βn) determine the SU(n)–structure (ω, Ω)
– αi ∧ βj = Qij α1 ∧ · · · ∧ αn, Q = QT and Q > 0
– (det Q)− 1

n−2 Q = A2, A = AT ❀ SU(n)–adapted basis


l Aliαl,


l Alidtl

– e.g. metric gω,Ω = A2
ijdti ⊗ dtj + A−2

ij αi ⊗ αj

• Torsion-free conditions dω = 0 = dΩ:
– dvω = dHω = F H · ω = 0
– dH Re Ω2m,n−2m = 0, dv Re Ω2m+2,n−2m−2 + F H · Re Ω2m,n−2m = 0
– dH Im Ω2m+1,n−2m−1 = 0, dv Im Ω2m+3,n−2m−3 + F H · Im Ω2m+1,n−2m−1 = 0

• adiabatic limit: rescale fibres αi ❀ αi, βi ❀ n−1βi and take formal limit  → 0
– limiting torsion-free equation as above with FH ≡ 0

Proposition 3.4. The cohomological data of a special Lagrangian fibration satisfy the following.
(i) The map h : B → H1(L; R) × Hn−1(L;R) is a positive definite Lagrangian immersion.
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(ii) Choose closed representatives αi, βj giving a symplectic basis {α1, . . . , αn, β1, . . . , βn} of
H1(L) × Hn−1(L), i.e.

ˆ

L
αi ∧ βj = δij .

Consider the period matrices λ, µ : B → Rn×n defined by

[αi] =


l

λli[αl], [βi] =


l

µli[βl].

Then


l λildtl and


l µildtl are closed 1-forms on B yielding two coordinate systems
(u1, . . . , um) and (v1, . . . , vn).

(iii) We have

vi = ∂φ

∂ui
, ui = ∂ψ

∂vi
,

for two real valued functions φ, ψ on B. These functions satisfy the real Monge–Ampère
equation det Hess(φ) = c = det Hess(ψ)−1 for c > 0 if and only if the L2–metric induced
by gt on H1(L;R/Z) (and its dual Hn−1(Lt;R/Z)) is constant in B.

(iv) Assuming the last condition is satisfied and choosing H = H0 the natural flat connection
on the bundle on B with fibre H1(L) × Hn−1(L) (for which αi, βj are parallel), these
cohomological data determine two 1-parameter family of Calabi–Yau structures (ω, Ω),
one on the total space of the fibration with fibre H1(L) and one of the total space of the
fibration with fibre Hn−1(L), with the property that the special Lagrangian fibres are flat
tori of volume cn (and therefore called semiflat Calabi–Yau metrics).

Proof. The first part is immediate. For part (ii), by fibrewise Hodge theory write αi =


l λliαl +
dvα′

i. Then, using dH ◦ dv = −dv ◦ dH we rewrite

0 = −dHω =


l

αl ∧ d




i

λlidti



+ dv




i

dHα′
i ∧ dti



.

For part (iii) we now replace the given coordinates t1, . . . , tn on B with the coordinates u1, . . . , um

so that
[αi] = [αi], [βi] =



l

(µλ−1)li[βl].

We then calculate
µλ−1 =

ˆ

Lt

Q α1 ∧ · · · ∧ αn.

(In particular µλ−1 is a symmetric matrix.) On the other hand we observe that Re Ω0,n = (det Q)
1

n−2 α1∧
. . . αn so that we can rewrite

(µλ−1)ij =
ˆ

Lt

(det Q)− 1
n−2 Qij (det Q)

1
n−2 α1 ∧ · · · ∧ αn =

ˆ

L
〈αi, αj〉gt dvolLt .

Thus the condition in part (iii) is equivalent to det(µλ−1) being constant. The existence of φ
(and ψ) follows from the fact that h is a Lagrangian immersion. One then immediately calculates
µλ−1 = Hess φ. □

• if L is an oriented torus then there is a canonical isomorphism L ≃ Hn−1(L) and H1(L)
is the dual torus ❀ SYX approach to Mirror Symmetry

• if B is compact one can show that the only solutions as in part (iv) are trivial, i.e. of the
form M = B × T 2 for a flat torus T 2 ❀ necessary to introduce singular fibres

• n = 2: the Ooguri–Vafa metric on a neighbourhood of a pinched torus
see http://www.homepages.ucl.ac.uk/~ucahlfo/Talks_files/Ooguri-Vafa.pdf

http://www.homepages.ucl.ac.uk/~ucahlfo/Talks_files/Ooguri-Vafa.pdf


CALIBRATED SUBMANIFOLDS 17

3.2. Exercises.

Exercise 24. Let v : Rn → Rn be a smooth map and consider the graph Lv of v in Cn = Rn ⊕ iRn,
i.e.

Lv = {x + iv(x) | x ∈ Rn}.

Endow Cn with the standard Calabi–Yau structure (ω0, Ω0).
(i) Show that Lv is Lagrangian iff v = df for a smooth function f : Rn → R, i.e. v =

(v1, . . . , vn) with vi = ∂f
∂xi

if (x1, . . . , xn) are the standard coordinates on Rn.
(ii) Show that Im Ω0|Lv ≡ 0 iff

Im det C (id + i Hess(f)) = 0.

(iii) In low dimensions n = 2 and n = 3 write explicitly the equation in (ii) in terms of the
Laplacian △f and the real Monge–Ampère operator det Hess(f).

(iv) Suppose that f0 is a solution to the equation of (ii) and consider the linearisation L of the
map

f −→ Im det C (id + i Hess(f))
at f0. Show that L is an elliptic second-order operator.

Exercise 25. Prove the following variation of Theorem 3.2: let (ωt, Ωt), t ∈ (−δ0, δ0), be a smooth
1-parameter family of Calabi–Yau structures on M . Suppose that L is a closed special Lagrangian
submanifold of phase eiθ0 in (M, ω0, Ω0). If [ωt|L] = 0 for all t, then there exist δ ∈ (0, δ0) and a
1-parameter family of special Lagrangian submanifolds Lt of phase eiθt in (M, ωt, Ωt) for t ∈ (−δ, δ)
and with L0 = L. Moreover, if [Im(e−iθ0Ωt)|L] = 0 for all t then eiθt ≡ eiθ0

Exercise 26. One can show that T ∗Sn admits a (complete) Calabi–Yau structure (ω, Ω) for which
the antipodal map x → −x in the fibres of T ∗Sn → Sn is an antiholomorphic involution. Show
that (T ∗Sn, ω, Ω) contains a rigid (i.e. M = {0}) special Lagrangian submanifold.

Exercise 27. This exercise is based on A. Butscher, Deformations of minimal Lagrangian sub-
manifolds with boundary, Proc. Amer. Math. Soc. 131 (2002).

Let (M, ω, Ω) be a Calabi–Yau n-fold and let D be a divisor in M , i.e. D is a 2(n−1)–dimensional
submanifold calibrated by ωn−1

(n−1)! . Let L ⊂ M be a special Lagrangian submanifold with boundary
Σ = ∂L on D.

(i) Observe that Σ ⊂ (D, ω|D) is a Lagrangian submanifold and show that ν(D)|Σ is a trivial
R2–bundle. (Hint: consider the inward pointing unit normal v to Σ in L and Jv.)

This fact can be used to prove a Lagrangian Neighbourhood Theorem with Boundary which iden-
tifies a neighbourhood of L in (M, ω) with an open subset of T ∗Σ ×R2 endowed with the canonical
symplectic form ωcan + dt ∧ ds, where (s, t) ∈ R2, such that

D = T ∗Σ × {(0, 0)}, L = 0Σ × [0, ) × {0}.

Assume this without proof.
(ii) Reduce the deformation problem for special Lagrangian deformations of L with arbitrary

Lagrangian phase and with boundary on D to the vanishing of the map
F : (γ, a) −→ (dγ, d ∗ γ − avolL − Q(γ))

defined for all γ ∈ Ω1(L) satisfying the Neumann boundary condition (∗γ)|∂L ≡ 0 and
every a ∈ R.

(iii) Show that the linearisation d(0,0)F is surjective and that the moduli space of special Lag-
rangian deformations of L of arbitrary phase and with boundary on D is a smooth manifold
of dimension b1(L). (Hint: for the relevant Hodge theory with manifolds with boundary
see G. Schwarz, Hodge Decomposition—A Method for Solving Boundary Value Problems,
Springer-Verlag, Berlin, 1995.)
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Exercise 28. Let (M, g, ϕ, ψ) be a G2–manifold, i.e. a smooth Riemannian 7-manifold endowed
with a closed 3-form ϕ and a closed 4-form ψ = ∗ϕ pointwise equivalent to the forms ϕ0 and ψ0 of
Proposition 2.6. Recall that a 4-dimensional submanifold N ⊂ M is said to be coassociative if it is
ψ–calibrated.

(i) Show that the normal bundle to a coassociative submanifold N ⊂ M is identified with
Λ2

+T ∗N . (Hint: use Exercise 23 and consider the map v → v┘ϕ for a normal vector v.)
(ii) By (i) we can identify a small C1–deformation of N with the graph ισ : N → M of a

self-dual 2-form σ on N . Show that ισ is a coassociative immersion iff dσ = Q(σ) for a
non-linear first-order map Q vanishing quadratically at σ = 0. (Hint: recall that ισ is a
coassociative immersion iff ι∗

σϕ = 0.)
(iii) Suppose that N is closed. Deduce that the moduli space of coassociative deformations of

N is a smooth manifold of dimension b+
2 (N).

Exercise 29. This exercise is based on Section 5.3 of A. Corti, M. Haskins, J. Nordström and
T. Pacini, G2–manifolds and associative submanifolds via semi-Fano 3-folds, Duke Math. J. 164
(2015).

Let (M, ω, Ω) be a Calabi–Yau 3-fold and consider the G2–manifold (M ×S1, ϕ = dt∧ω +Re Ω).
Let C be a holomorphic curve in M and consider the associative submanifold C × S1 ⊂ M × S1.

(i) Show that the cross product on M × S1 restricts to give a complex antilinear map TC ×
ν(C) → ν(C), that can be used to define a complex Dirac operator /D

c.
(ii) Show that the kernel of /D

c coincides with the space of holomorphic normal vector fields
on C. (Hint: use the fact that since M is Kähler and C is holomorphic, the connection on
ν(C) induced by the Levi–Civita connection on M is the Chern connection on ν(C), i.e.
its (0, 1)–part is the Dolbeault operator ∂ of the holomorphic bundle ν(C).)

(iii) Regard a normal vector field v on P ⊂ M ×S1 as an S1–dependent vector field on C ⊂ M .
Show that

/Dv = J ∂v
∂t + /D

c
v,

where /D is the Dirac-type operator defined in Theorem 3.3. (Hint: recall that the complex
structure J on M coincides with the cross-product by ∂t.)

(iv) Suppose that C is closed. Show that the kernel of /D coincides with the space of holomorphic
normal vector fields on C. (Hint: consider the L2–inner product 〈 /Dv, v〉L2 .)

(v) Suppose that C is a rational curve, i.e. C ≃ CP1, with normal bundle O(−1)⊕O(−1). Show
that P is a rigid unobstructed associative submanifold, i.e. the moduli space of associative
deformations is a smooth isolated point, or in other words I = {0} = O.

3.3. Bibliographical notes. Deformations of calibrated submanifolds where first considered by
McLean in [6].
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