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Problem Sheet 4

1. For maps z1, . . . , zn : R → C define

N = {(t1z1(s), . . . , tnzn(s)) ∈ Cn : s ∈ R, t1, . . . , tn ∈ R,
n∑

j=1

t2j = 1}.

(a) Show that N is special Lagrangian with phase i (so calibrated by ImΩ) if and only if

zj
dzj
ds

= ifjz1 . . . zn

for positive real functions fj .

(b) Suppose that fj = 1 for all j. Write zj = rje
iθj , let θ =

∑n
j=1 θj and suppose that zj(0) =

cj > 0. Show that r2j = c2j + u for some function u with u(0) = 0 and r1 . . . rn cos θ = c1 . . . cn.

(c) Suppose that u = t2 and hence show that

θj(t) =

∫ t

0

ajdt

(1 + ajt2)
√

1
t2

(
(1 + a1t2) . . . (1 + ant2)− 1

)
where aj = c−2

j . Deduce that θ → ±π
2 as t → ±∞.

(d) Hence describe the asymptotics of N for n ≥ 3.

2. Fix t > 0 and define

f : X = {(a1, . . . , an) ∈ Rn : aj ≥ 0} → Y = {(θ1, . . . , θn) ∈ Rn : θj ≥ 0,

n∑
j=1

θj <
π

2
}

by f(a1, . . . , an) = (θ1, . . . , θn) where

θj =

∫ t

0

ajdt

(1 + ajt2)
√

1
t2

(
(1 + a1t2) . . . (1 + ant2)− 1

) .
(a) Show that if n = 1, f : X → Y is surjective.

(b) For θ ∈ (0, π
2 ) define Hθ = {(θ1, . . . , θn) ∈ Y :

∑n
j=1 θj = θ}. Use Question 1 to show that

f−1(Hθ) ⊆ Sθ = {(a1, . . . , an) ∈ X : (1 + a1t
2) . . . (1 + ant

2) = cos−2 t}.
(c) Show by induction on n that f : Sθ → Hθ is surjective. (You may use the fact that if the

degree of f : ∂Sθ → ∂Hθ is 1 then the degree of f : Sθ → Hθ is 1.)

(d) Given any plane {(eiθ1x1, . . . e
iθnxn) : (x1, . . . , xn) ∈ Rn} where (θ1, . . . , θn) ∈ Y , θj ̸= 0 for

all j, show that there exists N as in Question 1 which intersects the plane in a hypersurface.

3. Let N be a compact associative submanifold in a G2 manifold (M,φ). Let φt for t ∈ (−ϵ, ϵ) be a

family of torsion-free G2 structures on M such that φ0 = φ.

(a) Show that if A is rigid then there exists δ ∈ (0, ϵ] so that for all t ∈ (0, δ) there exists a compact

deformation Nt of N so that Nt is associative in (M,φt).

(b) Suppose that Ker /D on ν(A) is 1-dimensional. Find a condition on φt which ensures that the

same conclusion as (a) holds.

4. Decompose ImO = ImH ⊕ H, let f : ImH → H be smooth and let N = Graph(f). Find the

condition on f for N to be associative.
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