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Fourier theory and separation of
variables






Chapter 1

Fourier series

1.1 The heat equation

What is the heat equation

The heat equation is a partial differential equation which governs the evolution of a tem-
perature distribution on a one-dimensional rod. If the rod has length L and is parametrised
by a coordinate x € [0, L] and ¢ denotes time then the temperature at time ¢ at position =
on the rod is given by a function ¢(z,t). The heat equation is

G(b_ 82¢
o Yo

where C'is a constant (we will usually take C' = 1) depending on the material of which
the rod is made (how well it conducts and heats up).

Where does this equation come from?

One can derive the heat equation from the following experimentally-observed facts: (a)
Heat flows down a temperature gradient. Moreover, it flows at a rate proportional to the
gradient %. Let us write A for the constant of proportionality (conductivity). Thus the
rate of change of heat energy is —Ag—f (the minus sign coming from the fact that heat flows
down the gradient). (b) A quantity AH of heat energy will change the temperature of a
segment of rod of length Az by BAH/Ax where B is a constant (related to the “specific
heat capacity” of the rod).

Given these two assumptions, if we focus on a small segment of rod between = and
x + Az for a short length of time At then the amount of heat energy which flows in at
the point x is approximately —A%(x)At and the amount which flows out at z + Az is
—A%(:p + Ax)At. Thus the total change in heat energy in this segment over the time

7



8 CHAPTER 1. FOURIER SERIES

interval At is

B 0¢ 0¢
This effects a change
%(x + Az) — 2

Ax
in temperature. Setting C' = AB, dividing by At and considering smaller and smaller
time intervals and rod segments Az, At — 0, this expression limits to

0¢ B 62gz5
o~ o

How to solve it?

Let’s assume for simplicity that C' = 1 and fix boundary conditions ¢(0,t) = ¢(m,t) = 0.
We can spot a few solutions by inspection. For example

¢1(x,t) =sinze™

—t 0%

o¢
ot e

5 = = —sinze " so ¢ satisfies the heat equation). So

is a solution (check: —sinze
does

¢2(z,t) = sin(2x)e” "
or, more generally,

On(x,t) = sin(nz)e ™
(we'll see later how to get these solutions systematically instead of just guessing them).
Moreover the heat equation is linear: a linear combination of solution is again a solution.

Indeed, under suitable convergence assumptions (allowing us to differentiate term-by-
term) we can take an infinite linear combination

oz, t) = Z A, sin(nz)e ™"
n=1

and the result is still a solution. So we have a vast bank of possible solutions, one for
each (suitably convergent) infinite sequence A,,.

If we start off with an initial temperature distribution ¢(z,0) = F(z) and fix the boundary
conditions as above then we should know the temperature everywhere at all times, so
which sequence A,, do we need to pick to get the right solution? Let us substitute the
solution into the initial condition:

F(z) = ¢(z,0) = Z A, sin(nx)

(the e’ terms are all equal to 1 at ¢ = 0). So the question becomes: given a function
F(x), when can we expand it as an infinite linear combination of sine functions? This
was the question that Fourier found himself asking after precisely this line of reasoning.



1.2. FOURIER THEORY

1.2 Fourier theory

Fourier theory provides an expansion of a (more-or-less) arbitrary function [-L, L] -+ R

in terms of sines and cosines.

Theorem 1.1. Any sufficiently nice function F': [—L, L] — R can be written as a Fourier series:

> nmx nmwx
P = et 3 (oneos () +bosin (7))
(x) c—i-; an cos { — + by, sin 7
For example, any function on [—m, 7| can be written as

F(z)=c+ Z (ay, cos(nx) + b, sin(nz)) .

n=1

The ay,, by, c are called the Fourier coefficients of F'.

“Sufficiently nice” could mean, for example, “differentiable except at a finite collection
of points”. When we say “can be written as” we mean that the series converges in some
sense to the original function. We will not prove this theorem and will defer discussion
of convergence till later. Instead, assuming that the theorem is true and that there are no
convergence issues, let’'s work out what the Fourier coefficients would have to be. First

we need a lemma.

Lemma 1.2. If n > 0 is an integer then

If m,n > 0 are integers then

L
/_L coSs (?) sin (m;r:zc) dz = 0.

Proof of (1.3). Using the trigonometric identity
cos(A — B) — cos(A + B) = 2sin(A) sin(B)
we can write the left-hand side of as

L _ L
1/ cos 702 m)m dr — 1/ cos 7(71 +m)ma dx

Since we are assuming that m,n > 0, we have n + m # 0 so, by (1.2), the second integral
vanishes. Again, by (L.2), the first integral equals %ZLémn = Lémn. O

(1.1)

(1.2)

(1.3)
(1.4)

(1.5)



10 CHAPTER 1. FOURIER SERIES
Using these formulae, we can find ¢, a,, and b,:

Theorem 1.3. If

F(z)=c+ Z (an oS <n_7lr/:v) + by, sin (?))

n=1
then
1 (L
c= ﬁ/—L F(z)dx (1.6)
1 L
A = Z/L F(x) cos <m2x> dx (1.7)
b —l/L F(z)sin (@) dx (1.8)
L), L ‘
Proof of (1.6).
L L 0 L
Fla)de = | cdo+ / i cos (122
/—L (z)d /_ch ngl _a COS(L)
> L nmwx
+ / by, sin [ —
> [ i (77)
=2Lc+0+40
S0 ¢ = ﬁffLF(x)dx O
Proof of (1.7).

/LL F(x) cos (mgm) dx = /LLCCOS (m;ra:

:0+Li5mnan+0

n=1

= La,,

SO

1 [F mmx
am—z/_LF(ac)cos( T )dm

The proof of (1.8) is left as an exercise.
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Example 1.4. Consider the function F'(x) = z on the interval [—7, 7| (i.e. L = 7). Its
Fourier coefficients are given by

1 T

:% o

1 [2)"
Com |2,

c xdx

1 s
a, = —/ T cos nrdx

™ -

Ay =)

=0+ L [cos(nz)]™

n2m 4

=0

(where we have used sin(+7) = 0 and cos(nm) = cos(—nn)) and

s
b, = —/  sin nzdx

—T

! ({_xcosflnm)}; . /_ cosflnx)>

= (—cos(nm)/n — cos(nm)/n) + % [sin(nz)]

™
—T

= —2cos(nm)/n
=2(—1)""/n

n

where we have used that cos(nm) = (—1)".

Therefore the Fourier series of F(x) = z on [—7, 7] is

(_1 n+1

xr=2 E sin(nx),
n
n=1

that is

1 2 3

We should think of this as an infinite series of approximations to x, obtained by truncat-
ing the sum after finitely many terms. We plot the graphs of these truncations in Figure
[L.2below and you can see that the graphs are tending (in some fairly weak sense) to the
graph of the straight line.

o (sin(x) _sin(e) | sin(3a) )

Notice that there is a shortcut to computing Fourier series when the function has certain
symmetries. A function F'is odd if F(—z) = —F(z) and even if F(—z) = F(z) (so F((z) =«
is odd and F'(z) = cos(x) is even).



12

CHAPTER 1. FOURIER SERIES

Figure 1.1: The graphs of 23

(-t

n

1

sin(nz) for N =1,2,3,4,5,6,7,8.
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Lemma 1.5. Suppose F' has Fourier series.

F(z)=c+ ; (an cos <n_zx) + by, sin (?))

If F is even then:
b bn =0,
®a,= %fOL F(z) cos (%3%) dz,

o c= %fOL F(z)dz.

If F is odd then:
o b, = %fOL F(z)sin (27%) dz,
e a,=0,
e c=0.

We saw this in the previous example: F'(z) = x is odd and we found a,, = ¢ = 0.

Proof of Lemma. Let us show that F(z) even implies b, = 0 (the other proofs proceed in exactly
the same way).

We have
1 [t . /nTx
by, = E/_LF(x)sm (T) dx

0 nrx L nwx
= % </_L F(z)sin (T) dz —|—/0 F(z)sin (T) dx)

(that is we split the range of the integral in half and perform each half separately). Substituting

u = —z in the first integral gives
/O Fla)si (@)d —/OF(_ )si —nmTu (—du)
» z)sin ( —— ) do = g u)sin | — u
using F'(—u) = F'(u) (evenness) and sin(—nmu/L) = —sin(nwu/L) we get
/O F(u)sin (@) du
L L
or
- /L F(u)sin (m) du
0 L

(swapping the limits of the integral swaps the sign). Therefore

bn:—ALF(U)Sin<7TL)dU+ALF($)SiH(7T)d$:0

as required. O

13



14 CHAPTER 1. FOURIER SERIES

Example 1.6. Consider (L = 1)

0 ifzel-1,0)
Flr)=<3 ifz=0
1 ifz e (0,1].

This function is neither odd nor even, but if we subtract 1/2 then we get an odd function
—1 ifze[-1,0)

ifx=0

if z € (0,1].

G(z) =

o= O

This has Fourier coefficients

1
b, = 2/ G(z) sin(nmz)dx
0

1
= / sin(nmx)dx
0

= %[— cos(nm)]h

1—(=1)"
nw
That means that b, = 2/n7 if n is odd and zero if n is even. Therefore G(z) = 2 sin(7z) +

= sin(3rz) + - -+ and

1 2 2
F((L’) = 5 -+ %Sin(ﬂ'ﬂf) + S—WSin(37T.]}) + .-

Example 1.7. Consider F'(z) = z? on the interval [—, . This function is even so b, = 0
automatically. We have
1 /7r ) 7'('3
c=— [ x%dr=—
T Jo 3

/ 2% cos(nx)
2sm /
— — | xsin(nx)
4
= —— ([_xcos } + —/ cos(nx)dx)
nm noJy nJo

and

alw
()

4 . 1 [ sin(n .0
e ey

n no,

A(=1)"
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therefore

m2_7r_2_4 COS$_COSQ$+COS31’_
-3 4 9

on [—, .

Half-range Fourier series

Often we only specify the values of a function on the interval [0, L] and we only want to
see sine terms in its Fourier expansion (we will see this when we solve the heat equation).

Definition 1.8. Suppose that F'(x) is a function [0, L] — R. Define its odd extension to be
the function
Fron() = F(x) %f r>0
—F(—z) ifz<0.

The half-range sine series of F' is then defined to be the Fourier series of F,,,, in other

words .
= Z b,, sin <@>
" L
n=1
on [0, L] where b, = £ fo )sin (22) da.

Analogously one can define the half-range cosine series by taking the Fourier series of

the even extension
F(z) ifz>0
Foua(z) =
() {F(—x) ifz <0.

Example 1.9. Consider the function F'(z) = z(m — x) on the interval [0, 7]. We have

2 s
b, = —/ z(m — ) sin(nx)dx
7r

2 1 [
- + —/ (m — 2x) cos(nzx)dx
us nJo

_ % ({(w - 21;)81“51 >E + % /O QSm(nx)dx)
A=)+ 1)

n3T
£ ifnisodd
— nem
0 if n is even

SO

sinz . sin2r  sin3z N >

x(w—x)zS( - sinx + S + T
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on [0, w]. Note that in this example, although the function z(7 — ) is not odd (or even!),
we are taking its odd extension and computing the Fourier series of that which is why
only sine terms appear. This is what we call the half-range sine series.

1.3 Parseval’s theorem

Theorem 1.10 (Parseval’s theorem). If F(z) = ¢+ Y " (a, cos (%5£) + b, sin (")) then

I 2 2 N2 g2
Z/ F(z)*dx = 2c —|—Z(an+bn).

—-L n=1

Proof. We have:

L ppan= L [ Qy+§;(anaﬁ( £) b, ﬁn(ngx))>dm
f/ F(x dx—!—za"/ ) cos $)dx+2%/iF(x)sin<T>dx

=2¢2 +Z (a® 4+ b2)

n=1

using the formulae for ¢, a,, b, given in Theorem[1.3} O

Corollary 1.11. We have
w2 1
T 2w
n=1

Proof. Take F(x) = z on [, 7]. We computed the Fourier series of F(z) on [—, 7] in Example
and found
IR
F(z) = Z — sin(nx).

n=1

Applying Parseval’s theorem implies that
[, = 4
il dr = =
| =y

- n=1

and the left-hand side equals 272 /3. Rearranging gives the desired relationship. O

Corollary 1.12. We have
m =1
n=1
Proof. Take F(z) = 22 on [—, 71]. We computed the Fourier series of F'(x) on [, 7] in Example
M. 7land found
7T
(kRO

'(l

COb na:
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Applying Parseval’s theorem implies that
[, 21t = 16
il dr = 22— =
T [ x ver=g n; nt

The left-hand side equals % so rearranging gives
L
90 16 \ 5 9 ) nt
as required. O

In general, when it converges, the sum ((s) := >~ - is called the Riemann zeta function

n=1 ns
4

so we have evaluated ((2) = %2 and ((4) = ¢;-

1.4 The Hilbert space picture

An analogy

Parseval’s theorem says that

F(z) —c—l—Z(ancos <nz )—i—b sin (m;x))

n=1
implies

1 [r =
7 / F(z)*dr = 2¢* + Z(ai + b2).
-L n=1

This looks a little bit like Pythagoras’s theorem, which says that
v = ae; + bey

implies that

lvf* = a® + b°.
Here e; and e, are an orthonormal basis for R? and |v|? denotes the squared length of the
vector v.

To make this analogy precise, we should consider F' as a vector in a vector space. Which
vector space? The vector space of real-valued functions on [—L, L]! You can add func-
tions, you can multiply them by real numbers and they obey the axioms (e.g. distribu-
tivity) required to form a vector space.

Then we should think of 1 (the constant function), cos (%7%) and sin (“2*) as basis vectors
in this space of functions. When we write F' as a Fourier series we are expanding in
terms of this basis. Notice that in the definition of “basis” we are only allowed to take
finite linear combinations of basis vectors, so Fourier series are something more general.

We say that 1, cos (“%) ,sin (%) form a Hilbert space basis for the space of functions.
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Notice that since our basis consists of infinitely many (linearly independent) functions,
our vector space must be infinite-dimensional.

We should also think of + ffL F(z)%dz as the “length” of the vector F. Indeed we will
think of
1 L
(F,G) = —/ F(z)G(x)dx
LJ-y
as a “dot product” (or inner product) between functions F' and G thought of as vectors
in the vector space of functions. With respect to this inner product, the basis vectors 1,

cos (%) and sin ("7%) satisfy orthogonality relations

< i (mm) (mm;)> 1 /L ) (nmc <m7r:v>d 0
Ssin | —— COS | —— = S1In | — ) COS €r =
L/’ L I L L

by the Fourier integral identities! This makes it almost an orthonormal basis - the only
problem being that 1 has length 2. Normalising this we get a unit vector 1/v/2. This
accounts for the random factor of 2 that crops up in Parseval’s theorem in front of 2.

In general a (rea]E[) Hilbert space is a vector space over R with an inner product satisfying:
o (r,y) = (y, ),
o (ax+by, z) =alx, z)+ by, z),
e ||z]|? := (x,2) > 0 with equality if and only if z = 0,

e the space is complete in the following sense. Suppose that v is a sequence of vectors
such that S~ | [|lug[|? < oc. Then there exists a vector v such that

N
U—Evk

k=1

—0

as N — oo.

This final axiom is the important one. It allows us to make sense of infinite sums like
Fourier series.

There are also complex Hilbert spaces.
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A word about convergence

Note that (F, F') only makes sense if ' is integrable. So we should restrict to functions
for which ffL F(z)*dz exists and is finite. These are called L*-functions and the inner
product (,) is called the L*-inner product ((F, F') is called the L*-norm of F). We often
write || F||> = (F, F).

The convergence of a Fourier series to F is to be understood in the L? sense, that is if
Fy=c+YN, (an cos (Z£) + by, sin (22£) ) then

|F — Fy||*> = 0as N — oo.

This is a relatively weak notion of convergence. It means that the squared difference
between the function and its Nth Fourier approximation is small on average (but not nec-
essarily small everywhere). This is known as a least-squares approximation. There are
certainly examples where, for some x, Fix(xy) does not converge to F'(zy) as N — oo.
This happens for example at a discontinuity of F' (see the pictures of the Fourier series of
F(z) = x on [—m, 7], for example - you can think of this as having a discontinuity at +m
because if you wrap back around then the function jumps down from 7 to —). The least-
squares convergence means that the region in which the function is poorly-approximated
gets smaller and smaller as /V increases.

For some functions (e.g. differentiable functions) the Fourier series does converge point-
wise everywhere (i.e. Fy(zo) — F/(zo) for all z). Here differentiability is understood to
mean that even if we extend F' periodically to the whole of R by setting F(x + 2nL) =
F(z), then the result is differentiable (this is not the case for F'(z) = z).
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Chapter 2

Separation of variables

2.1 Separation of variables for the heat equation

When we explained how to solve the heat equation we guessed an infinite collection of
solutions sin nze™"*. In this section we will see how to derive these solutions systemati-
cally.

Separating variables

Definition 2.1. A separated solution to the heat equation is a solution which has the form
¢(z,t) = X(x)T'(t) (where X is a function depending only on x and 7" is a function de-
pending only on t). We will denote the derivative d.X/dz by X’ and the derivative d7'/dt
also by 7”; in other words, a prime on a function of a single variable means “differentiate
with respect to the variable”.

Lemma 2.2. If XT is a separated solution then there is a constant \ such that X" = —\X and
T" = —\T (the minus sign is just a convention to make our lives easier later).

Proof. The heat equation states that
o6 9%

ot Ox?
Differentiating XT with respect to ¢ gives X7T". Differentiating twice with respect to z give
X"T. Therefore the heat equation implies

XT' = X"T.
Dividing through by XT gives
T/ X//
T X
We define this quantity to be —A(z,t). Since —A(z,t) = X" /X does not depend on ¢ and
—A(z,t) =T'/T does not depend on x, we see that X is constant. O

21
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Solving for the separated solutions

Solving the two ordinary differential equations in Lemma 2.2 we get:

t

Corollary 2.3. If XT is a separated solution to the heat equation then T = e~ and

Acospx + Bsinpx ifA=p>>0
X={Ac+B ifA=0
Acoshpr + Bsinhpr if A\ = —p* <0.

Fitting to boundary conditions

We now have a large array of separated solutions. To narrow this down we will impose
some boundary conditions at the ends of the rod. Two common boundary conditions are:

e Dirichlet boundary conditions (where you specify the values of ¢ at the endpoints
of the rod):
¢(0,t) = M, ¢(L,t) = N.

This means that we keep the endpoints of the rod at constant temperature.

o¢

e Neumann boundary conditions (where you specify the values of the derivative 72

at the endpoints of the rod):

99000 990 -
So(0,6) =0, SE(L1)=0.

Since the flow of heat is proportional to the gradient of ¢ this implies that there is
no heat flowing out of the ends of the rod, i.e. the ends are insulated.

To find a unique solution to the heat equation we will also need to impose an initial
condition ¢(z,0) = F(z) for some function F.

Remark 2.4. We can make a modification to assume M = N = 0. If ¢(x, t) is a solution to
the heat equation satisfying the Dirichlet conditions

¢(0,t) =M, &(L,t) =N, ¢(z,0) = F(z)
and ¢o(z,t) = M + XMz then 0(z, t) = ¢(x,t) — do(z, t) is a solution of the heat equation
satisfying the boundary conditions
0(0,) = 0(L,1) = 0, 0(2,0) = F(z) — o(x,0).

Note that 0 is a linear combination of solutions to the heat equation, so it is automatically
a solution since the equation is linear.

For a separated solution ¢ = X7 to satisfy the Dirichlet conditions ¢(0,t) = ¢(L,t) = 0
implies X (0)7'(t) = X(L)T'(t) = 0 for all ¢, so X(0) = X(L) = 0 or " = 0. We are not
interested in the trivial solution ¢ = 0, so let us examine the consequences of imposing
X(0)=X(L)=0.
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Lemma 2.5. A separated solution XT' of the heat equation satisfying X (0) = X (L) = 0 has the
form
Bsin (?) e

Proof. If A = —p? < 0 then the boundary conditions imply:
0 = Acosh(0) + Bsinh(0)
=A=A=0,
0 = Acosh(pL) + Bsinh(pL)
= Bsinh(pL)as A=0
= B =0as sinh(pL) # 0.
so the only possibility is the trivial solution A = B = 0.

If A = 0 then the boundary conditions imply:

0=Ax0+2£B
=B = B=0,
0=AL+B
=ALasB =0
= A=0.

Finally, if A = p? > 0 then the boundary conditions imply:

0= Acos0+ Bsin0
=A=A=0,

0= AcospL + BsinpL
= BsinpLas A=0
= B =0or sinpL =0.

The only way to get a nontrivial solution is therefore if sinpL = 0 or pL = nr for some n € Z.
Therefore X = Bsin (“7%) and T = e—nimit/L? 0

Neumann conditions translate into X'(0) = X’(L) = 0.
Lemma 2.6. A separated solution XT of the heat equation satisfying X'(0) = X'(L) = 0 has
the form

Acos <n_;r;x> eI

Proof. Exercise. O

Ansatz

We can now take an arbitrary linear combination of separated solutions and the result is
again a solution to the heat equation by linearity of the heat equation. Our strategy in
solving the heat equation will therefore be: guess that the final solution has the form

> nmtx 2.-24/72
1) = Bn : < ) —n?m?t/L
o(z,t) 521 sin (—— )
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and try to choose the coefficients B, to fit the initial condition ¢(x,0) = F(z). This

is called making an Ansatz (“an educated guess that is later verified by its results” -
Wikipedia).

Fitting to initial conditions

Substituting the Ansatz into the initial condition gives

F(z) = é(z,0) = iBn sin (”—zf“’)

because ¢~ 7 /1" = 1. Therefore we see that B, is the nth coefficient in the half-range

Fourier sine series for F(z).

Examples

Example 2.7. Solve the heat equation with the initial condition ¢(z,0) = —z? and the
Dirichlet boundary conditions ¢(0,¢) = 0, ¢(r,t) = —7°.

Wehave M =0, N = —7? 50 ¢g(z,t) = —mx. Therefore ¢ = ¢ + 6 where 0 solves the heat
equation with the initial condition 6(z,0) = —2* — (—7z) = z(7 — ) and the boundary
conditions #(0,t) = 6(r,t) = 0. We make the Ansatz 0(z,t) = 3.°° | B, sin(nz)e™""* for 6
and substitute in the initial condition #(z,0) = z(7 — ) to get

x(m—x) = Z B, sin(nzx).

Therefore B, is the nth Fourier coefficient of z(m — z), which we found in Example|1.9|to

be

4
B,=—((-1)" +1).
(D)™ )

Therefore the final solution is
d(x,t) = —x + i i((—l)”Jrl + 1) sin(nz)e ™",
’ — ndm

Remark 2.8. Notice that the higher Fourier modes (the terms with large n in the sum)
decay like e~""*, faster than when n is small. Physically this makes sense: heat flows
down a temperature gradient and when n is large, sin(nxz) is very wiggly (it has large
gradient). Therefore heat flows more quickly to even out the temperature distribution.
Ast — oo the distribution tends to the linear temperature distribution —7z (a so-called
steady solution to the heat equation because it does not depend on ?).
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Remark 2.9. If A < 0 then e~* would quickly get large. This would be unphysical: tem-
perature distributions don’t just spontaneously get hotter! This shows that the choice of
boundary conditions is an important part of the physical input into the problem.

Example 2.10. Solve the heat equation with the Neumann conditions % (0,t) = % (m,t) =
0 and the initial condition ¢(z,0) = sin® 2.

In this example we don’t need to modify with a ¢, term but we do need to use A cos(nx)e™™"
rather than the sine solution like the previous example, because we are using Neumann
conditions. Note that by trigonometry we have sin* z = 1(1 — cos(2z)) which is the half-
range Fourier cosine series of sin” z (there’s only one way to express a given function as

a Fourier cosine series and this is it for sin® z).

The Ansatz is -
o(x,t) = Z A, cos(nx)e "t
n=1

and the initial condition gives
sinz = ¢(x,0) = Z A, cos(nx)
n=1

so, comparing with the Fourier series sin® z = $(1 — cos(2z)) we see that Ag = 1, 4, = —
and all other coefficients vanish. Therefore

N[ =

1 1
o(x,t) = 575 cos(2x)e .

2.2 Separation of variables: the general strategy

e Separate variables and find the separated solutions.
e Determine which separated solutions satisfy the boundary conditions.

e Form an Ansatz for the general solution by taking an infinite linear combination of
the separated solutions satisfying the boundary conditions.

e Choose the coefficients in the Ansatz to fit the initial conditions.

Sometimes one also needs to modify the problem by subtracting off a simple (e.g. lin-
ear) solution to make the boundary conditions amenable to solution by the Ansatz. For
example, we saw this in Remark 2.4/and we will see it again!

2.3 The wave equation

The wave equation is
1% 9%

2o 2
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where c is a constant called the wave speed. It describes
e vibrations in a one-dimensional string,
e waves in water,
e electromagnetic waves.

In each case, ¢(z,t) describes the displacement (vertical displacement of the string or of
the water surface, displacement of the electric or magnetic field away from zero) at the
point z at time ¢. We will derive it later from a variational principle: the string is trying to
tind the optimal balance between its kinetic energy and internal tension potential energy.

If p(x,t) = X (2)T'(t) is a separated solution then

1 /! "
?X T"=X"T
SO CE—; = X7" = —\is a constant. Therefore X" = —\X, giving

Acospr + Bsinpr ifA=p*>0
X=<Ar+ B ifA=0
Acoshpr + Bsinhpr if A= —p? <0,

and 7" = —*\T, giving

C cospct + D sinpct ifA=p*>0
T'=<:Ct+D itA=0

C coshpct + Dsinhpet  if A = —p? < 0.

The boundary conditions we will impose are either Dirichlet conditions
X(0)=M, X(L)=N
or Neumann conditions
X'(0) =X'(L) =0.
Since the wave equation is second order in ¢, we will additionally need two initial condi-
tions,
0¢
¢(z,0) = F(x), E(x, 0) = G(x).

We will focus on the Dirichlet conditions with A/ = N = 0. As in Lemma these
conditions imply
nwx)

X(z) = sin (T

for some n € Z. A general Ansatz for these boundary conditions is therefore

> nmct nmct nwx
c, D n (222).
1 < cos < i ) + Dy sin < i )) sin i

n
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Example 2.11. Solve the wave equation for a string of length L = 7 subject to the initial

conditions
09

o(z,0) = z(r — x), E(w, 0) =0.

We need to satisfy
o(z,0) = Z Cypsin(nz) = x(m — x)

n=1

so C,, must be the nth Fourier coefficient of (7 — ), i.e.

4

= —((-)"*" +1).
Co= (=1 +1)
We also need to satisfy
d¢ = ,
E(as, 0) = ;(nc)Dn sin(nz) =0

so (nmc/L)D,, must be the nth Fourier coefficient of 0, i.e.
D, =0.

The solution is therefore
i 4 n+1 + 1)

n=1

sin(nct) sin(nx).

Example 2.12. Solve the wave equation for a string of length L = 7 subject to the initial

conditions
19l0) x ifx €[0,7/2]
) 0) = Oa YRGS 0) = .
?z,0) ot (=0) {W—ZL‘ ifx e /2,7

We need to satisfy
0) = Z Cysin(nx) =0
n=1

so C,, = 0. We also need to satisfy

0) = neD,sin(nz) = {x if z € [0,7/2]

T—x ifxer/2,7.

so ncD,, must be the nth Fourier coefficient of this function. This means

4sin(nm/2)

D, = 3
nscm

and therefore
4 2)
E 4sin(n7/2) sin(nct) sin(nx).

— nder
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Remark 2.13. The solution

t t
sin (?) (C’n cos <n7£c ) + D, sin <n7£c ))

is called the nth mode of vibration. Notice that the higher modes oscillate faster and
have shorter wavelength. The nth mode oscillates once every 2L /nc units of time (so the
period of oscillation is 2L/nc) and has wavelength 2L /n. This tells us that the frequency
of oscillation (f, the reciprocal of the period) times the wavelength always equals c:

A =c

Other, nonlinear, wave equations have more interesting relationships between frequency,
wavelength of wave speed.

2.4 Equations with discontinuities

Consider the wave equation
1 9% 0%
c(x)2 o2 Oz

but with discontinuously varying speed

Separating variables we get

or
T// X//
? = C(.CE)QY = —)\
The equation for T"is 7" = —\T" so we get

C cospt + D sin pt ifA=p2>0
T=<Ct+D ifA=0
Ccoshpt + Dsinhpt if A = —p* < 0.

For X the equation is

o [P e <o
~IAX ifr>0
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which has solutions

( Acospr + Bsinpx ifA=p*>0
(r<0) X=<K Az +B ifA=0

( Acoshpz + Bsinhpr  if A = —p® <0,

(A’ cos p /2 + B sin px /2 ifA=p>>0
(x>0) X=<R Ao+ DB ifA=0

| A’ coshpz/2 4+ B'sinhpz/2  if A = —p* <0,

Now we have six constants A, B, A’, B, C, D which we have to fix somehow using bound-
ary conditions. This is because of the discontinuity - we have to find a way to match up
different solutions on either side of the discontinuity. The easiest way is to require that
our solutions are (a) continuous and (b) continuously differentiable, even across the in-
terface at = 0. This is called an interface condition.

If X is continuous at z = 0 then the limit lim,_,, X (z) must give the same answer however
we compute it, whether the limit is taken through negative or positive values of x. This
means that

iiL%(A cospxr + Bsinpzr) = A

must agree with
lir%(A’ cospr/2 + B'sinpx/2) = A
—

ie. A=A

If X' is continuous at = 0 then the limit lim,_,, X'(z) must give the same answer how-
ever we compute it, whether the limit is taken through negative or positive values of z.
This means that

lim (—Apsinpx + Bpcospz) = Bp

z—0

must agree with
hn%(—A’(p/Q) sinpz/2 + B'(p/2) cos px/2) = B'p/2
r—r
so B’ = 2B. So, for example, if X = sin(pzr) on z < 0 then X = 2sin(pz/2) on z > 0.

Example 2.14. Suppose that the speed of light is 2 and that we are shining a torch into
a very murky fishtank in which the speed of light is only 1. Suppose that the interface
between the tank and the outside world is at = 0 (the tank being in the region = < 0).
Suppose, moreover, that the light that makes it through into the fishtank is described by
the function asin(z + t). To see that this solves the wave equation, notice that it equals
ta (sinz cost + sint cos z) which is a sum of separated solutions (in the region where the
speed of light is 1). To understand physically what it means, notice that at each time ¢
the graph is a sine curve that has been translated to the left by a distance ¢ (e.g. at time
0 its maxima occur at z = nr; at time ¢ its maxima occur at x = nm — t). Physically, this
corresponds to a left-moving light wave.
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We are going to assume that our solution satisfies the interface condition (continuity and
differentiability at x = 0) and we want to understand what the solution looks like in the
x > 0 region. Writing the solution in the x < 0 region as

20 (sinzcost + sint cosx)

we can analyse these two terms separately.

The first has X = §sinzin2z < 0 (so A = 0, B = «/2) and therefore in the z > 0 region
weneed A’ =0, B’ = o, giving asin(z/2) cost in total.

The second has X = S cosrinz < 0(so A = /2, B = 0) and therefore in the z > 0 region
weneed A’ = /2, B' = 0, giving § cos(x/2) sint in total.
Adding these gives us

asin(z/2) cost + % cos(z/2)sint

as the solution, which we can rewrite (using trigonometry) as
3
70‘ sin((a/2) + ) + %sin((x/?) — ).

This is a superposition of two sine waves. The first one is left-moving as before and
has amplitude 3a/2; this corresponds to the torchlight we are shining into the tank. The
second is right-moving and has amplitude «/2; this corresponds to torchlight which has
been reflected by the tank. Therefore 2/3 of the incoming light is transmitted, 1/3 is
reflected.

2.5 Laplace’s equation

Laplace’s equation
0? 0?
7o P
ox?  Oy?
describes various interesting physical phenomena. For example, it is satisfied by the
electrostatic potential on a two-dimensional surface (coordinates (x,y)), or by a steady
temperature distribution (independent of time), again on a two-dimensional surface. If
we seek separated solutions ¢(z,y) = X (z)Y (y) then we find

0

X"Y + XY" =0
SO
X"/X = —Y"]Y = -\,
This gives
A cos pr + Bsin pr if\=p>>0
X=< Az + B ifA=0
Acoshpzr + Bsinhpr if A= —p? <0,
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and
Ccoshpy + Dsinhpy if A=p? >0
Y=<Cy+D ifA=0
C cos py + D sinpy if \ = —p%<0.

The simplest Dirichlet problem

For simplicity, we will consider first the following situation: we look for a solution de-
fined on the square {(z,y) € [0, L] x [0, L]} satisfying

¢(x,0) =0 ¢(x, L) = F(z)
$(0,y) =0 ¢(L,y) =0

for some given function F'(z). We will represent this problem by the diagram

¢(z,L) = F(z)

o(0,y) =0| o(z,y) |o(L,y) =

¢(z,0) =0

Lemma 2.15. The only separated solutions satisfying the three conditions

o(x,0)=0
¢(0,y) =0 o(L,y) =0

have the form

D, sin <?> sinh (n—zy> .

Proof. The boundary conditions imply X (0) = X (L) = 0 and Y (0) = 0. As in Lemma the first

nTx

two imply X (z) = sin (2F2) for some n € Z. In particular, A = n?x?/L? > 0, so

Y (y) = C), cosh (%) + D,, sinh (%)
The condition Y (0) = 0 implies
0=Y(0) =Cp,

so the only possibility is

D,, sin (?) sinh (%) .

The Ansatz for a solution to the problem
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¢(x, L) = F(x)

¢(0,y) =0| o(z,y) |o(L,y)=0

¢(x,0) =
is then .
_ in (7Y ginh (7Y
o(z,y) = ;Dn&n( 7 )smh( 7 ) :
Substituting in the final boundary condition

¢(z, L) = F(x)

gives
= nmr
Flz) =" Dysin (“7- ) sinh
(x) ; sin ( —— ) sin (nm)
so D, sinh(nm) is the nth Fourier coefficient of F.

Example 2.16. Solve

¢(x,m) = 2sin(x) cos(x)

¢(0,y) =0| é(z,y) |d(m,y)=

¢(z,0) =0

In this simple example, the Fourier series of the function F(z) = 2sin(x) cos(z) = sin(2x)
has only one term, namely sin(2x). Therefore D, sinh(27) = 1 and Dy = 1/sinh(27),
which means

sinh(2y)

) = sinh(27)

sin(nz)

More complicated Dirichlet problems: zero at the corners

We now want to solve more complicated Dirichlet problems, like

¢(z, L) = F(z)

0(0,y) =1(y)| o(x,y) |o(L,y)=GCG(y)

¢(z,0) = H(z)
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for given functions F', G, H, I. Assume that the corner values

¢(0,0), ¢(0, L), ¢(L,0), ¢(L, L)

are all zero. We can consider the four Dirichlet problems separately. The vanishing of
corner values means that the new Dirichlet problems all have continuous boundary data
(there are no discontinuous jumps at the corners).

¢1(z, L) = F(x)

¢1(07y) =0 ¢1(ZL‘,y) ¢1(L7y) =0

(bl(l’,()) =0

¢2(ZE, L) = O

$2(0,y) =0 do(x,y) |P2(L,y) = G(y)

¢2(I, 0) =

¢(z,L)=0

¢(0,y) =0 ¢3(z,y) |d(L,y) =

¢($,0) = H(l’)

¢(z, L) =0

0(0,y) =1(y) | da(z,y) |O(L,y) =

¢(x,0)=0

Since the Laplace equation is linear, if we solve these four problems individually and
add them up then the result is a solution to the problem with all boundary conditions
imposed simultaneously.

What are the revelant Ansatze for these new boundary problems? By symmetry, the
problems ¢, and ¢, are related by reflection along the line z = y, in other words by the
symmetry which switches the variables x and y. Therefore if

sinh (72)

L

> . (NTT
¢1(z,y) = ;Fn sm( L ) sinh(n)
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is a suitable Ansatz for ¢, then

sinh (%)

= . (nTy
G2(,y) :;Gnsm( L ) sinh(n)

is a suitable Ansatz for ¢,. The coefficients (G,, will turn out to be the Fourier coefficients
of G.

Similarly, the problem for ¢ is related to the problem for ¢; by the symmetry given by
reflecting in the line y = L/2, in other words by the change of variables (z,y) — (z, L—y).
So the Ansatz is

nm(L—y)
o0 N smh( 7 )
@s(x,y) nz:l T sinh(n)

and H,, will be the nth Fourier coefficient of H.

Finally, the problem for ¢, is related to the problem for ¢, by reflecting in the line z = L /2,
in other words by sending (z,y) — (L — z,y), hence the Ansatz is

L

) inh (me@=2)
oule9) = 3 Losin () Sln:irgh(m) )

where I,, will be the nth Fourier coefficient of /.

Example 2.17. Solve

¢(x, ) = 2sin(z) cos(x)

¢(0,y) =sin(y) | é(x,y) |o(m,y) =

¢(z,0) =0

Note that this vanishes at the corners of the square so we can separate it into two prob-
lems ¢ = ¢1 + ¢4 where ¢; and ¢, solve the problems

¢1(x, ) = 2sin(x) cos(x)

$1(0,y) =0 ¢1(x,y) | Pu(m,y) =

¢1(ZL’, O) = O
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Gy(x,m) =0

¢4(0,y) = sin(y) | da(z,y) | da(m,y) =0

(Z54 (.CL’, 0) =0
The ¢; problem we have already solved (Example [2.16):

sinh(2y)
sinh(27)

¢1 (‘Ta y) = Sil’l(2 )
The ¢4 problem has Ansatz

nm(L—x)
nry smh( nn(l-z) T )
ZI sm( )
sinh(n)

(where L = 7) and I, is supposed to be the nth Fourier coefficient of sin(y), so /; = 1 and
I, = 0 for all n > 1. Therefore

sinh (7 — x)

¢4(ZL’, y) = sin (ﬂ—y> Sinh(ﬂ')

Hence the solution is

inh inh (7 —
oa9) = sin(2a) St +sin () =)
Example 2.18. Solve
(o, 7) = x® — 7
¢(07 y) = QZ5(JI, y) qb(ﬂ-v y) = ﬂ-yz - 7T2y

¢(x,0) =0
Note that this vanishes at the corners of the square so we can separate it into two prob-
lems ¢ = ¢, + ¢ where ¢; and ¢, solve the problems

¢ (x, ) = 23 — 71

$1(0,y) = 0| ¢1(w,y) | pa(m,y) =0

¢1(x,0) =0
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§Z§2(§C,7T) =0

gbg(O, y) =0 gb?(l‘ay) @2(71',?/) = 7Ty2 - 7T2y

(bg(.f, 0) =0

For the first of these we use the Ansatz

> . /nmx sinh (&
o) =3 Fosin (UF0) S
where F, is the Fourier coefficient of x* — 72z, that is
2 T
F, = —/ (2% — 7%x) sin(nx)dr =
0

7

sinh(nm)

12(—1)"
nd

For the second we use the Ansatz
- . /nmy\ sinh (”Lﬂ)
O2(:y) ; T sinh(nm)
where G, is the Fourier coefficient of 7y? — 72y, that is
2 ™
G, = =m / (y* — my) sin(ny)dy = —
0

7

A=)+ 1)

Therefore in total, the solution is

e =3 (12<—1>" g (22) SR UR)  MED ) g, ey sind @)) |

n3 L / sinh(nn) 3 L / sinh(nr)

n=1

More complicated Dirichlet problems: nonzero at the corners

Finally we want to be able to solve problems like

¢(z, L) = F(x)

0(0,y) =1(y)| o(x,y) |o(L,y)=GCG(y)

for given functions F', G, H, I but where the corner values
#(0,0) =M, ¢(0,L) =Q, ¢(L,0) =N, ¢(L,L) =P

are potentially nonzero. To do this we will reduce to the previous case.
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Lemma 2.19. For any four numbers M, N, P, () € R, there exists a solution
¢o(z,y) = Azy+ Bx +Cy+ D
to Laplace’s equation which satisfies

¢0(070) = M7 ¢0(07L) = Qv gbO(LvO) = N? ¢0(L7L) =P

Proof. Any function of the form ¢ (z,y) = Azy + Bx + Cy + D is a solution to Laplace’s equation
(substitute it in and check!). There are four unknown constants A, B, C, D and four conditions
on the corner values and we can use these to fix the constants. For example:

$0(0,0) = A0> + BO+C0+D =D
so we need to take D = M. Similarly we have
¢0(L,0) = BL+ D

and D = M, so to fit the corner value ¢¢(L,0) = N we need B = (N — M)/L. Similarly
C = (P — M)/L. Finally

¢o(L,L) = AL + BL+CL+D = AL* + (N — M)+ (P - M)+ M

s0 ¢o(L,L) = Q means that Q = AL> + N+ P — M so A = (Q + M — N — P)/L?. This fixes
A,B,C,Dinterms of M, N, P, Q. O

Now to solve

¢(z, L) = F(x)

0(0,y) =1(y)| o(x,y) |o(L,y)=GCG(y)

¢(z,0) = H(z)
where the corner values are
¢(0,0) = M, ¢(0,L) = Q, ¢(L,0) =N, ¢(L,L) =P
we first find ¢, with the same corner values (using the lemma) and then define

Q(ZE,y) = ¢(x7y) - ¢0($,y).

This is again a solution to Laplace’s equation (by linearity) and satisfies the modified
boundary conditions

0(z,L) = F(x)

0(0,y) =1I(y)| O(z.y) |0(L,y)=GC(y)
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where
F(z) = F(z) — ¢o(x, L)
G(y) = G(z) — ¢o(L, y)
H(x) = H(x) — ¢o(,0)
I(y) = I(y) — ¢0(0,y)

Since this now has vanishing corner values, we can solve it as before by splitting into
four independent problems 6, ..., 60, and using our Ansédtze. Finally the solution ¢ is
given by

O =g+ 01+ 0y + 05+ 0.

Example 2.20. Solve Laplace’s equation subject to the boundary conditions

é(x, ) = 2°

0(0,y) =0 o(z,y) |o(m,y)=my*

¢(z,0) =0
The corner values are
$(0,0) =M =0, ¢(0,7) =Q =0, ¢(7,0) =N =0, ¢(m,7) = P =7°.

You can see this just by substituting values for z and y into the boundary conditions,
for example, to get ¢(m,7) = 7 you can either do ¢(m, 7) = n(7?) (putting y = 7 into
the boundary condition ¢(r,y) = my?) or (7, 7) = 7 (putting z = 7 into the boundary
condition ¢(x, 7) = ).

Following the proof of the lemma it is easy to see that the function ¢, with the same
corner values as ¢ is mxy. Therefore we need to seek 0 = ¢ — ¢y = ¢ — mry which now
satisfies the modified boundary conditions

O(x,7) = 2° — 72z

0(0,y) =0| O(z,y) |0(m,y)=my*>— 72y

0(x,0) =0

which we already solved in Example The solution was

nmy

Bz, y) = i (12(_3”” sin (275 sinh (*7) _ 4((-D)""'+ 1) (2 sinh (%))

n L / sinh(nr) n3 L / sinh(nm)
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so the final solution is
o(x,y) = 0(z,y) + my

(where 0 is given in the previous equation).

2.6 Summary

We have a general strategy for solving certain PDEs using separation of variables:
e Separate variables and find the separated solutions.
e Determine which separated solutions satisfy the boundary conditions.

e Form an Ansatz for the general solution by taking an infinite linear combination of
the separated solutions satisfying the boundary conditions.

e Choose the coefficients in the Ansatz to fit the initial conditions.

Sometimes this needs to be modified by either adding on a simple solution like Az + B or
Azy+Bx+Cy+ D or by breaking up into simpler subproblems. Sometimes the boundary
conditions are really interface conditions (like requiring continuity or continuous differ-
entiability at an interface). We have seen a number of examples of how this works in
practice; more generally you have to use your imagination!
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Chapter 3

Straight lines are shortest paths

We now turn to optimisation problems over infinite-dimensional spaces (spaces of func-
tions or paths). For example:

e minimising the length of a path between two points,
e minimising the surface tension of a soap film,
e minimising the length of a loop which encircles a given area.

The idea is to consider (for example) the length functional as a function on the space of
paths and to find its critical points. This is called the calculus of variations. We illustrate
it in this lecture by proving;:

Theorem 3.1. A straight line is the shortest path between two points in the plane.

Recall (seehttp://youtu.be/bM_kl1lC-oAzg) that the length of a smooth pathy: [0,1] —

R? is the integral
1
| o
0

If v(t) = (z1(t), z2(t)) in coordinates then this is just
1
/ \/ &2 + &3dt.
0

3.1 Proof

We will prove the theorem in two stages.

1. We introduce the action of a path,

A0) = [ o
43
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which is something like the kinetic energy of the path. We have

1 2 1
[ wial < [ e
0 0

by the Cauchy-Schwarz inequality, with equality if and only if |§(¢)| is constant.
Now we can always reparametrise a path so that |¥(¢)| is constant (just move along
the path with constant speed L()). Reparametrising a path does not change its
length. The outcome of this argument is that it suffices to show that a straight line
minimises action.

2. Now we have to prove:

Proposition 3.2. A straight line minimises the action integral

1
/ (i2 + i2) dt
0
amongst all smooth paths between two points in the plane.

Proof. Let v: [0,1] — R? be the straight line connecting the two given points, parametrised with
constant speed L(y) and write v(t) = (71(¢), 72(t). Suppose that ¢ is another path joining the
two given points and write §(t) = (§1(t), d2(¢)). Define ¢;(t) = 0;(t) — v:(¢) (¢ = 1,2) so that we
can write § = y + €. Since both paths have the same endpoints, €(0) = e(1) = 0.

Now
1 .
A(é):/ 16[2dt
0
1
z/ (|51 + [€]* + 2% - €) dt
0
1
:A('y)—i—A(e)—i—?/ A - édt
0

Since 7 is constant (it is the tangent vector to a straight line) this final integral is

1 1
2/ 1-édt=2y-/ édt
0 0

25 - (e(1) — €(0))
by the fundamental theorem of calculus. This vanishes because €(0) = ¢(1) = 0. Thus

A(8) = A(y) + A(e)

which is

which is greater than or equal to A(y) with equality if and only if § = « because fol |é[?dt > 0
with equality if and only if ¢ = 0, if and only if €(¢) = €(0) = 0 for all ¢. O

3.2 Dissecting the proof

This proof worked so well because the problem was so simple. Most variational prob-
lems do not have nice easy solutions like straight lines. We will abstract the key ideas
from the proof which will carry over in general.
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1. We considered an infinite-dimensional vector space V' (of paths) and a functional A
(the action) on that space.

2. We took a critical point v (in this case a minimum) of this functional and computed
A(y + €). We were very lucky in that we could compute this explicitly; usually one
can only compute this to first order in e.

3. The first order term 2 fol 7 - édt vanished because v was a straight line. In general the
vanishing of the first order variation of A is the definition of a critical point.

4. In our case, the second order term fol |é]2dt was positive and there were no higher
order terms, so we could deduce that we had a global minimum. Usually we will
not be so lucky.

This discussion leads us to make the following definition:

Definition 3.3. Let A: V' — R be a functional on a (possibly infinite-dimensional) vector
space. For each v € V and each vector ¢ we define the functional or Gateaux derivative of A
in the e-direction at ~y

d, Ale) Ay +Te).

dr 7=0

This is an analogue of the directional derivative in function spaces.

Definition 3.4. We say that v is a critical point of A if d,A(e) = 0foralle € V.

Let us now approach the problem in reverse and suppose that we do not already know
that the global minimum is a straight line. Instead, we will deduce it from the vanishing
of the first order variation of F.

Proposition 3.5. Let V' be the space of paths ~y: [0,1] — R? connecting two given points in the
plane and let A: V' — R be the action functional. Then the critical points of A are precisely the
straight lines.

Proof. We have .
Ay +7e) = A(y) + 27'/ - édt + 72 Ale)
0

SO

d,A(e)

== 4

1
=2 / A édt
0
which vanishes at the critical points of A for all e. If we integrate by parts we get
1
d,A(e) = -2 / F(t) - e(t)dt
Jo

(possible because €(0) = €(1) = 0). We will see below (fundamental theorem of the calculus of
variations) that if this vanishes for all € then %(t) = 0 for all t. But 4(¢) = 0 means that each
component (x1(t), z2(t)) is linear, so v must be a straight line, parametrised linearly. O



46 CHAPTER 3. STRAIGHT LINES

3.3 Fundamental theorem of the calculus of variations

Theorem 3.6 (Fundamental theorem). Suppose that y: [0,1] — R™ is a vector-valued func-
tion. Iffo1 y(t)é(t)dt = 0 for all smooth functions e: [0,1] — R™ then y(t) = 0 for all t € [0, 1].

Proof. Letus write y(t) = (y1(t),...,yn(t)). Suppose for contradiction that there is a ¢, € [0, 1] with
y(to) # 0. Therefore one of the components y;(t9) # 0 and, without loss of generality, we may
assume that y; (tg) > 0. Then y; (t) > 0 in some small interval ¢ € (ty — d,to + 9).

We define a “bump function” F': [0, 1] — R which is
e smooth,
e nonnegative everywhere and positive at %,
e zero outside the interval (to — d,to + 9).

For instance we could take]

F(t) = exp (m) ift € (to — 0,10 + 0)
0 otherwise.

Now consider €(t) = (F(¢),0,...,0). Integrating this against y we get

1 to+0
/ y(t) - e(t)dt = / F(t)y(t)dt > 0
0 t

0—0

which contradicts the assumption that fol y(t) - e(t)dt = 0 for all e. O

The only property which is not obvious is smoothness at ¢ = +4.



Chapter 4

The Euler-Lagrange equation, I

Consider the space V, consisting of functions y: [a,b] — R satisfying the boundary con-
ditions y(a) = v, y(b) = y, for some fixed numbers y,,y, € R. If y € V then any other
function in this space can be written as y + ¢ for some ¢(x) satisfying e(a) = ¢(b) = 0.

Definition 4.1. A function L(p, ¢,r) of three variables is called a Lagrangian. It defines a
functional A: V' — R by

b
Aly) = / L(z,y(x), ¢ ())d.

We will derive an equation satisfied by the critical points of functionals A defined by a La-
grangian. This equation is a second-order differential equation called the Euler-Lagrange
equation.

4.1 Computing the Gateaux derivative

Recall that the Gateaux derivative is

Ay + te).

Theorem 4.2. If A is a functional of the form fab L(z,y(z),y (x))dx defined on a space of func-
tions y satisfying y(a) = ya, y(b) = ys then the Giteaux derivative d,A(e) is

/oL d oL
dyA(e):/ (a_y_%a_yf) (z)dx.

The function y is a critical point of A if and only if the Euler-Lagrange equation

holds.

47
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Remark 4.3. Here we have used the notation

oL oL
oy’ oy’

instead of writing
oL oL

Proof. We have

d b
- = / L(x,y+tey +¢)da
dt|,_ Ja

= /b 87L + a—L ") dx

~Jo \0q Tore
by the chain rule applied to L(p(t), ¢(¢t), r(t)) with p(t) = z, q(t) = y + te and r(t) = ¢ + te'.
Now €(a) = €(b) = 0 so we can integrate the second term by parts to get

broL  d OL

By the fundamental theorem of the calculus of variations, the Gateaux derivative vanishes for
all € if and only if

oL d oL _
oy dzoy
4.2 Examples

Example 4.4. Let L(p,q,7) = V1 + r2. Then

b
A(y)Z/ V1 (y)d.

This functional measures the arc-length of the graph of y between (a, y,) and (b, y,), so it
should be minimised by a straight line graph. We have

oL AL __ 1
dq ’ o 1+r?
or
oL oL Y
=0, =
dy Ay 1+ (y)?

The Euler-Lagrange equation is therefore

d Y

SN A
dz \/1+ (y')?
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This means that for some constant C

which gives

or
;L C
Y= oo
The solution is therefore
(x) = Lx +D
NI

for some constants C, D. We can use the boundary conditions y(a) = y, and y(b) = y, to

get

Ya — Yo
b—a

ylr) = (z = a) + Ya-

Example 4.5. Suppose L(p,q,7) = %(mr2 — kq?) for some constants m and w. The func-
tional is

1 [ .
Aly) = 5/ (m(y')? — ky?) d
We have
oL oL
g b T
or
oL _ oL _
ay - y? ay, - y .

The Euler-Lagrange equation is therefore

d
—ky — —(my) =0
y dx(my)

or
" o

y' = —ky/m.
This is the simple harmonic oscillator with frequency w = \/k/m. Its solutions are
y(x) = Asin(wz) + B cos(wz).
We use y(a) = y, and y(b) = y, to find A and B, namely:

Yo = Asinwa + B coswa

yp = Asinwb + B coswb

A\ [ sinwa coswa - Ya
B )\ sinwb coswb y )

SO
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4.3 Beltrami’s identity

For certain simple Lagrangians, the Euler-Lagrange equation reduces to a first-order dif-
ferential equation.

Theorem 4.6. If L(p, q,r) is independent of p and y is a solution of the Euler-Lagrange equation

then 5L
L(z,y(x),y (v)) — y’(ﬂf)g(ﬂf, y(x),y'(x))

is independent of x.

Remark 4.7. This is usually written

oL
L—y—=C
oy’
for some constant C.
/6L
oLdp , 0Ldg  OL, 7d7y87L7 d oL
Opdx Oqdx  Or T Or Y dx Or

where p = z, ¢ = y(z) and r = y/(x). Since L/9p = 0, this becomes (writing 0L/dq = JL/0y,
etc.)
oL , ai//_//ai_ldaL

o’ "oy oy dnay

The two terms with y” cancel and we are left with

oL, d oL
0y YV e ay’
which vanishes by the Euler-Lagrange equation. O

4.4 Examples

Example 4.8. In our previous examples:

1. L(p,q,7) =1+ r?is independent of p, so Beltrami’s identity holds:

/

C—L y 1/1_*_702 y—

1+ (y')?
SO
1+ () — ()
L+ (y)?
or
Yy =vc2—1

so again y is a straight line.
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2. L(p,q,r) = %(mr — kq?) is independent of p, so Beltrami’s identity holds:

_ _/aL_1 AV 2\ /2__1 2 2
c=1L yay,—Q(m(y) ky*) —m(y')” = Q(m(y)+k‘y).

This implies that

/

Y _
ok =/ k/m.

Substituting y = 4/2¢ sin 6 allows us to integrate:

0 =x\/k/m+ D

so y(z) = C'sin(wz + D) (for some C, D) which is another way of writing the previ-
ous solutions A sinwx + B cos wz.

Example 4.9 (Catenoid). Let y be a function on [a, b] with y(a) = y,, y(b) = y, and suppose
that y(x) > 0 for all « € [a, b]. Consider the surface of revolution

{(xl,:@,xg) €R® : ) €a,b], \/23+ 2k = y(acl)} c R3.

Its surface area is given by the integral

Ay —27T/ yvV 1+ (v)3de.

Which function y minimises this surface area for given y,, y,? A minimiser y will be a
critical point of the functional A so it will solve the Euler-Lagrange equation for L =

yv/1+ (¢')? (we ignore the factor of 27). This has no explicit dependence on z (i.e.
L(p, g, r) has no dependence on p) so y also solves Beltrami’s identity

,OL
L—y a/:c

for some constant c. This means

c=yv1 — Y

/

1+(y)
or

Substituting y = ccosh 0 we get

/ csinh 8d6 44D

v cosh?6 — 1

x+D
P

or

9:

D

Therefore y(z) = ccosh (££2). To determine the constants ¢ and D from y, and y, is

C
nontrivial.
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299
physical significance of this Lagrangian is the following. Consider a wire suspended in

midair underneath the z-axis so that its height at = is y(z) with in particular y(0) = 0.
A bead sitting on the wire at (z,y(z)) and moving along the wire with speed v(z) takes

time »
Aw = [

to get from a to b where ds = /1 + (y')%dx is the length of an infinitesimal arc. The
Lagrangian L comes from taking v = /—2gy which arises in the following way. If the
bead starts at rest at (0, 0) then its kinetic and gravitational potential energy vanishes at
x = 0. As it continues its motion along the wire it finds itself at (x, y(x)) with speed v(z).
By conservation of energy, the kinetic plus potential energy must still vanish. Kinetic
energy is 2mv? and potential energy is mgy so

1
§m1)2 +mgy =0

or v = /—2gy (note that y is negative).

Example 4.10 (Brachistochrone). Let L = ,/3*Z and suppose that a = y, = 0. The

We seek the configuration of wire y which minimises the time taken for the bead to go
from (0,0) to (b, ys). This y will solve the Euler-Lagrange equation; the curve (z, y(z)) is
called the brachistochrone curve from the Greek for “shortest time”.

The Lagrangian L is independent of p so Beltrami’s equation holds

epo gL VIR Y
Yoy T VY Ve )

or

/I 1 o 1

v = —2gyc?
which gives
V—yd
[ =L

\/ 2g162 + y

which we can integrate by substituting Y= 5212@9'

r+D=_——sin" 'V —2gc%y — /—yr\/2gc? +

Since y(0) = 0 we see that D = O. It is not so simple to find y in terms of x or to determine
the constant c.



Chapter 5

The Euler-Lagrange equation, 1I:
Constraints

Imposing constraints works in the infinite-dimensional theory just as well as it does in
the finite-dimensional theory using the method of Lagrange multipliers. We will only
consider constraints of the form

b
Gly) = / M(z, y(x). o/ (2))da = 0

for some Lagrangian M (p, ¢, 7).

Example 5.1. Suppose we want to minimise the arc-length of the graph of y: [a,b] = R
given that the area underneath the graph is equal to K. Now

b
Aly) = / VIt )P

G(y)zfab(y—%>dx

measures how far the area underneath the graph is from K. We introduce a Lagrange
multiplier A and minimise the functional

Fon = [ (ViFwr-a(v-5) )

Varying with respect to A gives us the constraint G(y) = 0 (i.e. the area under the graph
of y is K') and with respect to y gives the Euler-Lagrange equation

is the arc-length and

d Y
dr \/1+ (y)?

53
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SO
, D —\x

V1D P
Using D — Az = sin ) we get \y + C' = cos ¢ for some constant C, so
My +CP+(D—- ) =1

and the graph (z,y(z)) lies on a circle of radius 1/A (it is a segment of circle between
(CL, ya) and (b7 yb))

We could also have used Beltrami’s identity.

Y

Example 5.2 (Catenary). Consider a chain hanging above the z-axis with its endpoints
fixed at (a,ya,), (b, ys). It will hang so as to minimise its total potential energy. If the chain
is uniform with density p kgm ™! then the segment lying over an infinitesimal segment dz

has mass py/1 + (y')2dz. The potential energy of this segment is pgy+/1 + (y/)%dx so the

functional to be minimised is

Aly) = pg/ yv/ 1+ (y)dz.

However, the chain is inelastic so its length is fixed at K metres

G(y):/ab( 14‘(3/)2—%)6&5:

The modified functional for the constrained problem is

[ (v i@ - (Vi - )

which has no explicit z-dependence, so we will solve this constrained problem using
Beltrami’s identity.

Beltrami’s identity implies

K / / /
pgy\/ 1+ (v')? —A( 1+ (y)* — m) =Y pgy =Ny /V1+ () =c
for some constant c. This gives

pgy — A= (c—=AK/(b—a))/1+ (V)%

We define C' := ¢ — AK /(b — a) and we rearrange to get

v = (pgy = N?/C? 1.
Substituting cosh z = (pgy — \)/C we integrate and get

C —A
r=—cosh Y "2 _p
Py ¢
or o \
y = — cosh (@(a: + D)> + —.
Pg c pg
This curve is called the catenary curve from the Latin “catena” meaning chain. It is the

same as the curve whose surface of revolution (catenoid) minimises surface area.



Chapter 6

The Euler-Lagrange equation, I1I:
More variables

6.1 Vector-valued functions

We have already seen an example (action of a curve in the plane) where the functions of
interest are vector-valued.

Theorem 6.1. Let V' be the space of functions y: [a, b] — R" satisfying the boundary conditions

y(a) = y, and y(b) = y,. We will write y(z) in coordinates (y,(x),...,yn(x)). Let A be a
functional defined by a Lagrangian L(p,q1,...,Gn,T1,--.,7s) by

Aw) = [ Lo ale) (o). )

Let €(x) be a function such that €(a) = = 0. Then the Gateaux derivative of A at y in the €

direction is
d OL
z/ (55~ dsig) e

which vanishes for all € if and only if the n Euler-Lagrange equations hold

OL d 0L _
dy;  dx Oy B

) 1=1,...,n.
The proof is so similar to the proof for functions y: [a,b] — R that I will omit it.

Examples

Example 6.2 (Isoperimetric problem). Let v: R — R? be a curve with coordinates (t) =
(x(t),y(t)). We assume that ~ is a closed curve (y(t 4+ 27) = (t) which is just as good for

55
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integrating by parts as assuming (0) and (1) are fixed. Suppose that we know it has
action fol 2m (i + y?)dt = K and we want to maximise the area of the region it bounds.

By Green’s theorem, the area of this region U is

/ drdy = / xdy
U oU

/0 ")t

Therefore we must find the critical points of the constrained problem

or

/0 ’ (zg — X (2% + ¢° — K/2m)) dt.

The two Euler-Lagrange equations are

d
4o
Y dt( )

d

— —(z—2))).
0 dt(fr )

This gives
= —y/2A, §=x/2\

Differentiating again allows us to rearrange and obtain
Y= —5/4\?, ¥ = —i/4\?

so # and ¢ obey simple harmonic motion. This means that ¢ — (z(t),y(t)) is a circle.

6.2 Functions of several variables

Now let U C R™ be an open subset whose boundary OU is smooth. We will consider
functions ¢: U — R with fixed boundary values; in other words we will fix a function
¢o: OU — R and consider functions ¢ such that

o(x) = ¢o(x), x € oU.

Perturbations e(x) satisfy e(x) = 0 for £ € 0U. Our Lagrangian L will now depend on
x = (21,...,Tm), on ¢(z) and on the partial derivatives d;¢ = 22, i =1,...,m, thatis:

ox;’

Aly) = /UL (x,0(x),Vo(x))dry - - - dz,y
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Theorem 6.3. The Giteaux derivative of A at ¢ in the e-direction is

YOL <~ 0 0L
dyA(e) :/o (8_¢ —;a—%m> e(x)dx

which vanishes for all € if and only if the Euler-Lagrange equation holds

Proof. Let te be a small perturbation of ¢. By the chain rule, we have

8L

dt

L(o + te) —6——1—2 (96

t=0

Integrating this over U gives the Gateaux derivative

dyAle) = /U (egz + 2(8&)%) dxy---dop,

: oL oL ~ :
T}; last term can be written Ve - 55555 where 5555 denotes the vector whose ith component is
0(0:¢)"

We have

oL oL oL - oL .0 oL
v (a<v¢>) =V o TV e 2 (aa(c‘w) "B 000 z¢>>>

Integrating this over U and applying Stokes’s theorem gives

OL oL
Ve ———dxy -+ -dxy,, = — € -ndS
/ a(ve) ou (Vo)

where n is the outward normal to OU and dS is the volume element on OU. This vanishes
because € vanishes on OU. Therefore

oL 0 5L
Lve.wdzl"'dx7rt[]€ /z a-ﬁl z¢

which is the analogue of integration by parts in several variables. This allow us to deduce
oL OL
dAez/(—V~ >edm---d$m.
AO= )35 Y o )

The fundamental theorem of the calculus of variations in several variabledl states that this van-
ishes for all € if and only if

oL o or _
99 (Ve)
Unwinding the definition of 0L/9(V¢) gives the formulae in the statement of the theorem. [

Remark 6.4. The Euler-Lagrange equation is now a second-order partial differential equa-
tion.

IThis is proved in the same way as the one-variable case but using a bump-function in several variables
- this can be taken to be the usual bump function applied to the radius /> ;- | 7.
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Examples
Example 6.5. Consider U = [0, 1]?, the square, and functions ¢ with fixed boundary
values

Qﬁ(l’,O) :¢0($,0), (b(l‘,l) :QSO(‘T?l)v

¢(0>y) :¢0(0>y)7 ¢<1ay) = ¢0<1ay)

We will try to minimise the functional

a0 = [ [((5) +(52) ) asas
(¢) . ( e 9 y
We can think of this functional as the total gradient [ |V¢|*dxzdy of a temperature distri-

bution ¢ on U. Since heat flows to minimise a gradient, a minimiser for this functional
will be a steady-state temperature distribution on the square.

We have oL oL oL
=0 = 20,0, —— = 20
00" B0 T dwe
so the Euler-Lagrange equation is
2 2
% + % — 0_
ox? = 0y?

This is called Laplace’s equation and will be important later in the course.

Example 6.6. Now let us use the functional

A@) = [ i+ @0+ @0dedy

This measures the area of the graphP|of ¢. The Euler-Lagrange equation is

oL _ 0 9L 9oL
Op  O0x ¢, Oy dop,

L=\1+é+a

¢ 9 Py

0 -
s [Vo|? RN NEE
_ B 0u(Petua + Dyyy) + Dy (Dybyy + Pray)
V14 [VoP (1+[Ve[?)>2

1 2 2
(1 + ‘V¢|2)3/2 (¢zx(1 + (by) + ¢yy(1 + (bx) - 2¢x¢y¢xy)
2To see this, note that the two vectors (1,0, 9,¢) and (0,1, 9,¢) are tangent to the graph of ¢ and they
span a parallelogram with area \/1 + (9,¢)? + (0,¢)2. The infinitesimal area element living over dzdy is
therefore an infinitesimal parallelogram of area /1 + (0,¢)? + (9y¢)2dzdy.

and in this case

SO
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(remember that V¢ = (¢,,¢,) and A¢ = ¢, + ¢,,). This gives us the equation for a
minimal surface:

% oo\?\ 0% 0o\*\ 0006 0%
oa? (” (&) ) o (” (5:) ) =20 0y dwdy
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Partial differential equations
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Chapter 7

Method of characteristics, I: Linear case

Over the next two chapters we will develop a method for solving first order PDEs called
the method of characteristics. In this chapter we will restrict attention to inhomoge-
neous linear equations (first with constant coefficients, then with nonconstant coeffi-
cients) where the method of characteristics boils down to finding a sensible change of
coordinates after which the PDE looks much simpler.

7.1 Linear change of coordinates

Occasionally, for very simple PDEs, one can change coordinates and turn them into PDEs
we already know how to solve.

Examples

Example 7.1. Consider the PDE for ¢(z,y):

do

%_0'

This says ¢ is constant in the z-direction, so ¢ is a function of y alone. Any function of y
is a solution, i.e. ¢(z,y) = C(y) where C is an arbitrary function.

Example 7.2. Consider the PDE for ¢(z,y):
06 00 _,

or Oy
The expression on the left-hand side looks like the expression

06 _ 0290 0y
ou Oudxr Oudy

63
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coming from the chain rule, provided we pick

ox dy
= =1 A
ou ’ ou
So let’s change to a new (linear) system of coordinates (u, v) satisfying
ox dy
== LA
ou 7 ou

For example we could take

()= ()
(;;):(_11 g)“)

The only conditions for this to define a suitable coordinate change are:

e that the first column is given by 1 and —1 (the coefficients of 2 and g—f in the equa-
tion),

e that the matrix is invertible.
x\ 1 0 U
y )]\ -1 1 v
w\ 1 0 T
v ) 11 y

With respect to the new basis, the chain rule tells us that

06 _ 0290 0y
ou Oudxr Oudy

Let’s use

whose inverse is

_9_9¢
0xr Oy
= 0 (by our equation)

so the general solution to the equation is ¢(u, v) = C'(v). In terms of the original basis this

is ¢(z,y) = C(z +y). So any function of v = = + y is a solution. For example sin(z + y),
e(@+y)

Jooe

Example 7.3. Consider the PDE for ¢(z,y):
op 09

ox (9y_x

If we make the same change of coordinates as before,

)= DG) C)-G)0)
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this equation becomes

06 _ 0200 0y 00
ou Oudr Oudy

_ 06 99

=% "y

= z (by our equation)

= u (by our coordinate change).

We can integrate this and get

B(r,) = g + C()

where C(v) is an arbitrary function of v = x + y. Translating back into our original

coordinates we get
2

cb(:c,y):%JrC(Hy)-

In general

This trick works with any PDE for ¢(z, ..., z,) of the form

In new coordinates (u4, ..., u,), we have

8u1
SO % =53 Ai% if 92i — A.. A suitable linear change of coordinates is therefore
u z; Ouy
I Al * Kk Ul
Ty A, * * Uy,

where the stars can be anything, provided the matrix is invertible. With this change of
coordinates, the chain rule tells us that

00 99

so the solution to the equation ) Ai% =0is

Clug, ..., uy,)

for an arbitrary function C'.
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Example 7.4. Consider the equation

Use the coordinate change

whose inverse is

The chain rule tells us that
06 _ 0200 0y 00
ou  Oudr Oudy

=siny
= sin(2u + v).

Then, fixing v and integrating with respect to u, we get

o(u,v) = —% cos(2u +v) + C(v)
or

1
o(z,y) = ) cosy + C(y — 2z).

Boundary conditions
If we want to fix the arbitrary function C' then we need more information.

Example 7.5. Solve the equation

oo 09 .

T 497 g

2 + oy sin y
subject to the boundary condition ¢(s,0) = s2.
We have already seen that the general solution to this equation is ¢(z,y) = —% cosy +
C(y — 2x). If we substitute this into the boundary condition then we get

1
s* = ) cos(0) + C(0 — 2s)
which means

C(—2s) = 8% + %

Substituting w = —2s (s = —w/2) gives

2
Ow) =+

N | —
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7.2 Nonlinear change of coordinates

We have only allowed ourselves to change coordinates by a linear transformation. What
kind of equations do we get if we make more interesting coordinate changes?

An elementary example

Example 7.6. Use plane polar coordinates:

x = rcosf
y = rsinf.
By the chain rule we have

06 _ 0005 000y
or  OxOr Oyor

_z0¢ _ yoy
rdx  ror
In particular, the equation
o _,
or
becomes (after multiplying out by )
¢ 09
oy =0. 7.1
" ox Ty dy 0 1)

In particular, the solutions to Equation (7.1I) are just functions of # = tan'(y/z). For
instance, tan(f) = y/x is a solution (away from = = 0) or cos § = x/+/x? + y? is a solution.
(Check them!)

Characteristic vector field

Lemma 7.7. Given an expression of the form

;Ai(m’l,. .. ,.C(,’n)axi,

suppose that we can find coordinates (us, . .., u,) such that
Ox;
- - AZ ceeydin).
8u1 (-731, . )
Then

26 & 96
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Proof. This is immediate from the chain rule:

dx; 0¢
Z Ouq Ox; Z 6x7

O

In fact we can always find suitable coordinates, at least locally. So how do we solve the
equations
a$7;
6u1

= AZ’(ZEh PN ,In)?

Example 7.8. Consider the equation mad’ + y‘% = 0. We want to solve

(5)-(3)
(5)-(0)

The solution is z = Ae", y = Be". We want to think of these two equations as giving
a coordinate transformation, but we have three new coordinates u, A, B, so this doesn’t

quite make sense yet. Let us make an arbitrary choice: set A = 1 and take our new
coordinates to be v and v = A. That is:

For simplicity, let’s write this as

x =e", y = ve".

The inverse of this coordinate transformation is
u=lInuz, v=y/z.

This arbitrary choice is completely analogous to the way we could choose our matrix
entries freely in Section With these new coordinates, we have

96 99 99

or Yoy " ou

by Lemma (7.7, Therefore the equation is d¢ = (0 and the solution is ¢(u,v) = C(v) (Where
C'is an arbltrary function). Substituting our expression v = y/x we get

¢(z,y) = Cly/x).

Definition 7.9. Consider an equation of the form A(x,y)% + B(x,y)g—fj + C(z,y)p +
D(z,y) = 0 (“inhomogeneous linear”). The vector field

(a0
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is called the characteristic vector field. The differential equations

(5)-(560)

are called the characteristic equations and a curve (x(u), y(u)) satisfying the characteristic
equations is called a characteristic curve (it is always tangent to the characteristic vector
field). This method for solving first order PDEs is called the method of characteristics.

Remark 7.10. In general, if you have a vector field (A(z,y), B(z,y)) and a curve satisfying

& =Ay),  §=DBy)
then the curve is called an integral curve (it’s found by integrating (i.e. solving) these

differential equations). I may occasionally slip and use this terminology, so it’s best that
you're aware of it.

Example 7.11. Consider the equation

The characteristic vector field is (—y, =) and the characteristic equations are
T = -y, y=x.

Differentiating again we get ¥ = —z, so v = Acosu + Bsinuand y = —& = Asinu —
Bcosu. Let us pick B = 0 and v = A. Now we have

(x,y) = (vcosu,vsinu).
The inverse coordinate transform is
v =22+ 12 u = tan"'(y/x).

The equation becomes 32 = 0 which has solution C(v) = C(1/22 + y2).

The vector field A(x,y) = (x,y) The vector field A(x,y) = (-y,x)
and two of its (radial) integral and two of its (circular) integral
curves in red. curves in red.
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Example 7.12. Consider the equation

] (7.2)

The characteristic vector field in this equation is (z, —1). The characteristic curves (z(u), y(u))
are solutions to

Integral curves of A in red.

These equations have solution
x = Ae", y=DB—u

Pick B = 0 and v = A. The new coordinates are therefore

= ve", y=—u
u= -y, v =xe.
> Change of coordinates.
Tl L
, T .
[N E
[T z
IR g
JHTIY s
I ERAN g
777 TN i
/AN
-~ N

Characteristic curves x = ae', y = -t for fixed a.
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Lemma [Z.7] tells us that
dgp ¢ 09

ou ox y

so Equation becomes % = 0 and has solution ¢(u,v) = C(v). In other words,
o(x,y) = C(xeY).

Remark 7.13. How did we make this choice B = 0? Since y = B — u we could always
achieve B = 0 by translating in the ¢ coordinate, that is using the new u-coordinate @ =
u — B, in terms of which y = —a. If we had picked A = 0, B = v then the corresponding
“change of coordinates” would have been = 0, y = v — u, which isn’t really a change of
coordinates because you can never express points with « # 0 in terms of v and v.

Example 7.14. To illustrate what happens for different choices, let’s work through what
would have happened if we had picked A = 1, B = v in the previous example. The
corresponding change of coordinates would have been x = ¢*, y = v — u. The equation
has solution C'(v) = C(y+In z). This looks different from the previous answer, but notice
that y + Inz = In(xze?), so they’re really the same solution in disguise! In particular,
if you take C'(v) = C(e") then you really have the same solution. Going backwards,
C(v) = C(lnw) gives a correspondence between solutions, but notice that this only makes
sense when v > 0. Indeed, if you look at the coordinates defined by z = e*, y = v —
you can see that these coordinates only cover the region = > 0.

Remark 7.15. In summary, this solution is just as valid as the previous solution, but you
should be careful to point out that the solution is only defined on the region = > 0 of the
plane. In general, choosing which constants of integration to use as coordinates requires
some thought specific to the problem at hand. You may need to use different choices to
cover different regions of the plane. You will build up a feeling for which choices are
sensible by working with examples. Sometimes you can say “without loss of generality
we can set B = 0” (or something like that) as in Remark [7.13|but often you just have to
make a judicious choice.

7.3 More examples

Example 7.16. Consider the PDE for ¢(z, y):

106 06

x Ox yﬁ_y_o'

The characteristic vector field is (1/z, —y) so the characteristic curves satisfy

t=1/x, y=—y.

The first equation can be rearranged as x4 = 1 or %%—fj = 1soz = v2u + A. The second

equation has solution y = Be . We can reparametrise u to & = u — A/2 so that without
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loss of generality A = 0. Our new coordinates are therefore (u,v) where u = z?/2 and
v = B = ye* = ye® /2. In these new coordinates the PDE becomes

06

%—O

so solutions to the PDE are just arbitrary functions of v = ye® /2.

Example 7.17. Consider the PDE for ¢(z,y):
10 0¢p

x Ox ya_y_y'

The characteristic vector field and characteristic curves are the same as in the previous

. . 2 .
example so our new coordinates are again (u,v) = (22/2,ye*/?). In these new coordi-
nates the equation becomes

Integrating this we get
o(u,v) = —ve * + C(v)

for some arbitrary function C'. In other words, returning to our original coordinates,

d(z,y) = —y + Clye”/?).

Example 7.18. Consider the PDE for ¢(z,y):

The characteristic vector field is (1, 2x) so the characteristic curves satisfy
i=1, 9y =2,

thus ¢ = u+ Aand y = (u + A)? + B. Reparametrising so that A = 0 and setting v = B,
we get (z,y) = (u,u*vB) or (u,v) = (z,y — %) as our change of coordinates. The PDE
becomes
o9
ou
s0 ¢(u,v) = u + C(v) for some arbitrary function C. In other words,

(z,y) =2+ C(y — 2?).

1

Example 7.19. Consider the PDE for ¢(z,y):

09, % _

B xay—O.

Y

The characteristic vector field is (y, z) so the characteristic curves satisfy

T=y, y==x
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Differentiating with respect to u again we get & = z so x = Ae" + Be™". Since y = & we
have y = Ae" — Be™. If we want to understand these curves geometrically, notice that
z? — y* = 4AB so if AB is fixed then the characteristic curves are hyperbolae.

There is no single choice like A = 0 or B = 0 which will give us a good coordinate
system everywhere. If there were we would be able to change coordinates and make the
hyperbolae look like a family of parallel lines, but the hyperbola 2? — y* = 0 consists of
two straight lines intersecting at a point, which can never be made to look like a single
straight line!

If we pick A = 0 or B = 0 then we can only ever hope for our coordinates to to cover
points on the hyperbola 2% — y? = 4ab = 0, so we should pick a nonzero value for A or B.

u

We will try fixing B =1, A = v,s0x = ve" + e " and y = ve" — e™". As expected, this
choice of coordinates does not cover the whole plane: z — y = 2e™" is always positive so
we can only cover the part of the plane to the right of the line y = x. But at least that is
a large open subset. With this choice, v = —In (1(z — y)) and v = (2? — y?)/4. The PDE
becomes

d9

5. =
and the solution is ¢(u,v) = C'(v), that is

o(x,y) = C((2" —y*)/4).

If you try B = —1 you will get coordinates to cover the other half of the plane and if you
choose A = +1 you will get coordinates to cover the two halves of the plane separated
by the line y = —z. However, these all lead to the same answer: ¢(z,y) is an arbitrary
function of }(z? — ¢?).

0

Example 7.20. Consider the PDE for ¢(z, y):

d¢ 09 _
y%—i—xa—y—i-xygzﬁ—()

and try to solve it with the boundary condition ¢(s,1) = sin s.

This looks a little different because of the xy¢ term, but it is amenable to the same method
of solution. The characteristic vector field is the same as in the previous example and we
choose the coordinates

u=—In(i(z—y)) r=ve"+e "
v=(2*—1?)/4 y=uve' —e "
The PDE becomes
99

% — _xygb —_ _ (1)262u . 6—2u) Cb

that is 5
—In¢ = —v?e* 4 e
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and we integrate up to get

Ing = —% (v*e® +e7*) + C(v)

or

22 42\ -
¢(x,y) = exp (— I z ) C (302" =)
where C'is an arbitrary function.
The boundary condition tell us that ¢(s, 1) = sin s so
exp(—(s2+1)/4)C((s* — 1)/4) = sin s

which means 3
C((s* —1)/4) = exp((s*> 4+ 1)/4) sin 5.

Substituting w = (s> — 1)/4 (s = V4w + 1, (s* + 1) /4 = w + 1/2) gives
C(w) = exp(w + 1/2) sin V4w + 1.
Therefore the relevant solution is

exp(—(:c2 + y2)/4) exp (i(:c2 — y2) + %) siny/x? —y? + 1.
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Method of characteristics, II: Quasilinear
case

We now consider first order quasilinear equations
0¢ 0¢ _

which are more complicated because all the coefficients are allowed to depend on ¢. For
notational simplicity, we will only consider the case where ¢(z,y) is a function of two
variables.

Definition 8.1. If ¢ is a solution of defined for (z,y) in some open set U C R? then
the graph of ¢ is the set of points

{(@,y,0(z,y)) = (v,y) € U}

in other words, the surface in R®* = {(z,vy,2) : z,y,z € R} cut out by the equation

= ¢(l‘,y)

We will look for a solution by constructing its graph.
8.1 Characteristic vector field

Definition 8.2. The characteristic vector field of

0 0
Az, y, cb)a—f + B(x, v, ¢)8_gqj + CO(x,y,¢) =0

is
(A(ZL‘,y,Z), B(xay>z>’ _C(‘Tvyvz))'

75
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This is now a vector field in R? (coordinates x, y, z). A characteristic curve is a solution

(@ (), y(t), 2(1))

to
% = A(x(t), y(), 2(t))
%_ (@(t), y(t), 2())
% = —C(a(t), y(t), (1))

Definition 8.3. A one-parameter family of characteristic curves is a smooth map
R?D U 3 (s,t) = (x(s,1),y(s,1), 2(s,1)) € R?

where, for fixed s, each curve (z(so,t),y(s0,t), 2(s0,t)) is a characteristic curve. The im-
age of this map is a surface in R3. We call this a solution surface for (8.1)) (see Theorem
below to find out why).

Definition 8.4. A surface in R? is a graph if it is of the form z = ¢(z, y) for some function
¢. For example,

e {y=0} CR3isnota graph: it is vertical;
e {2? =1} C R?isnota graph: it is the union of two graphs {z = 1} and {z = —1};

e {»? = 2} C R?is not a graph: it is the union of two graphs locally, = = /= and
z = —/x defined over the half-plane {x > 0} C R?. These graphs meet along the
line z = z = 0. Over this line the solution surface becomes vertical (i.e. it has a
vertical tangency) which precludes it from being a graph there.

Theorem 8.5. Let (s,t) — (z4(t),ys(t), 25(t)) be a solution surface which is (at least locally) the
graph of a function ¢. Then ¢ is a solution of (8.).

Proof. Since the surface is a graph we have
2s(t) = o(@s(1), ys(2))-
Fix s and differentiate this with respect to ¢. The chain rule gives

dzs(t) _ Opdzs = O¢ dys
dt — Ox dt = Oy dt

and since the solution surface is a one-parameter family of characteristic curves,

ddxts = A(w4(t),ys(t), zs(t))
dCZ: = B(zs(t),ys(t), zs(t))
dC;/S - _C(SUS (t)’ Ys (t)a Zs (t))

Therefore we have
—C = Ad¢/0x + Bogp/dy
as required. O
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Theorem 8.6. If ¢ is a solution to (8.1)) then its graph is a solution surface (i.e. its graph is traced
out by a one-parameter family of characteristic curves).

Proof. Consider the equations

@(t) = A(z(t),y(t), p(2(t), y(1)),  9(t) = B(x(t), y(t), o(x(t), y(t)))

for a curve ¢t — (z(t),y(t)) in the plane. We can solve these ordinary differential equations to
find a curve in the plane through any given point. Living over this curve there is another curve
inside the graph of ¢

te (2(t),y(t), 2(t) = o(2(t),y(t)))
We claim that this is a characteristic curve. Indeed if we differentiate ¢(x(t), y(t)) with respect
to t using the chain rule we get

d(¢(z(t),y(t) 99, 0.

@ ot g,
or

2= A0¢/0x + Bog/dy = —C.

This shows that through every point of the graph of ¢ there passes a characteristic curve which
is completely contained in the graph, as required. O

8.2 [Example: A linear equation!

We can, of course, apply these methods to simpler, linear equations. Take the equation
g—i = 0 with the initial condition ¢(0, s) = s. We know that the general solution is C(y) for
some function C' and the initial condition implies C(s) = s, so the solution is ¢(z,y) = .
Let’s solve it using the quaslinear method of characteristics instead. The characteristic

equations are

z2=0

SO
r=t+a,y=>b z=c

for some constants a, b, c. Fixing a,b, c and letting ¢ vary gives the characteristic curves
in R?: these are just straight lines parallel to the z-axis! The graph of our solution is
a surface swept out by a one-parameter family of these parallel lines. The fact that the
lines are parallel to the z-axis means that the resulting graph surface will be flat in the

x-direction, ence % =

We pick the one-parameter family using the initial condition ¢(0,s) = s at¢ = 0. This
tells us that
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1.0
)
g
\.
0.0 , ™
N
\.
. L
‘.Il
\
-6.04:f
|
0.0 ||
||
6.0
\1.0 oD

1.0

Figure 8.1: The red curves are the characteristic curves parallel to the z-axis. The grey
surface is the surface traced out by the characteristic curves passing through the initial
condition ¢(0,s) = s. The initial condition is saying “pick those characteristic curves
which intersect the x = 0 plane (i.e. the (v, z)-plane) at points y = z” which is why the
grey surface intersects the (y, z)-plane along the diagonal line y = z.

soa =0,b=s, c=s. For each value of s we get a characteristic curve
t— (t,s,s)
in (z,y, z)-space and these trace out the surface

(x(s,t),y(s,t),2(s,t)) = (L, s, 5)

(considered as a parametric surface in R?). This is supposed to be the graph of our
solution ¢, and we can find ¢ by expressing the z-coordinate (s) in terms of the x and y
coordinates (respectively ¢ and s): clearly z = y, so the solution is ¢(z, y) = y.

8.3 Example: Burgers’s equation

Example 8.7. Solve the equation
99 09
ox * ¢8y
subject to the initial condition ¢(0, s) = s.

We will worry about the initial condition later. This equation has A(z,y, z) =1, B(x,y, 2) =
z and C(z,y, z) = 0. The characteristic vector field is

1
z

0
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so a characteristic curve (x(t),y(t), z(t)) satisfies
F=1,9=2 =0
We can solve this and we get
z=a,y=at+b, x=t+c

for constants a, b, c. For each fixed a, b, c we get a characteristic curve which is a straight
line at constant height a, with slope a when considered in the (z,y)-plane. To get a
solution surface we need to pick a one-parameter family of these curves, i.e. we need
give a, b, c in terms of a single parameter s.

The specification of an initial condition cuts down the amount of choice. In this case the
initial condition is ¢(0,s) = s. At this is an initial condition, we will impose it at ¢ = 0
and use it to determine how a, b and c depend on s. We know thatz =t +c¢,y = at + b
and z = a. Imposing the initial condition means substitutingt = 0, z = 0, y = s and
z = s, then solving for a,b, c in terms of s. This gives c = 0 and a = b = s. In other
words, if we look at the piece of the solution surface living over the line z = 0 we get a
path s — (0, s, s) in 3-dimensional space which intersects each characteristic curve at the
point t = 0. We call the corresponding characteristic curve (z(s,t),y(s,t), 2(s,t)) so the
map
(s,t) — (t, st +s,s)

is the parametrisation of our solution surface.

If we try to find a function ¢ such that z = ¢(z,y) on our solution surface then we see
that z = s = y/(t + 1) = y/(z + 1) works. However, this function is not well-defined at
x = —1. What is happening is that the solution surface fails to be a graph here. Indeed
if we draw the projection of the surface to the plane then all of the projections of the
characteristic curves cross at the point (—1,0): in (z,y, z)-space, the solution surface is
becoming vertical over this point and fails to be a graph there.

Example 8.8. Solve the equation
0o N 0o
ox dy
subject to the initial condition ¢(0, s) = s*.
We have the same characteristic curves
t— (t+c,at +b,a)
but a different initial condition ¢(0, s) = s®. This gives
c=0,b=s, a=s>

so the solution surface is parametrised by

(5,1) > (t, 5%t + s, 5%).



80 CHAPTER 8. METHOD OF CHARACTERISTICS, 11

&
<

(a) 4 / /1 (b)

Figure 8.2: (a) The solution surface to % + gbg—z = 0 with the initial condition ¢(0,y) = vy,
plotted with the characteristic vector field. This surface is a union of straight lines which
are characteristic curves. (b) The characteristic projections of this solution. You can see
that they begin to cross at (—1,0).

To express z in terms of = and y we have to solve y = s*t + s, © = t for s. This gives

-1+ 1+4zy
S =
2
or )
-1+ 1+ 4zy

This fails to be well-defined when z = 0 or when 1 + 4zy < 0.

If we draw the projections of the characteristic curves then we can see something strange
happening in the vicinity of the curve 1 + 4zy = 0: the projections start to cross over and
bunch up. The solution surface is folding over above this curve so it is not a graph there.

8.4 Caustics

Definition 8.9. Let (s,t) — (x(s,t),y(s,t),2(s,t)) be a surface in R3. The surface is said
to have a vertical tangency at (z, y, z) if some linear combination of the vectors

0x/0s Ox /Ot
dy/0s | and | Oy/0t
0z/0s 0z /0t
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TN

(a) | o (b)

Figure 8.3: (a) The solution surface to % + ¢§—Zj = 0 with initial condition ¢(0,y) = 2,
plotted with the characteristic vector field. You can see the graph starting to bend over
and become double-valued. (b) The characteristic projections of this solution. You can
see that they are all tangent to the red curve 1 +4zy = 0 and that they are starting to cross

one another near that curve.
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gives

Take the set of points where the surface has a vertical tangency and project it to the (z, y)-
plane. The image is called the caustic of the surface.

Remark 8.10. The terminology “caustic” comes from optics: light travels along rays which
are the projections of characteristic curves of a PDE called the eikonal equation. Along
the caustic these rays bunch up and give rise to bright patches. The example we studied
earlier was Burgers’s equation and it arises in the study of waves: ¢(z,y) is the velocity
of fluid particles at the point y at time z. In this context the caustics are called “shocks”,
where faster fluid particles overtake slower fluid particles.

Here is a method for finding the caustic.

Definition 8.11. If (s,t) — (z(s,t),y(s,t), 2(s,t)) is a parametrisation of a surface in R?
then consider the projection 7 (s, t) = (x(s,t),y(s,t)). A point (s, t) is called a critical point

of 7 if the Jacobian determinant
dst  Osy
det ( o O )

vanishes. The image under 7 of the set of critical points is called the set C() of critical
values.

Lemma 8.12. The set C(m) of critical values of the projection m contains the caustic of the surface.

Proof. If a point (x, o) is in the caustic then there is an (s, t) and coefficients a, b such that

Osx O 0
a asy + b 8ty = 0 .
852 8tz 1
Osx O\
a< .y )—l—b( oy > =0

so the vectors ( Oz > and < O > are linearly dependent. This implies that the Jacobian

asy aty
Osr Oy
det( Dz Oy )

vanishes. n

This implies that

determinant

Remark 8.13. It is not always true that C'(m) equals the caustic: it is possible for the
parametrisation of the surface itself to have a singularity so that the vectors

0.t O
sy and oy
85 z atZ
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are themselves linearly dependent.

Example 8.14. Consider the solution surface (s, t) — (t, st+s, s) we obtained as a solution
to Example We have 7 (s, t) = (t, st + s) so that the Jacobian determinant is

0 t+1Y)
det(l . >_—(t+1).

This vanishes when ¢ = —1 that is when x = —1, y = 0. This is precisely the bad locus
from earlier.

Example 8.15. Consider the solution surface (s,t) — (t,s*t + s,s%) we obtained as a
solution to Example We have 7(s,t) = (t, s*t + s) so that the Jacobian determinant is

det ( (1) 281;—1 ) = —(2st+1).

This vanishes when 2st + 1 =, i.e. when s = —1/2t. This means y = 1/4t — 1/2t = 1/4z,
so 4xy + 1 = 0. This is part of the bad locus from earlier. The other part arose from the
solution becoming infinite, not from the solution surface having a vertical tangency.

8.5 Another example

Example 8.16. Solve the PDE

99

., 00 B
—smqb% —|—cosgz§a—y =1

with initial condition

®(s,0) = 0.

The characteristic vector field is (— sin z, cos z, 1) and the characteristic curves are
z=t+c, x =cost+a, y=sint+b

These curves are helices spiralling upwards. The initial condition ¢(s,0) = 0 along ¢t =0
givesc = 0, s = 1 + a, 0 = b so the solution surface is parametrised by

(s,t) — (cost + s — 1,sint,t).
We can express z in terms of x and y easily:
z=sin"ly

but this is not a single-valued function so the solution surface is not a graph. If you draw
the projections of the characteristic curves you get segments of circles centred on the z-
axis with radius 1. These all become tangent to the curves y = £1 which will turn out to
the caustic.
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The critical values of the projection are given by the vanishing of the determinant

det( 1 0 ):cost
—sint cost

sot = (n+ 1/2)w for some n € Z. This gives y = +1 as expected.
6.0

0.0

30 A 1.00
-1.0 -0.00
1.0-1.00
Figure 8.4: This is the solution surface parametrised by (cost + s — 1,sint, t) and some of

the characteristic curves superimposed in red. The surface is folding over itself along the
lines y = +1.
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b

99 _
oy

!
0.5

Figure 8.5: The characteristics of —sin ¢% + cos ¢
they start to overlap near y = 1.

1 are segments of circle. We see
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Chapter 9

* Method of characteristics, I1I: Fully
nonlinear case (NONEXAMINABLE)

The method works for the fully nonlinear case but the system of ODEs becomes yet more
complicated.
Suppose that G(z,y,u,p,q) is a function of five variables and that ¢: R? — R is a
function satisfying

G (2,y,¢(x,y), 0 0(x,y), Oy (x,y)) = 0
for all (x,y) € R%. Now let v(t) = (z(t),y(t)) be a curve and restrict ¢ to v to obtain a
function u(t) as usual. Let G(t) denote

Ga(t), y(t), u(t), p(t), ¢(1))
where p(t) = 9,¢(x(t), y(t)), q(t) = 9y¢(x(t), y(t)). We have
dG _ oG . o0G. oG. 0G. 0G,

at ot Tt T e T e T eyt

and since U = x8¢ + y8¢ = ip + yq this becomes

dG (‘3G+8G Y %4—% n
dt_x ox 8up Y Y 1

F Pt g
(9pp (9qq

This suggests a system of five coupled ODEs for the five quantities

(x(8), y(t), u(t), p(t), q(1)):

de 0G ) 0G oG
@~ pz_(a—x*%)
dy 0G . oG 0G
dt — dq 1= <8y+q8u)
_9G  0G
T 9y
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As usual, if we integrate this system of ODEs we will obtain a curve. Taking a one-
parameter family of these integral curves gives a surface in (z,y,u,p, ¢)-space and
when we project to (z, y, u)-space we obtain a surface which, wherever it is a graph, is
the graph of a solution u = ¢(x,y).

e

Figure 9.1: The equidistants of an ellipse form singularities as characteristics cross.

Example 9.1. Let us consider the eikonal equation (in units where the speed of light is

1)
2 2
% + % — 1
ox oy
(so G(z,y,u,p,q) = p*+¢*) which describes the time ¢ taken by light emitted normally

by some curve C' C R? to each a point (z,y) € R?. To see that this description is valid,
let’s consider the corresponding system of ODEs:

dx
dt p p
dy
dt q q

0=2(p"+¢*) =2
Starting from the curve C' and choose the initial condition ¢|c = 0. We see that this

determines p and ¢ along C, namely (p,¢) must be (plus or minus) the unit normal
vector to the curve C because p* + ¢* = 1 (giving unit length) and because (p,q) =

(%, %) and by our choice of initial condition the directional derivative of ¢ along C

vanishes, so (p, ¢) is normal to C. Now along the integral curves of the ODE, p and ¢ do
not change and hence = and y follow the normal line (with speed 2) and the solution to
U = 2isjust u(t) = 2¢. If one followed the normal with speed 1, we would get u(t) = t.

This is precisely the statement that the solution of the eikonal equation is the time
taken by light to reach (z,y) from C in a normal direction. The characteristics are
straight lines normal to C'. Solutions of the eikonal equation can be very beautiful.
Figure 9.1/ shows some of the singularities developed by level sets of ¢ corresponding

to the initial condition C = {‘%2 +1? = 1} (that is, the equidistants of an ellipse).
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Chapter 10

D’Alembert’s method

In this final chapter we present one more situation in which a linear change of coordinates
enables us to solve a PDE. This time we are interested in linear second-order hyperbolic
equations with constant coefficients (and an arbitrary inhomogeneous term).

10.1 The wave equation

The wave equation

19% 9%

2o a2
is supposed to describe the motion of waves with speed c. The equation simplifies dras-
tically if we change to so-called light-cone coordinates:

Ty =x+ct, v = x — ct.

The axis x_ = 0 is a line where x = ct, in other words it is the trajectory of a particle
moving with speed c in the positive z-direction. Similarly the axis ;. = 0 is the trajectory
of a particle moving with speed ¢ in the negative z-direction. We have z = (v, + z_)
and ¢t = 5-(z4 — z_). Using the chain rule we have

0 dr 9 9D

S N TR T
1 0 10
_§<%i55>

? 1 P

0> 2o 0r 0r_
Therefore in these new coordinates the wave equation becomes

0%¢ B
8I+a$_ N

SO

91



92 CHAPTER 10. D’ALEMBERT’S METHOD

Integrating this directly we see that ¢(x_,x;) = C_(xz_) + C,(z) for arbitrary functions
C. In other words, any solution to the wave equation can be written as

o(x,t) = C_(x —ct) + Cp(x + ct).

We think of the first term as a right-moving wave and the second as a left-moving wave.
Imagine for example that C_ = cos and observe that cos has a local maximum (‘crest’) at
zero. Therefore C_(z — ct) has a crest at x — ¢t = 0, so the crest of this wave moves along
the trajectory = = ct of a right-moving particle with speed c.

Example 10.1. Solve the wave equation for ¢(x,t) with initial conditions

, 90

o(z,0) =e"", a(x,O) = 0.

We know that the solution has the form
o(z,t) =C_(x —ct) + Cy(x + ct).

The initial conditions become

$(x,0) = C_(z) + Cp(z) =™, %(x, 0) = —cC” () + cC’ (z) = 0.

This gives us two simultaneous equations for C.. Integrating the second equation im-
plies C () = C_(x) + k for some constant k. The first then gives

2

C(x)+Ci(x)=2C_(2) +k=¢€"

2

soC_(z) =3 <e‘12 - k) and C(z) = % (e‘zrz + k) The solution is therefore

% <e—(:c—ct)2 + e—(x+ct)2> ,

in other words, the initial (Gaussian) wave splits into two components with half the
amplitude, one moving right, one moving left. Note that the constant £ cancelled out.
This will always be the case, so we will never bother to include it in our calculations.

Remark 10.2 (Comparison of Fourier and d”Alembert). Fourier’s (separated) solutions to
the wave equation have the form

sin(px) sin(pct).

D’Alembert tells us that we can write this as a sum of a right-moving and a left-moving
wave. We can do this explicitly using the trigonometric identities, and we get

sin(px) sin(pct) = % (cosp(x — ct) — cosp(x + ct)) .
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10.2 Hyperbolic equations

The wave equation belongs to the class of hyperbolic second-order linear equations. We
will consider the most general of these in two variables z, y:
¢ ¢

¢ + B +C D(x,y)
Ox? Oxdy oy? Y

where A, B, C are constants (suppose for simplicity that A # 0) and D is a function of x
and y. We will find coordinates (s, t) so that the equation becomes

o

A@s@t =D
in other words, we need to find (s, t) so that
2 2 2 2
0 Aa ¢ + B A + Ca ¢

0sot 02 Oxdy oy?’

The following lemma is good practice in using the chain rule:

Lemma 10.3. If we have
r=s+t, y=—Ps—at

then 52 52 52 52
osor o T Pga,

Proof. We have
9 9wd _yo 9 0

85_£%+%3y_0x oy

and
o 0x 0 8y3 0 0

ot otor oty or "oy

0? 0 0 0 0
Y (R S Y (N
0sot ox dy ox y

SO

02 0? 02
=a2 @t gy TP
O
We will choose « and 3 so that
0? 0? 0? 0?

"y B c
osot  ox2 " Pozay TV 02

that is
B/A = —(a+ ), C/A = ap.
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Lemma 10.4. If o and [ are the roots of the quadratic equation
AT*+ BT +C =0

then B/A = —(a+ ) and C'/A = af.

Proof. The quadratic equation with roots « and 3 and top coefficient AT? is A(T — a)(T — B).
Multiplying this out gives A(T? — (o + 8)T + af8) so B/A = —(a + ) and C/A = of. O

Definition 10.5. A PDE

A D

0%¢ 0% 0%
B C =

0x? * 0x0y + Oy?

is said to be hyperbolic, parabolic or elliptic if the quantity B* — 4AC is, respectively,

positive, zero or negative.

Remark 10.6. If the PDE is hyperbolic then the roots of AT?+BT+C are 55 (—B + v B? — 4AC)
which are distinct and real. This guarantees that z = s+t, y = —3s — ot is a well-defined
change of coordinates.

In conclusion:

Proposition 10.7. If

D¢ 0% %
B p—

0x? + 0x0y * 08y2

is a hyperbolic PDE and «, 3 are the roots of AT*> + BT + C = 0 then under the change of

coordinates

A D

the PDE simplifies to
o
0sot
Example 10.8. Solve
D*¢ D*¢ o

4
0x? + 58x0y + 0y? Y

The quadratic equation we need to solve is 7% + 57 + 4 = 0 which has roots (=5 =+
V25 —16)/2 thatis o = —4, § = —1. Under the change of coordinates x = s+1¢,y = s+ 4t
(equivalently s = £(4z —y), t = 3(y — x)) the PDE becomes

82

2 2
= = st + 4t
9501 Ty = 8° + ost +

so integrating up directly we get

1 5 4
P(s,t) = §s3t + L—Ls?t? + 55153 + C1(s) + Ca(t)
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where C and () are arbitrary functions. Changing coordinates back to =, y we have

o) = 51 (3o = 0% = )+ 0 =Pl — o+ 00— )y - 2P

+ Ci((4r —y)/3) + Co(y — 2)/3).

Example 10.9. Solve
2 2 2
¢ +5 ¢ + 4a ¢ _

0
0x? 0x0y Oy?

subject to the conditions

o(z,0) =z, g—j(x, 0) = 2°

We have already found the relevant coordinates for this equation in the previous example
s = 3(4z —y), t = 3(y — ). With these coordinates the equation becomes

0% B
dsot

0

50 ¢(s,t) = Ci(s) + Cy(t) or

ote.0) = G (340 - ) +C2 (30— 2))

The condition ¢(z,0) = z gives
Ci(4z/3) + Co(—x/3) =z

and the condition d¢/dy(z,0) = z* gives
1 ! 1 ! 2
—§01(4x/3) + §C2(—x/3) = x°.

Integrating this second equation gived]|

—201(437/3) 3Cy(—2/3) = 2

Now we have two simultaneous equations for C; and C5. These give
(3—4/3)C1(4x/3) = 3x + 3, (3/4 —3)Cy(—x/3) = 3z /4 + x®
or
C1(4x/3) = 4(2* + 37) /9, Co(—x/3) = —4(a® + 32/4) /9.
Substituting u = 42/3 we get
3u’

C’l(u) =u-+ E

1Again we are ignoring a constant here because if we included it, it would cancel out later.
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and substituting v = —z/3 we get
Co(u) = u + 12u.

Therefore the final solution, ¢(s,t) = C(s) + Cy(t), is

o, y) = (%(49: )+ (§<4x—y>)3> ¥ (%@—x) 12 (§<y—x>)3> .
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