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@ Manifolds <« (Commutative) algebras

e Topological Manifolds <« Commutative C*-algebras
e Algebraic Varieties <= Affine algelbras

@ Fibre Bundles <= Projective Modules
o
Noncommutative Geometry:

Remove commutativity from the (algebraic part) of the
former list.
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e Topological Manifolds < Commutative C*-algebras
e Algebraic Varieties < Affine algebras

@ Fibre Bundles < Projective Modules
@ Product Space < "Tensor Product”
Noncommutative Geometry:

Remove commutativity from the (algebraic part) of the
former list.
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@ Forae A, b e B,in A® Bwe have that

(ae)(1eb)=(1b)(ax 1),
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@ Forae A, b e B,in A® Bwe have that
(aeN)(1eb)=(N1eb)(ax 1),

That is, the elements of each factor of a tensor
product commute to each other.
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The product space

Why the tensor product is not enough

@ Forae A, b e B,in A® Bwe have that
(aeN)(1eb)=(N1eb)(ax 1),

That is, the elements of each factor of a tensor
product commute to each other.

@ To avoid this commutativity, we replace the tensor
product by another object.
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@ Find out a better notion of product space.

@ Extend geometrical invariants from the factors to the
product,

@ Show that some old examples fits into this framework.
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@ Each of the factors embedds canonically in the
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Properties we want in a “product space”

@ Each of the factors embedds canonically in the
product space.

@ The “linear size” of the product space is the product
of the linear sizes of the factor

@ The dimension of the product space is the sum of the
dimensions of the factors.
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Construction of the product

Definition
We say that X is a twisted tensor product of the algebras A
and Biif:

@ We have iy : A— X and ig : B— X injective algebra
Maps.
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Construction of the product

Definition
We say that X is a twisted tensor product of the algebras A
and Biif:

@ We have iy : A— X and ig : B— X injective algebra
Maps.

@ The associated linear map a ® b —— ix(Q) - ig(B) is a
linear isomorphism.
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Twisting maps

Definition (Twisting map)

We say that alinearmap R: B® A — A ® Bis a twisting
map if it satisfies:

@ Ro(B®pua) = (1a®B)o (A R)o (R® A)
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Twisting maps

Definition (Twisting map)
We say that alinearmap R: B® A — A ® Bis a twisting
map if it satisfies:

Q@ Ro(B®ua) = (1a®B)o(A®R) o (R® A)

Q@ Ro(us®A) = (A®pg)o (R® B)o (B R)

Theorem

The map up = (ua ® ug) o (A® R® B) is an associative
productin A® B if, and only if, R is a twisting map.
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Twisting maps

Definition (Twisting map)
We say that alinearmap R: B® A — A ® Bis a twisting
map if it satisfies:

Q@ Ro(B®pua)=(1a®B)o(A®R) o (R® A)

Q@ Ro(us®A) = (A® ug)o (R®B)o (B® R)

Theorem

The map up = (ua ® ug) o (A® R® B) is an associative
productin A® B if, and only if, R is a twisting map.

We write A ®p B to denote the algebra (A ® B, up).
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Equivalence theorem

Theorem (Cap-Schichl-Vanzura, 1995)

Let (X, ia, ig) a twisted tensor product of A and B, then
there is a unique twisting map R : B&® A — A® B such that
X is isomorphic fo A®p B as a twisted fensor product.
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Equivalence theorem

Theorem (Cap-Schichl-Vanzura, 1995)

Let (X, ia, ig) a twisted tensor product of A and B, then
there is a unique twisting map R : B&® A — A® B such that
X is isomorphic fo A®p B as a twisted fensor product.

So, studying twisted tensor products is equivalent to study
twisting maps.
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Properties of twisting mayps (1)

Theorem (Extension to differential forms)

Any twistihng map R : B® A — A ® B extends fo a unique
twisting map R : QB ® QA — QA ® QB satisfying

Q Ro(dg®NA)=(c4® dg)o R,
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Properties of twisting mayps (1)

Theorem (Extension to differential forms)

Any twistihng map R : B® A — A ® B extends fo a unique
twisting map R : QB ® QA — QA ® QB satisfying

Q Ro(dg®NA)=(c4® dg)o R,
Q Ro(QB®da) = (da®ep)oR.
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Properties of twisting mayps (1)

Theorem (Extension to differential forms)

Any twistihng map R : B® A — A ® B extends fo a unique
twisting map R : QB ® QA — QA ® QB satisfying

Q Ro(dzg®QA) = (e4a® d) o R,

@ Ro(QB® d) = (da®eg)oR.
Moreover, QA @y QB is a graded differential algebra with
differential d(p ® w) = dap @ w + (= 1)y ® dgw.
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Properties of twisting maps ()

Theorem (Lifting of involutions)

A and B x—algebras, R : B A — A® B twisting map such
that
(Ro(p®ja)oT)o(Ro(fp®ja)oT)=A®B,
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Theorem (Lifting of involutions)

A and B x—algebras, R : B A — A ® B twisting map such
that

(Ro(s®ja)or)o(Ro(js®ja)or)=A®B,
then A ®p B is a x—algebra with involution R o (jg ® ja) o T.
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Braiding knotation

@ unit map on A: @
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@ Algebramap f: A— B: Q and I T
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@ Twisting conditions:
B A A

B A A

B A
® Twisingmap R: Be A— Ax B ¥/,
A B
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Braiding knotation
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@ Twisting conditions:
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ltferated version of the Twisted Tensor Product

@ A product of spaces should allow to multiply any
number of them.

@ Every single factor should be embedded in a
canonical way.

@ The product should be recovered from two-terms
products.



@ A Band C algebras,
@ Twisting maps

Ri:BRA— A®B,
R:C®B— B® C,
Rs :CRA—ARC

Q 7 :Co(A®p B) — (A®g B)® C given by
I =(A® R)o(R3s®B).

Q 7,:(Ber C)®A— Ax (Bxg, C) given by
Io=(R®C)o(B® Rs).

Are T, and T, twisting maps?
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Framework for this section

@ A.Band C algebras,

Q Twisting maps
Ry :BRA— A® B,
R:C®B— B®C,
Ry:CoA——A®C

Q 7 :C®(A®p B) — (A®p, B)® C given by
Ty == (A® Ry) o (Rs ® B).
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Framework for this section

@ A.Band C algebras,
Q Twisting maps

Ry :BRA— A® B,
R:C®B— B®C,
Ry :CoA—ARC

Q 7 :C®(A®p B) — (A®p, B)® C given by
Ty == (A® Ry) o (Rs ® B).

Q 7:(Bop C)®A— A® (Beg, C) given by
TQZ(R] ®C)O(B®R3).

Are Ty and T, twisting maps?
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The hexagon equation

Theorem
The following conditions are equivalent:
Q 7, is a twisting map.
Q T, is a twisting map.
© The maps Ry, R, and Ry satisfy the hexagon equation:

(A®R2)o(R3®@B)o(C@Ry) = (R ®C)o(BRRs)o(Ra®A),
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The hexagon equation

Theorem
The following conditions are equivalent:
Q 7, is a twisting map.
Q T, is a twisting map.
© The maps Ry, R, and Ry satisfy the hexagon equation:
(A®Rp)o(Rs®@B)o(C®R) = (Ri®C)o(BRR3)o(R®A),

If all the are satisfied, then A®r, (Bep, C) = (A®p, B) ®r, C.
In this case, we will denote this algebra by A @p, B®p, C.
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In braiding knotation, the hexagon equation is written as:
C B A CBA
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The hexagon equation

In braiding knotation, the hexagon equation is written as:

C B A CBA

\ah
SN

B C
that is, it is one of the Reidmeister’s moves for link
diagrams.
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Splitting of twisting maps

Theorem (Right splitting)

A, B, C be algebras, R, : B A— A® B and
T:C®(A®p B) — (A®p B)® C twisting maps. TFAE:
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Splitting of twisting maps

Theorem (Right splitting)
A, B, C be algebras, R, : B A— A® B and
T:C®(A®p B) — (A®p B)® C twisting maps. TFAE:

Q ThereexistR,: C®B—BCandRy: CA— A®C
twisting mayps such that T = (A® R») o (R ® B).
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Splitting of twisting maps

Theorem (Right splitting)
A, B, C be algebras, R, : B A— A® B and
T:C®(A®p B) — (A®p B)® C twisting maps. TFAE:
Q ThereexistR,: C®B—BCandRy: CA— A®C
twisting mayps such that T = (A® R») o (R ® B).
@ The map T satisfies the (right) splitting conditions:

INMC®(A®1)) € (A1) C,
IMCe®(1®B)) € (1B C.




The origin of our problem The Twisted Tensor Product
00000 00000000000

The Coherence Theorem

Iterating the Twisted Tensor Products
000000080000

Theorem (Coherence Theorem)

The twisting map conditions, together with the hexagon

conditions, are the only ones we need fo build a product
of any number of factors.




Differential Forms

Theorem

A, B, C be algebras, Ry, Ry, R3 compatible twisting maps.
Then the extended ftwisting maps Ry, R, and Ry also satisfy
the hexagon equation.

Moreover, QA ® R, QB ® 3 QC is a d.g.a., with differential

d=da@0BRAVC+ep@dgR@QC +ep®eg® de.
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Theorem

A, B, C be algebras, Ry, Ry, R3 compatible twisting maps.

Then the extended twisting maps Ry, R, and Ry also satisfy
the hexagon equation.
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Differential Forms

Theorem

A, B, C be algebras, Ry, Ry, R3 compatible twisting maps.
Then the extended twisting maps Ry, R, and Ry also satisfy
the hexagon equation.

Moreover, QA % QB ®%, QC is a d.g.a., with differential

Ad=Ada@0BRNVC+eadgROQC+epRep® dc.
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Involutions

Theorem

A, B, C be x—algebras, Ry, R,, R3 compatible twisting maps
such that

(Rio(s®ja)oTag) o (Rio(js®ja)oTaB) = A®B,
(Roo(jc®jg)otac) o (Roo(jc®Jg)ome) = B®C,
(Rzo(ic®ja)otac)o (Rso(jc®ja)otac) = AR®C.
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Involutions

Theorem

A, B, C be x—algebras, Ry, R,, R3 compatible twisting maps
such that

(Rio(s®ja)oTag) o (Rio(jg®ja)oTag) = A®B,
(Roo(jc®jg)otac) o (Roo(jc®Jg)ome) = B®C,
(Rzo(ic®ja)otac)o (Rso(jc®ja)otac) = AR®C.

Then A®p, B®p, C is a x—algebra with involution

J = (R®C)o(BRR3)o(R®A)o (jc®jg®ja)o
o(C ® 7ag) © (Tac ® B) o (A® 78¢),




0 The origin of our problem
@ Algebra-Geometry dualities
@ Objectives

© The Twisted Tensor Product
@ Definition and Properties
@ The braiding knotation

e Iterating the Twisted Tensor Products
@ The construction
@ The results
@ Examples



The origin of our problem The Twisted Tensor Product Iterating the Twisted Tensor Products
00000 00000000000 O0000000000e

Examples

@ Connes’ noncommutative plane associated to an
antisymmetric matrix, 8 = (6,,) € Mp(R), can be
realized as an iterated twisted tensor product.
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Examples

@ Connes’ noncommutative plane associated to an
antisymmetric matrix, 8 = (6,,) € Mp(R), can be
realized as an iterated twisted tensor product.

@ The Algebra of Observables of Nill-Szlachdnyi,
associated to a finite-dimensional Hopf algebra H
can be recovered as a direct limit of iterated twisted
tensor products.
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