Mirror Symmetry Monodromy
Actions on Derived Categories

Michela Barbieri

A thesis submitted in partial fulfillment
of the requirements for the degree of
Doctor of Philosophy
of
Pure Mathematics.

Supervisor: Professor Ed Segal
Department of Mathematics
University College London

January 9, 2026



2

I, Michela Barbieri, confirm that the work presented in this thesis is my own. Where
information has been derived from other sources, I confirm that this has been indi-

cated in the work.



Abstract

Given a linear toric Calabi-Yau geometric invariant theory (GIT) problem, Hori-
Vafa toric homological mirror symmetry constructs a parameter space over which
mirror Landau-Ginzburg models live, called the Fayet-Iliopoulos Parameter Space
(FIPS). Itis conjectured that there is a monodromy action of the fundamental group
of FIPS on the derived categories of the GIT quotients via spherical twists about
spherical functors. We demonstrate the conjecture holds true for toric Calabi-Yau
3-folds of Picard rank 2.



Impact Statement

This thesis makes contributions to pure mathematics, in particular to algebraic ge-
ometry and homological mirror symmetry (HMS). We add to the body of evidence
for the monodromy conjecture in HMS by demonstrating it holds in new examples.

We also find unexpected symmetries of derived categories as a consequence.

Although highly theoretical in nature, advances in these areas have historically had
a transformative influence far beyond mathematics itself. Ideas from geometry and
category theory underpin modern developments in theoretical physics, including
string theory, and provide the language through which deep structures in science
can be described.

Pure mathematics also delivers long-term, often unexpected, benefits to technology
and society. For example, abstract number theory has become the foundation of
modern cryptography, and algebraic geometry underlies areas of coding theory and
computer vision. By developing new conceptual tools within homological mirror
symmetry, this research supports future interdisciplinary applications of mathemat-
ics, while contributing to the shared body of knowledge that underpins science as a

whole.

Finally, this work has an immediate impact through the training and skills it rep-
resents. Undertaking this research has developed advanced problem-solving, ab-
straction, and reasoning skills that are valuable not only within academia but also in
areas such as data science, finance, and artificial intelligence, where sophisticated

mathematical thinking plays an increasingly important role.
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Chapter 1

Introduction

1.1 General Background

When mathematicians talk about mirror symmetry, they refer to a collection of
mysterious relationships between different geometric objects spanning differential,
symplectic, and algebraic geometry. The story begins in 1991 when string theorists
Candelas, de la Ossa, Green, and Parkes published their famous paper [ ].
This paper caught the attention of mathematicians because the physicists appeared

to have solved a mathematical problem that had occupied their minds for decades.

The question was, what is the number n,; of rational degree d curves on a quintic
threefold? Mathematicians had only been able to work out n,; for d < 4 and were
unsure whether the number was even finite for higher d. [ ] computed’ ny
for d < 11, with the first three numbers matching those that the mathematicians had
worked out. The physicists exploited what seemed like a magical duality between

manifolds, now widely referred to as mirror symmetry.

The study of mirror symmetry since then has resulted in a plethora of interesting
mathematics. Many unexpected relationships between different geometric objects
have been observed as a result. One of the most profound developments to emerge
from this work is homological mirror symmetry, an entirely new and rich area of

mathematics that lies at the interface of algebraic geometry and symplectic geome-
try.

The core conjecture of homological mirror symmetry, first presented by Maxim
Kontsevich at the 1994 International Congress of Mathematicians, roughly says the

'"What was actually computed here were Gromov-Witten invariants, where the relationship with

curve counts is a little subtle.
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following. Given a complex geometric object” X, the homological mirror symmetry
conjecture says that there is some symplectic geometric object X" such that the

following two puzzlingly different categories are equivalent
Db(X) = Fuk(X"), (1.1)

where the left hand side (the B-side) is the bounded derived category of coherent
sheaves on X and depends only on the complex structure, while the right hand side
(the A-side) is some version of the Fukaya category of X" and depends only on the
symplectic structure. Defining the Fukaya category in general is a really difficult
problem, but fortunately in this thesis we only work on the B-side, where we refer

the reader to [ , Chapter 2] for a good introduction on derived categories.

We say that a pair (X,X") that satisfies (1.1) are mirrors. In fact, we have a whole
family of mirrors to X on the A-side, each of which is symplectomorphic to X", but
has a different complex structure. We denote the complex structure moduli space of
the symplectic manifold X" by .Z(s.

Similarly, we can consider all the Kéhler forms .#Zkp (symplectic structures) on
X and this should give us a moduli space of mirrors to X”. Homological mirror
symmetry implies that the two moduli spaces of mirrors are isomorphic, but we
know that the symplectic story needs to be expanded, as .Z(g itself naturally carries
a complex structure, while .#g is a real manifold locally identified with H?(X,R).

So we replace .Zp with the conjectured Stringy Kdhler Moduli Space #sgms of

X, which is larger’ and complexified.

Recall that Fuk(X") is independent of complex structure, so over each point in .Zcg
we have the same category. Nevertheless it turns out that this is only really true
locally. This points to the existence of a local system of categories isomorphic to
Fuk(X") over .Zcs. By mirror symmetry, we should be able to carry this over to
B-side local system over .#sgms With fibres isomorphic to Db (X). We call this the

mirror symmetry monodromy conjecture.

There are various problems with the conjecture that make it very imprecise. The
first is in particular related to B-side monodromy conjecture, as there is no rigorous
or general definition of .Zskms. -#cs 1s easier to understand, so most B-side papers

define .#skms to be the complex structure moduli space of the mirror.

The use of the terms complex geometric object and symplectic geometric object here is deliber-
ately vague as we will see that sometimes our B-side will be stacks and not varieties, and the A-side

may be Landau-Ginzburg models.
3///SKMS includes other birational models of X.
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The difficulties with the definition of .Zskms are compounded by the technical
limitations in the definition of the Fukaya category and the fact that defining what a
local system of categories is a challenging task [ ]. The former is not an issue
for us because we will be working exclusively on the B-side. We deal with the latter
by analogy with classical local systems, and think about fundamental group actions
of the moduli spaces via autoequivalences. This provides an algebraic description

of a local system of categories.

The seminal example of this action is given in the profound paper [ ] when X
is the A,-singularity. Seidel-Thomas produced novel autoequivalences on D”(X),
called spherical twists about spherical objects, by exhibiting a configuration of La-
grangian spheres on the A-side mirror and studying the symplectic Dehn twists
around these spheres. The braiding of symplectic Dehn twists manifests itself as a

faithful braid relation among the spherical twists.

Although the mirror symmetry monodromy conjecture is hard to state precisely in
general, we can make sense of things in specific contexts where both the geometry
is simpler and homological mirror symmetry is well-understood. The toric setting
provides exactly such a context. Toric homological mirror symmetry has various
formulations (see [ , Sec. 2] for a summary), but we work in the variation of

Geometric Invariant Theory (GIT) and Hori-Vafa perspective.

In this thesis we will be looking at the algebraic side of toric homological mir-
ror symmetry. The B-side objects arise as quotients in Geometric Invariant The-
ory (GIT). Specifically, we work with linear toric Calabi-Yau GIT problems (§2.1),
which are given by an algebraic torus 7 = (C*)" acting on a vector space V = C".
The theory of GIT gives us various quotients X, and by so-called wall-crossing we
get various equivalences and autoequivalences of the derived categories. Addition-
ally, via Hori-Vafa mirrors | ] we have a heuristic recipe for constructing a

substitute of .Zcg called the Fayet-Iliopoulos Parameter Space (FIPS).

In our setting we therefore interpret the B-side mirror symmetry monodromy con-
jecture as saying that the fundamental group(oid) of 7; (FIPS) acts on the derived
categories of the GIT quotients via the wall-crossing equivalences. This is still an
open problem which we seem to be far from solving. The main obstacle is that
fundamental groups are really hard to understand in general. We will prove the

conjecture for a special class of examples.

4Proving faithfulness was the hard part here.
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1.2 Details and Structure

Having outlined the conceptual framework, we now turn to the technical details
of our approach. We start with the B-side toric set-up, which we go through in
Chapter 2. In §2.1 we exposit the theory of linear toric GIT, which explains how
to take quotients when you have an algebraic torus 7 = (C*)" acting on a vector
space V = C". To obtain well-behaved quotients, you need to remove a certain
zero locus from V before taking the naive quotient. This process is not unique and
depends on a choice of stability condition, which in this setting is just a choice of
character 6 : T — C* which lives in a rank r lattice LV, called the character lattice.
Different characters will give different birational but in general not isomorphic toric
quotients.

The character lattice L" splits into positive cones where any two stability conditions
that lie in the interior of the same cone have the same unstable locus. The top dimen-
sional cones correspond to good quotients in the sense that they are smooth Deligne-
Mumford (DM) stacks, which are stacks where the stabilisers are finite groups. The
GIT quotients corresponding to the top dimensional cones are therefore the ones we
refer to when we say GIT quotients. We call the decomposition of LY a wall and
chamber decomposition, where two GIT quotients are said to be separated by a wall

if their cones share a codimension 1 face.

We note that the wall and chamber decomposition of L gives us the data of a toric
fan, which we call the secondary toric fan. There is a geometric realisation of this
fan § which we call the secondary toric stack. By toric orbit-cone correspondence,

for every GIT quotient there is a fixed point cx € § under the dual torus T action.

Let us consider a wall W in the secondary fan separating two GIT quotients X and

X'. The wall-crossing formula tells us that
D (X) = (D"(x),D"(2),....D"(2)),

where Z is the T-quotient of the fixed locus of the action of the one-parameter family
perpendicular to the wall, and the number of copies of Z can be easily computed
combinatorially’ (§2.3). We call X’ minimal with respect to X, and X maximal with

respect to X'.

The homological mirror symmetry story we will use only really works if our GIT
problems satisfy a Calabi-Yau condition (§2.2). As one might guess from the name,

the condition implies that all quotients are Calabi-Yau, i.e. have trivial canonical

>In fact, Z comes from a GIT problem called a Higgs GIT problem, whose data is a subset of the
data of our original GIT problem. See Definition 2.9.
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sheaf. It also implies that for any wall the number of copies of D?(Z) in the wall-

crossing formula is zero, so that all your GIT quotients are derived equivalent.

In fact, if we fix a GIT quotient X, wall-crossing through a wall W actually gives
us countably-infinite derived equivalences between X and the GIT quotient on the
other side of the wall, which are called window equivalences | ]. Going
through one window and back through another produces a non-trivial autoequiv-
alence of D(X). For any wall we therefore have countably-infinitely-many non-

trivial autoequivalences of D”(X).

It turns out that we can describe these autoequivalences as spherical twists about
spherical functors [ ], providing a concrete algebraic handle on the geometric
wall-crossing phenomenon. Though the number of copies of D?(Z) in the SOD for
X is 0, the toric variety Z is still important. For any wall W and corresponding Z we
get a spherical functor (§2.4.2)

F:D"(Z) - D (X),

which is a generalisation of the spherical objects from [ . The spherical twist
Tr : D’(X) — D?(X) of a spherical functor F is an autoequivalence (§2.4).

It is worth noting that Z comes from a GIT problem itself which is not generally

Calabi-Yau. Via repeated wall-crossing we find a semi-orthogonal decomposition
D"(z) = (D"(Z),....D"(Z),....D"(Z),...D"(Z)),

where Z; are minimal GIT quotients, see equation (2.19). The details of this de-
composition depends on some choices, but the multiplicity of each factor D?(Z;)
is well-defined [ 1. Each restriction F; : D’(Z;) — D(X) of F is a spherical

functor and we can factor 7F in terms of these TF, by equation (2.27).

Having established a rich supply of autoequivalences on the B-side, we can now
turn to the mirror side to complete our setup. Alongside our understanding of non-
trivial autoequivalences of derived categories of Calabi-Yau toric GIT quotients, we
also have another crucial tool: an explicit recipe for constructing the mirror side.

We go through this part of the story in Chapter 3.

The Hori-Vafa mirrors are given by a Landau-Ginzburg (LG) model ((C*)"~" W)
where W : (C*)"~" — C is a Laurent polynomial called the superpotential [ ].
The mirror symplectic manifold is just the torus (C*)"~", specifically the dual torus
mirror to a torus inside a GIT quotient X, but since X is a partial compactification of
the torus we also have W as extra data on the A-side. A priori the coefficients of W

live in C" and can vary, giving us a family of mirror LG models. However, there are
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some coefficient values that are not allowed because they make V(W) singular, and
these forbidden values form what is called the discriminant locus V C C" (§3.1).
The space of allowed coefficients over which the mirror LG-models live is called
the Fayet Iliopoulous Parameter Space (FIPS) and we use this as a substitute for

Mcs, or Mskms on the original B-side.

The non-toric part of the discriminant locus decomposes into irreducible compo-
nents (3.6)

k
Vnon-toric = U Vi.
i=0
An important part of our story is the observation, first noted in [ ], that there

is a correspondence between these components and the factors D?(Z;) in the semi-
orthogonal decomposition for D?(Z).

It’s possible to see FIPS as living inside the secondary toric stack § (§3.1). Recall
that for every GIT quotient X there is a fixed point cy € § in the toric boundary.
This makes the §§ an interesting compactification of FIPS because we can then see
large radius regions of FIPS that correspond to specific GIT quotients.

With both the B-side autoequivalences and the A-side parameter space in hand,
we can now formulate more precisely how they should be related. The following

conjecture captures the heart of our mirror symmetry monodromy story.

Main Conjecture (Conjecture 3.17). Let X be a GIT quotient, and pick a basepoint
in FIPS corresponding to X. Then there is an action of 7 (FIPS) on D’(X) in
which a meridian (Definition 4.7) of V; acts by a spherical twist about a spherical

functor whose source category is D?(Z;).

Remark 1.1. Conjecture 3.17 is a bit more detailed than the main conjecture above,

and includes the action of the Picard groups of the GIT quotients.

This matching of meridians is non-canonical because meridians are only defined up
to path conjugation, and the spherical twists TF, are only defined up to autoequiv-
alences of D(X). In rank 1 it is quite easy to see that the conjecture holds, see

Example 3.19. The higher rank case is much harder.

Remark 1.2. One could also conjecture that the action is faithful, but proving faith-

fulness is hard and we won’t be touching on it in this thesis.

Though the conjecture is still an open problem, it is widely believed to be true as
it has been shown in various examples (see §1.4). In particular, the study of the

fundamental group of FIPS has allowed algebraic geometers to observe relations
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between equivalences of derived categories which were not at all obvious a priori,
providing strong evidence that what has been shown so far is unlikely coincidental.

This thesis adds to this body of work, proving the conjecture in new examples.

The major difficulty in proving the conjecture is that we don’t know how to com-
pute 7y (FIPS) in general. It’s not a surprise that in most of the cases where the
conjecture has been shown FIPS is particularly simple®. In our examples, we will
see cases of FIPS that are complements of higher degree singular curves, and we
will have to carefully compute the fundamental group. In Chapter 4 we explain
tools we will need to do this. Since our examples are rank 2 we will see that we can
identify FIPS with a curve complement modulo a finite group action. In §4.1 we go
through the theory of how to compute fundamental groups of curve complements
using the Zariski-Van Kampen method, and in §4.2 we explain how to deal with the

finite group action to compute the orbifold fundamental group.

1.3 Main Results and Conjectures

To make progress on proving the conjecture, we focus on a particularly manageable
class of examples that nonetheless captures the interesting features of the general
phenomenon. These are toric Calabi-Yau 3-folds of Picard rank 2, which are given

by convex 2D lattice polygons with 5 integral points. There are six such polygons

up to equivalence [ ], depicted in Figure 1.1.
Example (a) Example (b) Example (c) Example (d) Example (¢) Example (f)

Figure 1.1: The primary polygons of toric Calabi-Yau threefolds of Picard rank 2.

Each polygon is a primary polygon (Definition 2.7) of a linear toric CY GIT prob-
lem (C*)?> ~ C3, where we note that cones on triangulations of the primary poly-

gons give toric fans for the GIT quotients.

Main Theorem (Thms. 5.2, 5.5, 5.6, 5.7). The main conjecture holds for the linear
toric CY GIT problems with primary polygons in Figure 1.1.

Remark 1.3. The cited Theorems prove the more specific Conjecture 3.17 in one

GIT quotient for each case, but the more general conjecture for every GIT quotients

®E.g. the complement of a hyperplane arrangement.
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follows. This is because the Calabi-Yau condition implies that derived categories of
all the GIT quotients are equivalent (Corollary 2.13).

Examples (e) and (f) have been proved as part of a special class of examples coming
for A, surface singularities [ ]. In Chapter 5, we will prove Examples (a)-(d),

with one section dedicated per example.

To prove each example, we compute presentations for the fundamental groups of
FIPS and match generators to autoequivalences according to the conjecture. We
then prove that the fundamental group relations also hold in the group of autoequiv-
alences, thus proving that our action is well-defined. We remark again that these
relations between autoequivalences, although not especially difficult to prove, are

in general not at all obvious a priori.

Our study furthermore allows us to find and conjecture relations for cases beyond
the examples we look at, such as the following example.

Example (Proposition 5.8). Consider the smooth DM stack
X = [A3/n—1,—n,lzm]a

where

1
n,me ZLsp, 2<n< %, gcd(n,m) =ged(n—1,m) = 1.

Pic(X) = Z,,, and each line bundle twist of the skyscraper sheaf of the origin
Oy(1) is a spherical object. It is easy to see that the spherical twists about &y(!)
and Op(l+ 1) satisfy the braid relation. Additionally, for k = —n+ 1 mod m and
k = n mod m we show that the following relation holds

Too): I, 16, = 1.

Gp(-1)
Furthermore, in §4.3, we conjecture some general relations between the autoequiva-
lences associated to a specific choice of wall W. By the orbit-cone correspondence,
a wall W in the secondary fan separating two quotients X and X’ determines a ra-
tional toric boundary curve Cy C § connecting fixed points cx and cy in the sec-
ondary toric stack §. We assume here that Cyy is non-stacky and is contained in the
discriminant locus’. By [ , Corollary 4.13], the discriminant locus V intersects
Cy 1in exactly one point, and each component Vr intersects with some multiplicity

mr € ZZQ.

"It seems plausible that these constructions could be extended to the stacky setting, though the

situation is less transparent.
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Looking at a small analytic neighbourhood Uy, C FIPS of the intersection point, we
find relations in fundamental group in a constructive way by performing blow-ups.
The key idea is that the fundamental group of the blow-up without the exceptional
divisor is the same as the original fundamental group, and that blowing up will sepa-
rate components and resolve the singularities until they are ordinary. The meridians
of the strict transforms and exceptional divisors should intuitively correspond to
autoequivalences coming from W via Conjecture 3.17, which implies non-trivial
relations between the autoequivalences. Unfortunately we did not find a nice closed
presentation for the fundamental group, and in general these relations are quite un-
wieldy. Nevertheless, exploring possible implications of these blow-up relations

could be an interesting avenue for future research.

For rank 2 GIT problems, some nice relations are implied. Note that in this case, the
discriminant locus V C § is a curve. Excluding toric boundary components, it has at
most two additional irreducible components, the principal component and another
one, which we shall denote by V( and V respectively. The curve Cy intersects V
at a smooth point® with some multiplicity m € Z=q, and V; at a smooth point with

multiplicity either O or 1 [ , Sec. 6.2].

Let .£ € Pic X be the canonical line-bundle corresponding to Cy by Lemma 3.15.
Let Tg, and TF, be two of the factors of the spherical twist 7 from crossing W,
corresponding to Vg and V| respectively. We make the following conjecture.

Conjecture (Conjecture 4.40). Consider a rank 2 GIT problem with quotient X and
adjacent wall W. If V| does not intersect Cy, then

(®L) o TR)" = (T, o (L))"
If V intersects Cy, then

TFloTFOOFl = (®$71)OF],

Fy= T(®$)OF o Fy.

It’s not hard to observe that the relations above are satisfied in our examples in
Chapter 5 (the only examples with a boundary curve Cy that’s non-stacky are Ex-
amples (a) and (c)). We highlight that in rank 2 the conjectured relations should
be a direct corollary of the near-large-radius representation proved in [ , Sec.
6]. Confirming this would require careful checking that our equivalence matching

is the same, which we have not done.

8By Remark 6.6 in [ ] we know that the intersection occurs at smooth points of the discrim-
inant components in rank 2 problems. We would guess this to be true in higher rank but do not know

how to prove it.
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1.4 Previous Results

To put our results in context, it is worth reviewing what has been accomplished
previously and what obstacles remain. The homological mirror symmetry statement
in our setting should say (for some definition of the Fukaya category of the LG-
model) that Fuk((C*)"~",W) is equivalent to D?(X) for a GIT quotient X. If there
was a mirror map that worked for the family of LG-models, and a monodromy
action of m; (FIPS) on Fuk((C*)"~",W), we would be able to carry the action over

to D?(X) and the B-side mirror symmetry monodromy conjecture would be proved.

A version of this programme was used successfully in [ ], where the authors
constructed an action of m;(FIPS) on the mirror wrapped Fukaya category of a
generic fibre D of the superpotential W, and were able to use mirror symmetry to

deduce an action on the derived category of the toric boundary of X.

However, if we want to upgrade this to an action on the full D? (X), the tools
on the A-side are still insufficient. Currently the proven toric homological mir-
ror statements (e.g. [ ; ]) typically involve some extra choices (like a
tropical limit), obstructing the construction of a monodromy action 7; (FIPS) on
Fuk((C*)"",W).

For this reason, we instead use combinatorial observations to make a guess for how
71 (FIPS) should act on the derived categories of toric GIT quotients, as is done in
Conjecture 3.17. There are various papers that use this approach. For example, a
representation of 7 (FIPS) using variation of GIT was shown in [ ] for quasi-
symmetric’ GIT problems. This was possible because for these problems, FIPS is
a hyperplane complement, whose fundamental group is much easier to understand
than a general hypersurface complement. The authors were also able to use so-
called magic windows, which relate the derived categories of all the GIT quotients

simultaneously (generally windows are associated to a specific wall-crossing).

In [ 1, the authors show a faithful'” action of mixed braid groups on a class of
examples coming from A,, singularities by exploiting the existence of finite covers
of the FIPS which are themselves the FIPS of a quasi-symmetric GIT problem.
This covering strategy could be a promising approach to proving the conjecture in
general, although given any GIT problem there is yet to be a general construction
for a quasi-symmetric GIT problem that is related in this way. In this thesis, we

deliberately deal with examples where we can’t exploit the quasi-symmetric result.

°In the toric setting a quasi-symmetric GIT problem is a Calabi-Yau problem where the sums of

weights on any line is zero.
10The faithfulness here followed by the faithfulness of the braid action in [ 1.
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The thesis [ ] is also closely related to our work. For rank 2 examples, they
construct a representation of the fundamental groupoid at the large radius region of
a wall. They additionally build global representations of F/PS in various examples,
including one of rank 3. Finally, they propose a conjecture on the intersection mul-
tiplicities and semi-orthogonal decompositions (Theorem 3.22), which was proved

in [ 1.

For flopping curves in 3-folds, the stringy Kéhler moduli space .#Zskwms is defined
in [ ] as the quotient of normalised Bridgeland Stability conditions and is
shown to be a 2-sphere with points missing. The authors also prove an action of the
fundamental group of their .#Zskms. Recently in [ ], the author shows that flops
of length 2 can also be constructed as quasi-symmetric GIT problems. The author
moreover demonstrates that the recipe for building .#Zskms and a representation

through variation of GIT coincides with that in [ ].

Less has been done on the A-side, however there is some related work. Here we con-
sider the “purely symplectic” version of toric homological mirror symmetry, where
X is a toric variety and we replace the Hori-Vafa potential in the mirror with a stop:
a mostly Legendrian subset f of the contact boundary ¥ = d..(C*)"~". Associated
with the pair ((C*)"~"§) is a partially wrapped Fukaya category # ((C*)"~" {)
which is derived equivalent to D?(X).

For example, each chart of F'/PS corresponding to quotient X contains a real torus,
and in [ ] they show that its monodromy induces an action on the A-side which

is mirror to tensoring by a line bundle.

In [ ; ], the authors provide examples of derived autoequivalences aris-
ing from the microlocal sheaf theory of ((C*)"~",f). In these papers, the window
equivalences of [ ] are produced on the A-side by studying modifications of
the FLTZ skeleta via stop removals. These modifications are inspired by (but not
actually given by) deformations of the Legendrian stop. See, for instance, [ ,
Sec. 0.3.1 or Example 1.1].

In joint work with Jeff Hicks and Andrew Hanlon (preprint in preparation) we con-
struct a moduli space on the A-side for A, examples and find an induced an action
of the fundamental group on the partially wrapped Fukaya category. Moreover, we

show that the braid group injects into this fundamental group, in line with [ ].



Chapter 2

Toric Geometry and Derived
Categories

2.1 Linear Toric Geometric Invariant Theory

We start with a choice of algebraic torus 7 = (C*)" acting on a vector space V == C".
We call this a linear toric geometric invariant theory (GIT) problem of rank r and

dimension n. For a choice of coordinates on T and V the action is of the form
(2'17”-7)('}’) . (le--,Zn) — (1141112421 “.Ar‘b’lzl,.'.7)quln)tzq2n B _)qumzn)7 (2.1)

where g;j € Z for i =1,...,r, j=1,...,n. For j€1,...,n, we define the r-
dimensional vectors g := (g;;)/_, which we call the weights of the GIT problem.

We would like to construct a quotient space that parametrises the action’s orbits,
and GIT is the algebro-geometric theory that tells us how we should do this. More
specifically, GIT produces unstable loci, which are orbits that we throw away before
we quotient in order to get a ‘good’ or ‘geometric’ quotient [ ]. We call these

quotients GIT quotients, which are often denoted V // T

Example 2.1. Consider C* acting on C? linearly: A - (x,y) = (Ax, 1y). If we take
the quotient space, we see that in the quotient topology (induced by the analytic
topology) the orbit of the origin cannot be separated by disjoint open sets from any
other orbit. Keeping the origin therefore yields a non-Hausdorff space, so we say
that the origin is unstable and we have to remove it. As one would guess, we get
GIT quotient

C? JC* =C>\{(0,0)}/C* =P

In general GIT quotients are not unique and depend on a choice of stability condi-

tion. In linear toric GIT problems the stability condition is just a choice of character
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8 pa
orbit of (2, 2)
. orbit of (-2, 4)
orbit of (4, -2)
orbit of (0, 0)

Q 4

-8

Figure 2.1: Orbits of the C* action on C? from Example 2.1.

0 : T — C*. The character lattice L' := Hom(T,C*) is isomorphic to Z’, so 0 lives
in a rank r lattice. Different choices of 6 lead us to remove different unstable loci
thus give us non-isomorphic (but birational) quotients. We will now explain exactly
how, given 6, we combinatorially determine the unstable locus (see equation (2.3)),

where we use [ , Section 4] as our main reference.

We can think of the weights ¢q1,...,q, as living in the character lattice LY. The
unstable locus is determined by the positive cones on subsets of the weights g; that
contain 6. For a subset I C {1,2,...,n}, and write I° for the complement of /, and
set

Zi={Yeiai|ei€Roo) S L, 2.2)

icl
where we call Z; the strictly positive cone on weights {q; | i € I}. We set Zy = {0}.
Consider a stability condition 8 € L" and set

dg={1C{1,2,....,n}|0 € Z;}.
We make the following assumptions on 6:
1. {1,2,...,n} € o,
2. forany I € o7y, {q;|i € I'} spans Ly, over R.

The first ensures that our quotient won’t be empty and the second ensures that we
are picking a generic stability condition, so that our quotient will be smooth Deligne
Mumford (DM) stack, see Remark 2.3. Consider coordinates zj,...,z, on C*. We

define the ideal
Iy = <HZ,‘ ‘165279>

iel
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and the unstable locus of 6 to be
Ug =V (H). (2.3)

The semi-stable locus X} is defined to be the complement C" \ Ug. The GIT quo-
tient given by the stability condition 8 € LV is the following quotient stack (see
Remark 2.2):

Xo=[X5"/T). (2.4)

Remark 2.2 (Quotient stacks). The quotient stack [X /G], where X is a variety and
G is a possibly infinite group acting on X, is used to think about the G-equivariant
geometry on X. When the action of G is free, then the quotient is simply the ‘naive’
Zariski topological quotient, also called the coarse moduli space in this context.
When the action is not free, however, we have non-trivial stabiliser subgroups and
the stack structure remembers this. A coherent sheaf on [X /G| is a G-equivariant
coherent sheaf on X, and if X =V is a vector space then this is the data of a character
G — C*. The action of G on V induces a G = Hom(G, C*)-graded structure on the

polynomial ring and we have
Coh%(V) = G-graded C[z1,. .. ,z,] modules.

This implies that for G = T, coherent sheaves on [V /T] are Z’-graded as
Clz1,...,zx]-modules.

Remark 2.3 (Smooth DM stacks). By smooth DM stack, we mean a geometric
object 2" that is locally the quotient stack [U/I'] where U C R" and I is a finite
group. This in particular implies that stabiliser subgroups are finite'.

The Picard group of a GIT quotient is given as a quotient of the character lattice

LY = 7", more specifically

L\/
Pic Xg = ——7—+, (2.5)
(gi|ieK)
where the subset K C {1,...,n} indexes the coordinate divisors that lie in the un-
stable locus, i.e. the k such that {zy =0} C Uy [ 1.

The space of stability conditions satisfying our assumptions has a wall and chamber

structure. The chamber Cg to which 0 belongs is given by

Co= () 41
IG:Q%Q

'Every ‘point’ in a DM stack x € 2" has a well-defined finite automorphism group I', coming
from any local description, which we refer to as the isotropy group of x. Hence when we refer to a
point in 2", we mean a gerbe BT, = [SpecC/Ty].
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and Xy = Xy if and only if 8’ € Cy or, equivalently, 8 € Cor. We call a codimension
1 sub-cone W C Cy a wall to the chamber. This wall and chamber structure gives
us a fan in LY ® R, which we call the secondary fan2 YGkz- By construction, top-
dimensional cones in Xgkz are in one-to-one correspondence with GIT quotients.
We note that the 1-dimensional cones in Xxz may be more than just the weights g;
when the rank of the linear toric GIT problem is greater than 2.

Example 2.4. Consider C* acting on C? via 4 - (x,y,z) = (Ax, Ay, A 'z). The
character lattice is isomorphic to Z. For 8 > 0, we have unstable locus Z, = {x =

y = 0}. We have GIT quotient the total space
C JoC =C\{x=y=0}/C" =Tot 6(~1)ps .
For 6 < 0, we have unstable locus Z_ = {z = 0}.

C? o C* =C\{z=0}/C* = AZ

A

3

Figure 2.2: Secondary fan of GIT problem C (1,1,-1)

There is a DM stack constructed using the secondary fan Xz, called the secondary
stack §. It is a toric DM stack given by a stacky fan as per [ ]. As a first
approximation, a stacky fan is a simplicial fan with a distinguished lattice point on

each ray in the fan. More precisely, we have the following definition.

Definition 2.5. [ ] A stacky fan X is a triple consisting of a finitely generated
abelian group N, a simplicial fan ¥ in Nk, and a map 8 : Z" — N where n is the
number of rays in X and the -image of the standard basis in Z" generates the rays
in X.

A toric fan ¥ produces a canonical stacky fan X := (N, X, ) where N is the distin-
guished cocharacter lattice and f3 is the map defined by the minimal lattice points
on the rays. In [ , Sec. 3], the authors show how a stacky fan encodes a

group action on a quasi-affine variety, and the associated toric Deligne-Mumford

2 Also known as the GKZ fan.
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stack 27 () is defined as the quotient. Note that, if £ corresponds to a smooth toric
variety X (X) and I is the canonical stacky fan associated to X, then we simply have
2 (X) =X (X), as we would expect.

In this thesis we only deal with linear toric GIT problems of rank less than or equal
to 2, for which the stacky fan of § is

Yokz = (LY, Z6kz,0), (2.6)

where Q : Z" — LV is called the weight map, defined by the weights g,...,q, €
L". For a general definition we refer the reader to [ , Subsection 3.4]. A
priori defining this stack from the secondary fan may seem pointless. We will see
later that the secondary stack is a helpful compactification of one of our central
objects of study, the Fayet-Iliopoulos Parameter Space (FIPS), see Definition 3.6
and equation (3.5).

We consider the cokernel A : Z" — N of the dual weight map QY : L — (Z")"
(where we identify (LY)Y = L). We note that N is a finitely generated group which
may have torsion. We package this information into the short exact sequence

V \Y
012 2z A5 N-o. 2.7)

We can see A := (AY)" : M — Z" as an x (n—r) dimensional matrix by picking a
basis for the rank n — r lattice M = N". We define ; =AY ((¢;)V) @ R € Ng 2 R"™"
the rays of our GIT problem, which are integer vectors.

Given a GIT problem (2.7) and a choice of stability condition 8 € LV, we can
also describe our GIT quotients Xg as toric DM stacks given by stacky fans as per
[ ]. The the toric fan is given by

Yg={or CNg=R""|I €y} (2.8)

We need the data of a choice of generators for the one-dimensional cones of ¥g. So
let B :=AY :Z" — N and consider the subset S C {1,...,n} by:

S={ic{l,....n} | {} ¢ A}

In words, S contains the rays a@; whose cone does not give a one-dimensional cone

in Xg. Then the stacky fan of Xjy is given by the triple data
29 = (N7297ﬁ/)7 (29)

where ' : 7" Sl 5 N is obtained from B by deleting the columns corresponding
to the subset S. The toric DM stack obtained from Section 3 of [ ] coincides
precisely with our GIT quotient as given by the quotient stack (2.4) [ , Sec. 4].
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We finish this subsection with another perspective to equation (2.5) on how to com-
pute the Picard group of Xg

L\/
(gilieS)

2.2 Calabi-Yau Condition

In variation of GIT, toric homological mirror symmetry only really makes sense if

Pic X = (2.10)

a linear toric GIT problem satisfies a Calabi-Yau condition.

Definition 2.6 (Calabi-Yau). We say a linear toric GIT problem with T acting on V
is Calabi-Yau (CY) if T acts through SL(V).

The Calabi-Yau condition will imply that our GIT quotients are all Calabi-Yau,
in that they have trivial canonical sheaf. If T acts through SL(V), then for all
(A1,...,A) € (C*)", we require the matrix by which the torus acts

;quu;tzqzl '”A{rfhl 0 0
0 111112121122 . )LrCZrz - 0
0 0 e AT Q02 QA

to have determinant 1. This means that

Alﬁh1+"'+ﬂ11n126121+'"+%n L /”qup-1+'"+61rn =1,

for all A; € C*. So we need the the following sums to be 0:
gmi+ -+ qmn =0,

forallm € {1,...,r}. In other words, we need the sum of the weights to be the zero

vector.

Definition 2.7 (Primary Polytope). The primary polytope P C Nr = R"™" of a
Calabi-Yau linear toric GIT problem is the convex hull of the rays a; = AV ((e;)¥) ®
ReNg =R

Because of the Calabi-Yau condition, we can choose a basis for M so that the first
column of A as a matrix is a list of 1s. This implies that P lives at height 1 and is

n—r — 1 dimensional.

It is worth noting here that the GIT fan Xy in the stacky fan Xy (equation (2.9)) is
given by taking the positive cone over a (coherent)’ Py of P [ , Ch. 7].

3See [ , p-218] for the definition of coherent triangulation.
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Example 2.8. Consider C* acting on C? via A - (x,y,z) = (Ax,Ay,A~%z), i.e. that
our GIT problem is given by weight matrix Q = <1 1 —2>. Note that this prob-
lem is Calabi-Yau because the weights sum to 0. By a very similar stability analysis
to Example 2.4, we find that for stability conditions 8 € LY = Z our GIT quotients
are

[C3\{x=y=0}/C*] = Totﬁ(—Z)P}C’y, for 6 > 0,
[CP\{z=0}/C*] = [A?/Z,], for 6 < 0.

We have short exact sequence

Xg =

T T
OAZQ—>Z3A—>ZZ—>O,
where

A=

—
i \° ]

The primary polytope P C Z? ® R = R? is one-dimensional of length 2, and we have
two (coherent) triangulations, P itself and P ‘broken in half’. These correspond to

our two GIT quotients.

In the next section we see how we can relate the derived categories of different
GIT quotients. In particular, for Calabi-Yau problems, the quotients are derived
equivalent (Corollary 2.13).

2.3 Wall-Crossing Formula

Let us consider an algebraic torus 7 = (C*)" acting on a vector space V = C”", with

GIT problem packaged by the short exact sequence (see (2.7))

012, (z"Y AN 0,
where Q is the weight map. The seminal paper [ ] establishes the theory
through which the derived categories of GIT quotients can be studied. The key idea
is to work on the derived category of T-equivariant coherent sheaves on V, denoted
D’%(V). In particular, given any choice of stability condition 6, the author proves
the existence of a semi-orthogonal decomposition* (SOD) of D4.(V') of which one

component is equivalent to D?(Xy) under restriction.

4A semi-orthogonal decomposition of a triangulated category .7 is a decomposition of .7 into

triangulated subcategories

T = (T, T

such that the categories together generate .7 under shifting (think of shifting chain complexes) and

taking mapping cones [ , Chapter 1].
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Building on this, the general theory of ‘windows’ allows us to explicitly relate the

derived categories of GIT quotients separated by a wall® [ ; ].

Let C, and C_ be two adjacent chambers of the secondary fan separated by a wall

W, and labelled such that C lies on the same side of W as the character

detV:i=qgi+--+q,€L".

Let Aw € L be the primitive 1-parameter subgroup normal to this wall, oriented so
that
K = (detV)(Aw) > 0. (2.11)

Write X for the GIT quotients corresponding to these two chambers.

Associated to any wall W, we have a ‘sub-GIT problem’ built from a subset of the
data of our original GIT problem. More specifically, we can in general define the

notion of Higgs GIT problems.

Definition 2.9 (Higgs GIT Problem). Consider a subsetJ C {1,...,n} and consider
the corresponding set of weights Q(J). We define L) as the primitive sublattice
generated by these weights

Ly =L'N{0())r C L.

We define a linear toric GIT problem via the weight map Q; : Z/ — L}, which we
call Higgs GIT problem associated to J.

Now that we have the general definition of a Higgs GIT problem, we can explain
the Higgs GIT problem coming from W.

Definition 2.10 (Higgs GIT for W, Zy /). Consider a wall W and an indexing subset
T C {1,...,n} for the weights lying on the subspace (W)gr C Ly, spanned by the
wall over R. The Higgs GIT problem for W is the Higgs GIT problem for .7 as per
Definition 2.9. This gives a rank (r — 1), dimension |7 |, linear toric GIT problem.

We also define Zy to be a GIT quotient of the Higgs GIT problem for W, where we
choose a stability condition in LY, that is inside the cone over the weights lying on
W.

Remark 2.11. The vector space corresponding to Z7 is the fixed subspace
VA C V. Also Q(W) span (W)g C Ly, by definition, so LY, is exactly the orthog-
onal to Ay, i.e. it’s the character lattice of 7 /Aw. Hence the Higgs GIT problem

The theory of ‘windows’ applies to a general GIT quotient of a variety by a reductive group.
However, currently you cannot use this theory to compare two different GIT quotients unless you

assume that the wall-crossing is of a particularly simple form, which is the case in linear toric GIT.
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for W is just describing the action of 7 /Ay on VM and Zy is the GIT quotient
VA (T / &w) with stability condition lying inside the cone on the weights in W in
T /Aw after quotienting [ , Sec. 3]. Let Xj* C V be the semi-stable locus of a
stability condition lying on the wall (in the original GIT problem given by T acting
on V). We can write:

Zw = [V O X$ /(T ) 2w)).

Theorem 2.12. [ , Thm. 5.2.1] There exists a semi-orthogonal decomposi-

tion (ignoring ordering)
b _ b b b
Db(Xy) = (D"(X_),D"(Zw),...,D"(Zw)), (2.12)

where Zy is as in Definition 2.10, and the number of copies of Db (Zw) is K (equa-
tion (2.11)).

We say that X_ is minimal with respect to X; and we will call equation (2.12) the

wall-crossing formula.

Corollary 2.13. The GIT quotients of a linear toric Calabi-Yau GIT problem are
derived equivalent.

Proof. This follows because the Calabi-Yau condition implies detV = 0. ]

In fact, between two adjacent linear toric CY GIT quotients separated by a wall,
there are countably infinitely many equivalences between them that come from win-
dow equivalences [ ]. This is a special case of the Bondal-Orlov conjecture,
which says that birational Calabi-Yaus are always derived equivalent. This has been
proved for three-dimensions by Bridgeland [ ] and using different tools by van
den Bergh [ ]. The conjecture remains open in general, largely because we
don’t know enough about non-toric higher dimensional birational geometry.

2.4 Spherical Functors

The goal of this section will be to construct spherical functors from wall-crossing in
a linear toric Calabi-Yau GIT problem. These will give us autoequivalences of the
derived categories of our quotients that are closely related to window equivalences.

We start first by explaining some general theory about spherical functors.

2.4.1 General Theory

It is a difficult task in general to construct interesting autoequivalences of a derived
category. We know by classical results of Bondal and Orlov that in the Fano or anti-

Fano case all equivalences arise from automorphisms of varieties. This is far from
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true in the Calabi-Yau case, where we have already seen that window equivalences

imply that some symmetries of the derived category hide birational information too.

The simplest examples of non-obvious autoequivalences of the derived categories
are spherical twists about spherical objects, defined by Seidel-Thomas in their sem-

inal paper [ ]. Let X be a smooth toric DM stack over a field k.

Definition 2.14. [ , Chapter 8] An object & € D’(X) is called spherical if

l. £Qwy =2 &, and

. k ifi=0,dim(X),
2. Hom'(&,&) =
0 otherwise.

The name comes from the fact that condition (2) can be rephrased
Hom'(&, &) = H (S4™X) k),

where $9™(X) denotes the dim(X)-dimensional sphere. In the context of homolog-
ical mirror symmetry, spherical objects are mirrors to Lagrangian spheres on the
A-side.
Using the cone construction we define a Fourier-Mukai (FM) kernel &, € Db (X x
X) [ , p-167]:

Pe:=C(q° 6" @p*€ — Op),

where g, p : X x X — X are the projections onto the first and second factors of X x X
respectively, and @y is the structure sheaf of the diagonal A C X x X.

More precisely, Ox = i, O, where i is the diagonal embedding i : X < X x X. The
morphism ¢*&V ® p*& — O, defining P is the composition of

& @pE — i (¢ @p &) 2i (5 ®E),

with the direct image of the trace map tr: &Y @ & — Ox [ , p-77]. We note
here that the FM kernel is not well-defined, as cones are only defined up to non-
unique isomorphisms. This isn’t an issue though, as isomorphic FM kernels induce

naturally isomorphic FM transforms.

Definition 2.15 (Spherical Twist about Spherical Object). The spherical twist
Te : D’(X) — DP(X) associated to a spherical object & € D(X) is by definition
the Fourier Mukai transform with kernel Z2¢ € D?(X x X).
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Note that the spherical twist T is mirror to Dehn twisting over the mirror La-
grangian sphere to & on the A-side.

The following formula is very helpful
Te(F)=CHom(&,.7)8 — .F), (2.13)

where the map is given by evaluation and all the functors are derived.

The formula for the spherical twist may look familiar, and this is because at the level
of K-theory it acts as reflection through the hyperplane orthogonal to the Mukai

vector v(&'). So in a sense the spherical twist is a categorification of reflection.

Lemma 2.16. For a spherical twist T, about a spherical object & € D?(X):

1. Ty = Te for any k € Z,
2. To(&) = &[1 —dim(X))], and
3. for any . € D?(X) with Hom(&,.%) =0, Tp.% = .F.

Proof. We start with (1.). We recall that for any .% € D?(X), Hom(&,.%) is defined

to be the complex with
Hom'(&,.%) = (PHom(&7, F71).
JEZ
So Hom(&'[k],.#) = Hom(&,.%)|—k]. Additionally, for any </, % € D’(X),
o/ ® A is given by the complex
(A 2B) = P 7/ 0B,
k=i

s0 o7 [n] @ B|m| = (o @ B)[n+ m]| for n,m € Z. Hence we find Hom(&'[k],.7) ®
&k] = Hom(&,.F)|—k| @ &[k] = Hom(&',.#) @ &. The result follows.

(2.) follows from the Definition 2.14 of spherical object, because
Hom(&,8)® & = & & &|—dim(X)],

and taking to cone over & @ &[—dim(X)] — & yields &[1 —dim(X)]. Lastly, (3.)
follows directly by definition, as 7p.# =C(0 — . ) = .Z.

U
Proposition 2.17. [ , Theorem 1.2] The spherical twist T : D?(X) — D?(X)

about any spherical object & € D”(X) is an autoequivalence.
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By Proposition 2.17, we have an inverse T, . The FM kernel of T, is not as

easily described as for T, though we know that the inverse is a FM transform by,

for example, [ , Corollary 5.17]. We can give a similar formula to (2.13) for
it though

T, (F)=C(Z - Hom(F,8)" @ &). (2.14)
Theorem 1.2 in [ ] also includes the following result.
Proposition 2.18. [ , Theorem 1.2] Let &,.% € D’(X) be spherical objects

such that dim Hom(&’,.%) = 1. Then the spherical twists satisfy the braid relation

TeTsTe = ToTeTy.

Spherical twists about spherical functors are generalisations of spherical twists
about spherical objects. Our main reference for spherical twists and functors is
[ , Section 1].

Definition 2.19 (Twists). Consider an exact functor F : &/ — % between triangu-
lated categories <7 and 4, with left and right adjoints L,R : &8 — /. We define the
twist Tr : B — B to be the cone on the counit of the adjunction FR 5id 2, SO that
there is an exact triangle

FR S idy — T, (2.15)

and the cotwist Cg : o/ — </ to be the cone on the unit of the adjunction id A, RF ,
so that there is an exact triangle

id,, s RF — Cr. (2.16)

Strictly speaking, at this stage the twist and cotwist are not well-defined. This
is again because cones are non-functorial and are only defined up to non-unique
isomorphism. In our examples though (see Subsection 2.4.2), our functor F is a
FM transform and it follows that 7r and Cr can be given as FM transforms too
(because R, FR, LF are FM transforms). This bypasses the problem with cones
not being functorial®, because although the FM kernel will be only defined up to
isomorphism, FM transforms of isomorphic FM kernels yield FM transforms that

are naturally isomorphic. So the functors are defined up to natural isomorphism.

Definition 2.20 (Spherical Functors). We define F' to be a spherical functor if Cr
is an equivalence and R = CrL. We call the twist (Definition 2.19) Tr a spherical

twist if F is a spherical functor.

®Twists and cotwists can also be well-defined in the general setting via dg-enhancements [ 1.
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Theorem 2.21. [ ; ] The spherical twist T : %8 — 28 about a spherical

functor F : o — 2 is an autoequivalence.

The inverse spherical twist T V' % — % is given by:
T, —idg 5 FL. 2.17)

Example 2.22. How is a spherical twist about a spherical functor a generalisation
of the spherical twist about a spherical object? Suppose we have a spherical object
& € DP(X). We define:

F=&®—:D"(pt) = D’(X).

We can prove that F is a spherical functor, and since R = RHom(&', —), the twist
Tr : D’ (X) — DP(X) is exactly like the twist T¢ we defined earlier. Note that R =

CFrL just amounts to condition (1) in Definition 2.14.

Example 2.23. Spherical twists about spherical functors are also generalisations of
line-bundle twists ®.% : D’(X) — D’(X). Leti: X «— Tot £~ be the inclusion
of the zero-section in the total space of the dual line-bundle .Z~!. It’s easy to
show that the spherical twist of the derived pullback i* : D?(Tot £~1) — DP(X)
realises the line-bundle twist up to a shift. Via line-bundle divisor correspondence
% = 0(D), we can alternatively do this by taking the spherical twist about the
derived pushforward I, of the inclusion 7 : D <— X when D is effective.

Lemma 2.24. Let ® : D’(X) — D?(X) be an autoequivalence. Then
PoTr o TooF -

Proof. Taking cones commutes with applying exact functors, so the conjugation of
Tr by P passes inside the cone. This means that

PoTpod® ' = C(®FRD™ — idpsy)),

and note that the right adjoint to ®F is R®~!. [

2.4.2 Spherical Twists in linear toric Calabi-Yau GIT

Let us consider a linear toric Calabi-Yau GIT problem with 7' = (C*)" acting on
V =2 (C". Take a GIT quotient X and an adjacent wall W in the secondary fan. In this
subsection we will explain how to obtain a spherical functor F : D?(Zy) — D’(X)

where Zy is the variety in the wall-crossing formula (2.12). Note that in [ 1,
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Halpern-Leistner and Shipman proved that the autoequivalences coming from win-
dow equivalences through wall-crossing are the same as those from these spherical

functors.

In §2.1 we defined the unstable locus for a choice of stability condition 6 € L
in a linear toric GIT problem. The unstable locus can also be determined via the
Hilbert-Mumford Criterion, an approach that works in more general non-abelian
GIT problems too. The key idea is that to analyse the stability of points in V, it’s
enough to study their stability under one-parameter subgroups [ ]. A point

will then be (semi-)stable if it is (semi-)stable for all one-parameter subgroups.

Via the Hilbert-Mumford numerical criterion one can produce a special stratification
of the unstable locus Uy C V by disjoint locally closed T-equivariant subvarieties,
called Kempf-Ness (KN) strata:

k
Us = | | Sy,

i=1
where A1,...,A;x € L is an ordered list of ‘destablising’ one-parameter subgroups
determined by the choice of stability 8 € LY and S; are blades as defined as [ ,
Sec. 2]:

Si={x € V\Uj=iS;|lim e i(t) - x € Z'},

where Z' C V is the fixed locus under the C* action of A;. Note that we have a
projection IT; : S; — Z' defined by IT;(x) = lim, .. A;(¢) - x, making S; a vector bundle
over Z! [ , Thm. 4.1].

Now consider two chambers C and C_ that share a wall. Let A, be a one-parameter
subgroup normal to the wall that is pointing into the chamber for C.. The key idea
is that we can find compatible lists of destabilising one-parameter subgroups for the
chambers C; and C_.

More explicity, for C* we have ordered list of destabilising one-parameter sub-
groups Ay, Ay,..., A, and for C~ we have ordered list of destabilising one-
parameter subgroups A_,A;,..., A, where the point is that apart from the first one
parameter subgroups differing by multiplication by —1, the rest of the one parame-
ter subgroups are the same. This means that the stratifications of the unstable loci
of C_ and C; only differ by S, :=§;, and S_ :=§;_, the strata associated to A,

and A_ in the aforementioned ordered lists for C; and C_.

Using KN stratifications and the Hilbert-Mumford numerical criterion, [ ,

Thm. 5.1.4] prove the following disjoint unions

X$=X5US, =X*US_.
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where Xj* C V is the semi-stable locus for a stability condition lying in the wall,
and X?* C V and X* C V denote the semi-stable loci associated to C; and C_

respectively.

We have GIT quotients X, = [X{*/T | and X_ = [X**/T']. Note that the torus 7' /A4
acts naturally on Z, the fixed locus under A.L. We consider the diagram from [ ,
Sec. 3.1]

E/T] — X,

|7

Zw

where we note that Zyw = [(ZNX;*)/(T/A+)] by definition (Remark 2.11), and
E :=S§_NX?. The projection 7 is induced by the projectionII_:S_ — Z,and is a

weighted projective (stacky) bundle. The map i is given by inclusion.

Theorem 2.25 (GIT Spherical Functors). The functor F := i, n* (where all of the
functors are derived) is a spherical functor.

Proof. This follows via the EZ-diagram construction in [ ] and the fact that
Ol /1) is @ EZ-spherical object [ , Remark 3.7]. [

Remark 2.26. A helpful way to think about the content of the theorem above is
that over each point z € Zy, the fibre of E is a weighted projective space P, and
the fibre-wise normal bundle N satisfies det(N) = Kp, because of the Calabi-Yau
condition. So E is just a family (over Zy ) of standard orbifold flops.

Note that the spherical twist 7 is well-defined because F is given by a FM kernel’.
For any morphism of smooth DM stacks f : X — Y, the right adjoint f' : D*(X) —
DP(Y) to (derived) f, is given by [ , Corollary 3.35]:

fl18 = L (&) @ or[dim(f)],
of =0y @ oy, dim(f) := dim(X) —dim(Y).

Therefore the right adjoint to F is R = m,i', with the pushforward derived.

Though the number of copies of D?(Zy ) in D?(X) is 0 (Corollary 2.13), we use the
wall-crossing formula on D?(Zy ) itself in the Higgs GIT problem for W (Definition

"The FM kernel of pushforward and pullback are given by the structure sheaf of the graph in the
product.
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2.10), which may not be Calabi-Yau. Upon applying the wall-crossing formula once
(Theorem 2.12), we find

D’ (Zw) = (D*(Z)),D"(Y),...,D’(Y)), (2.18)

where Z' is a GIT quotient in the Higgs GIT problem for W that is separated by a
wall W’ from Zy, and Y is a subvariety coming from a the Higgs GIT problem asso-
ciated to W’. Notice that this is also a Higgs GIT problem coming from the original
GIT problem Q. We can iteratively apply the wall-crossing formula on D?(Z’) and
D’(Y) until we can no longer cross to a more minimal quotient. This always ter-
minates after a finite number of steps, as each step strictly decreases the rank of
the GIT problems. We reach a minimal quotient, and we get an SOD (ignoring

ordering):
D’ (Zw) = (D" (Z),...,D"(Z),...,D"(Z),..., D (Z),) (2.19)

where each Z; is a minimal GIT quotient for a Higgs problem of our original GIT
problem. In [ ] the subcategories occurring in the final decomposition and their
multiplicities are independent of all wall-crossing choices.

Theorem 2.27. Suppose you have a linear toric GIT problem, a wall W in the
secondary fan, and a SOD for D”(Zy):

D (Zw) = (A),. .., ).

Then the restriction of the spherical functor F : D (Zy) — D’ (X) to components in
the SOD (2.19) is spherical functor F; : o7 — Db (X), where we mean restriction in
the sense of [ , Chapter 1]. Additionally, the spherical twist 7r factors by the
spherical twists about the F;:

Tr=Tpo---oTf,. (2.20)

Proof. The formal result is [ , Theorem 4.14] and it applies in this situation
since the cotwist around F is (up to a shift) the Serre functor on Db (Zw ). [l

In [ ], they show that the irreducible factors Z; come from Higgs problems
associated to relevant subspaces, as defined below.

Definition 2.28. Let H C Ly, be a proper subspace (i.e. not all of Ly), and let
o C H be the cone on the weights lying on H. We call H C Ly, a relevant subspace
if oy =H.
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Remark 2.29. In [ ], they do not require a relevant subspace to be proper,
while in [ , Lemma 3.47] they do. If we do allow L]Iv{ to be considered relevant,
than it being relevant equates to the original problem having non-empty minimal
GIT quotient. We chose to only consider proper subspaces in this thesis as it yields
a cleaner correspondence between certain relevant subspaces and components of

the discriminant locus, as we will see in §3.1, particular Proposition 3.16.

A relevant subspace H defines a Higgs GIT problem via the weight matrix Q(H)
of weights lying on H. These Higgs GIT problems will have a non-empty minimal
GIT quotient Zy. The important point is that Zy are precisely the factors Z, ..., Z;
in the SOD (2.19) for D? (Zw). In other words, the relevant subspaces H are in

one-to-one correspondence with the irreducible factors.

By Theorem 2.27, for each wall and associated spherical functor F : D?(Zy) —
DP(X), the twist factors according to the SOD (2.19) for D”(Zy). So for each
relevant subspace H, we get a spherical functor Fy : D?(Zy) — D?(X) via restriction

from F.



Chapter 3

Toric Homological Mirror Symmetry

In Chapter 2 we explained what we mean by a linear toric CY GIT problem. In
doing so, we developed the B-side, or ‘algebraic’ side, of the homological mirror
symmetry (HMS) context that this thesis is set in. There are various formulations

of toric HMS, but we will be particularly interested in the Hori-Vafa perspective.

Let us consider a torus 7 = (C*)" acting on V = C", with data packaged by the

short exact sequence

Vv
012 @z AN o 3.1)

where Q is the weight map. Assume that our problem also satisfies the CY condition
(2.6) and recall that our GIT quotients are therefore derived equivalent by Corollary
2.13. If we choose a basis for M = NV, A as a map is represented by n x (n— r)-
dimensional integer matrix. In this chapter, we will think of A as a set of the matrix
rows a; =AY ((e;)V) @ R € Ng & R""7, otherwise called rays of our GIT problems.
The rays are integer vectors, so belong to Z"~" C R"™". So, from now on A is a

finite set of n, (n — r)-dimensional integer vectors.

The Hori-Vafa superpotential W associated to our GIT problem is the Laurent poly-
nomial with Newton polytope given by the rays of our GIT problem [ ]. The
allowed coefficients of W lie outside a discriminant locus V C C" which is the
zero-locus of what is called the principal A-determinant E4 (Definition 3.3). Ey4
is studied in detail by Gelfand, Kapranov and Zelevinski in [ ] and we will

review some of their most important results in §3.1.

This gives us a parameter space over which our mirror LG-models live, which we
will call the Fayet Iliopoulos Parameter Space FIPS (Definition 3.6).

Homological mirror symmetry predicts that 7r; (FIPS) acts on the derived categories
of our GIT quotients. The upshot of this chapter will be that the discriminant locus
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decomposes into irreducible components

and each such component will correspond to a variety Z; from the SOD in equation
(2.19). This was first observed in [ ], and hence leading them to conjecture
that the action of 7 (FIPS) is such that a meridian (Definition 4.7) of V; will act
on the derived category of a GIT quotient X by twists by spherical functors F; :
D’(Z;) — Db(X) as described in §2.4.2. There is some deliberate ambiguity here;
there is no canonical meridian around V; (even up to homotopy), so the functors

F; : Db(Z;) — DP(X) are at best defined up to composition by autoequivalences.

3.1 FIPS and GKZ Discriminants

In this section we discuss the principal A-determinant E4 as defined in [ . A

friendly and brief introduction to the topic can be found in [ ].

Let A C Z"" be the set of rays of a n-dimensional, rank-r, linear toric CY GIT
problem, so that |A| = n.

Remark 3.1. The theory in [ ] is built more generally for any finite subset A

of integer vectors.

We take n — r variables xi,...,x,—,. There is a generic Laurent polynomial W cor-
responding to our linear toric CY GIT problem that is a sum of the monomials for
every element of A, depending on n coefficients cy,...,c, € C. Explicitly, to any
ray a; € 7'~" C Ng, we associate the Laurent monomial x% = xgai)l .. .x,(ﬁ)r””. The

Hori-Vafa superpotential is given by

W(xi,..., Xp—r) = Z cix. (3.2)

a; ray

We call the pair ((C*)"~",W) a Landau-Ginzburg model, which we refer to as Hori-
Vafa mirrors to the GIT problem.

The hypersurface given by the vanishing
viw)cc,

is singular if and only if there is an (x;) € C"~" such that these n — r+ 1 polynomials

vanish simultaneously:

W, OW /dx1,...,dW [dxn_r.
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So V(W) is smooth for a generic choice of parameters, and singular for some locus
in C". Note that the locus where W is singular is always irreducible [ , Ch.

9], and if it is codimension 1 we define the A-discriminant to be the polynomial’
Ay GC[Cl,...,Cn], (3.3)

cutting it out. Otherwise we formally declare A4 := 1. We write V4 :=V (A4) C C".
Note that for subsets I' C A, we can define Ar € C|cy,...,c,] and VP C C" in the
same way, by considering the Laurent polynomial Wr(xy,...,x,—,) of monomials

coming from I'.

In very nice examples (like Example 3.13 or Examples (a) and (b) in Chapter 5) we
can very easily compute A4 by solving the system of equations by hand. In gen-
eral though computing Ay is difficult, where the discriminant of the cubic already

requires significant work.

There is a general method which in principle allows one to compute any resultant
called the Cayley Method | , Ch. 2], although it quickly becomes computa-
tionally involved. Fortunately for us, Macaulay2’s ‘“HolonomicSystems” package
implements the algorithm, which we will be using for Examples (c) and (d) in Chap-

ter 5. See Appendix A for a sample of code.

Remark 3.2. There is an insightful definition of the A-discriminant in terms of

projective duality, see [ , Subsec. 2.1].

Recall Definition 2.7 of the primary polytope P C Ng = R"*"" as the real convex hull
of the rays a; = AV ((e;)") @ R. Consider a face I' C P, where we consider faces of
any dimension, including P itself. We consider all the rays that lie in this face, and
(abusing notation) write I' C A to denote the subset of these rays too.

Definition 3.3 (Principal A-Determinant). We define the principal A-determinant
as the product

Ea= ][] A", (3.4)
faces I'CA
where ur are certain multiplicities that are addressed in [ , P-299]° but that

we won’t explain or need in this thesis. Note that the product runs over all faces of

A of all dimensions, including A itself.

Remark 3.4. If A’ is a vertex of A then Wy is a single monomial, and V4 is just
the coefficient of this monomial. So each variable lying at a vertex of A appears as
a factor of E4.

I'The locus where W is singular is not always codimension 1, see Example 3.13.
ZWe're citing results in [ ] by page number because their numbering conventions can be

confusing.
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Definition 3.5. We define the discriminant locus of A tobe V :=V(E4) C C".

By construction, we note that the Laurent polynomial W is quasi-homogeneous
with respect to the action of the weights in the matrix representation for AV. Hence,
V C C" is invariant under the torus action of (C*)"~" defined by AT as a weight
matrix. We can now finally define FIPS.

Definition 3.6. The Fayet-Iliopoulous parameter space (FIPS) is defined as the
quotient stack (see Remark 2.2)

FIPS = [(C"\V(Ea))/(C*)"™"],

where (C*)"~" acts with weight matrix given by A” and E, is defined in Definition
3.3.

We call the irreducible factor A4 the principal discriminant and V4 the principal
component. We will see that although we take the product over all faces, only

certain faces will actually matter, see Definition 3.12.

Remark 3.7 (Resultants). The A-discriminant and the principal A-determinant are
both defined in [ ] in terms of a more general problem called ‘resultants’.
The definition we give for Ey4 is actually Theorem 1.2 on page 299, with the original
definition on page 297.

One of the most beautiful results in [ ] is Theorem 1.4 in Chapter 10, which
states that the extremal monomial terms of E4 are in 1-1 correspondence with the
(coherent) triangulations of the primary polytope P. More specifically they can be

computed as the product of the following formula for each simplex in a triangulation

(volume of simplex x vertices)"*1"me.

This is completely non-obvious and shows the depth of the combinatorial results
in the book. The argument relates to extremal toric degenerations of the embedded

projective variety coming from A that we aluded to in Remark 3.2.

The same theorem also gives us another very interesting result.

Theorem 3.8. [ , Ch.10, Thm 1.4] The Newton polytope of E, is dual to the
secondary fan.

Theorem 3.8 implies that the secondary toric stack §, defined in equation (2.6), is a

natural compactification of FIPS:

FIPS C 3. (3.5)
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To see this, we note that by Theorem 3.8, E4 extends to a global section of a line
bundle on § and hence we can consider the vanishing locus V of E4 as inside §.
This gives us FIPS as a complement inside 3§, which will be a useful perspective,
for example because toric orbit-cone correspondence [ , Chapter 3] implies

that the fixed torus points in § are in 1-1 correspondence with GIT quotients.

Corollary 3.9. [ , Corollary 4.11] The non-toric components of V C § avoid
all toric fixed points in §.

Definition 3.10 (Large Radius Limit). Given a linear toric CY GIT problem with
GIT quotient X, we define the large radius limit of X to be the corresponding fixed
point cx € §.

From the Corollary above, for each GIT quotient X, there is an (analytic) open
neighbourhood Vyx C § of cy € § which is invariant under the compact torus (S!)" C
T and avoids the non-toric parts of the discriminant. Additionally, Vx is disjoint
from V- for all GIT quotients X" # X.

Definition 3.11 (Large Radius Region). We define the large radius region Ly C
FIPS to be the intersection of FIPS with Vx C § of cx.

Not all subsets I' C A give us non-trivial discriminant components. A certain type
will be particularly important for us, those associated to minimal faces of our pri-
mary polytope P.

Definition 3.12. | , Sec. 4.2.2] A face I" C P of the primary polytope is called
minimal if every ray in I" is linearly dependent on the other rays in I'. Any face that

is not minimal is called redundant.

Redundant faces that are not vertices I' C A do not contribute to the product in
Definition 3.3 of E,4, because the locus where Wr is singular will be codimension
greater than 1. Therefore, only vertices and minimal faces I' C A have non-trivial
Ar [ J[Rem. 3.7], where the vertices only contribute toric boundary divisors.
We have the decomposition of the non-toric part of the discriminant locus into irre-

ducible components
Vnon—toric = U Vr. 3 6)

min faces 'CA
Since the primary polytope P is (n — r — 1)-dimensional, that means that its number
of vertices is bounded below by n — r. An important consequence of this is that we

can use the (C*)"~" action in the definition of FIPS to scale (n — r)-coordinates to
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1, with possibly some residual finite group G acting (a semi-direct product of cyclic
groups) as a result of multiple scaling choices. So in fact this means we can write

FIPS =[(C"\V)/G], (3.7)

where V is the image of V under the quotient map. This gives us FIPS clearly as a

smooth DM stack (see 2.3), specifically a hypersurface complement modulo a finite

group.

Example 3.13. Consider the GIT problem with weight matrix Q = <2 -1 -1 0) .
We have the following matrix representation for A (the dual of the cokernel of QV,
AY)

1 0 0\a
1

A 0 1 b‘
1 0 —-1]c¢
11 0/d

The primary polygon is as in Figure 3.1 below. We have only have one mini-

FePpa d

Figure 3.1: The primary polygon P and minimal face I' C P.

mal face, that is the convex hull of I'. Additionally, we know that the coeffi-
cients corresponding to the vertices are factors of E4 (see Remark 3.4). Therefore
V =V (bcdAr) C C° by Equation (3.6).

We now compute the discriminant components. We assign independent variables
X,y,z to the columns of A. By definition (3.2), we have superpotential

W(x,y,z) = ax+bxz+ exz ' 4 dxy,
= x(a+bz+cz ' +dy).
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Consider I' = {1,2,3}. We have associated Laurent poynomial and derivatives

Wr(x,y,z) = x(a +bz+cz_1),
IWr

—— =a+bztcz !, (3.8)
dx

OWr

By O

aWr o -2

Fr =x(b—cz 7). (3.9)

(3.9) = 0 implies z = i\/%. Plugging this into (3.8) = 0 we find Ar = a* — 4cb.
So
FIPS = [CY\V (bed(a® — 4cb)) /4 (T)?).

We can use the rank 3 torus action to scale out non-zero coordinates b, ¢, d from
FIPS and we get the smooth DM stack

FIPS = [C,\{£2} / 7).

Note that in our definition of the Hori-Vafa superpotential W (equation (3.2)), we
first fixed bases for N and M = NY. We can, however, write W in a more coordinate

free way.

Tensoring the short exact equation (3.1) and its dual yields two exact sequences of

tori:

Vv AV
Lo 25 () 25 Ne,

M- 25 (@ 25 LY.
The Hori-Vafa superpotential is also given by W : M¢+ — C:
W(x) = (¢, A% (x)),

where ¢ € C" are the coefficients.

Consider the discriminant component V4 C V C C”". Recall that V4 is invariant
under rescaling of x € M+ as W is quasi-homogeneous with respect to the action
of AY. We can replace V4 with the open subset V4 N (C*)" and quotient by Mc+ to

obtain a subvariety
Dy C L¢.,

called the reduced A-discriminantal variety.
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Definition/Theorem 3.14. | , Ch. 9.1.C] There is a useful dominant rational
map
PL(C — Dy C L(\é*,

called Horn uniformisation given by
[A] = 0x0Q"(1).

In explicit coordinates, this says:

n , Qi n , Qir
Ay A H(ZQikﬂ‘k) ,---,H( Qiklk)
k

i=1 \k=1 =1 \k=1

3.2 Monodromy Action Conjecture

Now that we understand the geometry of FIPS, we will be able to state our main
conjecture for how the fundamental group(oid) 7; (FIPS) acts on the derived cate-
gories of our GIT quotients.

Consider a GIT problem as given by (3.1). Recall Definition 3.6 of FIPS for a linear
toric CY GIT problem:

FIPS = [(C"\V)/,(C*)""].

where V =V (Ey).

By (3.5) we see FIPS as a complement in 7§, which gives us a large radius limit
cx € § (Definition 3.10) and large radius region Ly C FIPS (Definition 3.11) for
every GIT quotient X.

The following result shows that locally for each Ly there is a canonical action of
the fundamental group via line bundle twists of X. We will use these to build our

conjecture for the global action.

Lemma 3.15. | , Lemma 5.4] Let X be a GIT quotient of a linear toric CY GIT

problem. There is a canonical isomorphism between 7 (Lx) and Pic X.

In the case when all the toric divisors near cy are in the discriminant locus V, Ly
is a punctured polydisk [ , Sec. 5.1], that is, is homeomorphic to (D*)", where
D* C C is a open disk in the analytic topology with a point missing. This implies
that m;(Lx) = Z". In other cases, some of the toric stacky divisors containing cy
may not be in V and may have an orbifold locus. Then the orbifold fundamental
group (see §4.2) is m;(Ly) = 7k x G where k < r and G is a finite abelian group.
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Recall the wall-crossing SOD given in equation (2.19) for Zy associated to a wall
W in the secondary fan. The next proposition is what allows us to relate factors
of this SOD to discriminant components. In §3.1 we discussed how minimal faces
correspond to discriminant components (equation (3.6)), and we recall that the SOD

factors correspond to relevant subspaces, see Definition 2.28.

Proposition 3.16. [ , Prop. 4.15], [ , Lemma 3.47] Let I' C P be a mini-
mal face of the primary polytope P C R"™" (Definition 3.12). By abuse of notation
denote by I' C A also the indexing subset {1,...,n} of rays that lie inside the min-
imal face. Consider the subspace Hre C Ly, = R’ that is linearly spanned by the
weights Q(I'). Hre is a relevant subspace (Definition 2.28), and moreover the map
I — Hre is a bijection between the minimal faces of P and the relevant subspaces
of Ly.

So given a minimal face I C P, we can consider the Higgs GIT problem associated

to the relevant subspace Hre, whose minimal GIT quotient we will denote Zr-.

The correspondence in Proposition 3.16 was first noted in [ , Conjecture 5]
and prompted a non-canonical guess for how the fundamental group of FIPS acts
on the derived categories of our GIT quotients. The idea is that a meridian (see
Definition 4.7) in m; (FIPS) of a discriminant component Vr should correspond to
a spherical twist about a spherical functor F-: D?(Zr) — DP(X). Combining this

with Lemma 3.15 we get our monodromy action conjecture.

Conjecture 3.17 (Monodromy Action Conjecture). Given a linear toric CY GIT
quotient X and a basepoint by € Ly, there is an action of 7 (FIPS,by) on D?(X)

via spherical twists about spherical functors which satisfies:

1. The restricted representation to 7y (Lx,byx) is via the canonical isomorphism

in Lemma 3.15.

2. A meridian m; (FIPS,by) around a discriminant component Vi C FIPS cor-
responds to a spherical twist about a spherical functor Fr: D?(Zr) — D?(X),

up to composition by autoequivalences.

Remark 3.18. In Chapter 5, we will be proving Conjecture 3.17 for a class of
GIT problems, but for only one GIT quotient in each case. Note that Conjecture
3.17 implies the less general Main Conjecture in §1.2, because linear toric CY GIT

quotients are derived equivalent (Corollary 2.13).

Example 3.19 (Rank 1). Let us now consider a linear toric CY GIT problem of rank

equal to 1, e.g. a one-dimensional algebraic torus 7 = C* acting on a vector space



3.2. Monodromy Action Conjecture 45

V. LY =2 7 and there are two possible GIT quotients, which we denote by X, and
X_ for positive and negative stability conditions. If we split V by positive, zero, and
negative weights as V. @ Vy @ V_ then X4 is a vector bundle over PV x V), a stacky
weighted projective space. Since dimLy, = 1, we only have one relevant subspace
(Definition 2.28), that is 0. By Proposition 3.16, we therefore know that we only
have one minimal face of the primary polytope. This implies that we only have one

non-trivial, non-toric component of the discriminant locus (equation (3.6)) V C C".

By Horn uniformisation (Definition/Theorem 3.14),
(VN(C)")/Mc- C LE- C[C"/ Me-],

is just a single point, which we call the conifold point. Recall the definition of the
FIPS:
FIPS = [(C"\V) /Mc+],

~Y

where Mc+ = (C*)"~!. For a choice of coordinates on Mc+ and by equation (3.7),
FIPS is isomorphic either to C*\ pt or to the DM stack [(C\V) /G], where G is a
finite group, pt is the conifold point, and [V / G] = pt C C*.

Pick a basepoint close to the origin in either case, which should correspond to the
large radius region of one of the GIT quotients, say X, without loss of generality.

In the former case, we have a freely generated group
m (FIPS) = (l,x),

where [ is a loop around the conifold point p and x is a loop around the origin 0. In

the latter case, the origin is a gerbe BG, and we have the semi-direct product®
m (FIPS)=(l)x G

where [ is the same loop as before.

The loop x, or equivalently a generator of G which viewed in 7; (FIPS), will be

represented by a generator of the Picard group of X, via Lemma 3.15.

More interesting is the representation of the loop / which will be a spherical twist
about a spherical functor as given by Theorem 2.25. If there are no zero weights then
the resulting autoequivalence is the spherical twist Tg : D(X,) — DP(X, ) around
the skyscraper sheaf along the zero section in X, :

S = ﬁPV+5

3This is a simple case of Lemma 4.34, which we forward reference.
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or any line bundle twist of it. If there are zero weights we upgrade this to a twist
around the spherical functor F : D?(Vy) — Db(X,).

We can build an analogous representation with basepoint choice in the large radius
region of X_. Showing that two such representations are compatible in the funda-
mental groupoid amounts to showing that Ty o (® Oy, (1)) corresponds to tensoring
by Ox_ (1) under wall-crossing (§2.3). An explanation for why this works can be
found in [ , Sec. 2.1.].

Example 3.20 (Example 3.13 continued). The GIT problem in Example 3.13 is a
C* action on C* given by

A-(o,B,7,8) = (A2, A71B, A1y, 8).

Recall that the secondary toric stack § is defined to be the quotient stack as-

Q2. 05= -1 44=0 0

Figure 3.2: The secondary fan of Example 3.13.

sociated the GKZ fan Xggz defined in equation (2.6). Following the conven-
tions of [ ], § is isomorphic to the weighted projective stack P!(2,1) =
[(C2\ (0,0))/2,1C*] with coordinates g1, g2 or ¢1,q3. We arbitraily choose the for-
mer. A positive stability condition will have us remove {o = 0}. We scale out the
a-coordinate but end up with a residual Z, action with weight 1 on the 8 and y co-
ordinates, so we have quotient X; = [C%%% s /1,10 Z5). A negative stability condition
will have us remove {8 = y = 0}, and so we have quotient X_ = 6"(—2)%7 x Cg.
So Pic Xy =7, and PicX_ = Z.

ToI' = {1,2,3} we have corresponding relevant subspace H (4) = 0 via Proposition
3.16 and it follows that Zrr = C. From previous iterations of this example we know
that

FIPS = [C\{£2} / Z5)].

Note that we can also see FIPS as a complement of V(E,4) in § (equation (3.5)),
where V(Ey4) is cut out by the global section ¢2(q1 —443). [0: 1] € § is the large
radius limit of X, and picking a base-point in FIPS close to [0 : 1] we get orbifold
fundamental group (see §4.2 for the relevant background)

m (FIPS) = (1,g]g*,[0,8]),
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where g corresponds to a loop around the origin and [/ is a loop around the coni-
fold point. 7 (FIPS) acts on D’(X,), where g is a line-bundle twist by the
generator of Pic X, = Z; and [ is the spherical twist about spherical functor
F =i.n*:D’(Cs) — D’(X,) (Theorem 2.25), where the map i is an inclusion map
and 7 is a BZ»-bundle:

[Cs /0Za] —— X4

|7

Cs

Note that if we didn’t have relation 62 in 7y (FIPS), the Picard group of X, wouldn’t
be represented which is why the stack structure of F1PS and the fact that the orbifold

fundamental groups remembers it is important.

By the orbit-cone correspondence, given a wall W in the secondary fan separating
two quotients X and X’ we have a rational stacky curve Cy C § in the toric boundary

of § as a toric stack connecting cx and cy.

Lemma 3.21. | , Corollary 4.13] The discriminant locus* V C § intersects Cy

in exactly one point.

Each irreducible component of the discriminant locus Vi C § will intersect Cy
with a multiplicity m‘fl € Z>¢. In fact, by [ , Remark 6.6], if a component Vr
intersects Cy then it will be smooth at that point (using Horn uniformisation). Note
also that for every relevant subspace H = I'“, there is a well-defined multiplicity
mff € Z=o with which D?(Zr) appears in the semi-orthogonal decomposition (2.18)
for D?(Zy). We have the following beautiful result, which adds to the supporting

evidence for Conjecture 3.17.

Theorem 3.22. [ ; ; ; 1 m = mb.
Inspired again by [ ], Theorem 3.22 was first conjectured in [ ], shown
for rank 2 in [ ], and finally proved in general in [ ].

Consider a small tubular neighbourhood Ly C FIPS of Cy and define it as the large
radius region of W. For the rank 2 case, where FIPS is two-dimensional, a near
large radius limit version of the monodromy conjecture is proved in [ , Sec.

6]. More specifically, they show that the fundamental groupoid 7| (L ,{bx,bx'})

4Excluding Cy if it is itself a component of V.
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on two large radius region base-points by € Lx and by € Ly acts via (fractional)

window equivalences that come from crossing W.

In §4.3, we analyse the fundamental group near the intersection of Cy and V, and
conjecture relations between autoequivalences associated to a wall W. More specif-
ically, these autoequivalences are the factors of the spherical twist associated to W
and the line bundle twist of the canonical line bundle .Z € Pic X corresponding to
Cw.



Chapter 4

The Fundamental Group of FI/PS

In this chapter we will explain the background we need to be able to compute
m (FIPS). Recall from equation (3.7) that we can write FIPS in the following
form

FIPS =[(C"\V)/G].

This shows clearly that FIPS is a smooth DM stack (see Remark 2.3), specifically

a hypersurface complement modulo a finite group.

The examples we consider in Chapter 5 are rank 2 so we are really looking at plane
curve complements quotiented by finite groups. First, in §4.1, we review the clas-
sical Zariski-van Kampen method for computing the fundamental groups of curve
complements. Then, in §4.2, we explain how to deal with the finite group action by
defining the orbifold fundamental group of a smooth DM chart in terms of loops of

the overlying space.

4.1 Fundamental Groups of Curve Complements

Ignoring the action of G in (3.7) and possible stackiness, we see FIPS as a hyper-
surface complement. In our examples r = 2, so we are considering plane curve
complements C?\ . The theory of fundamental groups of curve complements is
very classical, and in this section we present the key results that are relevant to us,

taking much inspiration from [ ].

The central idea is the Zariski-Van Kampen method, which gives us a finite pre-
sentation of 7 (C?\ €). Originally sketched by Zariski [ ], the proof was
completed in 1933 by Van-Kampen [ ]. It starts by choosing a linear projec-
tion C2\ ¥ — C which outside of a finite set of critical points S C C is a locally

trivial fibration.

For a locally trivial fibration p : X — M, we can consider a monodromy action of
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paths in the base to loops in fibres. Let us denote our fibres by F and consider
a choice of section s : M — X. The monodromy action is a right action of the
fundamental groupoid IT; (M) of paths on the base of the fibration on the fibre fun-
damental groups 7 (F).

More explicitly, for any two basepoints pi,p» € M, a path y € (M, p1, p2) from
p1to pa,and g € m (F,q1 = s(p1)), one obtains a new loop g¥ € m(F,q2 = s(p2))-
The new loop g? is constructed via the Homotopy Lifting Property, where we define
a homotopy in the base i : [0,1] x [0,1] — M by h(s,t) = y(¢). There is a unique
lift 12 [0,1] x [0,1] = X of & such that /(0,¢) = soy(t) = h(1,t) and h(s,0) = g(s).

This defines the new loop as g?(s) = h(s, 1). See [ , Sec. 5.2] for full rigorous
details.
Lemma 4.1. [ , Sec. 5.1] For g,h € m(F,q1) and y; € m(M,py,p2) and

v € (M, p2,p3):
ngoYl — (g%)}’z,
(gh)% :g?’lhﬂ,
(" =(gm".

Example 4.2. A simple non-trivial case arises when the fibration is trivial but the
section is not constant. For instance, consider the fibration p : § L'« F— S!, where
F is a unit disk D = {(x,y) € R? | | x |> + |y |*< 1} with two punctures e.g. F =
D\ {(0,1/2),(0,—1/2)}. For the loop y(t) = ™ € S' in the base and the section
s(t) = (y(t),e*™") section, then Figure 4.1 describes the y-monodromy action on
two closed paths o, ap € m;(F,(0,1)). We see that

11
af = o o loyonay,
of =o' oma.

The next theorem explains how locally trivial fibrations can help us understand
fundamental groups.

Theorem 4.3. [ , Theorem 2.1] Suppose you have a locally trivial fibration
p : X — M with section s : M — X and take a point p € M. Let F = p~'(p) be
the fibre over p. Then 7;(X,s(p)) = 7 (F,s(p)) X @1 (M, p), where the action of
7 (M, p) on my (F,s(p)) is given by monodromy.

Theorem 4.3 can help us compute the fundamental group of X by breaking down

the group into lower dimensional components F* and M. In fact we don’t actually
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s((0) > s(y(1)

Figure 4.1: Monodromy of Example 4.2. The yellow circles represent fibres F'. The
trajectory of the path so 7y is depicted by the black line connecting the yellow circles.

need a global section s : M — X. It’s sufficient to have a section when restricted to
the supports of a representative set of generators of 7 (M), so long as these are the

generators in the group presentation implied by the semi-direct product.
Example 4.4 (Example 4.2 continued). Theorem 4.3 tells us that
m(S'xF)=(ya, o |y ' eny =0,y 'y =),
= (oo |y tay=a o amar, v ooy = oy 'opan).

We also clearly have another presentation from the fact that F x S is a direct prod-

uct:
(S X F) = (00,00 | oap = o, 1~ oot = o).
The substitution ¥ = o o shows that the two presentations are equivalent.
We now go back to our curve complements C2 \ &, with our curve described by a
reduced polynomial f(x,y) € C[x,y]. We will be considering linear projection onto

C, and note that via a linear coordinate change we can for simplicity just take this
to be the projection onto the x-coordinate p : (C)%_y \ & — C. For xg € C, the fibre is

p~" (x0) = Cy\ {f(x0,y) = 0}.

We note that we can write the polynomial in the following form

Fxy) = fa@)y + faaa )y -+ fol),

where f; € C[x] and f; # 0. This implies that for generic values, f(xg,y) = 0 has
precisely d solutions. This is the case for all values except those in the sets

J
§' = {xeC |3y eC, f(x,y0) = 8—§<x,yo> —0}, @)

Se ={x€C| fy(x) =0}. 4.2)
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S = S US., is finite (say of size n), and note that the intersection S’ N S., could be

non-empty.

Theorem 4.5. Consider a plane algebraic curve € =V (f). Let p : C>\ % — Cbea
linear projection. Let S C C be the critical set with | S| = n, and denote 7 = p~1(S).
The restriction

Plevus) : C\(FUH) = C\S,

is a locally trivial fibration. Moreover, for p € C\ S and a choice of section
s:C\ S — C?\ (¥ U#), we have the following group presentation

ﬂl<Cz\(CgUt%ﬂ)as(p)) = <g1="'7gd7;u17---7.un | ;u]_]gl.uj :gtlj>7

where g1,...,84 € m(F := p~(p),s(p)) and wy,...,u, € m(C\ S, p) are both
sets of free generators, d € Z>1, and the relations in the presentation hold for i €

(1,....d}, je{l,...,n}.

Proof. Give C? coordinates x, y and assume, without loss of generality, that p is the
projection onto the x-coordinate. Suppose that f is degree d in the y-coordinate.
By construction, the fibres of the restricted projection p|(cz\(<bpujf) are all isomor-
phic to the complex plane C with d points removed. By [ , Lemma 3.3.5],
Ple2\ (wu) is alocally trivial fibration.

The statement on the presentation follows by applying Theorem 4.3 to p |(Cz\(<5u %)
and the section s. O

Remark 4.6. In the statement of Theorem 4.5, we assumed the existence of a sec-
tion of the locally trivial fibration p |C2\(cgu ). Many such sections exist, for exam-
ple constant sections constructed in the following way. First, give C? coordinates
x,y and assume again, without loss of generality, that p is the projection onto the
x-coordinate. Note that to apply Theorem 4.3, we only need a section on the support
Z C C\ S of a set of generators of the free group uy,...,u, € 1 (C\ S, p). Con-
sider the restriction p | p-1(2) " p~1(Z) — Z, and the projection onto the y-coordinate
Y = (p~1(2)), C C,. Y is equal to the complement of a 1-real dimensional closed
subset of C, which is the finite union of compact strands (i.e. either embedded
intervals [0,1] or circles) (p~!(1;))y. It follows that ¥ is non-empty, and we can
choose the section of p| p-1(z) to be one with constant y-coordinate for any choice
of y e Y. We will see in the rest of this chapter that we will want our choice of
section to have particular properties.

Theorem 4.5 gives us a presentation for 71 (C?\ (¢’ U s¢)) where 2 := p~1(S).

Our goal, however, is to compute a presentation of 7 ((C2 \ ©), which means that
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we need to somehow 77 back in. We can do this by trivialising the meridians of

the irreducible lines in 7.

Definition 4.7. Let M be a complex manifold, D’ be an irreducible component of a
hypersurface D C M. Aloop y € m (M \ D, p) is a meridian of D' if it can be written

as

~1
y=aoa

where:

* 0 € T (dNp, p’) where Npy is a local tubular neighbourhood Npy C M of D/

near a smooth point,

e o is a path from p to p'.

Proposition 4.8. [ , Proposition 1.2] Let D C M be an irreducible hyper-
surface in M. Then the inclusion M \ D — M induces a surjective morphism
7 (M \ D) — m; (M), whose kernel is (o), the normal subgroup of 7; (M \ D) gen-
erated by a meridian ¢ of D.

We could find out what the meridians of the lines in .7 were in terms of the gen-
erators in the presentation in Theorem 4.5, but it would be easier if they directly
corresponded to generators so that we could just trivialise those. It turns out that we
can do this by carefully choosing the constant section s, so that gluing .7 back in

amounts to trivialising some of the p;, as we will explain in §4.1.2 and §4.1.3.

To find a presentation of 7;(C?\ %) we also need to know how to compute g?-i . In
§4.1.1 we discuss how braid monodromy can help with this. In particular we will
see in §4.1.2 that for loops locally near critical points these braids can be combi-
natorially determined from finite data. In §4.1.3 we see that globalising is much

trickier and may require computational tools.
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4.1.1 Braid Monodromy

In the presentation in Proposition 4.5, we need to understand how to determine the
monodromy action ng 7. A helpful way to think about the monodromy of curves
is in terms of braid monodromy. Consider our curve complement and projection
p: (C%y \ & — C, with a finite set of critical points S C C.

Take y € m(C,\ S, p). The fibre F = p~!(p) is isomorphic to the complex plane
with d missing points. As we traverse 7Y, the missing points move through M C
Cy x 7([0,1]) = Cy x [0, 1] trace out' a braid b? C Cy x [0,1] on d-strands. This
braid only depends on 7y up to homotopy.

Theorem 4.9. [ ] There is an isomorphism between the group of braids on
d-strands and the mapping class group of C fixing a set of d points:

M (Cy) = By.

We denote the braid group on d-strands by B, where braids are typically understood
via generic 2D projections C x [0,1] — R x [0,1]. We can also choose generating
loops g1, .., 84 € m (F) that are ordered compatibly with such a 2D projection, like
in Figure 4.2.

81 & 83 8i-1 8a

Figure 4.2: A 1D projection of generating loops g1, ...,84 € 71 (F) which respects

a choice of 2D braid projection.

This allows us to understand a braid monodromy action of b¥ € B; on g; € m(F).
We denote the new loop by gl!’y. Note that if we have the braid break up as bY =b-b/,
where b, b’ € By, then the braid monodromies compose associatively

Y /
g = (8"

Breaking down the braid b” € B, into generators of the braid group can help with

computations using Propositions 4.10 and 4.11.

Recall that the braid group B, has generators by, ...,b;_1 as depicted in Figure 4.3.

'In fact for any path in the base, a braid is traced out, not just loops.
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d-strands d-strands

TV Ty
j )\ ]

by b2 biq

Figure 4.3: by,...,by_| € B, are the standard generators of the braid group.

Proposition 4.10 (Standard Braid monodromy, [ ]). The monodromy action
of a standard basis of braids by,...,b;_; (Figure 4.3) on standard loops gi,...,8q
(Figure 4.2) is

g 'givigi i=]j

b; . .
g =18 j=i+1
gj otherwise.
Proof. This is easy to see and essentially follows from Figure 4.4. ]

Define (ab)™ to be the word abab... of length m € Z~, e.g. (ab)’® = aba, and
(ab)™™" = ((ab)")~" = (b~ la"")".

Proposition 4.11 (Braid monodromy on two strands). Let g; and g, be two stan-
dard loops and consider the monodromy action of B = b” where b is the standard

generator of B, the braid group on two strands. If n is even, then the monodromy

map is
g = (g281) "g1(g281)",
& = (2182) " aa(g182)" .
If n is odd,
gl = (8182) "g2(g182)",
& = (g281) " g1(g2g1)" .
Proof. By Proposition 4.10 and induction. ]

We note that the monodromy action of Y is determined by the braid monodromy

action of b” if we pick the basepoint in the fibre (i.e. the section) so that it doesn’t
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g2
£1
,\'\

Figure 4.4: The action of the standard generator b € B, on g1, g».

interact with the movement of the missing points. This is the case if the section lies
outside a ball containing the missing points as they move. What this does is ensure
that the section itself does not contribute to the monodromy (as we saw it could in
Example 4.2).

Remark 4.12. The braids b” seem to be dependent on a choice of projection p and
loop in the base y. We will see however that our non-trivial monodromy actions
often come from singularities of our curve %, and different types of singularities
have different uniquely associated braids>. For example, for the node, this unique

braid is b2, and for the cusp it is b>. We will see examples in the next subsection.

4.1.2 Local Monodromy

Let us take a curve ¢ = V(f) C (C)zc’y where f is degree d in y, and consider the

projection onto the x-coordinate
2
p: CW\CK — C,.

In this subsection we look locally, so we assume that we only have one critical
point at that the origin 0 € C,. We will explain how to compute the monodromy
action of a loop close to x = 0 using the braid monodromy perspective, as well as
how to carefully choose a constant section in Theorem 4.5 so that we can easily use

Proposition 4.8 to glue critical fibres back in.

Let’s look at the critical fibre H = p~!(0). There are two cases:

1. x [ f(x,y), so that H is isomorphic to C with k < d points missing, and we

have locally trivial fibration

Plez \wum) * C3,\ (¢ UH) - C;.

ZFor a generic projection and arbitrarily small loop around the critical point.
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2. x| f(x,y), meaning H C C?\ ¥ is empty and p itself is already a locally
trivial fibration®.

We focus first on the case x [ f(x,y). Let p1,p2,...,pr € C,, k < d, denote the
missing points in H. These solve f(0, p;) = 0.

Take F to be a generic fibre of p, say over xo € C}, i.e.,

F:=p~'(x0) =C)\{q1,...qa}-

Consider a path y connecting xp to 0. We track the monodromy movement of the

missing points ¢y, ...,g  as We traverse V.

Either g; will tend towards a missing point p; in H or it will tend to infinity. Note
that the latter case will only occur if x = 0 satisfies the condition in (4.2). Generally
more than one missing point in F can tend to one missing point or infinity in H. Let
K C {pi1,...,px} = M be the subset of missing points which have more than one g;
tending to them. These are precisely the y-points that satisfy the condition in (4.1).

Example 4.13. Let ¥ C C? be the cuspidal cubic defined by f(x,y) = x* —y* and
consider the projection p onto the x-coordinate. x = O is the only critical point, and
p~1(0) = C,\ {0}. All other fibres have two missing points and it is clear that as
we move towards 0 in the base, those two points collide (because we can describe

them both via y = x%).

Example 4.14. Let ¥ C C? be defined by f(x,y) = x’y* — 1 and consider the pro-
jection p onto the x-coordinate. x = 0 is the only critical point and p_l(()) = C,.
We have that y = X3 , so all other fibres have two missing points and it is clear that

as we move towards 0 in the base, the two missing points tend to infinity.
In the examples in this thesis, we will see examples of p; € K that are

1. irreducible* isolated singularities, specifically cusps e.g. Example 4.15,

2. reducible singularities where two smooth irreducible curves intersect with
multiplicity. See Examples 4.16 and 4.20. These will mostly be multiplicity
1 (nodes) or multiplicity 2,

3We can clearly avoid this case altogether by choosing a generic projection p, but in some of our
examples it is precisely the non-genericity of a projection that makes a good computational choice.
See Example (b) in §5.2.

A singularity of f is defined to be irreducible if f is irreducible in the ring of germs of holo-
morphic functions at the singularity, or equivalently if it is irreducible in the ring of formal power

series.
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3. smooth and irreducible points, but for which our projection is non-generic
e.g. Example 4.18.

In particular, this means we will never see more than two g, tending to one p;.

Consider 6 € 7 (C3) an arbitrarily small loop around 0 and now fix xo = 6(0). The
upshot of the following discussion is that using finite combinatorial data we can find
a braid b°® which determines the local monodromy action of ¢ on some g; € 7m;(F).

We will start by going through various examples to build some intuition.

Example 4.15. (The Cusp) We consider f(x,y) = y> — x> defining the cuspidal
cubic ¢ C C? and the projection onto the x-coordinate p : C>\ ¢ — C,. Let F =
p~'(1) and o(t) = €*™ € C,, t € [0, 1], be one loop of the unit circle in the base.
By the description y(x) = x3/2 we know that the solutions of f(o(r),y) = 0 are

Vi (l) _ e37z:it7

yz(t) — _e3nit.

As we traverse o (t) we see the solutions yj,y, trace out two strands that braid in
the following way

NNN N

e
Ry
S

We will represent the braid by a suitable plane projection:



4.1. Fundamental Groups of Curve Complements 59

We can break down the braid b® = b> where b is the standard generator of B,. Let
H = p~'(0) c C? and note that

Plenwumy : C\ (¥ UH) — C;

is a locally trivial fibration. We take a constant section (and hence basepoint p € F)
far> from the movement of y; and y, and choose two loops g1,g2 € 7 (F,p) as
per Figure 4.2. By Theorem 4.5 and using Proposition 4.8 to glue H back in and

trivialise o we have the fundamental group presentation

m(CP\ %) = (g1,82 | g1 = 87,82 = &3).

Using Proposition 4.11 we compute g7 and find the well-known presentation for
71 (C?\ €) with the braid relation:

751(@2\(5) = (81,82 | 818281 = 828182)-

Example 4.16. (The Node) Let f(x,y) = (y —x)(y+x) and € = V(f) C C2. We
have a nodal singularity at (0,0) that is clearly not irreducible since the curve glob-

ally is reducible and has explicit global solutions

Note that two components are smooth and meet at (0,0) with multiplicity 1. Again

we consider the projection onto the x-coordinate. For o(t) = e*™ € C,, t € [0,1]

SThis ensures that the braid b® uniquely determines the monodromy action g? via Proposition
4.11, and that that lift of ¢ is a meridian of H and hence trivialisable when we glue H in.
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the associated braid is b® = b? and using the same programme as Example 4.15 we

get presentation:
m(C*\C) = (81,82 | [g1,82] = 1).

Example 4.17. Let f(x,y) = y> —x*(x+1). The global curve is irreducible but
we have a reducible singularity at the origin. We can see this because in the ring
of holomorphic germs at the origin we can factorise f(x,y) = (y —xvx+1)(y +
xv/x+1). The leading term in the series expansions is x, which tells us that the
braid traced by the local monodromy at O is the same as that in Example 4.16. This
is unsurprising since the singularity of g is of course analytically the same as that
of the node®. Note that the fundamental group of the curve complement may still
be different though, since the projection onto the x-coordinate has another critical

point x = —2/3.

Example 4.18. Let f(x,y) = y*> —x, € = V(f) C C? and consider the projection
onto the x-coordinate. The curve % is clearly smooth but the projection has a critical
point at x = 0. We can write the solutions in terms of y in terms of x as y = +x1/2
and for 6(t) = €?™ € C,, t € [0, 1], the braid b? is traced out by

™ and

yi(t)
yz(t> _eﬂ:it,

so b® = b. We get fundamental group presentation

m(C*\ %) = (g1,82 | 81 = g, ' 281, 82 = 81) = Z.

Example 4.19. Let f(x,y) = (y* —x)x and € = V(f). By Example 4.20 we know

that using the projection onto the y-coordinate we have presentation
1 (C*\E) = (b, he | (mhe)? = (hahi)?).
We however project onto x and using Example 4.18 find the presentation
1 (C°\%) = (0,81,82| 0810 = ¢, '2281,0 ' 920 = 21),

where o (t) = e*™ € C, can’t be trivialised using Proposition 4.8 as {x =0} C C?
is actually missing. Eliminating g; with the second relation and setting 41 = ¢ and

hy = g», we see that the two group presentations match.

®We can see this immediately through the analytic coordinate change u = xv/x+ 1 as v/x+ 1 is a
unit in the local ring.
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Example 4.20. Let f(x,y) = (y —x")(y —x*2), where ky,ky € Zg U {eo} and
ki < ky. Note that ky = co corresponds to y = 0. Let ¥ = V(f) C C2. Again we
project onto the x-coordinate and have critical point at x = 0 caused by a reducible
singularity at (0,0). We look at the loop in the base o (¢) = re’™ € C,, t € [0,1],
with radius 0 < r < 1. The braid b is traced out by

yi(t) = rf1e?mitk and

yZ(t) — rkzeZTEile'

y2 describes a smaller radius strand looping k»-times around 0 € C,, while y; gives a
bigger radius strand looping k-times around O € C,. We can ‘straighten’ this braid
to see that b® = b1, Following the same programme as Example 4.15 we know

we have fundamental group

b2k1 b2k1

m(C\%)=(g1.82|g1=8) ,g2=285 ).

Using Proposition 4.11 we have

2% &
g1=8"" = (g287")g1(g281)",

)_(kl_l)

2k _ _
=g =g (g1 2(q182)" g1

It follows that the monodromy relations in the presentation for the fundamental

group are summarised by the Artin braid relation of order k;
(8182)" = (g281)"".

In the examples above we only ever had one missing point in the critical fibre and
the solutions of y in terms x were obvious. We now explain how to handle any
example. Recall we have a curve complement C> \ % and a projection p onto the x-
coordinate with one critical fibre H = p~!(0) that is isomorphic to C, with missing
points M = {py,..., pr}. Recall also that K C M is the set of the roots of f(0,y) =0
with multiplicity greater than 1.

At the missing points M\ K C {py, ..., px}, the holomorphic implicit function the-
orem says that locally our curve is given by y as a holomorphic function of x i.e. it

can be represented by a convergent power series.

This local description does not hold for the missing points in K. One useful general
tool to analyse curves locally at points are Puiseux series. For a comprehensive and
leisurely exposition, we recommend [ , Part III, Sec. 8.3]. Puiseux series are
generalisations of power series that allow for fractional exponents and they are often

used to study curve singularities. The denominators in the exponents of Puiseux
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Series are bounded and therefore we can find the smallest denominator n € Z~ so

that all Puiseux series are of the form:

y(x) = iaixi/”. (4.3)
i=1

The Newton-Puiseux theorem | , Part III, Sec. 8.3, Thm. 1] says that’, given
a complex algebraic plane curve ¥ = V(f(x,y)) and any point on %, the solutions
in y, viewed as functions of x, may be expanded as Puiseux series in x that are con-
vergent to % in some small neighbourhood of the point. Without loss of generality

(we can just change coordinates) we take the point to be the origin (0,0).

The fractional exponents are needed because the solutions y to f(x,y) = 0 may not
actually be functions of x, i.e. they may have multiple branches. In the form of (4.3),
we expect to have n-branches, and we note that when a singularity is irreducible the

expansion is unique.

Newton developed a very explicit algorithm to compute Puiseux series which is
explained in [ ]. In practice we can also use computational tools to compute
the significant terms, which we will do in Examples (c) and (d) in Chapter 5. See

Appendix B for the Mathematica code that was used.

The upshot is that much like in the examples we have already seen, each Puiseux
Series determines a braid combinatorially. In fact the braid is determined by Puiseux
Fairs, a finite set of pairs of integers which come from the exponents of the Puiseux

expansions.

Suppose f is irreducible at the origin and we have the Puiseux expansion

y=Y apx,

where ax # 0,k € Q~¢,k > 1. If k are all integers no Puiseux pairs are defined.

Otherwise there is a smallest k; which is not an integer

ny
Kl =—,
my
with relatively prime mj,n;. The pair (m,n;) is the first Puiseux pair. Some expo-
nents to follow may be of the form mil but if not all of them are we shall come to a

K> which is not so representable. We write

np
Ky =

, ng(nz,mz) = 1, my > 1,
mipmyp

"Under very mild conditions, that is that f(0,y) # 0.
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(if neccesary we multiply the fraction for k> on the top and bottom by a divisor
of mp) and the pair (mp,ny) is the second Puiseux pair. We can continue in this
way and this process eventually terminates so that we are left with a finite sequence
(my,ny),...,(mg,ng). Any two Puiseux series with the same Puiseux pairs deter-
mine the same braid b® for a small loop o around the critical point [ , Thm. 3,
Sec. 8.3]. See page 410 for a good visualisation of these braids.

Example 4.21. Say we have Puiseux expansion
y= Z aixi/z, 4.4)
i=1

where a3 # 0. Then we only have one Puiseux pair (2,3), giving us the same braid
b3 we got for the cusp in Example 4.15. In fact is it easy to find an analytic change
of coordinate to show that analytically locally such a Puiseux series must describe
a cuspidal singularity with equation u> = v3.

If our singularity is not irreducible, one needs to think about how the different braids
interact. This depends on the multiplicity of intersection of the reducible compo-

nents.

Example 4.22. Say we have two smooth irreducible curves with an isolated inter-

section at (0,0). Then for a generic projection we have power series expansions

y= iaixi, y= ibixi.
i i

Consider the difference between the two. The smallest power k € Z>; such that
ay — by 1s not zero is the multiplicity of the intersection, and by analogy with Ex-
ample 4.20 have associated braid b.

Given a p; € M, we now have a complete understanding of the movement as we
move along o of the points ¢; that tend to p;. What about the points that g; that
tend to infinity as x — 0?7 The strands coming from the movements of these g; wrap
around the those coming from the other g; tending to a p;. We can Puiseux expand
at y = oo by Puiseux expanding (0,0) for coordinate z = 1/y, and this expansion
describes how the asymptotic strands braid around the rest. The leading term will

have exponent —k/d where k is the multiplicity of 0 as a root of f;, where we recall
the expression f = y? f;(x) +... fo(x).

Example 4.23. Let ¢ be the curve defined by the vanishing of f(x,y) = y(x*y> — 1)
and consider the projection p onto the x-coordinate. We have a critical pointatx =0
because f3(x) =x>. p~1(0) = C;, and for a loop in the base o (t) = et € C, we

have braid



4.1. Fundamental Groups of Curve Complements 64

S

~

Theorem 4.24. Consider a plane algebraic curve 4’ C C2. Suppose we have a linear

projection p : C2\ ¥ — C with one critical point xo € C and denote the critical
fibre by H := p~!(xp). There exists a constant section of the locally trivial fibration
Pleawum : C?\ (¥ UH) — C\ {x0} (Theorem 4.5) which yields the fundamental
group presentations

7 (C2\ ) = (81,---,8a | &i gi> | z
<O-7g17"'7gd|67 glG:glG> lng%,
where g1,...,g4 € m(F) are free generators for F a generic fibre of p|(Cz\(<€UH)’

and o € m(C\ {x0}) is a loop around xj in the base.

Proof. Firstly, without loss of generality take p to be the projection onto the x-
coordinate. We’d like to use Theorem 4.5 on the fibration p |(C2\(%ﬂu #) and therefore
we have to pick a section s. Importantly, we want to make sure the lift so o is
a meridian of H, making it easy to use Proposition 4.8 to find a presentation for
71(C?\ %). This depends on a careful choice of s, as we will describe.

For each missing point p; € C, C C? in the critical fibre H, V; C C? be a small
open neighbourhood around p; such that its Puiseux expansion is convergent to f,
which exists by the Newton-Puiseux Theorem. Let Vj be a region where the Puiseux
expansions at x = 0,y = oo are convergent, see Figure 4.5. Define the small open

neighbourhood around x = 0:
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Cy LT T~ W

Figure 4.5: The missing points ¢; € C in the generic fibre over U, move to the
missing points p; € C or infinity as x — 0. The smiley face denotes a valid choice

of constant section we could make.

Projecting onto the y-coordinate, the movements of the missing points in the fibres

over U are restricted to the non-intersecting regions
Wi = (Vi)y cG,

where i € {0, 1,...,k}. Let
k

w=Jw,
i=0

and note that there is no movement in the fibres over U the non-empty region C, \ W.
We pick the loop around 0 ¢ € 7 (U) = m(C*) so that it lies in U. The braid
6% comprises k distinct braids b*® coming from each Puiseux series at p;, as well
as strands braiding around the k-braids coming from the moving points in V. See
Figure 4.6. We pick a constant section s : U — p~!(U) with fibre coordinate p €
C,\W.

We start with the case x J f(x,y). We use Theorem 4.5 to find a presentation
1 (C*\ (FUH)) = (0,81,-..,84| 0 'gi0 = g7),

where g; € m(F,p). We note that because of the way we chose our section, so G
is a meridian of H. By Proposition 4.8, we can glue H back into C?\ (¢’ UH) and
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Figure 4.6: A picture of a local braid b° in general.

trivialise ¢ in the group presentation. We find that
T (C\E) = (g1,---,84 | 8 = &F).

We now deal with the case x | f(x,y), so that p~1(0) = H € C?\ % is empty. This
just means that our projection with restricted codomain p : C*\ ¢ — C* is a locally
trivial fibration itself. We can still understand the geometry in the same way as for
the case x / f(x,y) by analysing the polynomal f(x,y)/x and similarly picking a
section, but we get presentation

1 (C2\ €)= (0,81,...,84| 0 'gic = %),

where we don’t trivialise o. L]

We have argued how when you have one critical point, the monodromy is entirely
described combinatorially by Puiseux expansions. This is because having only one

critical point allowed us to work locally. Next we will discuss the global case.

4.1.3 Global Monodromy

Theorem 4.25 (Global Monodromy). For a plane algebraic curve 4 C C? and pro-
jection p : C2\ ¢ — C, let S = {xi,...,x,} C C be the critical set, ordered so that:

1. forlgigmgn,p_l(x,-) :v)gch\%, and

2. form < j<n,p~'(x;) 2C\{d points} C C*\ €.



4.1. Fundamental Groups of Curve Complements 67

Let 27 := p~!(S) be the critical fibres. There exists a constant section s of the
locally trivial fibration p|c2y (4 %) (Theorem 4.5) that yields the following funda-
mental group presention for any p € C\ S:

nl(Cz\Cg7s(p)) = <,U1,...,Hm,g],...,gd ’ nu'iilgj‘u'l' :g;lia 8j :gl}Lk>7 (45)

where gi,...,84 € m(F,s(p)) and uy,...,u, € m(C\ S, p) are sets of free gen-
erators, the notation g;° denotes the image of g, under the gy monodromy action
(see the beginning of §4.1), and the group relations hold for 1 < j <d, 1 <i<m,
1 <k<n.

Proof. Suppose without loss of generality that p : C>\ 4 — C is the projection onto
the x-coordinate and has critical points xy, .. .,x, € S C Cy, such that (x—x;) | f(x,y)
forl <i<m<nand (x—x;) Jf(x,y)form<i<n. LetH;=p !(x;)fori=1,...,n
be the critical line fibres, so that

A =p ()= JH cC~.
i=1

We choose a basepoint p € C\ S in the base of the locally trivial fibration. m;(C\
S,p) = (U1, .. W, is the free group on n generators, but unlike in the local case, we
can’t necessarily take p and therefore y; to be close to each critical point x;. For
each x;, we take ; € m (C\ {xy,...,x,}) to be }/,-G,-}/i_l, where ¥ is a path from p
to a point p; € C \ S close to x;, and 0; is an arbitrarily small loop around x;. See
Figure 4.7.

We want to find a presentation for 71 (C?\ %¢’) as we did in the one critical point case
(Theorem 4.24). To do that, we need to apply Theorem 4.5 to p|c2\ () With a
section

s:Z—p Y2),

where

Z 1= supp U,u,- Cc C\S.

Moreover, we want s to be such that the meridians of H; for m < i < n are gen-
erators in the group presentation of 71 (C?\ (¢’ U %)), so that gluing .7 back in
corresponds to trivialising those generators.

We note

Z = supp | Ju; = Jsuppo; U Jsupp -
i i i
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Figure 4.7: We have three critical points x1,x,x3 of p and curve € in red.

By the proof of Theorem 4.24, we know that for every critical point x; there is an
(arbitrarily small) open Wi C C, so that for any section s; : suppo; — p~ ! (supp o;)
with constant y-coordinate in C, \ W', s;00; is a meridian of H;.

Moreover, over (J; <<, supp 06; U{J; supp ¥, the missing points in the fibres trace out
a closed subset X C C” which is isomorphic to a finite collection of compact 1-real

dimensional stands (i.e. embedded intervals [0, 1] or circles).

n
Y:=C,\ |J Wux,
i=m+1
is non-empty and hence we choose s : Z — p~!(Z) to be given by some constant in
Y. We use Theorem 4.5 and then Proposition 4.8 to glue H; back in for m <i < n,
where we note that so t; = (so ;) "' (so 6;)(so %) is a meridian of . as (s - 0;) is.
The result follows. [

Let F; = p~!(p;) be the local fibre to x;. The monodromy action of y; on p~!(F)
can be decomposed as the action of % on 7 (F) — m(F;) and the action of o;
and 7 (F;). The latter is the local monodromy at x;, which we know is completely
determined by the local topological type of the curve (§4.1.2).

The global monodromy depends the monodromy action of ¥; too, in particular on the
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position of the other critical points and the global geometry of the curve. Whether
or not there is a finite set of global data on the curve that determines the global

monodromy is still unknown.

It is the patching up of the local monodromy into global monodromy that makes
computing fundamental groups really hard. In general it requires numerically solv-
ing f = 0 in the fibres over 7; to a sufficiently high degree of accuracy. This explains
one reason we haven’t been able to prove the mirror symmetry monodromy conjec-
ture by trying to understand the fundamental group directly. As far as we know, we
need to compute fundamental groups of curve complements in rather ad-hoc ways

in general.

In the Examples in Chapter 5 we will have to globalise monodromy action, and it
will be quite fiddly and delicate.

Remark 4.26. The Zariski-Van Kampen method is implemented in Sagemath. The
program works by randomly picking a projection, computing critical points, ran-
domly picking a basepoint and loops around the critical points, and then uses nu-
merical approximation techniques. The code may not always finish, but if it does,
the output will be a group presentation which is guaranteed to be correct. Using
this code is problematic for us because the monodromy conjecture is very sensitive
to the way in which we match group generators in the fundamental group to au-
toequivalences. The program just outputs a presentation with some generators but
does not give enough information on what the generators actually represent. For

this reason, we have to compute the fundamental groups ourselves.

Remark 4.27. We now have two perspectives on the fundamental group of FIPS.
Given the degree of the discriminant polynomial, we could use the Zariski-Van
Kampen method to determine the number of generators in a presentation. Addition-
ally, by using our insight on the derived autoequivalences, we could predict how
many generators there should be after perhaps elimination via relations. This could
for example be used to predict the minimal number of generators of a presenta-
tion for curves coming from discriminants. Exploring this relationship could be an

interesting research direction.

Remark 4.28. We note that, in principle, knowing how to compute the fundamental

groups of curve complements can help us compute 7; (FIPS) for rank r > 2 cases

8

too. By the Lefschetz Hyperplane Theorem® we can intersect C”\ V with successive

8There are various versions of the Lefschetz Hyperplane Theorem e.g. [ 1, [ 1,
[ ], including for smooth DM stacks [ ].
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(generic) hyperplane sections until we reach a plane curve complement C?\ €’ such
that 1 (C"\ V) = 7 (C?\ ¥).

4.2 Orbifold Fundamental Groups

In this section, we explain what we mean by the orbifold fundamental group® of
FIPS. We recall again that by equation (3.7), FIPS in our examples is not just a
curve complement but also has a smooth DM stack structure:

FIPS = [(C*\V)/G].

As such, we will see that 7r; (FIPS) will depend not only on 71 (C?\ V), which we

now know how to compute by Chapter 4, but also on the finite group action by G.

We will restrict to the nice case of smooth DM stacks (Remark 2.3) that are given
globally by one orbifold chart. That is we will be considering the smooth DM stack
[X /G] where X = Spec R be a smooth affine algebraic variety and G be a finite group
acting on X.

Consider first a gerbe BG. It is useful to keep in mind that however we define the
fundamental group for an orbifold, we want 1 (BG) = G, so that the fundamental

group is somehow tracking stabilisers.

Let us denote the obvious quotient map by
p:X — [X/G].

Note that the stack structure of [X /G] means p can be understood as a finite cover
with fibres isomorphic to G as a set. We will be trying to find a definition for loops
in the stack [X /G| by lifting to the geometric space X.

Consider now [C/Zs| with Zs acting with weight 1, and let p : C — [C/Zs] be the
quotient map. For any point x € C\ {0}, the Zs action identifies the distinct points
orb(x) = {x, wx, w*x,®>x, *x} C C where  is a primitive 5th root of unity. The
only point where this is not true is the origin, which is a fixed point and hence in
[C/Zs] is a gerbe BZs.

For x € C¥, a path between any two points in orb(x) should be a loop in [C/Zs]
based at [x] := p(x). Additionally, in a definition of m;([C/Zs], [x]) we want to

observe the following properties

« The line from say x to @x is the same as the line w’x to w3x (as loops in
[C/Zs] based at [x] = p(x)).

9We will be using the term orbifold and smooth DM stack interchangeably.
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* Contractible loops at the points in orb(x) are trivial in [C/Zs]. Therefore, a
path tracing out the pentagon should be trivial, because we can retract it to a

point.

But note that in general we can’t just see loops in [X /G] in terms of paths in X. To
see why, remember that we want 7, (BG) = G, but simply path lifting to Spec C
seems to imply that 7; (BG) is trivial. For this reason, with each path from say x to
y in X, we also have to track an element g € G such that g-x = y. The following

definition unifies the ideas above.

Definition 4.29 (The Orbifold Fundamental Group). An element of the orbifold
fundamental group m([X/G],[x]) is a pair (A,g) where g € G, and A is a path in
X starting at some x( € orb(x) and ending at g - xg. Moreover we identify two pairs
(A1,81) ~ (A2, 82) if

* there exists & € G such that &-A; = A, as homotopic paths in X with fixed

endpoints, and
* 81 =82

Note that for any two pairs (A;,g1) and (Ay,g2) there exists A € G such that
h-A2(0) = A;(1). This defines their composition as ((h-A;) o A1, g281)-

Remark 4.30. There are various ways to define orbifold fundamental groups. One
quite general and clean way is to define it as the group of deck transformations of
a generalisation of a universal cover. This is the definition used in most standard
orbifold references [ ], but it’s not the easiest to work with for computations.
Fortunately for us, because of the simplicity of our stacks, we have access to the

much more geometrically intuitive path perspective.

Proposition 4.31. Consider the smooth DM stack [X/G] with X connected. For

any x € X, we have the short exact sequence:
1 — m(X,x) = m([X/G],px)) = G— 1. (4.6)

Proof. m([X/G],p(x)) is defined as a quotient of a subset of 7; (X, orb(x)) x G and
there is obviously a well-defined surjective map y : 7, ([X /G], p(x)) — G onto the
G factor.

(7,8) € ker wif y(7,g) = g = e. But that implies that ¥ is a loop in X based at some
Xo € orb (x). By the equivalence relation, this is a subgroup of 7 ([X/G], p(x)) that
is isomorphic to 7y (X,x9) = m (X, x). O
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Corollary 4.32. For X simply connected, 7; ([X/G]) = G.

Remark 4.33. We can also understand Proposition 4.31 via covering spaces. Clas-
sically, given a pointed fibration f : (Y,y) — (X,x) of algebraic spaces, we have the
following long exact sequence

o= (Ye,y) = m(Y,y) = 1 (X,x) = mo(Ye,y) = mo(Y,y) = mo(X,x) — {*}.

where ¥, = f~l(x) = ¥ L x. Thinking of covering p : X — [X/G] as a fibration
G — X £ [X/G), which we can as per Theorem A.12 in [ ] or Corollary 6.4
in [ ], this simplifies to the short exact sequence (4.6).

The following lemma will be very useful in our computations, in particular in Ex-
amples (b) and (d).

Lemma 4.34. Assume X is connected and the action of G on X has a fixed point.
The short exact sequence (4.6) splits

m ([X/Gl,p(x)) = m(X,x) x G,
where x € X.

Proof. The fixed point is a gerbe BG in [X/G] and hence we have a map G —
71 ([X/G]) via the inclusion, which gives us the splitting. O

Example 4.35. Consider 2" = [C*/Z;|. The action is free so we are just taking
a naive quotient and 2~ is homeomorphic to the non-stacky C*. It follows that
m (Z) 2 Z, and we see that the short exact sequence (4.6) does not split.

Example 4.36. Consider .2" = [C/Z,]. C is contractible so the short exact sequence
clearly splits and 71 (2") = 7Z;.

Example 4.37. Consider 2" = [C\ {£1}/Z;]. The short exact sequence (4.6)
reads:
1= (x,y) > m(Z,0) > Zy — 1,

where x and y are loops around 1 and —1 respectively, based at the origin. Un-
der Zj, x and y are identified, and we have splitting 7;(2,0) = (x,y) X Zy =
yolalxa=ya?>=1)=(x,a|a’>=1).

We now explain a stacky version of Proposition 4.8, which allowed us to remove
and glue back in hypersurfaces. A codimension 1 substack of the smooth DM stack
Z = [X/G] is given by ¥ = [D/G] C 2" where D C X is a codimension 1 G-

invariant subvariety. We call & irreducible if D is irreducible.
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Proposition 4.38. Suppose we have a smooth DM stack 2" = [X /G| where G is
finite. Let 2 = [D/G] C 2" be an irreducible codimension 1 substack. Then the
inclusion 2"\ 2 — 2" induces a surjective morphism 7; (2" \ ) — m;(Z") whose
kernel is p.((0)), where (o) is the normal subgroup of 7 (X \ D) generated by a
meridian of D and p : X — 2 is the covering map.

Proof. If aloop in 2"\ Z is trivial in .2, it means that there is a lift of it X \ D
that is trivial in X. By Proposition 4.8, this lift is in the normal subgroup generated
by (o) C m1(X), where o is a meridian ¢ of D. So (¢) C m;(X \ D) surjects under
the quotient map p, : m (X \ D) — 7 (2" \ Z) onto the kernel of 7 (2 \ Z) —
/5] (% ) O

Proposition 4.38 will be useful as it will allow us to remove stacky loci and then
compute fundamental groups of non-stacky spaces. For example, we could have
used it to compute Example 4.37 and we will use it in Example (a).

Example 4.39. A consequence of Proposition 4.38 is that the orbifold fundamental
group of the orbifold Riemann surface X , x of genus g and n orbifold points p; of

order k; is given by

nl(Zgﬂ?k) = <OC,',[31',G]',1 <i<g1<j<n | (] ...Gn[OC,',Bi] = 1,6]].{j = ]>

4.3 At Large Radius

In this section we describe some relations in 7; (FIPS) that hold in general. This
allows us to conjecture some relations between the autoequivalences associated to

a specific choice of wall W.

Recall from §3.2 a wall W in the secondary fan separating two quotients X and X’
has a corresponding rational toric stacky boundary curve Cy C § in the secondary
toric stack, connecting large radius limits cx and cys (Definition 3.10). We assume
here that Cy is non-stacky and is contained in the discriminant locus'’. The dis-
criminant locus V C §, intersects Cy in a single point (Lemma 3.21), and each
irreducible component (equation 3.6) Vi C § will intersect Cyy with some multi-
plicity. This intersection point is a reducible singularity, and therefore contributes
relations to 7y (FIPS).

We could try to use our braid monodromy techniques from §4.1.1 to compute the
relations, but this quickly becomes very tedious, especially in higher rank prob-
lems. Instead, a better approach is to repeatedly apply blow-ups to the singularity

10We think that it would be possible to generalise to the stacky case but things are less clear.
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to separate components. The key idea is that the fundamental group of the blow-up
without the exceptional divisor is the same as the original fundamental group, and
that blowing up will separate components and resolve the singularities until they are
ordinary. This is a standard technique for computing fundamental groups of curve

complements, and we refer the reader to [ ] for a detailed reference.

We start with the rank 2 case, where the discriminant locus V C § is a curve. Note
that the components of the discriminant correspond to minimal faces, which corre-
spond to relevant subspaces (Proposition 3.16), which correspond to factors in the
SOD for Zy (equation (2.19)). Since the Higgs GIT problem for W (Definition
2.10) is rank 1, wall-crossing will only yield at most two distinct components. This
means that excluding any components that are toric boundary curves, there are at
most two other irreducible components, the principal component and another one,
which we denote by V( and V1, respectively. Additionally, we know that the curve
Cy intersects V( at a smooth point'! with some multiplicity m € Z>¢. V intersects
Cyw at the same point (Lemma 3.21) with multiplicity O or 1. The multiplicity state-
ment follows by Theorem 3.22, and because the factor corresponding to V in the
SOD (2.19) is the minimal GIT quotient of the Higgs GIT problem for W, which
is either empty and therefore does not appear in the SOD, or appears once under

wall-crossing [ , Sec. 6.2].

Say V| does not intersect Cyy. Then we have a reducible singularity of multiplicity
m where Vg and Cy meet. By Example 4.22, the following relation should hold in
m (FIPS):

(780)" = (80 7)™
where 7y is a meridian of Cy and gg a meridian of V. If V intersects Cy (necessar-
ily with multiplicity 1), then we apply blow-ups at the intersection point to separate

components. One blow-up separates V, and yields the relation

[’}/Ehgl] - 17

where g1 is a meridian of V; and Yz = Yg1 8o is a meridian of the exceptional
divisor'?. At the i-th blow up for 0 < i < m— 1, the exceptional divisor has meridian

(up to conjugation) given by

Yei = Yo (v80) 1,

1By Remark 6.6 in [ ] we know that the intersection occurs at smooth points of the discrim-

inant components in rank 2 problems. We would guess this to be true in higher rank but do not know

how to prove it.
12In general the meridian of the exceptional divisor is the product of meridians of the irreducible

components at the blow-up point.
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and we obtain an additional relation [Yzi-1, ¥zi| = 1. Exactly at the i = mth blow up,
the original singularity is resolved into two ordinary singularities. This implies the
w1 (FIPS) relations:

[vem, go] = 1, [yem, 7] = 1.

Let .£ € Pic X be the canonical line-bundle corresponding to Cy by Lemma 3.15.
Let Tg, and Tf, be two of the factors of the spherical twist 7 from crossing W,
corresponding to Vo and V respectively (§2.4.2). Following Conjecture 3.17, we
expect the matchings

V=07,
gOZTFm
g1 =Tr.

Substituting these assignments into the relations above, we can conjecture the fol-

lowing relations between the autoequivalences.

Conjecture 4.40. Consider a rank 2 GIT problem with quotient X and adjacent wall
W. If V| does not intersect Cy, then

(®ZL)oTR)" = (T, o (®L))™.
If V; does intersect Cy, then

TFloTFOOFl = (®$71)OF],

Fy= T(®$)OF o Fy.

The relations above are satisfied in our examples in Chapter 5 (the only examples
with a Cy that’s non-stacky are Examples (a) and (c)). We highlight that in rank 2
the conjectured relations should be a direct corollary of the near-large-radius repre-
sentation proved in [ , Sec. 6]. Confirming this would require careful checking

that our equivalence matching is the same, which we have not done.

The same blow-up technique can extend to higher rank, although explicit closed
formulas become unwieldy. Nevertheless, one can still obtain a constructive presen-
tation. Let Uy C FIPS be a small analytic neighbourhood around the intersection
point of Cy with the divisor V. A generic two-dimensional slice of Uy is isomor-
phic to the complement in C? of a line, corresponding to Cy, and curves Cy, ..., Cy,
corresponding to irreducible discriminant components. All the C; intersect Cy at
the same point, say with multiplicity m; (Lemma 3.21). The Lefschetz Hyperplane
Theorem (see Remark 4.28) tells us that the fundamental group of the complement

of these curves is isomorphic to 7 (Uy ).
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So we compute

k
m (CZ \ (CW U U C,')).
i=1
0

During the first m; blow-ups, the meridian of each exceptional divisor E;’, for 1 <

i<my,is
Yei = (0% %)

At precisely the m-th blow up, the component(s) with the same multiplicity m; =

my = --- = m, separate creating relations
['J/E(’)”la'}’j] =1, 4.7)
Jj=1,...,r. After the next blow ups, the additional exceptional divisors Ei will

have meridians of the type:

'}’Ei = ’J/E(r)m (Y0Yt1---%)'s
for 1 <i < my, and eventually we reach ordinary singularities again and new rela-

tions of the form (4.7) for the separated components. This procedure ends and we
find many relations that should hold in 7; (FIPS).

Following Conjecture 3.17, each of the ¥; corresponds to a specific autoequivalence
associated to the wall W. Therefore, the fundamental group relations we found
above should imply relations between these autoequivalences. In some specific

examples, like those below, nice relations can be found.
Example 4.41. If m; = my = --- = m; = m then from the construction above one
obtains

[(on---w)", %=1,

which can be simplified as

7 ---%)"=nr---%0)" =Ps..mon)" == Wn----1)"

Example 4.42. Say you have k components intersecting at an ordinary singularity,
e.g. (y—aix)(y—azx)...(y—asx) where a; are distinct real numbers and 0 < a; <
ap < --- < a, and each component has a meridian 71, ..., ¥, then by doing one blow

up we see that the relations at the singular point are described as:

[rul =1,
where ¥ = %1% ...7%. This relative simplicity helps explain why the fundamental

groups of hyperplane complements are comparatively tractable.

Note that these relations are not all the relations that we expect to see in a presenta-
tion for 7; (FIPS). They are just some relations coming from large radius regions,

but V C FIPS can have singularities away from these, implying additional relations.



Chapter 5

Toric Calabi-Yau 3-folds of Picard
rank 2

In this chapter we will be proving Conjecture 3.17 for toric Calabi-Yau threefolds'
of Picard rank 2. This will prove the Main Theorem in §1.3.

Concretely, this means considering linear toric Calabi-Yau GIT problems of the
form (C*)? ~ C3. The rank of the GIT problem is implied to be 2 because of the
rank of the Picard group, and we know the dimension is 5 because the quotients
have to be three-dimensional. Our problem is therefore given by the GIT complex

V \Y
0-L% (zM)Y 25N o, (5.1)

with Q the weight map, 6y = cokerQV, and L = 7?%. We also assume N =2 73 i.e.
that it is torsion free, as otherwise none of our quotients will be a non-stacky toric

variety.

For a choice of lattice basis on N we have a matrix representation of AV and a
primary polygon P C R? (Definition 2.7), which is the convex hull of the rays
a; = Av(ei) € Z3. Because of our Calabi-Yau assumption (§2.2), we can choose
generators for N so that the first column of A = (AY)Y is a list of 1s, and we see
P living in the rank 2 lattice embedded in Z* where the first integer coordinate is
1. Imposing the first column of A to be 1 does not uniquely determine generators
for N. More precisely, these matrix representations of A are unique up to right

multiplication by matrices in GL3(Z) given in block form as
(1] n e
B=1]0
M

'Some quotients will be smooth 3D DM stacks rather than varieties.
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where t1,t) € Z and M € GL,(7Z). Thus the primary polygon P C Z? is only unique
up to an action of Z? x GL,(Z)? given by

(o)) ()= () (2,

Because A’ is surjective, the primary polytope P has exactly 5 integer points in
it. This means that toric Calabi-Yau threefolds of Picard rank 2 come from convex

lattice polygons in Z? with exactly 5 integer points, up to the Z? x GL,(Z) action.

There are only six such classes of polygons [ ], which we show in Figure 5.1.
Example (a) Example (b) Example (c) Example (d) Example (¢) Example (f)

Figure 5.1: The primary polygons of toric Calabi-Yau threefolds of Picard rank 2.

Conjecture 3.17 was proved for Examples (e) and (f) by Donovan-Segal in [ ]
as part of a bigger class of examples. We will be showing the Conjecture holds
Examples (a), (b), (c), and (d) one by one, but in only one GIT quotient. This will
imply the more general Main Conjecture in §1.2 for all GIT quotients.

For each GIT problem we will follow a similar structure to the background in Chap-
ters 2, 3, 4, where we go through the toric geometry and variation of GIT, compute
FIPS, and work out the fundamental group. The last thing we do is match au-
toequivalences to fundamental group generators and show that the relations hold.
The remarkable point is that these relations, though not difficult to show, are highly

non-obvious a priori.

Remark 5.1. To improve readability, in the examples we will denote the weights
by a,B,7,8,€ € LY instead of the usual g; notation. By abuse of notation we will
also identify the weight symbols with coordinates on C°. Lastly we denote the rays
by a,b,c,d,e € N instead of by q;.

“Multiplication in Z? x GL,(Z) is given by

() ()= (o)) )
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5.1 Example (a)

In this section we prove Conjecture 3.17 in the case of Example (a), whose pri-
mary polygon is shown in Figure 5.2. In §5.1.1 we start by going through the toric
geometry and study the autoequivalences on our chosen GIT quotient

X=[0(-1)"%p/Z,].
In §5.1.2, we compute FIPS, and in §5.1.3 we prove the fundamental group presen-
tation

m (FIPS) = (g1,82,83 | (2382) = (£283)°, [g1,82) = 1,
(2183)* = (g381)%, g2 = 1).

Following the programme of the conjecture, in §5.1.4 we match autoequivalences
to fundamental group generators:

81 = ®ﬁ(170)7
g =®0(0,1),
8 =To,

where Pic X = 7Z & Z,, and we show that the fundamental group relations are satis-
fied by these autoequivalences.

5.1.1 Toric Geometry

We examine the geometry of the GIT quotients and study the autoequivalences in

Example (a), leaning on the background from §2.1.

Choosing lattice bases, we can take representations for the matrices packaging the
data of our linear toric CY GIT problem (see (5.1)) to be the following:

1 0 0\a
1 1 0]|b

Aa=11 -1 o |e Q:<—21100)
Lo o1 |4 200 11
1 0 —1/e o By o0 ¢

Plotting the weights of the action we see our secondary fan as in Figure 5.3.
With reference to Figure 5.3, we see that for the chamber corresponding to GIT

quotient X, the unstable locus is

U=V(Ix)=V(Ba,ya) = {a=0}U{B =y =0},
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Figure 5.2: The primary polytope of Example (a).

and so

_C\{a=0ju{p=y=0)
()

010"y /Za],

X

I

where we scaled out the o coordinate, 6 and € are coordinates on the fibres, and
Z, acts on both the coordinates of the fibres of X with weight 1, so that we have a
stacky P! (the zero section of the vector bundle). We have Picard group

Pic X 2 7@ 7, (5.2)

via equation (2.5) for the Picard group of GIT quotients, where the torsion free

part comes from &(— 1)@2% and Z, comes from a choice of representation of the
v

action of Z,. We represent” our line bundles by &(n,m) where (n,m) € Z® Zo.

There are two walls W; and W, adjacent to our chamber, into chambers correspond-

ing to GIT quotients X; and X, respectively. The unstable loci are

Uy :V(6ﬁ=6Y78B78Y) :{SZSZO}U{ﬁ :’)/:O},
U,=V(da,ea)={o=0}U{d =€ =0},

3The reader may find it helpful to think of coherent sheaves on X as finitely generated Z & Z,
graded C[B,7, 8, €] modules where J, € are in graded piece (—1,—1) and B, y in graded piece (1,0).
Note however that the morphisms are not simply graded-module morphisms.
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e
IR

3
1

5,e @

Figure 5.3: The secondary fan of Example (a). X, X, X, denote the GIT quotients
corresponding to the chambers. W and W, label the walls adjacent to chamber X. In
each chamber we also have the triangulation of the primary polygon corresponding
to that GIT quotient.

and hence

X1 = ﬁ(—Z, _Z)P;g:yx]P’({;:g?

X, = [ﬁ(—l)@zpé£ /75 .

We investigate the spherical twists coming from wall-crossing, described in §2.4.2,
specifically Theorem 2.25. Looking at the GIT quotient X; on the other side of Wy,
we remove {8 = € =0} instead of {a = 0} for X. In X, {8 = € = 0} is just the

stacky zero section of P}B:y /Z|, and we have spherical functor F} = i, nf‘

P, /72— X

lm

Zy, = P!

where i is the inclusion and 7; forgets the Z, action” and is a BZ,-bundle.

Looking at X, on the other side of W, we see that again we remove {§ = € = 0}

4As a map of stacks 7; is the identity on P! and the trivial map Z, — {e} on groups.
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(instead of { = y =0} for X). Again {8 = € = 0} is just the stacky zero section
[IP’['} :7// Zz] and we have spherical functor F, = i, 7 :

Pl /70| —2— X

lm

Zy, = [pt/Zz]

It looks like we have two spherical functors F; and F> coming from the walls W
and W,, but note that we have semi-orthogonal decompositions (SOD) Db (Zw,) =
D(P')=(0,0(1)) = (pt, pt) and D" (Zw,) = DP([pt | Za]) 2= (O, O (1)) = (pt, p1).

Consider a restriction of the spherical functors F; or F, with source categories
D?(Zy,) or D(Zy,) to any of the D”(pt) SOD factors. In each case we obtain
a spherical functor F' = i,7* where 7" is the composition of projection 7} or 7;
with the inclusion of the D?(pt) factor. The spherical twist about a spherical func-
tor F with source category D”(pt) is in fact the spherical twist about the spherical
object F 0, (Example 2.22), and will either be Op1, Op1(0,1) or Op:i(1,0).

5.1.2 FIPS

We analyse the geometry of FIPS, referring to background from §3.1. The primary
polygon (Figure 5.2) has only one minimal face, the primary polygon itself. By

equation (3.6) and Remark 3.4 this implies that the discriminant locus is given by
V =V (bcde) UVy,

So let’s compute what the principal component V4 is. This example is particularly
nice because we can compute a defining equation by hand, which is not the case
when your primary polytope has more integer points or is not as symmetric, for
example. The Hori-Vafa superpotential W, 4 - 4. : (C*)® — C is the Laurent poly-

nomial

Wa,b,c,d.,e(x7yaz) =X (a—f—by—i_cyil +dz+ezil) ’

where (a,b,c,d,e) € C°. Before we compute the discriminant, we notice that we
can scale out various coefficients via the (C*)3 action on C>\V with weights pre-
scribed by the matrix A7. We scale c,d, e-coordinates to 1 and therefore identify
FIPS as the smooth DM stack

_ 2 v
FIPS = [Cmb\V(b) UV, / mzz} ,



5.1. Example (a) 83

where V4 = V(f(a,b)) is the image of V4 under the (C*)3-quotient. To compute a
defining polynomial f, we need to find the a,b for which

Wap(x,y,2) =x(a+by+y ' +z+z71),

has critical values, in other words the a, b for which the partial differential equations

have a common zero:

Wab _ sy y! =0 5.3
Ep =aqa y+y +z+z =0, (5.3)
aw,
a;b —b—y2=0, (5.4)
oW,
ab _1_,2-0. (5.5)
0z

Equation (5.4) and (5.5) imply y = ﬂ:\/LE and z = %1, and plugging this into (5.3)
we get
a+2Vb+2=0.

We can do some simple resclaing to make the computations easier. Dividing through
by 2 and rescaling a according will not change the topology of FIPS. By slight
abuse of notation, we continue to denote by a the rescale coordinate by a factor of
2. So we have

a+Vb+1=0.

Succesively squaring our the square-roots, we find that f(a,b) = (a* +b)> — 4a*b —
2(a®>+b)+ 1 cuts out V.

5.1.3 Fundamental Group

We now compute the orbifold fundamental group of

FIPS = [Céb\v(bf(a,b)) / 1,022] .

All the necessary background to understand the following computations can be
found in Chapter 4. We make a choice of basepoint by € FIPS near the origin,
which is the large radius limit X in the secondary toric stack §. By Proposition 4.38
we have that

7, (FIPS) = (FIPST\T{‘I =0h (5.6)

where 1 = p, (1) and p is a meridian around {a = 0} C C2,. So we compute the

fundamental group of FIPS\{a = 0}. We have an isomorphism

71 (FIPS\{a = 0}) = m (C*\V (abg(a,b))),
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via the homeomorphism (a,b) — (a?,b), where @ = a® and

g(a,b) = (a+b)*—4ab—2(a+b)+1.

LetY :=C?\V(abg(d,b)). We will use the theory of computing fundamental groups
of curve complements in §4.1 to compute m;(Y). We first make the coordinate

change
u=d+b, v=da—»nb.
Substituting into g we get the simpler polynomial
h(u,v) =1 —2u+v2.
and we consider the projection onto the v-coordinate

p: CiV\V((u —v)(u+v)h(u,v)) — C,.

u+ov =0

Figure 5.4: Real picture of Y in u,v-coordinates and the projection p.

We can immediately write the irreducible components of the curve as the solutions

for u in terms of v

V41
5

(5.7)

U=v, u=—v, u=

We have critical points —1,0,1 € C,, and hence p is a locally trivial fibration outside
of the three special fibers

« Li=p l(-1),

« Ly=p 1(0),
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« Ly=p'(1).

We restrict p to Y’ =Y\ (L UL, UL3) so that p : Y/ — C,\{—1,0,1} is a locally
trivial fibration. Each fibre of p is now homeomorphic to C\{3prs} and we denote
the base C,\{—1,0,1} by B.

Based on the positions of the critical points we choose a fibre F = p~!(vg), where
—1 < vg < 0. We make this choice because vy € B is ‘close’ to two of the critical
points —1,0 € B, and being as close to as many critical points as possible will make

globalising our local monodromy understanding easier.

We consider freely generating loops 61, 02,03 € 71(B,vg) around -1, 0, 1 respec-
tively. Following §4.1.3, we pick a constant (in y-coordinates) section B — Y’ given
by uy € C, which is ‘far enough away’ from the movement of the missing points
solving (5.7).

Fn{h(u,v) = 0}

Fniu = -v} Fn{u = v}

B=C\{-1,0,1]

\ 3

01 Yo

02

Figure 5.5: Loops from the fibration p : Y’ — B. 01,0,,03 € m(B,v) loop the
critical points -1, 0, and 1. g1,g2,83 € 71 (F,up) loop the missing points in the fibre
coming from {u = —v}, {u = v}, and {h(u,v) = 0}.

Let g1,82,83 € m(F,up) be generating loops as per Figure 5.5. By Theorem 4.25

we have group presentation for the fundamental group of Y

ﬂl(Yy (M(),V())) = <g17g27g3 |VZ7] € {17273}7 gjo-i :gj>

We now need to understand g ;. Using the globalising programme from §4.1.3 we
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Ug Up

91 92 93 h fa f3

Ul /11! A 0'2 /1’3 f 0'3
U1 Uy o U3

Figure 5.6: The breakdown of the paths o, 0,,03 € 71 (B, v).

break up each loop as

1=~
o1 =A; 61A,
oy =2, ‘62,
1=
03 = 13 6313,
where each A; is a path that takes vo € B to a point v; € B arbitrarily close to the
critical point, and &; are small loops around each critical point (small enough so

that the Puiseux series in the critical fibre are convergent, see §4.1.2). We can pick
A1, A, to lie entirely on the real line, and we can break down A3 as

13 = 13/’52),2
where
T(r) = 62(t/2), 1 € [0,1]

is the path that traverses half of 6, and A} is a path on the real line connecting (1)

to vs.

The small loops G; determine the local monodromy. To globalise rigorously we
also need analyse the monodromy action 7;(F) — m;(F;) of each path A;, where
F, = ! (v,-).

For o) and 0>, we can see from the real picture of Y that the monodromy of A; and

Ay is trivial, in that the braids they trace are trivial.
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This means the braids which determine the monodromy of o7 and o, from F are

given by the local braids from Fj and F3, i.e.

6% = b9, b2 = b2,

So for o7 and o0, we really just need to look locally at the critical points.

We can see that the critical point —1 € B is the result of the intersection of V() and
u=—vat (1,—1). We do a coordinate change & = u+ 1 and v = v — 1, so that the
intersection is shifted to the origin. Using equation (5.7) we see that at (i, v) = (0,0)

we have Puiseux series:

By Example 4.22, we find that the multiplicity of the intersection is 2. Referring to
the standard braid generators (Figure 4.3), by Example 4.20 we find that b = (b,)*
so that the monodromy relations g; = g{',i € {1,2,3} are summarised by the Artin

braid relation

(2283)% = (g382)".

We can see the associated braid and movement of the g; € m; (F, p) along it in Figure
5.7.

Figure 5.7: The braid monodromy action of 67 on g1, g2, g3 (left) and the local braid
associated to oy (right).

The critical point O € B comes from u = v and u = —v intersecting traversely and
hence we have b = (b;)? from fibre F. It follows that the relations g; = g{2,i €
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{1,2,3} amount to commutation relation
[glagZ] =1

We now need to compute the monodromy of ©3, which is slightly more delicate
because the fibre F' is further away from the critical point 1 € B and we need to
‘move past’ 0 € B. This makes the monodromy action 7| (F,ug) — m; (F3,up) of A3

non-trivial.

By the real picture again we can determine that the braid monodromy of A} is trivial.
This means that the braid 6% connecting F to F3 is given by the braid b®. Since 1,
just traverses &, half-way we have that b™ = bj.

Consider generators f1, f2, f3 € w1 (F3,ug) as depicted in Figure 5.8. The loops f; in
terms of g; are given by

171 b—l
f13 :fll :g27
Y by ! _
f23 :le :nglgzla
)Lfl bfl
f33 :f3l = 83.

Ayt

Since g1 and g> commute, in fact f,° = g;. Now we need to understand the local

Fzn{h(u,v) = 0}

Fin{u = v} Fan{u = -v}

o)

Fn{h(u,v) = 0}

Fniu=-vj Fniu = v}

Figure 5.8: A ! monodromy action (F3,up) — 71 (F,up).

braid for 63 from the fibre F3. The local braid is again [124 (just like for o7, which



5.1. Example (a) 89

makes sense given the symmetry) but acts on the loops f;. The resulting monodromy
relation is

(Bf)* = (/)%

and using the monodromy of A, ! we find that the following summarises the mon-

odromy relations g; = g7°:

(2183) = (g381)*.

We can finally write the fundamental group presentation for Y

m (Y, (uo,v0)) = (g1,82,83/8182 = 281, (8183)* = (381)%, (2283)* = (8382)*).

This is also known as the even Artin group A(2,4,4). To get the orbifold funda-
mental group of 7; (FIPS) recall from (5.6) we have to quotient by 1, which in our
group presentation is g»2. Finally, we have the desired fundamental group presen-
tation

T (FIPS) = (g1,82,83 | (8382)* = (2283)°, [g1,82] = 1,
(2183)* = (g381)% g2 = 1). (5.8)

5.1.4 Relations between Functors

The mirror symmetry monodromy conjecture predicts an action of 7; (FIPS) on the
bounded derived category of the GIT quotient

X =[0(-1)p1)Z,) .

More specifically, by Conjecture 3.17 we want a meridian around the principal dis-
criminant component to be represented by spherically twisting the spherical object
S = Op1. We also want meridians around {» =0} and {a = 0} to correspond canon-
ically to line bundle twisting by &'(1,0),0(0,1) € Pic X.

Accordingly, we match autoequivalences of D”(X) with the generators of the group
presentation (5.8) for 7y (FIPS) in the following way

81 = ®ﬁ(170)7
82 = ®ﬁ(07 l)a
g3 =Ts.

Theorem 5.2. Conjecture 3.17 is true for GIT quotient X in Example (a).
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Proof. We need to verify that the assigned autoequivalences satisfy the group rela-

tions in the fundamental group presentation (5.8).

The relations [g1,g2] = 1 and g,? = 1 follow since tensoring by line bundles is
commutative and we know that &'(0, 1) is 2-torsion. The other two relations can be

rewritten:
—1, —1_ , —1
83828382 83 =82 8382
sa1gg e =g g
Substituting in our autoequivalences and using Lemma 2.24, the relations read:
Trs6,,00) = To, (0,1)5
Trs6,,(1,0) = o, (-1,0)

where we used that ¢/(0,1)~! = ¢(0,1). Showing the the spherical objects are the
same (up to a shift) is enough to show that the spherical twists are equal by property

(1.) in Lemma 2.16, i.e. it’s enough to show

TsOpi(0,1) = O (0,1), (5.9)
TsOpi(1,0) = Opi (—1,0), (5.10)

then we are done. Let us start by computing T5@p1 (0,1). We note that®
RHom(ﬁ]Pu 5 ﬁ]pl (ml,mz)) =RI (R%Oln(ﬁ]}m 5 ﬁ]pl)(ml,mz)) .

So we compute R7Zom(Op1, Op1 ), then twist it accordingly, and lastly take derived
global sections (sheaf cohomology). To compute the derived functor we start by
Koszul resolution of Op::

—£,0 5,e)7
0 002,00 2% 51,12 2, 6 4 6, 0.

Replacing Op1 with the quasi-isomorphic Koszul resolution complex and taking
Hom( ,0p1) we get

RAom(Op1, Op1) = |0 < Op1 (=2,0) & Op1 (—1,1)2 L G 0|, (5.11)
We twist by (0, 1):

0 Opi(=2,1) < Op1(—1,0)2 L Gp1 (0,1) 0.

>In the second equality we use that the local-to-global spectral sequence terminates on the second

page, which is easy to argue.
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We get zero derived global sections in all degrees. Firstly, I'(&p1(—2,1)) = 0 be-
cause there is only one extension (of degree 1) of Opi(—2) in P!, and in [P!/Z,] it

is not Z, invariant:

_ T
0= O (=2,1) 2 021,12 L2 60 (0,1) = 0.

[(Op1(—1,0)) = 0 as well, which we can deduce because @pi(—1) in P! has no
sheaf cohomology. Lastly, for &p1(0,1), the derived global sections come from
genuine sections of Op1 in P! i.e. degree 0 polynomials in 8, y variables (constants),
but these are Z; invariant. So RHom (&p1, Op1(0,1)) = 0 and we have

Ty, Op(0,1) = C(0 = Gpi(0,1)) = Opi 0, 1),

which is precisely the relation (5.9). To check the relation (5.10) we twist (5.11) by
0(1,0):
0 Opi(—1,0) < Gp1(0,1)2 & Gpi (1,0) 2 0.

Taking global sections we get (Cf3 v in degree 0. So
Ty, Opi(1,0) = C(Op1* = Opi(1,0)) = Opi (—1,0),

using the Euler sequence. This proves relation (5.10) and completes the verification
of Conjecture 3.17 for Example (a). ]
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5.2 Example (b)

In this section we prove Conjecture 3.17 in the case of Example (b), whose primary
polygon is shown in Figure 5.9. In §5.2.1 we start by going through through the

toric geometry and study the autoequivalences on our chosen GIT quotient

X= [A3 /27171 Z4} .

In §5.2.2, we compute FIPS, and in §5.2.3 we prove the fundamental group presen-

tation

ﬂ](FIPS,O) = (a),G,g1,g2,g3,g4 ‘ (1)4 = 17 [67(02] = 17 wilgiw = &i+l1,

6 920 = g3 g283, 07 lg30 = g1),

where i € {1,2,3,4}. Following the programme of the conjecture, in §5.2.4 we
match autoequivalences to fundamental group generators:

o =1Tr,
®=0(1) € Pic X = 7y,

81 ="Tegy: 82 ="Tp, (1) 83 =Ty (2), 84 = Ty (3)-

where the spherical functor F = i,n* : D?([A'/Z,]) — D" (X) is given by

[A' )2 Z4) —5 X

|7

A1/ Zo]

and we show that the fundamental group relations are satisfied by these autoequiv-

alences.

5.2.1 Toric Geometry

We examine the geometry of the GIT quotients and study the autoequivalences in
Example (b), leaning on the background from Section 2.1.

Choosing lattice bases, we can take representations for the matrices packaging the
data of our linear toric CY GIT problem (see (5.1)) to be the following:
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be

Figure 5.9: The primary polytope of Example (b). We have a minimal face I" con-

taining rays a,d, e.

1 0 0\a
1 0 1|5 Q_—20011
A=1|1 0 2|c¢ “\1 2100
1 1 0ld « By S e
1 -1 0/ e

Plotting the weights o, B,7,8,& € Z?, we see our secondary fan as in Figure 5.10.
With reference to Figure 5.10, we see that for the chamber corresponding to GIT
quotient X, the unstable locus is

U=V(aB)={a=0}U{B =0}

We can use one parameter subgroup A = (0,1) € LY to scale o to 1 since ¢ is non-
zero. This scaling is non-stacky, since A acts on C> with weights (1,—2,1,0,0) and
the weight on the o coordinate is 1. Similarly we can use one parameter subgroup
i = (1,2) to scale 8 to 1, where u acts on C> with weights (0,—4,2,1,1). This
scaling is stacky, with stabiliser group Z4. We get the affine quotient stack

~ 3
X= [Ay,ﬁ,e /2,1,1 24] :

We note that
Pic X 2 7Z4.
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Y
& ;
1 2 3
0, €
-1 -
X = 208 X =

IR

[A)%,é,e/ Z,] 3 7W1

Figure 5.10: The secondary fan of Example (b). X, X;, X, denote the GIT quotients
corresponding to the chambers. W; and W, label the walls adjacent to chamber X.
In each chamber we also have the primary polygon triangulation corresponding to
each GIT quotients. In orange we can also see the secondary fan of Higgs GIT
quotient Qr associated to minimal face I'.

We have two walls W and W, adjacent to our chamber, into chambers corresponding
to GIT quotients X; and X, respectively. For each one we have a spherical functor,

see Theorem 2.25. The unstable locus giving GIT quotient X is

Uy =V(BS,Be) = {B =0}y U{S = =0},

so compared to the unstable locus of X, we remove {3 = € = 0} instead of {a = 0}.
InX, {§ =e=0}is [A%, /2 Z4], where by this notation we mean that Z is acting
with weight 2. We have an inclusion i and projection 7

[A}, /2 Z4} L x

|7

Zy, = [A' | Zs]
We define the spherical functor

F:=i.n*: Db (Zy,) — DP(X),
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where all the functors are derived.

The unstable locus giving GIT quotient Xj is
Uy=V(ay,ad,ae)={a=0}U{y=06=¢=0},

so compared to X we remove {y = § = € = 0} instead of { = 0}. Because
Zw, = pt, our spherical twist will be the classical twist about a spherical object
(Example 2.22). The spherical sheaf is supported on {y = 6 = € = 0}, hence the
autoequivalence associated to W, is the spherical twist Ty, , where 0y ® 2 is a
line bundle . twist of the skyscraper sheaf & of the origin in X.

Notice in Figure 5.9 our primary polytope P C Z? has minimal faces I' C A and
itself. The secondary fan of Qr is depicted in orange in Figure 5.10 (the verti-
cal axis). We have that Z4 = pr and Zp = A, which will be factors in the semi-
orthogonal decompositions of Zy, and Zy, (§2.3). By wall-crossing D?(Zy,) =
(pt) and D (Zy,) = <A1, pt). The latter decomposition implies gives restrictions
Fu1 : DP(A') — and F,; : D?(pt) — D?(X) of F to the two factors, where we note
that the spherical twist of F)y, is also a spherical twist about a line-bundle twist of

Oy € Db(X).

5.2.2 FIPS

As in Example (a), we can compute the discriminant locus V = V(E4) C C° by
hand. By equation (3.6) in §3.1 we have two main discriminant components
V4, Vr C C, along with {cde = 0} from the vertices of the primary polygon (Re-
mark 3.4). By looking at the superpotential

W =x(a+by+cy* +dz+ez 1),
and doing a quick computation, we find
V4 = V((4ac —b*)? — 64c%de),
Vi = V(a* —4de).
So, we have that
FIPS = [(CS\V) / (C*)ﬂ

_ [(CS\{cde (:C(i;u VAUVF} |

We want to focus on the GIT quotient X. By analysing the geometry of the sec-

ondary stack § we see that if we work in a, b coordinates, then the the origin corre-
sponds to the large radius limit of X. We therefore scale out c¢,d, e with the (C*)?
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action, which is possible since ¢,d,e are non-zero. Specifically scaling ¢ to 1/4,
and both d and e to 1 we see FIPS in a,b coordinates as the smooth DM stack:

FIPS = [C; ,\({(a—b*)* =4} U{a* =4}) /21 Zs |
= [C2\({P* =a+2}U{a=+2}) /21 Z4 ],

where Z4 acts on the coordinates a, b with weights 2, 1 respectively.
b

Vr

A

4

2
|
_i\o

2

4

Figure 5.11: A real picture of C2 ,\{* =a+2}U{a = £2}.

5.2.3 Fundamental Group

We now compute the orbifold fundamental group of F'/PS. We choose our basepoint
to be at the origin, which corresponds to the large radius limit of our quotient X .

Define Y := C2,\({b* = a2} U{a = +2}), whose real picture can be seen in
Figure 5.11. The action of Z4 on Y has a fixed point at the origin and via the

splitting of the short exact sequence in Proposition 4.31 we have
ﬂ](FIPS,O) :7T1(Y,0) X L4 (5.12)
Hence we start by computing 7; (Y,0).

Remark 5.3. We first tried to take a similar approach to Example (a) to deal with
the Z4 action by taking a map to the surface V(u?> —vw) C C? via invariants:
(a,b) — (a®,ab*,b*). We found a presentation for the fundamental group of the
image, but our issue was with matching autoequivalences to the generators. In Ex-
ample (a), it was clear how loops in image of the invariant map corresponded to the
meridians around discriminant curves due to the simplicity of the map, but here we
found that not to be the case. So we chose an approach where the functor matching

was going to be more clear.
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We will be using the Van-Kampen method by choosing the projection p : ¥ —
Cy\{a = £2} onto the a coordinate. This projection is in fact a locally trivial
fibration, with each fibre isomorphic to C with 4 points missing. We take generic
fibre

F=p1(0) = C\{£V2,+V2i}.

With reference to Figure 5.12, we consider gi,g2,83,84 € 7 (F,0) and 0,7 €
71 (Cy\{a = +2},0). By Theorem 4.25

m(Y,0) = (0,7.81 | §° =0 'gio, gf =17 'gi1), (5.13)

for i € {1,2,3,4}. So we need to work out g and gF. We break up ¢ and 7 to

gz

C,\ {2}

(T

Figure 5.12: Loops generating 71 (Y,0).

consider the local monodromy and patching paths separately as per §4.1.3
oc=1"1'6A_,
T= ;Llfl %}LJF
where A, and A_ are paths that traverse the real line from 0 € C,\{+£2} to points
a_,a; € (—2,2) C C,\{£2} arbitrarily close to -2 and 2 respectively, and & and T

are two small loops around —2 and 2 respectively (small enough so that the Puiseux
series in the critical fibre are convergent, see §4.1.2). Let Fr = p~!(ay).

We start by analysing the monodromy of 7. Since the equations describing the
missing points are b = ++v/a +2, we see that traversing A, just radially dilates the
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missing points. This implies that that monodromy action is trivial, in that mon-

odromy of 7 is determined by the local monodromy 7.

So we just look locally at the critical point @ = 2. We note that g, and g4 are
meridians of b*> = a — 2. Therefore as we take the limit of a tending to 2, the two
missing points around which g, and g4 loop tend to 0. This is because p is a
non-generic projection of b> = a —2. We can describe those two missing points
by b = v/a—2 and hence as we traverse a local loop close around a = 2, the two
missing points rotate 180 degrees around 0. This gives us the monodromy action
of 7 on g;, and by symmetry we also have the monodromy action of o on g;. See

Figure 5.13 for a visualisation.

We find the o and T monodromy relations:

6 920 =g3 'g283, 0 'guo = g1 'gug1, 0 'g30 = g1, 0 'g10 = g3,

T et =gy, T gt =90, T 3T =84 g3, T le1T =22 2190

Remark 5.4. Note that in the use of the Zariski Van-Kampen Theorem we implic-
itly chose the section of p to be the zero-section. Normally we want to choose a
section that does not interact with the movement of the missing points in the fibres
(see §4.1.3), for example because this ensures that loop lifts are meridians. The
upshot of this choice however is that it’ll be easier to see the semi-direct product

structure (5.12) of 7y (FIPS), since our basepoint (0,0) is the stacky point.

~

(@]
g‘[

Figure 5.13: The monodromy actions of ¢ and 7.
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By Equation (5.12), m; (FIPS) also has an additional generator @ of order 4, along

with the orbifold relations:
o lco=1, 0 'to=0, 0 'giw =g,

where i = 1,2,3,4 and the g; suffix is read modulo 4. Using the orbifold relations,
we find that the 7 and o monodromy relations imply each other: for n = 0,1 and
i,j=1,2,3,4

tlgt=g,"qg" = o 'gi10=g;1 "g18;-1"

with subscripts i — 1 or j — 1 corresponding to their representative modulo 4. It fol-

1

lows we can eliminate the 7 via orbifold relation T = @~ ' o and that that leaves

us with the remaining orbifold relations and the 6-monodromy relations. Addition-
ally we can use leftover orbifold relations ®*, @ ?c®? and ®2g; ®? = g3 to show
equivalences in the relations 6 'g,0 = g3 g293 <= o !g40 = g1 'gug1 and
0 lg30 = g1 <= 07 'g;0 = g3. In summary, we are left with fundamental group
presentation
M (FIPS,0) = (0,0,81,82,83,84 | " =1, [0,0°] = 1, 0~ ' gi0 = giy 1,
07920 =g3" 8283, 07 'g30 =g1), (5.14)

where the g; suffixes are read modulo 4.

5.2.4 Relations between Functors

The mirror symmetry monodromy conjecture predicts an action of 7; (FIPS) on the

bounded derived category of the GIT quotient
X=[a%/,,,24].

More specifically, by Conjecture 3.17 we want to prove the following representation
o0 = Tr,because o is the composition of a meridian of V4 and Vr,
o = O0(—1) € Pic X = Z4,since o has order 4 in 7; (FIPS),
g1 = Ty,,because g is a meridian of V4,
82 =Tgy1)s 83 = Tgy2)5 84 = Ty (3)-

Theorem 5.5. Conjecture 3.17 is true for GIT quotient X in Example (b).

Proof. We need to show that the autoequivalence assignments satisfy the rela-
tions in the fundamental group presentation in equation (5.14). @* =1 is sat-
isfied because &(—1) € PicX is 4-torsion, and the relations 0~ 'g;® = g;,1 fol-

low automatically from Lemma 2.24. Using Lemma 2.24 again, the relations
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0 g0 = g3 g2g3 and 6 !g30 = g1 can be read as

Tiary-160(1) = Tt 00(1)
Tiaey1o0@ = Tov:

Hence to prove the theorem it is enough to show that:

(26(2)) o Tr = T o (90(2)), (5.15)
(Tr) ' Oo(1) = (Tg,2)) ' Oo(1), (5.16)
0o(2) = Tr 0y, (5.17)

where the last two equalities are only required to hold up to a shift, by property (1.),
Lemma 2.16.

We start with relation (5.15). It is enough to show that RF commutes with 0 (2).
Pullbacks commute with line bundle tensoring, so we just need to show that our
pushforwards i, and m, commute with tensoring by &(2). For i, this is ob-
vious via the projection formula, and that &,:(2) = i*(Ox(2)). We also note
that 7, : DY([A!/2Z4]) — DP([A!/7Z5]) simply takes % invariants so that for any
& € D"([A!/27Z4])

T.(&(2)) = m.E(1).

Relation (5.15) follows directly from these observations.

For (5.16), we notice that the source category of F has semi-orthogonal decompo-
sition

D ([A!/Za)) = (0 (1), 6o (1)).
By Theorem 2.27, we have Tr = Tf,, o Ty, (2) Where Fy, DP(A") — DP(X) is de-
fined as the restriction of F to the component generated by &1 (1). It follows there-
fore that we just need to prove 7f,, Op(1) = (1), which is equivalent to showing
that Fy1R 1 0p(1) =0, where Ry1 = p,1 oR and p,1 : DP(X) — DP(A!) is the right
adjoint to the inclusion (&1 (1)) — D?(X) [ , p-17].

We have Koszul Resolution of 0y (k) in X:
0 0k) = O0k=3)00(k—-2) = Ok—-1)DOK-2)—= Ok) —=0— ...
Pulling back to [Ajl, /27Z.4) and taking cohomology we compute

i*Oo(k) = Op(k—2)[2] @ Op(k—1)*[1] @ Op(k).
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Hence

ROy(1) = m,i' Op(1)
= mi"0p(3)[-2]
= 0p(1)*[~1].
Relation (5.16) then follows because p,10(1)*[—1] = 0, i.e. the projection of
0(1)*[—1] onto the (€, (1)) factor is 0. This is because Gy(1)*[—1] € (Gp(1)).

Relation (5.17) is slightly more delicate. Again we compute

Rﬁo = ﬂ*i!ﬁo
= i 0y(2)[-2]
= 0y ® Op(1)[-2]

So we have the cone
Tpﬁ() = C(ﬁ() b ﬁo(Z)[—Z] — ﬁo).

We want to argue that the restriction of the cone map &y — 0y is non-zero. This
follows because the map is an evaluation map, and thus includes all non-zero maps
Oy — Op by definition. Since we clearly have one non-zero map, the identity,
Tr Oy = Op(2) up to a shift. This completes the verification of Conjecture 3.17
for Example (b). ]

The canonical sheaves are Wy = Oy and Ot /24 = Olar 1 2,)(2), s0 i'& = i*&(2)[~2] for any
& € Db(X).
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5.3 Example (¢)

In this section we prove Conjecture 3.17 in the case of Example (c), whose primary
polygon is shown in Figure 5.14. We start by going through the toric geometry and
study the autoequivalences on our chosen GIT quotient X in §5.3.1. In §5.3.2 we
compute FIPS and §5.3.3 we prove the fundamental group presentation

m (FIPS) = (01,81,82,83 | (8182)° = 01, [01,81] = 1, [01,82) = |
82,83] =1, 818381 = 838183)-

Following the programme of the conjecture, in §5.3.4 we match autoequivalences

to fundamental group generators in the following way

o1 =®0({B =0}),

81 = T]P’2=
g =®0({e =0}),
g3 = Tpi,

and we show that the fundamental group relations are satisfied by these autoequiv-

alences.

5.3.1 Toric Geometry

We examine the geometry of the GIT quotients and study the autoequivalences in

Example (c), leaning on the background from Section 2.1.

Figure 5.14: The primary polytope of Example (c).

Choosing lattice bases, we can take representations for the matrices packaging the
data of our linear toric CY GIT problem (see (5.1)) to be the following:
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10 -3 11
Q_<01—201)

o B vy 6 ¢

()
/o 9

Figure 5.15: The secondary fan of Example (c). X, X1, X, denote the GIT quotients
corresponding to the chambers. W) and W, label the walls adjacent to chamber X.

In each chamber we also have the triangulation corresponding to that GIT quotient.

With reference to Figure 5.15, we see that for the chamber corresponding to GIT

quotient X, the unstable locus is

U=V(Be,Boa,Bo,ye) ={B=e=0}u{B=7y=0}U{a=6=¢=0}.

The toric fan for X is given by the cone on the triangulation of the primary polygon
in the chamber for X in Figure 5.15, and we see that X is a smooth toric variety (not
a stack). We have

PicX > 772,
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with divisors D; = {8 =0} and D, = {€ = 0} as generators. There are two walls
W1 and W, adjacent to our chamber, into chambers corresponding to GIT quotients
X1 and X, respectively. To understand the spherical twists we get from crossing the
walls (as defined in Theorem 2.25), first note that Zy, and Zy, are isomorphic to
pt = Spec C. This makes sense because the primary polygon only has trivial faces,
that is itself and its vertices.

So the spherical twists arising from the wall crossings Wj and W, are simply spheri-
cal twists about spherical objects S| and S, which are supported on the unstable loci

Uy,U, C X associated to GIT quotients X; and X, respectively. These are

Uy =V(ae,de,ap,B)={a=56=0}U{B =¢=0},
Uy =V(yB,7e) ={y=0}U{f =e=0}.

Therefore, S; is supported on {&¢=38=0}=P' C X and S, is supported on
{y=0}=P? C X. For a reader with experience with toric VGIT, this may make
sense by looking at the triangulations, where crossing W locally just loops like an
Atiyah flop and W, looks like the GIT problem given by weight matrix (1,1,1,-3),
which flops a P? to a BZ3.

53.2 FIPS

In this example, unfortunately, we cannot brute-force compute E4. We use
Macaulay 2 “Dmodules” and “HolonomicSystems” packages to compute the prin-

cipal A-determinant:
Ey = a*bd*e*(—bc* + ac’d + 8b*c*e — 36abcde + 2Ta*d*e — 16b°¢?),

where we determined the multiplicity of the a, b, d and e factors in E4 because the
extremal monomial terms of E4 are in one-to-one correspondence with the (coher-

ent) triangulations of the primary polytope P (Theorem 3.8). As usual we have
FIPS = [(CS\V(EA)/A(C*)ﬂ .
Scaling out a, b, d coordinates we find that FIPS is has no stacky points.

5.3.3 Fundamental Group

Our basepoint choice for m; (FIPS) will be near the large radius limit of X. There-
fore, we want to work in b, e coordinates. We can use the (C*)? action via A to scale
a,d to 1, but since we don’t remove {c¢ = 0}, we can’t scale the ¢ coordinate out
directly.
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Fortunately, by Proposition 4.8, we know that m; (FIPS\{c = 0}) — m(FIPS) is
surjective, and its kernel is (1), the normal subgroup generated by a meridian of the

divisor {¢ = 0}. So
m (FIPS\{c = 0})

(n) '
We define Y = FIPS\{c = 0} and start by computing 7; (Y). Because ¢ # 0, we can
now scale the c-coordinate out and get:

7 (FIPS) =

(5.18)

Y = Cp,\V(be(—b+1+8b> —36be+27e — 16b°¢%))

with no stackiness. We consider the projection p : ¥ — C; onto the b-coordinate.

Figure 5.16: Real picture of Y.

Let f(b,e) = be(—b+ 1 4 8b%e — 36be + 27e — 16b3e?). A generic fibre p~! (b))
will be isomorphic to C with three points missing because f is degree 3 in e. There

are however two critical points in C},
b=1,b=9/8.
Let B = C;\{1,9/8}. Choose by between 0 and 1 and consider generic fibre
F=p~'(bo).

We choose generators in the base 01, 03,03 € 7 (B,bg) around 0, 1,9/8. We pick a
constant section of p, given by eg € C,, as per Theorem 4.25. We take generators
g1,82,83 € m (F,ep) which are loops as depicted in Figure 5.17. By Theorem 4.25

we have fundamental group presentation

T (Y, (bo,e0)) = (01,81,82.83 | 0] 'gi01 =g gi=g*.gi=g"), (5.19)
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F = p~l(by)

Figure 5.17: A more complex picture of Y, where we see the generators of 7;(Y).

fori=1,2,3.

We now need to understand g ;. Using the globalising programme from §4.1.3 we

break up each loop as

1=

o] = A, 61,
1=

0 =4, 6oy,

1=
03 = A5 06343,

where A; are paths that take by € B to a point b; € B arbitrarily close to each critical
point, and &; are small loops around each critical point (small enough so that the
Puiseux series in the critical fibre are convergent, see §4.1.2). We pick 41,4, to lie

entirely on the real line, and we break-down A3 as
A3 =430,

where

(1) = 62(t/2), t € ]0,1],
is the path that traverses half of 6, and A} is a path on the real line connecting (1)
to bs.

The small loops &; determines the local monodromy. To globalise rigorously
we also need analyse the monodromy action 7 (F) — m;(F;) of each A;, where
F, = n! (bl)
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ep e

gl Q'2 ga fl f? f3

o o =
by by 2 b3

Figure 5.18: The breakdown of the paths o, 0,, 03 € 71 (B, bp).

For o) and 0,, we can see from the real picture of Y that the monodromy of A; and
A5 is trivial.

This means the braids which determine the monodromy of o7 and o, from F are

canonically identified with the local braids from F; and F, i.e.

b% =%, b = b%.

So for 01 and 0, we really just need to look locally at the critical points, see §4.1.2
for detailed background. We start with G . @(O, e) = e(1+27e) has two solu-
tions, e =0 and e = —1/27. As b — 0, the three missing points of F will tend either
toe =0,—1/27, or o, and we can understand precisely how via Puiseux expanding
at each of these points. Using Mathematica (code in Appendix B) we find that the

Puiseux Series expansions of V(f/b) over b = 0:

e(b) =0,
1 b 4b> 56b° 4
“b)==37 781 720 1963 O
27p=3 9b~2 b' 1 b 9
e(b) = T + > +E+a+0(b ).

Exploiting the real picture in Figure 5.16 we can see that as b tends to 0, the missing
point around which g; loops tends to e = 0, the missing point around which g loops
tends to e = —1/27, and the missing point around which g3 loops tends to c. Using
the Puiseux Expansions, we find that as we traverse 67 the missing points tending to
e =—1/27 and e = 0 don’t braid amongst themselves, but the missing point tending

to o braids around them both 3 times. This describes 6% in full.
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Our choice of constant section ¢y € C, from Theorem 4.25 is such that the mon-
odromy from the braid b leaves g; and g, unchanged, e.g. lies in the white region
of Figure 4.6. On g3, every rotation of missing point corresponding to g3z around
the other two points acts via conjugation by g;g>. We hence find the following o

monodromy relations

-1 c

0, &101 =g11 =81,
—1 o

0, £201 :gzl = 82,

o, 'g301 = g3 = (8182) "g3(8182)°-

Let us now look at the critical fibre over 1 € C;. We have two points missing,
0 and —1/16. Again, as b — 1, the three missing points of F will tend either
to e =0,—1/16, or eo. Again using Mathematica (Appendix B) we find that the

Puiseux Series expansions of V(f) over b = 1:

e(b):_i_b—l B (b—1)2_3(b—1)3

16 16 8 8
e(b)=—(b—-1)+4b—-12>-80b-1>+16(b—1)*+0((h—1)°).

—0((b—1)*),

Exploiting the real picture in Figure 5.16 we can see that as b tends to 1, the missing
point around which g; loops tends to —1/16 and the missing points around which

g» and g3 loop tend to e = 0.

From the Puiseux expansions we see that b = 1,e = 0 is a nodal singularity, i.e. a
reducible singulaty with smooth components intersecting with multiplicity 1. Fol-
lowing Examples 4.22 and 4.20 ,we find we can summarise the relations g; = glqz

fori € {1,2,3} with the single commutation relation

[g27g3] =L

We now need to compute the monodromy of 63, which is slightly more delicate
because the fibre F' is further away from the critical point 1 € B and we need to
‘move past’ 0 € B. This makes the globalising monodromy action 7| (F,ep) —
71 (F3,e0) of A3 non-trivial.

By the real picture again we can determine that the braid monodromy of 4] is trivial.
This means that the braid b* connecting F to F3 is given by the braid b®. Since T,

just traverses G, half-way we have that b® = b,.

This is exactly what we saw in Example (a), and taking generators f1, f>, f3 € 71 (F3,e)
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as depicted in Figure 5.18

VP

f1> - J1 2817
At b, ! _
f23 :f22 282g3821:g37

!

LA =12 =g,

because g, and g3 commute.

Now we want understand local braid for 63 from fibre F3. Over 9/8 we have two
missing points, that is 0 and —2/27. Exploiting the real picture in Figure 5.16 and
our understanding of 6 we deduce that the missing points in F3 that f; and f, loop
around tend to —2/27, while the other tends to 0 Using computation tools again we
find that over 9/8 we have Puiseux Expansions (see Appendix B for the code):

g2 16(b-9/8) 256V2(b—9/8)*”
W=y 729

+0((b—9/8)%).

So at (9/8,—2/27) there is a cuspidal singularity (Example 4.21) and by Example
4.15 the resulting non-trivial monodromy relation is

N = fafifa

Hence, using the monodromy action of ?L3_ ! , we find that the braid relation

818381 = 838183

summarises the monodromy relations g; = g?3. This completes our group presenta-
tion for m; (Y).

Lastly, recall by equation (5.18) that to compute 71 (FIPS) we need an additional
a relation corresponding to a meridian 1 of {¢ = 0}. So we need to find a loop in
terms of our generators o7, g1, 82,23 Which is homotopic to a meridian 1. To do
this, we look at the chart of FIPS with b, c-coordinates and analyse the gluing map

between charts. Scaling e to 1 we have
Yo =2 [Cac\{bc(—bc“ + 4+ 8b*c> = 36bc+27—166%) =0} /, | Zg} ,

where by Y}, . we mean Y in b, ¢ coordinates and by ¥, ., we mean Y in b, e coordi-
nates.
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We have transition maps
Yb,e = Yb.,c

(be) % (bie. %)

Ly o).

C,—&
c3

(b

Take a meridian of {c = 0}, for example /(t) = (0.1,0.1¢*™") € ¥}, ., 0 <7 < 1. We
see that y~!(1(t)) = (0.01¢2™ 1000e %) € Y, , traces out (g1g2) >01, which we
therefore take to be 7.

Indeed (g1g2)® = o) implies the o©}-monodromy relation o, les0) = ggl =
(g182) 2g3(g182)>. So finally we get the group presentation

ﬂl(FIPS7 (bo,€0)) = <leg17g27g3 ’ (g1g2)3 =0}, [Glagl] = 17 [Gl7g2] = 1;
82,83 = 1, 818381 = 838183)- (5.20)

5.3.4 Relations between Functors

The mirror symmetry monodromy conjecture predicts an action of 7y (FIPS) on the
bounded derived category of the GIT quotient X. More specifically, by Conjecture

3.17 we want to prove the following representation

o1 =®0(Dy),
g1 ="Ts, =Ty,
82 =®0(Dy),
g3 =Ts, =Tpi,

where we recall that the spherical object S; on X is the sheaf supported on
{a =68 =0} =P, S, is supported on {y =0} =2 P?, D; = {8 =0}, and D, =
{e =0}.

Theorem 5.6. Conjecture 3.17 is true for GIT quotient X in Example (c).

Proof. To prove that 7t (FIPS) acts on D’(X) we have to show that our autoequiv-
alences satisfy the relations in the presentation (5.20).

Relation [07,g2] = 1 follows simply because Pic X is commutative.

We can rewrite relation [0}, g1] = 1 so that it reads

Tﬁpz (D1) — Tﬁpz .
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The relation follows because D; = {f = 0} € DivX is not supported on
P2 = {y=0} C X and hence Op2(D1) = Ops.
Similarly [g2,g3] = 1 reads
T, (D) = Toy,
and is implied similarly by the fact that Opi(D2) = Op.
By directly substituting, the braid relation g1g3g; = g3g1£3 reads as

TPZ (@] T]P)l o TPZ — T]Pl (e} TPQ (@] T]P)17

and to show it holds we just need to show that dim Hom(S,,S;) = 1 by Proposi-
tion 2.18. First note that P2 = {y =0} C X and P! = {& = § = 0} C X intersect
transversely at a single point p € P! NP> C X. We Koszul resolve S, = Op2 to get

0—o(-P) L oo,
and apply Hom( ,S;) to obtain:

0+ Opi(p) N Op1 < 0.
Taking cohomology we find that Ext!(S,,5;) = I'(€,) = C, and Ext'(S»,5;) = 0
for i # 1. Hence dim Hom(S,,S) = 1 and the braid relation is satisfied.

The trickiest relation to check is (g gg)3 = 01, where direct substitution gives us
(Tp2 0 (®0(D2)))* = ®0/(Dy). (5.21)
We start by arguing that the autoequivalence
W= (Tp2 o (26(D2)))’
must be a line bundle twist.

We recall that the spherical twist autoequivalence T2 : D?(X) — D”(X) arises from
the following wall-crossing where U = Kﬁ and V = A3 are open subsets of X whose
union is all of X. We note that Tj2, and therefore ¥ : D?(X) — D?(X), intertwines
over the identity Idy : D?(V) — D?(V), i.e. the following diagram commutes

Db(X) —X DP(X)

Idy

DP(v) — Db(V)

where the vertical maps D”(X) — DP(V) are both the pullback of the inclusion
V < X. Similarly, ¥ intertwines over an autoequivalence of ® : D*(U) — D" (U)

given by restriction, i.e. the following diagram commutes
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X X,

Db (U) —2— DP(U)

where again the vertical maps D?(X) — D”(U) are both the pullback of the inclu-
sion U — X and the autoequivalence @ is given by

@:=(T,, o (®@0u(1)).

We note that U = Kp2 1s GIT quotient of the rank 1 linear toric CY GIT problem
C* ~ C* with weights 1,1, 1, —3, with the other GIT quotient being the DM stack
[C3/Z3). In rank 1, the monodromy conjecture has been proven, see for example
[ , Sec. 2.1] for full details. In particular this means that Tﬁpz\y o (®0y(1))

corresponds to twisting by a generator of Pic [C?/Z3] under one of the derived
equivalences D?(Kp2) = D?([C?/7Z3]). By the fact that Pic [C?/Z3] = Za, it fol-
lows that

o =1dy.

Consider now the Fourier-Mukai kernel of W:
A e DP(X x X).

By composition formula for Fourier-Mukai kernels [ , Ch. 5], the intertwining
diagrams over the identities of D?(U) and D?(V) imply

<%/|X><V = ﬁAV’
<%/’XXU = ﬁAU’

where O, € D’(X x V) and O, € D’(X x U) are the structure sheaves of the
diagonals Ay CV xV CX xVand Ay CU xU C X x U. Via gluing of sheaves,
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this implies that %" is isomorphic to a line bundle on the diagonal Ay C X x X,

which proves that W is a line bundle twist.

To determine which line bundle, we just need to compute where &' gets sent under
(Tp2 0 (26/(D2)))’.

We start by computing Tp2&0'(D;). By Serre duality and the fact that the global

sections of ¢(—1) on PP? are trivial we have
Hom'(Op2, 0(Dy)) = H> ™' (Op2(—D3)) = 0.

This means
Tp2O(Dy) = O(D»).

So we have
(Tp2 0 (@O(D2)))? O = (Tp2 0 (90(D2))) Tp2 O/(2Dy).

By the same reasoning Hom' (g2, 0(2D,)) = 0

Ty 6(2D3) = O(2D,).

So
(Tp2 0 (@O(D2))) O = T 0(3D).

We note now that =2 H3~/(0p2(—3D,)) = C fori = 1. So
Tp2O(3D,) = C(Op|—1] — O(3Dy)).
Note that dim Ext! (&2, 0(3D,)) = 1. We have the short exact sequence
0—0(—{y=0}) -0 — Op — 0.
Since 3D, = —P? + Dy, we can twist by €'(D;) to get
0— 0(3Dy) — O(Dy) — Op2 — 0,

where we used that Op2 (D) = Opz since Dy and P? don’t intersect. This is our
extension, proving relation 5.21 and completing the verification of Conjecture 3.17
for Example (c).

]
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5.4 Example (d)

In this section we prove Conjecture 3.17 in the case of Example (d), whose primary
polygon is shown in Figure 5.19. In §5.4.1 we start by going through the toric
geometry and study the autoequivalences on our chosen GIT quotient

X = [A3 /12 Zs} .

In §5.4.2 we compute FIPS and §5.4.3 we prove the fundamental group presenta-

tion
T (FIPS) = (®,81,82,83,84,85 | 828582 = 858285, 85 ' 8285,81] = 1,
U‘)giw_l = 8i+3, a)S = 1>7
with i € 1,...,5 and indices taken modulo 5. Following the programme of the

conjecture, in §5.4.4 we match autoequivalences to fundamental group generators

81 =Tgy2): 82=Toy, 83 = Toy3)> 84 = Top(1) &5 = Top(a), @ = O(4),

and we show that the fundamental group relations are satisfied by these autoequiv-

alences.

5.4.1 Toric Geometry

We examine the geometry of the GIT quotients and study the autoequivalences in

Example (d), leaning on the background from Section 2.1.

Figure 5.19: The primary polytope of Example (d).

Choosing lattice bases, we can take representations for the matrices packaging the

data of our linear toric CY GIT problem (see (5.1)) to be the following:
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3 -1 0 -1 -1
Q_<—1 2 —1 0 0)

o B vy o6 €

o

Il
— e
- o O O
SN = O
/o 9

Plotting the weights &, 8,7, 8, € € Z? we see our secondary fan as in Figure 5.20.

By
W,
34
p 1
X2 =
X =
14
. I i L >
4 3 2 -1 0 1 2 3 4
0,€ a
_1.}/
Wi
-2 Xl :
_3_

Figure 5.20: The secondary fan of Example (d). X, X7, X> denote the GIT quotients

corresponding to the chambers.

With reference to Figure 5.20, we see that for the chamber corresponding to GIT

quotient X, the unstable locus is

U=V(aB)={a=0}U{B =0

Since  # 0, we can use one parameter subgroup = (1,0) € LY to scale § to 1.
This scaling is free as u acts on C> with weights (3,—1,0,—1,—1) and the weight

on the 8 coordinate is -1. Similarly we can use one parameter subgroup v = (2,1)



5.4. Example (d) 116

to scale o to 1, where v acts on C> with weights (5,0, —1, —2, —2). This scaling is
stacky, with stabiliser group Zs. We get the affine quotient stack

~ a3
X= [A%E,e /17272 ZS] ’

and we have that
Pic X & ZS.

We have two walls W and W, adjacent to our chamber, into chambers corresponding
to GIT quotients X; and X, respectively. To understand the spherical twists we get
from crossing the walls (as defined in Theorem 2.25), first note that Zy, and Zy, are
isomorphic to pt = Spec C. So the spherical twists arising from the wall crossings
W1 and W, are simply spherical twists about spherical objects S and S,, which are
supported on the unstable loci of X; and X;. The unstable locus U; of each X; can

be computed to be

U =V(ay,ad,ae)={a=0}U{y=06=¢ =0},
Uy =V(BY,BS.Be) = (B =0} U{y=38=e=0).

This tells us that both Sy and S are supported on the origin of X, and hence T, and
O(1) € Pic X generate the autoequivalences of interest.

54.2 FIPS

Using Macaulay 2 and the “Dmodules” and “HolonomicSystems” packages, we
compute the principal A-determinant.

Ej=c*d3 e (@bt —8a* b e+ 16a° 2 +27b° de — 225ab> cde + 500a*bc*de+3125¢3 d?e?).

We were able to know what the powers of the ¢, d and e factors of E4 by Theorem
3.8, which says that the extremal terms of E4 are given by (coherent) triangulations
of the primary polytope. Recall the definition

FIPS := [CS\V/A(C*P] ,

where V =V (E4). Because our basepoint choice when computing 71 (FIPS) will
be near the large radius limit of X, we want to work in a, b coordinates. We can use

the (C*)3 action via A to scale ¢,d, e to 1, and are left with a residual Zs action:
FIPS= [CL\V(f)/, 1Zs),

where f(a,b) = a’b* — 8a*bh* + 16a° + 27b° — 225ab> + 500a*h + 3125. Take
Y =C\V(f).
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Figure 5.21: Real picture of Y.

5.4.3 Fundamental Group

The action of Zs in Y has a fixed point at the origin and via the splitting of the short

exact sequence in Proposition 4.31 we have
m (FIPS,0) = my(Y,0) % Zs. (5.22)

Hence we start by computing 7;(¥,0). We use the Zariski-Van-Kampen method,
starting by projecting onto the a-coordinate p : Y — C,. This projection has generic
fibre p~!(ag) isomorphic to C with 5 points missing since f(ag,b) is order 5 in b.
We have 10 critical points given by

5.34/5
a1 = a7 <397,
(12—5,

along with their orbits under the Zs action. We denote the C, without these points
by B.
Take as our generic fibre

F=p10).

We pick loop generators in the base o;,7; € m(B,0) and in the fibre over
gx € m (F,0) for i, j,k € {1,2,3,4,5} as per Figure 5.22 and using Theorem 4.25
we have fundamental group presentation
Oj Ti
m (Y,0) = (81,82,83, 84,8518, = 818" = &i)-

Note that we have not yet shown that the choice of zero section satisfies the con-
ditions described in §4.1.3 that ensures that the lifts of the base loops o;,7; are
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meridians of the critical fibres and hence trivial, but indeed we will see that this is

the case when we analyse the monodromy. Because of the action of Zs on 7;(Y,0)

Figure 5.22: A picture of p and our fundamental group generators. For i, j,k €
{1,2,3,4,5}, 0;,7; € m(B,0) are loops in the base and g € ;(F,0) are loops in
the fibre over 0.

from equation (5.22), we only need to consider the monodromy around o; and 7,
which we shall denote ¢ and 7 from now on. Using (5.22) we have

71 (FIPS,0) = (®,81,82,83,84, 85187 = 8i- 8 = 81, 080~ = gin3,0° = 1),
(5.23)
fori e {1,2,3,4,5}, where we note that you read the indices of g; modulo 5.

We now need to understand g;° and g;°. Following the globalising programme from
§4.1.3 we break up each loop as in Figure 5.23

oc=21"'62,
t=n""4n,

where

* A is a path that takes 0 € B to a point ¢ € B arbitrarily close to a; where
0<aj <a,
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* 1 is a path that takes 0 to a point a} € B arbitrarily close to a, where a; <
ay < ay,

* G and 7 are small loops around a; and a, (small enough so that the Puiseux

series in the critical fibres are convergent, see §4.1.2).

We also have path breakdown
n=2A0Ax,
where
0(1) = 6(1/2), 1 € [0,1],

is the path that traverses half of 6 and A’ is a path on the real line connecting 6 (1)
tod,. Let Fy = p~1(d}) and B, = p~1(d}).

The small loops 6 and 7 determine the local monodromy. To globalise rigorously
we also need analyse the monodromy action 7 (F') — m;(F;) of A and 1. We start

F=p(0) Fi=p (@) Fr = p~'(ay)
9'5 - ~ f
94 g 9 94 . -
K =<
= ~ 3J2 1 fs
92 93 i
93

AN
oz

o T

Figure 5.23: o and 7 paths broken up into parts A,A’,6, and 7. We have g; €
mi(p~'(0)), & € m(F), and fi € m (F) for i, j,k € {1,2,3,4,5}.

by looking at the monodromy action of A. We need to use computation tools to
understand this. Using Mathematica (see Appendix C for the code) we plot the
movement of the missing points in the fibres as we traverse a path from 0 to ay, see

Figure 5.24. We see that the monodromy action is trivial.
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- N w3
g

-6 -4 =2

Figure 5.24: Monodromy of A. The sliders for ¢t parametrises the path, and below
each one is the snapshot of the missing points in the fibre (the coloured dots).

So the monodromy around o is determined by the local monodromy around 6. So
we want understand local braid for 63 from fibre F;. Over a; € C,, we can use
Mathematica (see Appendix B) to deduce that we have 4 missing points. We can

moreover use Mathematica to find approximate Puiseux expansions’

b(a) = —4.5940.41(a—a;)+0.02(a—a;)* +0((a—a;)?),

b(a) = —2.97— 1.12(a—a1) +0.53(a— a2 + ¥ cila—a))'%,
i=4
b(a) = 4.11+0.67i+ (0.45 - 0.10i) (a—a1) + O((a —a1)?),

b(a) = 4.11 = 0.67i + (0.45+0.10i) (a —ay) + O((a —a1)?),

7We had to use Mathematica functions that only found approximate numerical solutions for the
coefficients of the Puiseux expansions. Fortunately this isn’t a problem for us because we are con-

cerned with the powers in the expansion more than the coefficients, see §4.1.2.
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where ¢; € C are some coefficients. We see therefore that at approximately
(ay,—2.97) there is a cuspidal singularity (Example 4.21). Using our understanding
of the A-monodromy we see that as a tends to ay, it is the two missing points around
g2 and gs that tend to this singular point. By Example 4.15, we know that as we
traverse & we see these two missing points in the fibre rotate 3 times around each
other anti-clockwise. Hence, we find that the relations g = g; can be summarised

by the the braid relation g>gs5g> = g58285-

Now we look at the monodromy action of 1. Using computational tools again we
find that the braid from A’ is trivial, so that g? is determined by the monodromy of
0. We understand the monodromy of 0 as it’s just traversing half of 6. We find

71 _
1 =8 'gse,

-1
f277 = 82,
71 7
A =gsgigs ',
7171
f4 = 84,
—1
A =g

Lastly, we need to compute the monodromy around 7. Again, over ap =5 € C,,
we can use Mathematica (see Appendix B) to deduce that we have 4 missing points

and find approximate Puiseux expansions:

b(a) = —5—2.62(a—5)—0.61(a—5)>+0((a—5)%),

b(a) = —5-0.38(a—5)+0.013(a—5)> + 0((a—5)*),
b(a) = —3.74—0.61(a—5) +0.75(a—5)* + 0((a—5)?),
b(a) = (4.55+0.57i) 4 (0.42 — 0.08{) (a— 5) + O((a — 5)?),
b(a) = (4.55—0.57i) + (0.42+0.08i) (a — 5) + O((a — 5)?)

By Example 4.22, we see that (5,—5) is a nodal singuularity and that as a tends to
ay, the missing points around f3 and f, are tending to the nodal singularity. Hence
using Examples 4.16 we can summarise the monodromy relation f; = fl-f as

[f27f3] =1

1

We can figure out what this means in terms of g; by using the 1~ monodromy

action. It follows that there is a fundamental group presentation

T (FIPS) = (0,81,82,83,84,85 | 828582 = 858285, |85 ' 8285.81] = 1,
wgiow ' = g3, 0 =1), (5.24)

with i € {1,2,3,4,5} and indices taken modulo 5.
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5.4.4 Relations between Functors

The mirror symmetry monodromy conjecture predicts 7 (FIPS) acts on the
bounded derived category of the GIT quotient

X = [A3 /122 ZS} .

More specifically, by Conjecture 3.17 we want that the meridians of the principal
discriminant component g; are represented by a spherical twists around 0y ® . for
% € Pic X = Zs and that o corresponds to a generator of Pic X = Zs. We choose

the matchings:
81="Tgy2); 82 = Toy: 83 = Tpy3)s 84 = Toy(1)s 85 = Top(4), @ = RO (4).

To prove that this representation holds, we need to demonstrate the the autoequiva-
lences satisfy the relations in the group presentation (5.24).

Theorem 5.7. Conjecture 3.17 is true for GIT quotient X in Example (d).

Proof. We first note that @ = 1 is satisfied for @ = ®0(4) as PicX = Zs. Addi-
tionally, we can verify that wg;® ' = g, 3 are satisfied for our matching of functors

by directly applying Lemma 2.24.
Let S; denote the spherical object corresponding to the spherical twist g;. By Propo-
sition 2.18, if dim Hompy (y(S2,S5) = dim Hompy ) (€, 09(4)) = 1, then g> and
gs satisfy the braid relation. We have Koszul resolution of &j:

00— 0(-3)00(-4) = 0(-2)P?00(-1) =0 —-0— ...

(5.25)

and apply Hompy x)( , 0p(4)) to obtain

=0 Opg(4) — Op(2)%2® Oy(3)  Op(1)P? ® Oy Op(4) = 0 ...

Now we take global sections. This amounts to taking Zs invariants, and we find
Homyy xy (€, 09(4)) = C[—1]. Hence the Hom space is 1-dimensional, and g,
and g5 satisfy the braid relation.

Lastly, we need to show that [gs_ 1g2g5,g1] =S [T(T so) " G0 Tgy2)| = 1. This will
hold if
Hom (64(2), (Tg,4)) " €o) =0. (5.26)

By definition

(To) ™' @0 = C(00 — Hom(&p, 6p(4))" @ Gp(4))
=C(0p — 0h(4)[1]), by the Koszul Resolution (5.25).
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Notice we have a short exact sequence:

Cle,d,e]
(c2,d,e)
Let R = C[c,d, e]/(c?,d,e). R is the unique non-split Ext! (&, 0y(4)) so it follows
that (Tﬁo(4))_] Oy = R[1]. Using the Koszul complex again it’s easy to show that

0—>ﬁ0(4)—> —>ﬁo—>0.

(5.26) holds, completing the verification of Conjecture 3.17 for Example (d).
]

We can generalise this example a bit. Consider a primary polygon that is a 2D lattice
triangle (the vertices are lattice points) with no lattice points on the edges, so that
there are no minimal faces other than the entire triangle itself. By exploiting the
7% x GLy(Z) action we find that all such primary polytopes have a representative
with vertices (0,0), (1,0), and (n,m), where n,m € Z>¢, 1 <n < mTH, ged(n,m) =
ged(n—1,m) = 1.

One of the GIT quotients is the toric stack with fan the cone on the triangle, and is
it isomorphic to the smooth DM stack [A®/, 1 —,.1Z]. By analogy with Example
(d), we find some relations between spherical twists of D’ ([A3/ n—1,—n1Lm)).

Proposition 5.8. Consider the smooth DM stack
X = [A?)/nfl,fn,lzm]:

where 1

n,m e Z>o, 2<n< mT, ged(n,m) = ged(n—1,m) = 1.
The spherical twists about the spherical objects @ (1) and 0y (I + 1) satisfy the braid
relation. Additionally, for k = —n+ 1 mod m and k = n mod m we have

Too) Ir, 100 =1

(=D
Proof. We have Koszul resolution of 0y:

[O—O0(1-m)®0(—n)®d0(—m+n—1)—=0(—(n—1))®&0(—(m—n))®O(—1)— 0.
Therefore for n # 2, 0y and 0p(1) braid.

The proof of the second relation follows line by line in the same way as we proved

it in Example (d) which coincides, for example, with n = 3 and m = 5. [l

An interesting feature of Proposition 5.8 is that it inverts the approach taken in
our preceding examples. Rather than analysing the fundamental group of FIPS in
order to deduce relations among autoequivalences, we instead established relations
between autoequivalences which, in turn, are expected to impose corresponding

relations in the more intractable fundamental group of a hypersurface complement.
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Abbreviations:

Geometric invariant theory (GIT), Fayet-Iliopoulos Parameter Space (FIPS),
Deligne-Mumford stack (DM stack), Calabi-Yau (CY), semi-orthogonal decompo-
sition (SOD), homological mirror symmetry (HMS), Fourier-Mukai (FM), Landau-
Ginzburg model (LG model)

Conventions:

* We read composition of functors, functions, and objects in fundamental
groups from right to left.

* By triangulations of polytopes, we only mean coherent triangulations, see the
definition in [ , p-218].

* We often omit Tot when referring to total spaces of line bundles.

* We say orbifold and DM stack basically interchangeably, see Remark 2.3.

Notations:

1. For X an algebraic variety and G a group acting, [X /G] denotes a quotient
stack. For G finite, BG := [Spec C/G] denotes a gerbe or point in a DM
stack.

2. By A" we denote standard n-dimensional affine space over the complex num-
bers. If we write it with subscripts, AT ., we mean that we take coordinates

X1,...,X,. Similarly, by P"~! we denote standard (n — 1)-dimensional projec-

—1
1y-+-sXn

take projective coordinates [xj,...,x,]. Additionally, by Pﬁ;ll._’xn(rl,...,rn)

tive space over the complex numbers, and if we write P} we mean that we

we denote that weighted projective stack given by C* acting on Cy, . \0
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with weights ry,...,r,:

P (11, yra) = [(©\0) /1y, €.

Note that when we add subscripts to / in a quotient stack [X /G] then those
are the weights of the action of G on X.

. D’(X) denotes the bounded derived category of coherent sheaves on X a

smooth DM stack.

. We write . = (7],...,) to denote SODs of triangulated categories.

. For a smooth DM stack X, Pic X denotes the group of line bundles on X under

tensor product. We use the notation .Z € Pic X to denote a general choice of
line bundle.

7 (X,x) denotes the orbifold fundamental group of a smooth DM stack
X based at x. For finite subset B C X, m;(X,B) denotes the fundamental
groupoid of paths between points in B.

wy 1s the canonical sheaf of X a smooth DM stack.

. Z~ are the strictly positive integers, and Z> = Z~oU {0}.

. For a subset I C J, I = J \ I denotes the complement.

For a polynomial f € Clxy,...,x,], V(f) C C" denotes the vanishing locus.
For an abelian group G, Gr := G®zR.

For a subset of vectors I C V of a vector space over a field k, we denote by

(I)x C 'V the subspace linearly spanned by the vectors in A.

By a rank-r, dimension-n linear toric GIT problem, we mean that we have an
action of a r-dimensional algebraic torus 7 = (C*)" on a n-dimensional vector
space V = (C)", see §2.1 for full details. This action defines a weight map
Q:7" — LY, where LV = Hom(T,C*) = 7" is called the character lattice.

AV : 7" — N is defined to be the cokernel of the dual weight map Q" : L —
(7)Y (where we identify (L") = L). We note that N is a finitely generated
group which may have torsion. We package this information into the short
exact sequence
Qv n\Vv AY
0—-L— (Z")" — N —0.

We can see A := (AY)Y : M — Z" as a n x (n —r) dimensional matrix by
picking a basis for the rank n — r lattice M = N".
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e; € 7" are standard basis vectors, and (e;)¥ € (Z")" are dual basis vectors.
gi = Q(e;) are called weight vectors, and ¢; = A ((e;)V) @R € Ng X R"™"
are the rays of our GIT problem, which are integer vectors. The character is
detV=Y",q.

Suppose you a liner toric GIT problem given by T acting on V. Xg := [X3°/T|
is the GIT quotient for stability condition 8 € LV, where Xp' €V denotes the
semi-stable locus, see §2.1 for the details. The stacky fan for the toric DM
stack Xy is given by Xg, see equation (2.9).

Our GIT quotients X are toric DM stacks and Pic X = Z* @ Tor(X) will be a
finitely generated abelian group for some k € Z~(, where Tor(X) is the torsion
subgroup. When we write & (ny,...,n;,g) € Pic X for g € Tor(X) we mean
the line bundle corresponding to (ny,...,ny,g) € ZF ® Tor(X).

W denotes a wall in the secondary fan (or GKZ fan) X;kz, a codimension 1
cone. See §2.1. Ay is a primitive one-parameter subgroup that is orthogonal
to W.

P C Ng denotes the primary polytope, see Definition 2.7.

§ denotes the secondary toric stack, defined by stacky fan gz as given in
Equation (2.6).

Associated to a wall W in the secondary fan, there is a Higgs GIT problem
(Definition 2.9), and Zy is a GIT quotient of this problem, with stability con-
dition induced by W (Definition 2.10).

F : o/ — % denotes a spherical functor between triangulated categories o7
and B. Tr : B — P denotes its spherical twist, see equation (2.15).

Given a wall W in the secondary fan Xk, there are two adjacent chambers
C; and C—, with GIT quotients X and X_ respectively. There is a special
spherical functor Fy : D?(Zy) — D?(X,) coming from the wall W, whose
detailed definition can be found in Theorem 2.25 and the preceeding discus-

sion.

For any morphism of smooth DM stacks f : X — Y, the right adjoint to (de-
rived) f, is denoted f* : D?(Y) — Db(X).

E4 denotes the principal determinant of A, where A is now the set rays of
our GIT problem (Definition 3.3). |A| = n, with each element a (n —r)-

dimensional integer vector. V.=V (E4) C C" is called the discriminant locus.
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For subsets I' C A, we have components Ar € Clay,...,a,| and Vr (equation

(3.6)).

FIPS C § is the parameter space over which our Hori-Vafa mirrors live de-
fined in Definition 3.6.

We write Ly, Lx C FIPS to denote large radius regions associated to walls W
or GIT quotients X. We write cx € § for the large radius limit associated to
GIT quotient X (Definition 3.10).

B, denotes the braid group on d-strands, with by,...,b;_; as the standard
braid group generators. For d = 2, we also denote the standard generator of
Bz by b.

By ¢ C C? we denote plane algebraic curves, and by p : C2\¢ — C we

denote a linear projection.

Consider a linear projection p : C>\% — C where % is an algebraic curve.
Given a path 7y in the base outside the critical set, b” denotes the braid on
d-strands traced out by the missing points in the fibres over Y as described in
§4.1.1.

Consider a linear projection p : C2\% — C where ¢ is an algebraic curve.
S C C is the finite set of critical points, and we denote the critical fibres by
A = p~(S). If there is only one critical fibre we denote it by H. p |2\ (wuse)

denotes the restriction of p
Plex(wu) : C\(€UA) - C\S,
which is a locally trivial fibration, see Theorem 4.5.

In the examples in Chapter 5, we denote the weights by a,f3,7,6,& € LY
instead of the usual g; notation. By abuse of notation we also identify the
weight symbols with coordinates on the vector space V. Lastly we denote the

rays by a,b,c,d,e € N instead of by q;.



Appendix

A Computing Principal A-Determinants

We used Macaulay2 to compute E4 (Definition 3.3) for Example (c) (§5.3.2)
and Example (d) (§5.4.2). To install Macaulay 2, follow https://github.
com/Macaulay2/M2/wiki. For the documentation for the “HolonomicSys-
tems” package we used, see: https://macaulay2.com/doc/Macaulay2/
share/doc/Macaulay2/HolonomicSystems/html/_gkz.html. The
code that we used in the macOS Terminal can be found below.

Example (c)

[

usernamelcomputer % M2

Macaulay2, version 1.25.06

il : loadPackage "HolonomicSystems"

i2 : A = matrix{{1,1,1,21,1},{-1,0,0,1,0},{-1,-1,0,0,11}}
i3 : H = gkz(A,{0,0,0})

i4 : factor (singLocus H)_0

1)(%2)(x4)(x5)(—x2 x5 +8x5 x4 x5 — 36x1 X3 X3xX4 X5+ 27 %7 x5 x5 —

Example (d)

username@computer % M2

Macaulay2, version 1.25.06


https://github.com/Macaulay2/M2/wiki
https://github.com/Macaulay2/M2/wiki
https://macaulay2.com/doc/Macaulay2/share/doc/Macaulay2/HolonomicSystems/html/_gkz.html
https://macaulay2.com/doc/Macaulay2/share/doc/Macaulay2/HolonomicSystems/html/_gkz.html
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il : loadPackage "HolonomicSystems"

i2 +: A = matrix{{1,1,1,1,1},{0,0,0,1,-1},{0,1,2,0,-1}}

i3 : H = gkz(A,{0,0,0})
i4 : factor (singLocus H)_0
o4 = (X5)(X4)(X3)(xfx§——SX%XEX3+—16x%x%%—27ng4X5——225X1XEX3X4X5—F

500%x% xy x5 x4 x5 — 3125x3 x5 x2)

B Computing Critical Points and Puiseux Series

We used Mathematica v. 14.2. to compute the critical points and Puiseux expan-
sions in Example (c) (§5.3.3) and Example (d) (§5.4.3). In this appendix we include
the code that was used. Note that we used different functions in the two examples as
Example (d) could not be symbolically solved, and numerical approximations were
required for the coefficients of the series.

Example (c¢)

(«Define the polynomialx)

glb_, e_] := bxex(-b + 1 + 8 b"2 e - 36 bxe + 27 e - 16 b"3
e”2);

(xFind Critical Values)

(#Define the critical values=*)criticalBs = {0, 1, 9/8};

(xFor each critical wvalue, \

expand the implicit solution e(b) using Solvet+Seriesx)

seriesSolutions =

Table[Module[{sols, serieslList}, (xSolve g(b,e)==0 for e
near bOx)
sols = Solve[gl[b, e] == 0, e]l;
(#Series expand each branch of e(b) around b0x)
serieslList = Quiet@Series([#, {b, b0, 4}] & /@ (e /. sols
)i
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{b0, seriesList}], {b0, criticalBs}];

(«Display the resultsx)

TableForm]|
Flatten[Table]

Table[{"b" -> seriesSolutions[[i, 11],
"e(b)" -> seriesSolutionsI[[i, 2, J11}, {3,
Length[seriesSolutions[[i, 2]1]11}]1, {1,

Length[seriesSolutions]}], 1],

130

TableHeadings —-> {None, {"b", "Series for e(b)"}}]

Example (d)

(«Define the polynomialx)
fla_, b_]1 :=

a3 b"4 - 8 a4 b"2 + 16 a5 + 27 b"5 - 225 a b3 + 500 a

“2 b + 3125;

(«Compute partial derivativesx)fa = D[f[a, Dbl],

fb = D[f[a, bl, bl;

(xUse Reduce over complexesx)

criticalConditions = Reduce[{fa == 0, fb == 0},
Complexes]
criticalAs = {5, (5 37(4/5))/(2 2°(3/5)) };

al;

{a, b},

(xCompute Puiseux-style expansions for b(a) near each

critical a0=%)

seriesSolutions =
Table[Module[{a0 = N[aCrit], sol},
sol = AsymptoticSolve[f[a, b] == 0, b, {a,

{a0, sol}], {aCrit, criticalAs}];

(#Display results neatlyx)
TableForm[seriesSolutions,
TableHeadings -> {None, {"aO", "Puiseux-style
a)"}til

a0, 4}1;

series for b(
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C Computing Global Monodromy

We used Mathematica v. 14.2. to understand the global monodromy of A in Exam-
ple (d) (§5.4.3), see Figure 5.24. Here is the code.

(» Define the polynomial x)

fla_, b_] :=
a3 b™4 - 8 a4 b"2 + 16 a5 + 27 b"5 - 225 a b3 + 500 a
"2 b + 3125;

DynamicModule [ {previousValues, colors, matchRoots},

( Function to match roots from one frame to the next =)
matchRoots[old_, new_] :=
Module [ {perm},
perm =
FindPermutation]|
Nearest [new —-> Automatic] /@ old /. Nearest —>
(Nearest [#1 -> "Index"] &)]1; (» Find best matching
order «)
Permute [new, perm]

1

Manipulate|[

Module[{sol, wvalues},
sol = NSolve[f[t, b] == 0, b]l;

values = b /. sol;

If[! ValueQ[previousValues],

(» First frame initialization x*)

previousValues = values;

colors = {Red, Blue, Green, Purple, Orange};

’

(» Match roots to maintain consistent ordering =)
values = matchRoots[previousValues, values];
previousValues = values;

1;

Graphics|
Table|
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{colors[[i]], PointSizel[Largel],
Point [{Re[values[[i]]], Im[values[[i]]111}]1},
{i, Length[values]}
I
Axes —> True,
AxesLabel -> {"Re(b)", "Im(b)"},
PlotRange -> {{-10, 10}, {-10, 10}},
ImageSize —-> 400
]
1,

{{t, 0.01, "pParameter a"}, 0.01, 3.9, 0.05,
"Labeled"},

TrackedSymbols :> {t}

]

132

Appearance —>
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