
Sheet 5: Representations of Lie groups

J. Evans

Question 1.
Let x, y be a basis for the standard representation C2 of SU(2) and let x⊗x, 1

2
(x⊗y+y⊗x),

y ⊗ y be a basis for Sym2C2. Write down a matrix for the action of
(

α β
−β̄ ᾱ

)
∈ SU(2)

on Sym2C2 in terms of this basis.

Question 2.

(a) Suppose that R : G → GL(V ) is a representation. Show that R∗ : G → GL(V ∗) is a
representation.

(b) Suppose that R1 : G → GL(V1) and R2 : G → GL(V2) are representations and that
L : V1 → V2 is a morphism of representations. Show that the kernel and image of L
are subrepresentations of V1 and V2 respectively. If G is compact and L is surjective,
deduce that V1 ∼= kerL⊕ V2 as representations.

(c) Prove that the trace map Tr: gl(n,R) → R is a morphism from the adjoint repre-
sentation of GL(n,R) to the trivial one-dimensional representation. Deduce that
sl(n,R) is a subrepresentation.

(d) Let V denote the standard representation of SU(2). Check that the map

Symp V ⊗ Symq V → Symp+q V,

x1 · · ·xp ⊗ xp+1 · · · xp+q 7→ x1 · · ·xpxp+1 · · ·xp+q

is a morphism of SU(2)-representations. In the case that p = 1, q = 2:

(i) find the kernel;

(ii) show that the kernel is isomorphic to V ;

(iii) deduce that V ⊗ Sym2 V ∼= V ⊕ Sym3 V .
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Question 3.
Suppose that K is a field of characteristic zero and V = K〈e1, e2〉. Show that

V ⊗2 = Sym2(V )⊕ Λ2(V ).

Question 4.
Let V = K〈e1, e2〉 and W = K〈f1, f2〉 be vector spaces and consider an element t =∑2

i,j=1 tijei ⊗ ej ∈ V ⊗W in their tensor product. Show that there exist v ∈ V and w ∈ W
such that t = v ⊗ w (i.e. t is a pure tensor) if and only if t11t22 = t12t21.

This equation is called the Plücker relation. For tensor products of higher dimensional vector
spaces there are many more Plücker relations tijtk` = ti`tkj . This tells us that the pure tensors
form a subvariety of V ⊗W cut out by a collection of homogeneous polynomials of degree 2.

Question 5.
Suppose that R : G → GL(V ) and S : G → GL(W ) are representations and denote by T
the representation of G on Hom(V,W ) defined by

(T (g)F )(v) = S(g)F (R(g−1)v).

(a) Show that a vector F ∈ Hom(V,W ) satisfies T (g)F = F for all g ∈ G if and only
if F is a morphism of representations. If V and W are irreducible, show that either
F = 0 or F is an isomorphism.

(b) Define a map Φ: V ∗ ⊗W → Hom(V,W ) by defining it on pure tensors as

Φ(f ⊗ w)(v) = f(v)w

and extending linearly. Check that this is an isomorphism of representations R∗ ⊗
S ∼= T .

Hint: Once you know it’s a morphism of representations, to show it’s an isomorphism, pick
bases ei of V and fj of W and check that Φ(e∗i ⊗ fj) is a basis for Hom(V,W ). Why does
this tell you it is an isomorphism?

Question 6.
Let ei be a basis of Rn and, for i = 1, . . . , n, let ai be the vector

∑n
i=1 a

j
iej . By inspecting

the formula for the alternating map, show that a1 ∧ · · · ∧ an = det(aji )(e1 ∧ · · · ∧ en).
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