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All queslions may be attempted but only marks obtained on the best five solutions will
count.
The use of an electronic calculator is not permitted in this ezamination.

1. Let f and g be functions defined on R which are differentiable at a. Show that _

(i) (f +9)(a) = f'(a) + ¢'(a);
(i) (fg)'(a) = f'(a)g(a) + f(a)g'(a)

(iii) if g'(a) # 0, G) (o) = ~232)

Let

z?sinl 2 #0
flz) = { 0, z = (.

Show that f'(x) exists for all z but f’ is not continuous at 0.

—-1).. (a— 1

2. (a) Define ( z ) = gla~ 1) l(a L ), « real, n a positive integer. Show
n!

that

(1+ )" i( )", for |z < L.

k=0

(b) If f is a function on R and

|f(z) = f(y)| < (z ~y)? for all real x y

show that f is constant.

3. (a) Let fbea continuous and strictly increasing function on [a, b]. Show that f has
an inverse [~ which is continuous and strictly increasing on [f(a), f(8)]. Show
further thd.t if f is differentiable at some point ¢, a < c < b, with f'(c) # 0,
then f~' is differentiable at f(c) with (f~1)(f(c)) =

(b) Show that f(z) = tanz, z € (—g,g) has an inverse on (—oo,00) and find
the derivative of the inverse.
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4. (a} Let {[an, bu]};2, be a nested sequence of non-empty closed intervals i.e. [an, by] O
[@nt1,0nt1), n=1,2,.... Show that N2, [aa, b.] # 0. Is the same result true
for open intervals?

(b) Let {I.}uca be a collection of open intervals whose union covers the closed
interval [a, b]. Show that there exists a finite sub-collection of {/,},c4 Whose
union covers [a, b]. Is the same result true for an open interval (a, )?

5. If a function f is continuous on [a, b], show that

(a) f is nniformly continuous on {a, 8];

(b) f is Riemann integrable on [a, b].

6. (a) Let f be a Riemann integrable function on [a,b] and g a continnous function
on R. Show that h(z) = g(f(x)) is R_iemann integrable on [a, b].

(b) If f is Riemann integrable on [a, b] and ]—f—l is bounded on [a, b], show that m

is Riemann integrable on [a, b].

7. (a) Let f be a continuous function on {1, 00) with

(i) f(z) 20, z21;
(ii) f(z) decreasing, z > 1;
(iii) f(x) = 0asz — co.

Then, if T, = 377, f(r) — [ f(z)dz, show that,

f(n) < T, < f(1)

and that [T,]%2, is a decreasing sequence converging to T say, where 0 < T <

f(1).
1
(b) Show that Z -m converges.
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