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Solution to question 1

()

Definition 1 We say that the function f : [0,4+00) — R 4s continuous at the point z € [0, +00)
if Ve >0 3§ > 0 such that

|z —x0| <0 & x€0,400) = [f (@) = f(@o)| <e.
[4 marks; bookwork]

(b)

Definition 2 We say that the function f : [0,+00) — R is continuous if it is continuous at every
point xg € [0, +00).

[2 marks; bookwork]

(c)

Definition 3 We say that the function f : [0, 4+00) — R is uniformly continuous if Ve > 0 36 > 0
such that
lz—yl<d & a,y€0,+0) - |f(z) = fy)l <e.

[4 marks; bookwork]
(d) Let € be an arbitrary positive number. Take arbitrary x,y such that
lr—y|<e & z,y€[0,4+00). (1)

I claim that implies
e™® —e Y| <e. (2)

Indeed, if = y then is, obviously, true. If x # y then the Mean Value Theorem tells us that
e —e Y| =e |z —y| (3)

for some ¢ strictly between z and 3. But £ > 0, so e~¢ < 1 and, consequently, and imply .
Thus, the definition of uniform continuity works with § = €. [6 marks; unseen exercise]



(e) Suppose our function is uniformly continuous. Applying the definition of uniform continuity
with e = 1 we get a § > 0 such that

lt—y| <6 & x,y€[0,+00) = le” —e¥| < 1. (4)
Choose a z € [0, +00) such that

(5)

e* >

[STTN V)

and put xt =z, y =2z + g. The Mean Value Theorem tells us that
T 13 g 13
e — eV = el —y] = 5 (6)

for some ¢ € (z, z—l—g). We have € > z, so e > e and, consequently, @ and imply |e*—e¥| > 1,
contradicting (@). [9 marks; unseen exercise]

Solution to question 2

(a)
Definition 4

(i) A partition P of the interval [a,b] is a finite sequence of real numbers P = {xg,x1,...,2n}
such that
a=x9g <21 < < Tp_1 <xy =>b.

The set of all partitions of a given interval [a,b] will be denoted by Pla,b].
(i) The mesh (norm, width) of the partition P = {xg,21,...,x,} is the number
I1P|| = i:rrllaxn(xi —Ti_1).
[3 marks; bookwork]

(b) (i) The lower Darboux sum of f with respect to the partition P = {zg, z1,...,z,} is defined

as .
L(f,P) = Zmz(xz —Ti-1),
i=1
where m; := [ inf | f(z). The upper Darboux sum of f with respect to the partition P is defined
ElTi—1,T4
as re|xr x §
U(f,P) =Y M(w; —zi1),
i=1
where M; := sup f(z). [3 marks; bookwork]

r€[Ti—1,7]
(b)(ii)
Definition 5 Let f € Bla,b]. The lower Riemann integral of f over [a,b] is defined as
b

/ fl@)dz == sup L(f,P).
J a PePla,b]

The upper Riemann integral of f over [a,b] is defined as

dr := inf U(f,P).
fla)do = int U(.P)

[3 marks; bookwork]



(b) (iii)

Definition 6 The function f € Bla,b] is said to be Riemann integrable on [a, b] if

/zf(x) dx /Zf(:c)dx

In this case the common value of the lower and upper Riemann integrals is denoted by

/abf(m)dx

and is called the Riemann integral of f over [a,b]. The set of all Riemann integrable functions
f :]a,b] = R will be denoted by Ra,b).

[1 mark; bookwork]

(b)(iv)
Theorem 1 Let f € Bla,b]. Then f € Rla,b] iff Ve >0 3P € Pla,b] such that

U(f, P) = L(f,P) <e. (7)

[3 marks; bookwork]

(c)
Definition 7 A function f : [a,b] — R is said to be decreasing on [a,b] if

r1 <z & 1,72 € [a,b) = f(z1) > f(z2).

[1 mark; bookwork]

(d) We have f(a) > f(x) > f(b), so our decreasing function is bounded. [1 mark; for the
case of an increasing function this argument was done in the lectures]

(e) Cousider a partition P, into n subintervals of equal length: P, = {xo,x1,...,2,},
i=a+t—2i i=0,1,...,n.
Then
b—a — b—a v
i=1 =0
b—a b—a
U(f, Pn) = L(f, Pn) = (f(zo) = f(wn)) = ——(f(a) = f(b)).

Now, let € be an arbitrary positive number. Choose n so large that

b—a
n

(fla) = f(b) <e.
Then
U(f,P,)— L(f,P,) <e

and Riemann’s Criterion for Integrability tells us that f is Riemann integrable on [a,b]. [7 marks;
for the case of an increasing function this proof was done in the lectures]



(f) The function f : [0,1] — R defined by

1 if =0,
f(x)_{o i 2> 0

is not continuous. However, it is decreasing, so by the result from (e) it is integrable on [0, 1].
[3 marks; unseen exercise]

Solution to question 3

(a)(i) The integral makes sense because the function is monotonic. [2 marks; bookwork]
(a)(ii) Put
n
To=) f) = [ f(x)dz (8)

forn e N, n>r.
We have

n+1 n+1 n+1
T, — Tpps = / f@)de— f(n+1) = / f() da / f(n+ 1) de
-/ @) - e 20,

so the sequence {T,,} is decreasing. [4 marks; bookwork]

(a)(iii) Now I estimate T;, from below:

Tnznzl/:ﬂf(k)d:c—i-f(n)—zzl/k

k=r

k+1 n-1l k41
f@yde =37 [ () = f@) da + 1) = fim).
k=r
[8 marks; bookwork]
(a)(iv) The above estimate and the fact that f is nonnegative imply

T, > 0.

[1 mark; bookwork]

(a)(v) We are looking at a decreasing sequence {T),} which is bounded from below by zero.
Such a sequence has to converge. [2 marks; bookwork]

(a)(vi) Suppose that the series > f(k) converges. Formula (8) can be rewritten as

k=r
| 1@ =" 10 -1,
r k=r

The fact that the sequence {T},} converges and the algebra of limits tell us that lim, . [ f(z)dx

exists.



n
Conversely, suppose that lim,_,, [ f(z)dz exists. Formula can be rewritten as

S Ak) =/nf<x>da:+Tn.
k=r T

The fact that the sequence {T},} converges and the algebra of limits tell us that the series > f(k)
k=r
converges. [3 marks; bookwork]

1
(b) Let us introduce the function f : [2,4+00) — [0,+00), f(x) = . This function is

decreasing and takes nonnegative values, so by the Integral Test for the Convergence of Series
(result from (a)(vi)) our series converges if and only if

n
d
lim x

n—oo Jo zlnzx

exists. But

no4 _
/2 thx = In(Inz)[;_) =In(lnn) —In(In2) - 400 as  n — .

Hence, the series diverges. [5 marks; unseen exercise]
Solution to question 4

(a) Let us introduce the set

S::{TZO

Obviously, {0} € S C [0, +00).

oo
E anx™ converges for x =r or x = —r} . (9)

n=0

Definition 8 The radius of convergence of a power series is the extended real number
R:=sup$
where S is the set @

[3 marks; bookwork]

(b) The two power series,

g anz" and g —  aa"F.
(n—k)!
n=0 n==k

have the same radii of convergence. [2 marks; bookwork]

(c)

Theorem 2 Let Y anz™ be a power series with radius of convergence R > 0 and let f : (—R, R) —
n=0

R be the sum of this series. Then [ is differentiable on the interval (—R,R) and f'(x) =

&)
S na,z" .
n=1

[4 marks; bookwork]
Note that the result from (b) plays an important role in the statement of the above theorem:
o0
it guarantees that the series Y. na,z"~! appearing in the statement of this theorem converges.

n=1
[2 marks; bookwork]



(d)

Corollary 1 Let > an,a™ be a power series with radius of convergence R > 0 and let f :
n=0

(=R, R) — R be the sum of this series. Then [ is infinitely differentiable on the interval (—R, R)

and f(k)(cc) — Z apn! n—k_

> Tn—k)1 Y

[3 marks; bookwork]
Proof Repeated application of Theorem [2 and the result from (b). O [1 mark; bookwork]

(e)(i) Fix an z # 0 and apply the ratio test: we have

.,1;37n,+3
@3)(56)~(Gm—D) - Bm)(Gm T2 (BmT3) | _ |z o
Bm+2)3m +3)

(2:3)(5:6)-+-((3m—1)-(3m))

as m — oo. Hence, the power series converges absolutely for any x, so it has infinite radius of
convergence. [4 marks; unseen exercise]

(e)(ii) The results from (d) and (e)(i) tell us that our function f : R — R is infinitely differen-
tiable and that its derivatives are obtained by differentiating the power series for f term-by-term.
Hence,

v > (3m)(3m — 1)a3m—2 B > (3m)(3m — 1)x3m—2
") =2 =t 2 555-6) (G =1 Gm)

e 3m—3

:x+xmz (2-3)(5-6)---((3m —4)-(3m —3))

Introducing a new summation index p =m — 1, we get

x3P

fe)=atad GG o @ e~

Thus, our function satisfies the differential equation f” — 2 f = 0. [6 marks; unseen exercise]
Solution to question 5

(a) Let f,g: [a,b] — R be continuous on [a,b] and differentiable on (a,b). Then there exists a
point ¢ € (a,b) such that

[4 marks; bookwork]

(b) Fix > 0 and consider the function

o) = 1)~ 1) - PO -1~ T @2 - T gy

F I
- (n—1)! (z -

(z—t)", (10)



where t € (a,b) is the independent variable. Since f : (a,b) — R is n + 1 times differentiable,
g : (a,b) — R is differentiable. Differentiating we get

0= =0+ 110 - O -0+ |70 -0 - L0 w02+

(ne1) (n) (n) (n+1)
T 0= oyt [ o - e -y

_ 1Y) n

=L 0y
(all the terms cancelled out, apart from the last one). Applying Cauchy’s Generalisation of the
Mean Value Theorem to the functions g(¢) and h(t) := (z —t)"*! on the interval [0, x] (which we
can because g is continuous on [0, z] C (a,b) and differentiable on (0,z) C (a,b)) we get

g _ IO —gn _ fomig
W) —h(0) ~ W(E) T i+ D& (nt1)!

so the above formula can be rewritten as

—Ru(z) _ fUD(E)

—gntl o (p 1)

&)
or, equivalently, as R,(r) = —« . marks; bookwor
ivalent] R 1) n 11 ks; book k
n .
(¢) We have
1 2x 2(3z2 — 1)
[ Mo [/
arctan’ x = 1122’ arctan” x (1 +22)? , arctan’ x (L +22)° ,

so application of the result from (b) to the function arctan : R — R with n = 2 gives

3¢2-1

arctanz = x + Ww (11)
for some ¢ € (0,z). [5 marks; unseen exercise]
(d) Take z = % Then formula becomes
1 1—3¢2

s
6_

V3 9va(L+ e

1

for some & € (0, 7

numerator decreases as £ increases, whereas the denominator increases as £ increases), so

). The function & % is strictly decreasing on the interval [0, 2] (the

S

1 1 1

V3 9V3 6 VB

16
or, equivalently, j\/g <7< 2V3. [6 marks; unseen exercise]



