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Introduction

Introduction

Pairs Trading is an investment strategy used by many Hedge
Funds. Consider two co-integrated and correlated stocks which
trade at some spread. For a given period, we need to maximise the
agent's terminal utility of wealth subject to budget constraints.
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Dynamics of Paired Stock Prices
Co-integrating Vector
Optimal Stochastic Control Model Dynamic of Wealth Value

Integrability Condition
Agent’s Objective

Let S; and S, denote the co-integrated stock price which satisfies
the stochastic differential equations

dS; = (1 +02(t)) Spdt + 015,dB; (1)
dSy; = pSdt+ 025 (PdBl + ﬂd82> ) (2)

where B; and B, are independent Brownian Motions.
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Dynamics of Paired Stock Prices
Co-integrating Vector
Optimal Stochastic Control Model Dynamic of Wealth Value

Integrability Condition
Agent’s Objective

The instantaneous co-integrating vector z(t) is defined by
z(t) = a+InSi(t) + BIn Sy(t) . (3)
The dynamics of z(t) is a stationary Ornstein-Uhlenbeck process
dz =a(n—z)dt+ opdB; ,

where o = —§ is the speed of mean reversion,
og = \/af + 203 + 2Bo102p,

\/1—0p2
B: = L’8"2"81 + ﬂ%Bz is a Brownian motion adapted to

98
1 o? o3
’7—‘5<”1—2+5<“2‘2

Ft and
is the equilibrium level.
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Dynamics of Paired Stock Prices
Co-integrating Vector
Optimal Stochastic Control Model Dynamic of Wealth Value

Integrability Condition
Agent’s Objective

The dynamic of wealth value is given by
dW = 71(t)dS; + m2(t)dS; . (4)

Substitute equation (1) and (2) into the value of wealth (4), then
we obtain the SDE as below

dw = 7['1(1.') (M]_ + (52(1‘)) Sidt + 7T2(t)u252dt
—|—7T1(t)0‘151d81 + 7T2(t)0’252 (del +v1- p2d82> (5)
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Dynamics of Paired Stock Prices
Co-integrating Vector
Optimal Stochastic Control Model Dynamic of Wealth Value

Integrability Condition
Agent’s Objective

A pair of controls (71, 72) is said to be admissible if 1 and 7y are
real-valued, progressively measurable, are such that, (1)(2)(5)
define a unique solution (W, 51, S,) for any t € [0, T] and

(1, m2, S1, S2) satisfy the integrability condition

-
E/ (7‘('151)2 + (7‘(‘252)26/5 < 400 .
t
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Dynamics of Paired Stock Prices
Co-integrating Vector
Optimal Stochastic Control Model Dynamic of Wealth Value

Integrability Condition
Agent’s Objective

Assume that the agent’s objective is

J(t,W,5,5)= max E [U (W;’W’SI’SQ)} . (6)
(m1,m2)EA:

where J (t, W, 51, S,) denote the value function, the agent seeks

an admissible control pair (71, 72) that maximizes the utility of

wealth at time T.

Specifying U (W). Now let us assume the utility function like

U(W) = —exp(— W), (7)

which is the CARA (Constant Absolute Risk Aversion) utility,
where v > 0 is constant and equal to the absolute risk aversion.
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HJB Equation
Particular Case 6 = 0

The HJB equation & lts Solution Solution

We expect the value function J(t, W, 51, S2) satisfy the following
HJB partial differential equation:

Je + maﬂé[ (m1(p1 4 02)S1 + map2S2) Jw + (p1 + 62)S1Js, + p2S2Js,

+7T10%512JW$1 + 7T2,001(725152_/W$1
+7T20%522JWS2 + m1po1025152Jws,

1
+5 (703 SE + pmima01025152 + 750553 ) Jww
1 1
+§0’f512J5151 + po1025152Js; s, + §0§5§J5252] =0, (8)

with the final condition

J(T,W,5,5)=UWr)=—exp(—yWr) . 9)
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HJB Equation
Particular Case 6 = 0

The HJB equation & lts Solution Solution

Ansatz

S =¢€", S, =€, J(t,W,51,5) = —e "Wg(t,x,y) .

Then the transformed HJB equation will be

gt = max[ (mi(p1 + 02)S1 + m21252) 78 — (11 + 62)8x — 1128y
+7107S178x + T2p01025278x + T205 5278, + T1pI1025178y

1
~3 (7r10151 + 2mm2p01025152 + T505 522) Vg

1 1

_Eaf(gxx —8x) — Eag(gyy - gy) - P‘7102gxy] ) (10)

subject to
g(T,x,y)=1. (11)
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HJB Equation
Particular Case § = 0
The HJB equation & Its Solution Solution

Optimal Control Weights (initial)

oo (mt0z) &, 1z (12)
! V(1= p2)025; 78S "yl - p2)o102S:
1)

V(1-p2)02S 185 "A(1—pP)ornnS
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HJB Equation
Particular Case § = 0
The HJB equation & lts Solution Solution

Particular Case 6 =0

If we set § = 0, the value function is independent of the stocks and
the amount invested in each stock are constant. Then the closed
form for the value function and the amount corresponding to § =0

will be
P M5 prapia
t, X, = € — =1 | — =2 T—t ,
et = oo |t (G 525 ) (7o)
s = pmo pli2
V(1 —p?)of (1 —p2)oror’
55, = p2 pii '
V(1 =p?oz (L= p?oioo
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HJB Equation
Particular Case 6 = 0

The HJB equation & lts Solution Solution

Reduce the HJB equation into a one-dimensional equation by
letting
X=p1+0z=p+da+x+py),

and by using the exponential change of variable

(D(t’ X) - ln(g(ta)(?y))

i.e. g = exp(—®).Then we will obtain the linear parabolic PDE

1 1,X%  us poX 1
t 1- 2 <2(0_% +J§) P0102>+2(‘71+502)( x)
1
—5(0'% + 520'3 + 2010’2ﬁp)((52¢xx) . (14)

for any real number X and time 0 < t < T and is subject to the
terminal condition
O(T,X)=0. (15)
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HJB Equation
Particular Case 6 = 0

The HJB equation & lts Solution Solution

Assume ®(t, X) = a(t)X? + b(t)X + c(t) is an explicit solution of
the PDE in (14), where the coefficient a, b, ¢ are given by

_ 1 (T-y)
W= Ssa- e
(034 Bo3)d . o pu2 B
R (e (e
1 1 (0% + Bo3 + 201023p) 6> 2
R T T L B (e S

1 p2(0f + Bo3)dp
4 (1-p?)oi02

1 (02 + B03)?62
24 (1-p?)o3

(T — )%+ (T —1t)3.
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HJB Equation
Particular Case § = 0
The HJB equation & lts Solution Solution

Optimal Control Pair (final)

- _ (1 +0z) n d(—2a(t)(p1 + 0z) — b(t))
=t (1 - p)o? v
pi2
(1= p)oro (16)
=S, — 112 68(—2a(t)(p1 + 0z) — b(t))
? v(1 - p?)o3 v
p(p +62)

(1= pHoroz (17)
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Implement Pairs Trading in MATLAB
Exercise

Implementation & Exercise

The Dynamics of 51 & S,

SY =258 =50,2(0) = 0.2, 41 = 0.1, up = 0.05
01=04,00=03,0=02,p=-0.7,=05,7v=0.5

Q 00 0 00
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Implementation & Exercise
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Implement Pairs Trading in MATLAB
Exercise

Implementation & Exercise

of 7T151 & 7T252
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Implement Pairs Trading in MATLAB
Exercise

Implementation & Exercise

Comparison with the Static control pair

w1 = 0.1578 & m = 0.1010

Compare with the constant no. of shares held
10 T T T T
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8.2 | = Dynamic control pair
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n
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Implement Pairs Trading in MATLAB
Exercise

Implementation & Exercise

Derive the explicit form for a(t), b(t) and c(t) in Slides Page 14.
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